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What  are  the  conditions  of  a  science  ?  and  when  may  any  subject  be  said  to  enter 
the  soientifio  stage  ?  When  the  facts  of  it  begin  to  resolve  themselves  into  groups 
when  phenomena  are  no  longer  isolated  experiences,  but  appear  in  oonnoction  and 
order ;  when,  after  certain  antecedents,  certain  consequences  are  uniformly  seen  to 
follow ;  when  facts  enough  have  been  collected  to  furnish  a  basis  for  conjectural 
explanation ;  and  when  conjectures  have  so  far  ceased  to  be  utterly  vague  that  it  is 
possible  in  some  degree  to  foresee  the  future  by  the  help  of  them. — Froude. 


PREFACE. 


the  author's  appointmeut  to  lecture  on  Mechuuics  in  the  Royal 
lAval  CoUego,  u  course  of  clomontftry  lessons  was  commonccct,  leased 
on  Rankinic'h  well-known  treatise,  with  such  assistance  as  could  be 
obtained  from  other  sources.  Atler  soine  years  this  conrso  assumed  a 
tolerably  permanent  form,  and  it  was  thought  desirable  to  print  it, 
partly  from  the  ineouvenience  to  students  of  being  exclusively  depen- 
at  on  oral  instiiiction,  and  partly  from  an  idea  that  it  might  be 
al  to  others  besides  those  who  were  immediately  nddressed.  The 
fHAce  which  these  lectures  occupy  in  the  programme  of  tlie  College 
vill  be  found  explained  in  an  Appendix. 

The  pre[iaration  of  the  work  for  the  press  ttas  extended  over  a  con- 
siderablo  period,  and  has  been  subject  to  many  interruptions.  There 
ta  therefore  not  always  the  unity  desirable  in  a  scientific  treatise  ;  nor 
is  it  by  any  means  complete,  even  when  due  account  is  taken  of  the 
stringent  limitations  explained  in  the  Introduction.  It  is,  however, 
hoi>ed  that  these  d''iiciencie8  may  be  partly  compensated  for  by  the 
fact  that  the  book  is  tlio  piXKluct  of  a  great  deal  of  oxperienco  in  teaL-]i< 
ing  the  eubjuut,  and  a  great  deal  of  consideration  as  to  the  niattei  whith 
onght  to  find  a  place  in  a  general  elementary  treatise.  Nearly  the 
whole  has'boon  delivered  in  the  form  of  lectures,  and  some  part  has 
actually  been  printed  from  notes  taken  throughout  one  session  by  a 
member  of  the  junior  class  (Mr.  H.  J.  Oram,  K.N.)  at  tliat  time,  which 
were  afUTwards  transcribed  for  the  press  by  the  author's  asaiatant.  Every- 
thing, however,  of  any  importance  has  been  re-written,  with  alterations 
and  additions,  to  make  it  better  lit  for  publication.     Throughout,  the 
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object  has  been  to  give  reasons,  not  rulus,  and  details  of  application  ar 
coDsequoutly  subordinated  to  the  principles  on  which  the  theory  le 
based.     Especially  has  the  author  endeavoured  to  distinguish  as  clearlyj 
AS  possible  between  thosR  parts  of  tlie  subject  which  are  universally  audi 
necessarily  true,  and  those  parts  which  rest  on  hypotheses  more  or  less 
questionable.     The  book  Is  iutt:nded  to  give  that  general  knowledge  of 
the  mechanics  of  structures  and  machines  which  should  accompany  the] 
detailed  study  cither  of  naval  architecture  or  of  any  special  branch  of 
engineering  to  wliioh  a  student  proposed)  to  devote  himself.     Much^ 
therefore,  is  excluded  which  might  naturally  be  expected  to  form  parti 
of  the  work,  simply  because,  however  important,  it  is  required  only  by] 
a  special  chss  of  students. 

The  introduction  of  descriptive  details  is  not  neccsf^ry  to  the  ptaaJ 
of  this  work,  except  in  certain  parts  of  tlie  theory  of  mechanism,  nor,] 
indeed,  in  a  general  treatise  would  it  be  possible  to  include   them] 
systematically  within  any  reasonable   compass.      In  the  chapters  on 
mechanism,  however,  they  are  required,  and  elsewhere  it  has  been' 
thought  advisable  to  introduce  them    occasiunally.      Care    has   been 
taken  to  select  working  examples  almost  exclusively,  the  plates  repre- 
aeutiug  which  liave   mostly   been    drawn    by   Mr.  T.   A.    HeArsonj"^ 
to  whom  the  author  is  indebted  for  mtiny  suggestions  and  portions  of 
the  descriptive  matter,  together  uith  some  assistance  in  rc\'is)ug  pruofl 
sheets  and  transcrihing  lecture  notfis  for  the  pi-eas.     The  proofs  have 
been  read  by  Professor  W.  C.  Unwiu,  M.LC.E.,  to  whose  great  teclmicali 
knowledge  some  corrections  arc  duo.     In  a  general  olpmcntary  work  i 
there  is  not  room  for  much  that  is  new  :  in  the  references  ut  the  end  of  j 
each  chapter  and  in  the  Appendix  the  various  sources  «f  information  1 
have  been  stated  fully. 


GttUUiwioH,  Mag,  1884. 
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this  uew  edition  a  number  of  errors  have  been  corrected  and  aorae 
erbal  emendations  introduced.  For  many  of  tlicac  corrections  the 
suthor  is  indebted  to  ttie  care  of  liis  a^sisUut,  Mr.  J.  II.  Slade ;  and 
or  others  to  the  kindness  of  frit-nds  who  have  used  the  book.  In 
vo  or  iiiree  instaDcod  these  errors  Are  of  some  importjmcc  ;  in  such 
thoy  have  been  noticed  in  the  Ap]>ondix.  Some  .tdditlonal 
Alter  rendered  necesaarj:  by  the  piogrcia  of  the  subject  or  for  other 
ens  has  been  placed  in  n  separate  Appendix.  Should  the  book 
:>ntinuc  to  be  found  usefiil,  the  author  would  \w  encouraged,  in  a 
future  edition,  to  dwell  at  greater  k^ngth  on  some  of  the  important 
sabjectH  which  {esjjeciully  in  Pait  V.)  itavo  sutfored  from  too  great 
condensation.  An  abridged  edition  is  now  in  active  jireparation,  in 
which  those  parts  of  the  whole  subject  which  are  of  most  general 
importanco  will  bo  treated  in  ftiUer  detail. 
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INTRODUCTION. 


The  province  of  the  Engineer,  as  described  by  Tiiedgold  in  a  well- 
known  passtiije  in  the  Charter  of  the  Institution  of  Civil  Engineers,  ia 
to  "  direct  the  forces  of  nature "  and  ajjply  them  to  uaefnl  purposes, 
rocli  forces  being  either  doatruclive  or  luel'ul  accoixling  to  the  manner 
in  which  they  are  directed,  Tlie  protection  of  life  and  property  from 
lieatmclive  forces  is  accomplished  by  moans  of  pieces  rigidly  connected 
with  one  another  which  transmit  their  action  to  IxKlies  to  which  they 
are  not  injurious;  while  the  utilization  of  such  forces  iu  moving  weightfi, 
changing  the  form  of  bodies,  and  other  similar  operations,  ia  eU'ectcd  by 
a  set  of  moving  pieces  which  transmit  their  action  to  the  reijuired 
place  and  niotlify  it  in  some  given  way.  In  the  first  caso  the  pieces 
are  called,  collectively,  a  StrUCTURK,  in  the  second,  a  Ma<  hink.  The 
object  of  the  present  work  is  to  give  an  outline  of  the  principles  on 
which  structures  and  machines  are  di-aigncd.  \^ 

The  actual  form  of  a  mechanical  construction  of  any  kind  is  almost 
always  the  final  result  of  a  process  of  evolution  by  which  it  has  been 
gradually  perfected  by  adaptation  from  some  previously  existing  con- 
struction. To  meet  new  wants  the  engineer  selects  some  arrangement, 
saggoet«d  by  experience  of  some  nearly  similar  caf!o,  which  appears 
Bkcly  to  answer  the  purpose  by  its  simplicity,  facility  of  construction, 

adaptation  to  the  foi'ces  which  it  ia  proposed  to  control  and  ntilijcc. 
If  the  new  arrangement  is  merely  a  co{>y  of  the  uld  this  may  be  suffi- 
cient and  the  construction  may  bo  at  once  proceeded  with,  but  if  there 
bo  any  important  clitTcrence  it  is  necessary,  before  incurring  the  expense 
and  risk  of  actual  construction,  to  ascertain  that  the  design  ia  in  coti- 
fonnity  with  certain  general  principles  which  reason  and  experience 
alike  show  to  be  necessarily  true  in  all  CAses.  To  a  certain  extent  this 
has  already  been  considered  by  the  designer,  whose  knowKilgo  and 
erionco  enable  him  to  avoid  at  once  airangements  which  arr  ob- 

ily  inadmissible,  but  complete  confunnity  can  only  be  secured  by 
mparison  with  results  deduced  by  reasoning  from  those  principles. 


XX 


INTKUDUCTION. 


\ 


In  any  branch  of  knowledge  the  exptanation  of  a  sot  of  facta  by  i 
general  [jrincijile,  from  which  new  reaiilU  can  be  obtained,  is  proper!] 
descrilietl  aa  a  Theory  of  tho  phenomena  to  which  they  relate.  When 
it«  principles  are  well  established  it  enables  u$  to  predict  the  results  of 
experiment ;  when  they  arc  not,  it  is  even  more  necessary,  to  direct  the 
course  which  experiment  sliould  take  for  more  perfect  knowledge.  The 
systematic  study  of  Btructnre^  and  mnchincs  with  a  view  to  discover  Uie 
tiieoretical  principles  on  which  thoir  construction  is  liased,  and  the 
deduction  from  those  principles  of  results  which  may  be  useful  to  the 
deaigritr,  forms  a  branch  of  scicuce  whicli,  following  Kankinr,  we  may 
describe  as  Applied  Meclianics.  In  some  cases,  the  subject  may  have 
been  so  exhaustively  i^ttidied  and  may  be  in  its  nattu'e  so  limited,  thai^ 
all  the  arrangements  which  can  be  employed  for  a  given  purpose  may 
be  foreseen  and  the  best  determined  by  a  prion  considerations,  The 
process  of  invention  iuelf  then  becomes  a  problem  in  science.  ThiB^^ 
however,  is  the  rare  exception  ;  in  generaJ,  the  use  of  theory  is  limit 
to  the  auswering  of  certain  questions  relating  to  an  arrangement  which' 
has  already  been  proposed.     Among  the  most  important  of  these  are —  ^ 

(I.)  What  should  be  the  dimensions  of  the  parts  of  the  constructioa 
that  they  may  be  strong  enougli  to  resist  the  action  of  the  forces 
which  it  is  exposed  7 

(3.)  Will  the  constmction  be  sufhcicntly  stable  and  rigid? 

{3.)  Arc  the  natural  forces,  which  it  is  proposed  to  utilize,  suflicieDC 
for  the  proposed  purpose  and  are  ihey  under  proper  control  ? 

It  is  only  in  the  very  simplest  cubcs  that  these  and  similar  questioni 
can  be  answercil  completely,  without  reference  to  the  direct  ntaulljt  of 
experience  in  order  to  interpret  theoretical  reauoniiig  and    rentier  iti 
applicable.     Even,  therefore,  after  the  general  plan  of  a  construction  ia\ 
decided  on,  the  work  of  the  practical  designer  includes  much  whicli^ 
caiuiot  be  reduced  to  a  more  process  of  deduction  from  given  tlata. 
Nevertheless  the  part  of  theory  in  contndling  and  directing  inventive 
power  is  of  great  and  constantly-increasmg  importance,  by  turnishing 
principles  of  universal  application,  in  conformity  with  which  ovoryJ 
mechanical  construction  must  be  designed,  and  by  which  the  ri'searchecj 
nf  the  experimentalist  must  be  guided. 


The  mechanics  of  structures  and  machines  js  based  on  the  propertie 
of  materials,  and  on  the  general  laws  connecting  matter  and  motional 
the  study  of  which  is  the  object  of  Abstract  Mechanics,  but  the  sftcclal 
nature  of  the  8\ibjeot   matter  occasions  a  certain   difTert'ncf   in    the 
methods  employed.     In  the  eleuicntary  branches  of  purely  abstract 
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mochaiucs  the  number  of  bodies  cousiderod  seldom  exceeds  two;  if 
more  are  introduced  the  questions  to  be  considered  become  imprftctic- 
ably  complex  considered  as  abstract  mathematical  problems.    In  flp]ilied 
mechanics  n  numlwr  of  pieces  are  oonntxiuii  with  com])arntivcIy  little 
eedom  ao  as  to  form  an  organic  whole,  and  tlic  results  of  cx{>erience 
of  mathematical  investigations  too  complex  for  ordinary  use  are  ad- 
mitted frei^Iy  for  the  purpusp  of  Kimplification.     Hence  the  calculations 
^kmployed  are  of  a  coarser  ty{>e,  and,  in  particular,  graphical  methods  |arc 
^Bt^erywherc  omptoyefl  when  [xrasihle,  not  only  to  exhibit,  but  also  to 
^P>btain,  numerical  results.     On  the  other  hand,  no  investigation  is  con- 
sidered a:*  complete  until  it  has  been  checked  by  reference  to  experiimcc, 
^aad  unless  its  errorn  are  appix>ximat«!y  known.     The  eU-mentary  priii- 
Hvples  of  abstract  statics  dynamics,  and  hydrostatics  must  be  supposed 
alnrady  known,  and  some  practical  knowledge  of  machines  and  atmcturen 
its  presujiposecL 

The    claasiBcation    of  mechanical    constructions   depends    in    great 

measarc  on  the   number  of  pieces  connected   and   on  the  mode   of 

^konuection.     We  have  first  the  hroud  distinction  between  structures,  in 

^PR-liich  the  pieces  havp  no  movcmenta  except  such  as  may  be  due  to 

^Uiangos  in  their  form  and  dimensions  consetjuent  on  the  forces  to  which 

^Bfaey  are  exposed,  and  machines  in  which  tlie  object  is  attaired  by  means 

of  such  raovemtmts.    This  distinction  is  so  fundamental  that  there  is  no 

word  in  common  use  wliich  includes  lx>th. 

^B    Structures  may  bo  ranged  in  order  of  simplicity  according  to  the 

^Hegree  of  constraint  with  which  their  parts  are  connected  as  follows  : — 

^"    (1.)  Structures  with  pin  joints  nithout  redundant  parts. 

(2.)  Structures  with  pin  joints  which  include  redundant  parts. 

(3.)  Blockwork  and  earthwork  structures. 

(4.)  Structures  witli  rivetteil  or  other  forms  of  fastened  joints. 

A  pin  joint,  such  as  is  shown  in  a  simple  form  in  Figs.  1  nnd  2,  Plate 

VIII.,  page  399,  is  one  in  which  tlie  pieces  connected  are  united  by  n 

agle  pin  fitting  into  hules  in  the  piec-es.  and,  in  consccjuence,  neglect 

;  friction,  llic  mutual  action  Fietween  tlie  pieces  connected  necessarily 

.  through  the  axis  of  the  pin.     A  redundant  jiart  is  one  which  may 

:  removed  without  destroying  the  structure  if  the  remaining  parts  lie 

sufficiently  strong.      The  hrst  class  of  structures  therefore  possess  a 

peculiar  characteristic  which  renders  their  theoi-y  much  more  simple 

Ih&n  that  of  any  other,  namely,  that  the  forces  acting  on  each  piece 

I      depend  only  on  the  external  forces  acting  oti  the  whole  and  not  on 

^Klbe  material  or  the  dimensions  of  the  pieces.     In  the  theory  of  strue- 
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tares,  then,  this  class  is  first  considered^  and  the  imswer  to  the  firat  of 
the  general  questions  propounded  above  consists  in  the  solution  of  two 
general  problems, 

(1.)  Being  given  the  load  on  the  stnicture,  it  is  required  to  find  tl 
forces  acting  on  each  part 

(2.)  Being  given  the  forces  acting  on   a  piece  of  material,    it 
rerjuired  to  find  its  dimensions  that  it  may  bo  sufficiently  strong 
stiff. 

The  first  fonns  a  part  of  the  subject  which  may  be  pro|)erly  descri 
as  the  "  Statics  of  Structures  "  ;  while  the  second,  which  depends  on 
the  properties  of  the  materials  of  construction,  is  known  as  thv 
"Strength  and  Stiffness  of  Materials."  The  results  obtained  are  in 
continual  requisition  in  the  theory  of  the  more  complex  structures  but 
require  to  be  supplemented  by  further  investigations  and  by  results 
derived  from  direct  expt'rience,  peculiar  to  each  class.  The  pnisciit 
treatise,  being  simply  intro<luctory,  refers  to  the  more  complex  strui 
tures  only  incidentally. 

A  Machine  is  a  structure  the  parts  of  which  are  in  motion.     Ti 
motion  introduces  now  forces,  often  of  great  magnitude  and  iroportoure. 
wbicli  ratiat  l>e  taken  into  account  in  its  design  ;  but  we  have,  in  addi- 
tion, to  consider  .the  third  general  question  mentione<l  above,  namely, 
the  adaptation  of  the  natural  forces-  available  to  the  work  which  thfl 
machine  lius  to  do.     The  simplest  machines  consist  chiefly  of  a  nuniboc^J 
of  rigid  pieces,  and  their  theory  is  divided  into  two  parts — one  conJ^I 
cemed  with  the  motion  of  the  machine,  the  other  with  the  work  it^^ 
docs.     In  many  of  the  must  imporUint  machines  fluids  ai'e  used,  an< 
their  theory  forms  a  distinct  branch  of  the  subject  not  less  unportani 
than  the  rest,  some  account  of  which  is  indispensable.     Tlius  the  who! 
subject  is  di>-ide<l  into  five  parts. 

Since  the  parts  of  structures  as  well  as  machines  possess,  though  to  s 
very  limited  extent,  free<lom  to  move,  and  since  such  movements  oftei 
have  to  be  supposed  for  the  purposes  of  an  investigation,  the  moi 
natural  arrangement  perhaps  would  be  to  commence  with  the  first  pfti 
of  the  theory  of  machines,  and  then  pass  on  to  the  st4itics  of  structi 
It  has,  however,  l)een  found  convenient  to  invert  this  order,  and 
now,  therefore,  commence  with  atnicturcs. 
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FRAMEWORK  LOADED  AT  THE  JOINTS. 


1.  Preliniinarif  ExplanaUms  and  Definitions. — A  fnian  is  a  Btnicturo 
composed  of  liars,  united  at  their  extremitifis  by  joint*,  which  offer  no 
reflistanc(>  to  rotation.  In  tbe  first  instance  we  may  suppose  the  centre 
lines  of  the  bare  all  in  one  ]>Utic,  and  in  thut  case  the  joints  may  consist 

aply  of  smooth  pins  passing  through  holes  at  the  ends  of  the  burs, 

bich  we  to  be  imjii;iiiod  forked,  if  riocessan,%  so  as  to  allow  the  centre 
linea  to  meet  in  a  |K>int.  A  larj^e  and  important  class  of  Btructures, 
known  to  engineers  jw  •'tnisaefi,"  approach  so  closely  to  framos  that 
culculiitions  respecting  them  may  be  conducted  by  treating  them  as  if 
they  were  framtw.  The  differences  between  a  trua.'!  ami  a  frame  will 
appear  ax  we  proceed. 

The  frame  may  l>e  acted  on  by  forces  applioil  at  points  in  oiio  or 
poro  of  its  bars,  or  at  the  joints  which  unite  the  burs  together.     An 

B|K)rtant  simplification,  however,  is  eH'cctcd  by  su]>])osing,  in  the  first 

stance,  that  the  joints  only  are  loaded,  an  assumption  which  vnll  ho 
Tna<le  throu;;hout  this  chapter,  except  in  a  few  simple  examples.  It 
wiU  be  shown  hereafter  (p.  75),  that  all  other  cases  mjiy  be  derived 
from  this  by  meuns  of  a  preliminary  reduction. 

Assuniing,  then,  that  the  frame  in  acted  on  by  forces  at  the  joints, 
due  either  to  weights  or  other  external  causes,  or  to  the  reaction  of 
lupports  on  which  the  frame  rests,  the  problem  to  be  solved  is  to  6nd 
the  forces  called  into  play  on  each  of  the  bars  of  which  it  is  constructed. 
These  forces  are  caused  by  the  pressure  of  the  pins  on  the  sides  of  the 
holes  through  which  they  pass,  and  it  at  once  follows,  since  no  other 
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forces  act  on  the  har,  that  for  each  bar  theee  pressures  must  be  equal 
and  opposite,  their  common  line  of  action  1>eing  the  line  joining  the 

centres  of  the  holes.  There  are  two 
possible  ca^es  aho^m  in  Figs,  la,  lb; 
in  the  fii'st  the  bar  is  actcil  on  Ijy  a 
pair  of  oquuS  and  opixisltc  foix-ca  tend- 
ing to  lengthen  it,  and  in  the  second 
to  shorten  it.  The  puirs  of  forces  are 
called  a  Pull  and  a  Thrust  re8i)ective]y, 
while  the  bars  subjected  to  their  action  are  called  Ties  or  Struts  re- 
spectively. Between  a  pull  and  a  thrust  there  is  no  statical  Hiffcrunce 
but  that  of  sign  ;  the  constructive  difference,  however,  between  a  tie 
and  a  strut  is  groat.  The  fii-at  may  theoretically  Ikj  a  rope  or  chain, 
and  the  second  may  l>e  mude  up  of  pieces  simply  butting  against  one 
another  without  fastening,  while  a  rigid  bar  will  servo  cither  pur|K»se, 
though  it«  powers  of  resistance  are  generally  entirely  different  in  the 
two  cases. 

It  often  hapi)ens  that  it  is  unknown  whether  a  bar  be  a  strut  or  & 
tie,  and  the  pair  of  forces  are  then  called  a  8THi«s  on  the  bar.  This 
word  "stress"  was  introduced  by  liankine  to  denote  the  mutiial  action 
between  any  two  Wlies,  or  imrXi^  uf  a  bo<ly,  and  here  means,  in  the 
first  instance,  the  mutual  action  between  the  parts  of  the  frame  united 
by  the  bar  wo  are  considering.  If,  however,  we  imiigine  the  bar  cut 
into  two  iKxrts,  A  and  B,  by  any  tran8Vcr.so  section,  as  showni  in  Figs, 
la,  lb,  those  imrts  are  held  together  in  the  case  of  a  pull,  or  thrust 
away  from  each  other  in  the  ca«o  of  a  thrust^  by  internal  molecular 
forces  called  into  play  at  each  jwint  of  the  transverse  section,  and  acting 
one  way  on  A  and  the  other  way  on  />'.  As  A  ami  //  mu.st  both  be 
in  equilibrium,  it  is  obvious  that  these  internal  IbrceH  must  be  exactly 
equal  to  the  original  forces,  and  thus  it  ap^jears  that  the  stress  on  the 
bar  may  also  be  rcgai-defl  as  the  internal  molecular  action  between  any 
two  parts  into  which  it  may  he  imagined  to  be  divided.  Stress,  re- 
garded in  this  way,  will  be  fully  considered  in  a  subsequent  division  of 
this  work  ;  it  will  he  here  suflficient  to  say  that  its  intensity  is  measured 
by  dividing  the  lotiil  umoujit  by  the  sectional  luea  of  the  bar,  and  is 
limited  to  a  certain  amotuit,  depending  on  the  nature  of  the  material  uf 
which  the  liar  is  constmcted. 

It  is  fmthor  manifest  Irom  what  has  been  said,  that  the  stfOBs  on  a 
bar  may  likewise  be  regnnlctl  &8  a  mutual  action  between  the  bar  and 
either  of  the  pins  at  its  ends  which  are  pulled  towards  the  middle  of 
the  bar  in  the  case  of  u  pull,  or  thrust  away  from  it  in  the  uise  of  a_ 
thrust ;  each  pin  is  therefore  act«d  on,  in  addition  to  any  load  whio 
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ay  be  suspended  from  it,  by  forces,  the  HirectionB  of  which  are  the 

lines  joining  the  centres  of  the  pins,  from  which  it  follows  at  once  that 

trv  jo*ni  mntj  hf  rrgnnird  m  a  j/iniU  kepi  in  eqailUmnm  by  Uit  load  at  thai 

Hnt  ami  fnf  J'itrceft  of  ahick  the  bars  of  Oie  jratiw  are  tlte  Unta  of  njijilicaiwn. 

This  principle  enables  us  to  find  the  stress  on  each  bar  of  a  frame  loaded 

I  the  joints  whenever  such  stress  can  lie  determined  by  statical  con- 

Jefutions  alone,  without  reference  to  the  material  or  mode  of  coristmo- 

Dn,  that  is  to  say,  in  all  cases  which  properly  Iwlong  to  the  present 

ivision  of  our  work. 

Forces  are  measured  in  {lounda -weight  or,  when  large,  in  tons  of  2240 

They  are  often  distributed  over  an  area  or  along  a  line,  and  are 

hen  reckoned  per  square  foot  or  |icr  "running"  foot,  the  last  expression 

bein|5  commonly  abbreviated  to  '*foot-iiin." 

The  bars  need  not  bo  connected  by  simple  jtiii  joints  as  has  been 
Apposed  for  clearness,  provided  that  their  centre  lines  if  prolonged 
Jieet  in  a  point  through  which  passes  the  line  of  action  of  the  laid  on 
oint    This  |joint  may  Ikj  called  the  centre  of  the  joint,  and  we  may 
.  the  actual  joint  by  a  simple  pin,  or,  if  the  bars  are  not  in  one 
une,  by  a  ball  and  socket  which  has  the  same  centre.     We  shall 
turn  to  this  hereafter,  but  now  pass  on  to  consider  various  kinds  of 
acs,  commendng  with  the  simplest. 


Skltion  I.— Triangular  Frames. 

2.  Diagram  of  Fwce^i  for  a  Simple  Triantftiiar  Frame. — The  simplest 
kind  of  frame  is  a  triangle. 

In  Fig.  2a,  ACJi  is  such  a  triangle ;  it  is  supported  at  AB  so  thai 
[  /ilf  is  horizontal,  and  loatlod  at  C  with  u  weight  //'.  Then  evidently 
b^io  cDect  of  the  weight  is  to  compress  AC,  BC^  and  to  stretch  AB^ 
^B)>ich  is  conveniently  indicated  by  dniwing  AC,  BC  in  double  lines,  and 
^^■/C  in  a  single  line.  Also  the  weight  proiluces  cert^un  vertical  pressures 
^^H  the  Bupportfl  A,  B,  which  will  lie  iKdanccd  by  corresponding  reactions 
^P  and  Q. 

^^  To  find  the  magnitude  of  the  thrust  on  AC,  BC,  the  pull  on  AB,  and 
the  reactions,  the  dia-^ram  of  forces  Fig.  2b  is  drawn  :  ah  is  a  vertical 
line  representing  //'  on  any  convenient  scale,  while  aO,  hO  are  lines 
drawn  through  a,  h  respectftUly,  pamllel  to  AC,  BC,  to  meet  in  0,  and 
^^Mlly  i>a  ifl  drawn  [KiniUel  to  AB,  or,  whnt  is  the  same  thing,  [wqwudi- 
^^har  to  ab.  Now,  appl}'it)g  the  fundamental  principle  laid  down  abuve, 
^^Mob«ervc  that  C  is  a  jiuint  kept  in  equilibrium  by  three  forces,  the 
Hnul  at  C,  namely  /K,  the  thrust  ui  AC  which  we  will  call  6,  and  the 
thrust  of  BC  which  we  will  call  H,     In  the  secoral  ligure  the  triangle 
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Oah  haa  itfi  aides  parallel  to  these  forces,  and  hence  it  follows  that  0a, 
Ob  represent  S,  R  on  the  same  swilo  thnt  ah  rcprcscntB  IF.  Again  A  is 
&  point  kept  in  equilibrium  by  three  force*,  the  thrust  oi  AC,  the  pull 
of  the  tie  AB,  which  wc  will  cull  li,  and  the  upward  reaction  /*orthe 
support  A.  But  refemrig  to  the  figure  %,  On,  nn,  arc  respectively 
parallel  to  the  two  last  forces,  so  that,  by  the  triangle  of  forces,  thoy^^ 
reproseut  //,  P  on  the  same  scale  that  Oa  Te]>resonto  S.  The  sama^H 
reasoning  applies  to  the  point  B,  and  therefore  Im  represents  the  other  ^* 
supporting  force  Q,  as  is  also  obvious  from  the  consideration  that  '' 
P+Qs:W.  Wo  thus  see  tliat  all  the  forces  acting  upon  and  within  th« 
triangular  frame  ACB  are  represented  by  coiTos[K)nding  lines  iu  Fig-  22^ 
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which  is  thence  called  tho  "  dia^am  of  forces  "  for  the  triangular  frtme. 
Such  ii  diagram  can  l>e  drawn  for  any  frame,  however  complicated,  and 
its  construction  to  scale  is  tho  best  method  of  actually  detcimining  thej 
stresses  on  the  sovcml  fai-t«  of  the  frame. 

The  force  //  requires  special  notice  :  it  is  called  the  "/inw/"  of  the 
fnimo.     In  the  present  case  the  thrust  is  Uikcn  by  the  tension  of  the 
third  side  of  the  triangle,  but  this  may  be  omitted,  and  tho  supjK>rt8  A 
and  B  must  then  be  solid  and  stable  abutments  capable  of  resisting  a  ' 
horizonliil  force  H.    In  many  structures  such  a  horizonUil  thrust  exists; 
and  its  amount  and  the  mode  of  providing  against  it  are  among  the 
first  things  to  bo  considered  in  designing  the  structure.    Besides  the-j 
graphical   representation  just  given,  which  enables   us  to  obtain   thai 
thrust  of  a  triangular  fram*  by  constructing  a  simple  diagram,  it  may  j 
also  be  calculated  by  a  formula  which  is  often  convenient.    I^et  AC  bej 
denote^l  by  '<  luid  BC  by  a,  as  is  usual  in  works  on  trigonometry,  and 
let  .-iA',  BS  their  projections  on  Ali  be  called  t',  it',  and  let  tho  height 
of  the  triangle  be  h  and  its  spun  I,  then  by  similar  triangles, 
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Therefore,  by  addition, 


ly     ab     ,    /I     1\ 


1 1  w*r  ti'f>' 

or    H  ^fF-fY . 

In 


In  pncticAl  questions  it  often  happens  that  &',  b',  h  are  known  hy  the 
naluro  of  the  question,  whence  //  is  readily  determined.  The  case 
when  the  load  bisects  the  span  inny  bo  specially  noticed;  then  a'  =  A'  =  \l 
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[When  the  height  of  the  frame  is  small  compared  with  the  si)an,  this 
L  Ciilctilation  is  to  be  preferred  to  the  diagram,  whkh  cannot  thou  bo  con- 

itructed  with  sufficient  accuracy. 

The  simple  frame  hero  considered  may  be  inverted,  in  which  case  the 

disgmo)  of  forces  and  the  numerical  results  are  unaltered,  the  only 
^change  being  that  the  two  struts  have  Wonie  ties  and  the  tie  a  strut. 

3.  Triangular  TVusw.-t.— Triangular  frames  are  common  in  practice, 
I  Ami  the  rest  of  this  section  will  bo  devoted  to  some  of  the  commonest 
[forms  in  which  they  appear. 

Fig.  3a  shows  a  simple  triangular  tnass  consisting  of  a  beam,  AB^  sup- 
lport*d  by  a  strut  at  the  centre,  the  lower  extremity  of  which  is  carried 
Iby  tie  rods,  .-/C,  BC,  attached  to  the  ends  of  the  beams.     If  now  a 
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[weight,    /f,  be  placed   at   the 

centre,    immediately    over  the 

stmt,  it  does  not  bend  the  beam 

(scoisibly)  0^  it  would  do  if  there 
I  wore  no  strut,  but  is  tranemitted 
Iby  the  strut  to  the  joint  C, 
[so  that  the  tniss  is  equivalent 

to  the  simple  triangular  frame 

of  tbe  last  article.     This,  how- 

over,  siippoAcs   that  the  strut 

baa  exactly  the  proper  Ifn^^lh 

to  prevent  any  bending  of  the  beam  ;  if  it  be  too  short  or  too  long  the 

load  on  tho  frame  will  bo  Iprs  or  grpatnr  than  /f,  a  ])oinC  which  will  bo 

Furtbcr  considered  presently.    U  Khould  be  noticed  that  D  is  not  neccs- 

earily  at  the  centre. 
Fig.  3b  shows  the  same  constrnction  inverted.     CD  is  a  lie  by  wliich 

b  is  suspended  from  C;  we  will  suppose  tliia  rod  to  pass  through  AB 

»nd  a  nut  applied  below,  by  means  of  which  D  may  be  raised  or  lowered, 
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Let  Ali  now  bo  uniformly  loadod  with  u  given  weight,  then  the  bending 
oi  AB  is  rosistwl  by  C7P,  which  sup|iorts  it  and  canics  a  jjart  of  the  loail, 
which  may  bo  modo  greater  or  less  by  turning  the  nut.  If,  however, 
we  imagine  A  By  insti-ad  of  l>eing  continuous  through  D^  to  bo  jointed  at 
/),  then  the  tie  CD  necessaiily  carries  half  the  weight  oi  AD  and  half 
the  weight  of  BD^  that  ia  to  say,  half  the  whole  lotid,  whatever  be  its  ^i 
exact  length.  This  simple  ex»inple  illuslrates  very  well  the  n)0«t  na*  ^H 
portant  ditferoiico  between  a  tnisH  and  a  mathematical  frame ;  namely, 
that  in  the  tmss  one  or  more  of  the  bars  is  very  often  continuous 
through  a  joint.  Such  cases  can  only  be  dealt  with  on  the  principles  of 
the  present  division  of  our  work,  by  making  the  supposition  that  the 
bar  in  question,  instead  of  being  continuous,  is  jointed  like  the  rest. 
The  error  of  such  a  supi>o8ition  will  be  considered  hereafter;  it  is 
sufficient  now  to  say  that  in  oi-derthat  it  may  l)e  ex;ict  in  the  particular 
case  wc  are  considering,  the  nut  must  bo  somewhat  slackened  out  80 
that  D  may  be  below  the  straight  line  AFi,  and  that  being  dependent 
on  accuracy  of  construction,  temi>eniture,  and  other  varying  circimi- 
stances,  such  errors  cannot  be  precisely  atated,  but  must  be  allowed  for 
in  designing  the  stnicture  by  the  use  of  a  fai't^^r  of  safety,  llie  supixwf- 
tion  is  one  which  is  usual  in  practical  calculations,  and  it-ill  be  made 
throughout  this  division  of  oui-  work. 

The  foregoing  is  one  of  the  siniplest  cases  where,  as  is  vorj-  comuou 
in  practice,  the  bars  of  the  frame  are  loaded  and  not  the  joints  alone. 
When  such  burs  are  horizontal  and  unifomdy  loaded,  the  cfl'ect  is 
evidently  the  sume  as  if  Iialf  the  load  on  each  division  of  the  loaded  bar 
wore  carried  at  eiich  of  the  joints  through  which  it  passes.  This  ia  also 
true  if  the  loaded  bars  be  not  horizontal,  but  the  question  then  requires 
a  much  more  full  discussion,  which  is  reserved  for  a  later  chapter  (aeo 
Ch.  \X.). 

When  one  of  the  joints  of  the  loadetl  bar  is  a  iK}int  of  support,  like 
A  in  Fig.  3,  the  8Up|x>rting  force  is  due  jKirtly  to  the  half  weight  of  one 
or  more  divisions  of  the  loaded  bar,  and  paitly  Lo  the  ilownward  pull 
or  thrust  of  other  bill's  meeting  there  :  the  first  of  these  aiuses  does  not 
atlbct  the  stress  on  the  ditl'ercnt  jiarts  of  the  truss,  and  the  calculatioM 
arc  therefore  made  without  any  regard  to  it.  The  explanations  given 
in  this  article  should  bo  carefidly  considered,  as  they  apply  to  many  of: 
the  examples  subsetpiently  given. 

The  trianguhi.r  truss  in  both  the  forms  given  in  tliis  aHicle  is  fre-. 
quently  employed  in  roofs  and  bridges  of  small  span,  as  well  as  for 
other  pur|>oseB, 

4.  Cranes. — The  arrangements  adopted    for    raising    and    moving 


J 


.LAttT.-l.]  FRAilEWOUK  LOAOKU  AT  THK  JOINT& 


/> 


AC 


0 


weights  furuisb  many  intercBting  examples  of  triangular  fitimea.  Fig.  4a 
shows  one  of  the  forms  of  the  common  cmnc,  a  machine  the  essential 
ibera  of  which  are  the  jib, 
'C,  supported  by  a  stay,  CE, 
hed  to  the  crane-post, 
\£t   which    is  vertical.      In  Tig.^. 

168  proper  this  third  iiiem- 
rotates,  carrying  BC  and 
■£  with  it,  but  in  the  sailoi's' 
derrick   a    Hxcd   mast   plays 

the    part     of    a     crano-|)oat   

id  the  stay,  C*^,  is  a  lashing  of  ro|>e  frequently  caj>ablo  of  being 
igthened  and  shortened  by  suitable  tackle,  so  as  to  raise  and  lower 
the  jib,  a  moticm  very  common  in  ci'uiics  nnd  hence  ctilled  a  cioriick 
motion.  The  weight  is  generally  also  capable  of  being  raised  and 
lowered  directly  by  blocks  and  tat-kle,  but  for  the  present  will  be 
supposed  directly  suspended  from  C. 

The  diagram  of  forces  now  assumes  the  fonu  shown  in  Fig.  tb,  in 
which  the  lettering  is  the  same  as  in  Fig.  2b,  page  4,  the  only  difference 
in  the  diagrams  being  that  in  the  present 
case  AC^  which  is  now'A  tie,  is  divided 
into  two  parts,  A£  and  EC,  inclined  at 
angle.  The  stress  on  AE  is  therefore 
t  the  same  as  oa  EC\  but  is  got  by 
drawing  »  third  line,  Ott',  par&Uel  to  AE. 
The  [»cri>endicular  Oh  gives  lis  in  this 
instance  not  only  the  stress  on  AB  and 
the  horizontal  thrust  of  CB  at  B,  but 
also  the  horizontal  pull  of  CE  at  E — we  may  call  this  II  ;is  before. 
There  is  un  upectting  moment  on  the  stnicture  as  a  whole  which  is 
itittl  to  the  product  of  the  weight  /K  by  its  horizontal  diBtanco  fi*oni 
(ofl«n  calle^l  the  nidius  uf  the  crane)  and  also  Lu  the  foico  II,  nnilii- 
ed  by  the  length  of  the  crjine-post,  BE.  One  principal  difference 
twoen  different  tr[>es  of  cranes  lies  in  the  way  in  which  this  upsetting 
mont  is  provided  against. 

a.)  in  [)ortabIe  cranes,  such  as  shown  in  Fig.  4a,  there  is  a  horizontal 
tfonn.  Aft,  supported  by  a  Btay,  AE,  and  carrying  a  coiuilerbalancc 
it,  J\  sometimes  capjibte  of  being  moved  in  and  out  so  as  to  pro- 
ilbr  different  loads.  The  right  magnitude  of  counterbalance  weight 
Mid  the  pull  on  the  stay  //7?  arc  shown  by  the  diagram  /■•  corresponding 
to  the  supjwrting  force  at  A  in  the  pre^nous  case. 


ifi.)  In  the  pit  crane,  the  post  is  prolonged  below  into  a  well  and  the 
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lower  end  revolves  in  a  fooUtep,  the  upper  beaiing  being  immediately 
below  B.      In  this  instance  the  ]just  has  to  be  made  strong  enough 
resist  a  bonding  action  at  if,  equal  to  the  upsettin|j;  moment,  and  the-' 
bearings  have  to  resist  a  horizontal  force  equal  to  //  multiplied  by  the 
ratio  of  the  length  of  the  craue-posb,  BE^  to  that  of  its  prolougution 
below  the  ground. 

(y.)  The  upper  end  of  the  crane-post  may  revolve  in  a  hcftdpiece, 
which  ia  supported  by  a  pair  of  stays  an<:horod  to  fixed  points  in  the 
ground.  The  upright  mast  of  a  deirick  frequently  requiring  support  in 
the  same  way,  this  arrangement  is  known  as  a  demck-crano.     It  is 

shown  in  Fig.  fl,  Elt,  ED'  being 
the  stnys.     To  find  the  stress  on 
Tig.t.      E  ^^--^"^       y^  the  stays  it  is  necessary  to  pro- 

long tiio  vertical  plane  through 
A'C,  to  intersect  the  line  Diy, 
joining  the  feet  of  the  stays  in 
the  point  .■/,  and  imagine  the  two 
aV— ■/•-..' 8  stays,  EO,  EO\   replaced  by  a 

single  stay  EA  :  then  a  diagram 
of  forces,  drawn  as  in  the  previous 
case,  determines  <S',  the  pull  on  this  stay,  lint  it  is  clear  that  6'  mujBt 
be  the  resultant  pull  on  the  two  original  stays,  and  may  be  considered 
as  a  force  applied  at  E  in  the  direction  of  AE  to  tho  simple  triangular 
frame  ffElf.  A  second  diagram  of  forces  therefore  will  determine 
the  pull  on  each  stay,  just  as  in  the  next  following  case 

6.  Siutr  Le^s  and  Tiipods. — Instead  of  emiiloying  an  upright  poet 
to  give  the  necessary  latonU  stability  to  the  trinngle,  one  of  iU  membem 

^B  mtiy   be  scpai'ated  into  two. 
Thus  in  moving  very  heavy 
weights  sheer  legs  are  used 
the  name  being  said  to  bo  de- 
rived from  their  resemblani 
to  a  gigantic  piiir  of  scisfors 
(shears)    partly    opened    and 
Bioiiding  on  their  points. 
Fig.  6,  CO,  Clf  are  s|mr3, 
tubidar  struts,  often  of 
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length,  resting  on  the  ground  at  Dl/  and  united  at  C,  so  as  to 
capable  of  turning  together  about  I)D'  as  an  axis.     The  load  is  carried' 
at  C  and  the  legs  are  8Up|>oi't«d  by  a  stay,  CA,  which  is  sometimes 
replaced  by  a  rope  and  tackle,  capable  of  being  lengthened  or  shorten 
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m  u  to  raise  or  lowor  the  akoera.     Drawing  AB  to  the  middle  point 
Diy,  the  pair  of  logs  are  to  be  imagined  replaced  by  a  single  one, 
5,  thou  the  diagram  of  forces  may  be  constructed  juat  as  in  Fig,  4b, 
lid  we  flball  obtain  the  tension  of  the  rope  S  and  the  reeultanl  thraat 

on  the  pwir  of  legs  H.     Now  draw  the  tnangle  C1)D\  aa  in  Fig.  7a,  and 

imagine  it  loaded  at  C  with  u  weight, 

A',  then  drawing  the  diagiuiii  of  forces, 

Hg.  76,  we  get  H"  tbe  ihmst  on  each 

leg.     The  horizontal  force,  //',  in  this 

second  diagram  represent*  the  tendency 

of  the  feet  of  the  legs  to  spread  out- 
wards Utcndly,  while  the  force,  H,  of 

tbe  original  diagram  represents  their 
ndency  to  move  inwards  pcrpcn- 
ciilar  to  IW.      In  some  cases  the  ^ 

ay  ropo  and  tackle  f'.-/  are  repkced  by  a  third  leg  called  the  back  leg, 
ad  the  sheers  are  then  miscd  and  lowered  by  moving  J  by  a  largo 
crew  ;  tbo  force  //  is  then  also  the  force  to  be  overcome  in  turning  the 
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Instead  of  having  only  two  legs,  as  in  sheers,  we  may  have  three 
fonning  n  tripod.  This  amingement  is  freijuently  used  to  obtaiit  a 
ed  point  of  attachment  for  the  tackle  required  to  raise  a  weight*  and 
sometimes  called  a  "gin,"  or  as  military  engiueei-s  prefer  to  spoil  the 
word,  a  "gyn."  The  thrust  on  each  leg  aud  the  tendency  of  the  legs 
to  move  outwards  can  be  obtained  by  ii  process  so  similar  to  that  in  the 
[receding  examples  that  wo  need  not  further  consider  it. 


6.  £jf'((t  of  Ote  Tamnn  of  the  Chain  iu  CraHf.<. — In  most  cases  the 
load  is  not  simply  9usi>cnded  from  C  as  has  been  hithtrto  supposed,  but 
is  carried  by  a  chain  [tassing  over  pulleys  and  led  to  a  chain  barrel, 
eneraJiy  placed  somewhere  on  the  crane-{iost.  The  tension  of  the 
bain  in  this  case  is  ff'jn,  where  n  is  a  number  depending  on  the 
iture  of  tho  tackle,  and  this  tension  is  to  bo  considered  as  an  addi- 
onal  force  applied  at  C  to  be  compounded  with  the  load  H-\  the  effect 
!^  which  has  been  previonsly  considered.  Fig.  8  shows  the  form  tho 
agraro  of  forces  assumes  in  this  case.  Drawing  bti  as  before  to  repre- 
Jf\  and  tiA  [tarallol  to  the  direction  in  which  tho  chain  is  Iml  off 
nm  tho  pulley  at  C  and  equal  to  the  tension  //'/ft,  the  third  side  of  the 
ngle,  ba  must  bo  the  resultant  force  at  C  due  to  both  forces,  whence 
avring  do  parallel  to  the  stay  and  l>0  parallel  to  the  jib,  and  reasoning 
1  before  as  to  the  equilibrium  of  the  forces  at  C,  we  see  that  these  lines 
mnst  be  tbe  lenBion  of  the  stay  and   tho  thrust  on  the   jib.    The 
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effect  of  the  tension  of  the  chain  is  geiieraUy  to  diixtinigh  tbu  piill  on 
the  stay  ant!  increase  the  thniat  on  the  jib,  sometimes  very  consi(ierHbly,j 
as  for  example  in  certain  older  types  of  crano  still  need  for  light  i 
under  the  name  of  "whip"  oraneH,     In  tlit-se  cnines  the  chain  p« 
over  a  single  ^x&\  pulley  at  the  end  of  the  jib,  and  is  attached  directly 

b  to  the  weight,  so  that  the  t-eusion  of 
the  chain  is  equal  to  the  weight.  The 
other  pnil  of  the  chain  is  led  off  along 
horizontal  stay  lo  a  wheel  and  axle 
the  top  of  the  crane  post,  a  chain  froWi 
' "%  the  wheel  of  which  jiasses  to  a  windlass 
below.  This  arrangement,  the  double 
windlase  of  which  facilitAtes  changes  io 
the  liftinti  power  corresponding  to  the  load  to  l>o  raisctl,  is  a  dovolopnient 
of  the  primitive  machine  in  which  the  wheel  was  a  trea<l  wheel  worked 
by  men  or  animal  power.  In  this  ctise  the  pull  on  the  stay 
diminishe*!  by  the  whole  waight  lifted,  and  is  thna  reduced  very  much. 
Where  a  crano  has  to  he  constructed  of  timber  only,  this  is  a  consider- 
able advantage,  from  the  difficulty  of  making  a  strong  tension  joint  ii 
this  material. 
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EXAMPLKS. 

L  Tbo  alopcB  of  ft  simple  triuiguliir  roof  tniEs  arc  oaoh  '■Hy.    Find  tho  Clinut  of  Uie| 
roof  ftod  th«  BtrviB  on  eucli  rtfter  wlivn  lonJotl  wilb  i-iO  Vta,  at  tbu  »)ws. 
TUniat  of  roof     -  aiS'S  IIml 
fltroMon  nift«ni-2S0      „ 

3.  A  iKtkRi  lf>  feet  loog  u  triuwd  with  iron  Uttuion  i-wIm,  foriniiiji  n  hIiujiIo  tniingti1j»r '^ 

tnun  '2  re«t  deep.     Fiail  tlio  strem  ou  cbcIi  {utrt  of  the  frHtnc  when  loaded  with  H  tons  in 

ihc  middle. 

ThniRt  oil  Htrut         -  2    toni. 

rul)  of  tension  rod*  •  3-8$  „ 

Tliruftt  on  beam       -3-75  ,, 

8.  The  pUtform  of  a  foot  bridge  ti  20  fe«t  •pan,  ntid  (\  feet  broad,  nod  oaniM  a  load  of 

100  lb*,  persq.  ft.  of  pint  form.     It  isBuppcrteit  by  n  pfilr  of  trinngTiUr  truiLMseHch  Sfnrt 

detfp,  UDO  on  «aoh  side  uf  th«  bri<lgii.     FidiJ  tbo  strcHK  on  «ach  part  of  out!  of  tbe  tniMML 

Tbo  whole  load  of  12,000  Iht.  reita  o(]untly  on  tbe  two  tnuMi^  tborc  U  tberofore  6,000 

Iba.  diiiribul«d  uniformly  iilon<  the  borizoutal  beam  of  each  tniia. 

Tbruat  on  strot  -3.00U  Iba. 

TenxJon  of  tie  rodi  •  6,230    ,, 

Thruiit  on  borizont^  bcaro -5,000   ,, 

4.  The  mIoimtii  of  n  kimpk  triiiniiuUr  runf  Iruiw  Kr«  Sif  and  Ah'  uiid  itp«ii  10  feet.  Tlta  I 
raften  arc  ipaeed  2^  feet  apart  along  the  Irngth  of  the  wall,  mid  tho  wuttjht  uf  the  | 
roofinit  material  it  30  Iba.  per  »q.  ft  Kiwi  by  Rraidiical  oon&truction  the  thriut  of  tb*  j 
roof. 

Kach  raft«r  oarrlea  a  itrip  of  roof  2^  feet  wide,  the  load  on  rafter  •  50  lbs.  per  fool^ 
Irngili  of  rafter.  Ktud  Ibe  longtha  by  couatruction  or  othenriie.  Ttie  virtual  load  at  | 
apeX'i  woiftbtou  thetworaft«ra-SU  lbs. 

Throat  of  roof- 1!M  Iha 
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fi.  Tb«  Jfb  jlCof  a  ten-toa  crane  !■  hielloed  it  4G*  to  ib«  r«rties1,  uid  tb«  toonou  rod 
itC  At  ui  Uiglv  i>f  00'.  Fititl  th«  thnut  of  tlto  jib,  and  the  puU  of  thu  tio  rod  wk«D  fully 
IoaiUmI,  tli«  truiioD  of  the  chiuri  bfin)[  ncgluctetl.  If  a  back  ntby  /IfJ  br  lulilei)  ioclined 
ftt  t^^  and  Kttulicd  to  the  end  d  a  boriconUl  ctrut  jIA  Qd^I  U>c  couotcibaluice  weight 
T«(|UtnMl  kt  />  to  bftluMo  the  load  on  tbo  mn«,  tnd  find  uIm  th«  tciwkui  of  the  liAok 

Thnirt  OD  iih  AC  - 33*5  torn. 

Tenrion  of  tie  rod  -37ii     „ 

Couuterb&luicc  weight  -  33 '."t     „ 

TwuiuD  of  back  hUj      -39ii     ,. 

A,   A  |*ir  of  thenr  Ipgt  are  -U)  feet  bigh  wbi>n  itiuiding  upright,  the  lower  extremities 

rMt  OB  Ui«  (roond  20  feet  ap«jt,  the  lugs  st&ud  12  fovt  out  of  the  porpeiKliouhir,  and  are 

niptnrted  hj  a  gay  toy«  attached  to  a  )ioint  (>0  fvct  dietant  from  tho  middle  point  of  the 

fast.    Find  tbe  thnut  on  each  lef ,  and  the  tenaion  of  the  guy  rope  aador  a  load  of  30 


Thmst  oo  each  leg    -  1U*5  toiiK. 
TeiuioD  of  guy  rope  -  12*8     ,, 
7.  In  OTaniiJa  fi  tb«  tuutioa  of  tbv  chain  ii  half  the  load,  and  tb«  chain  barrel  ia  m> 
plMod  that  tba  ohatn  buecta  the  onuie  poat  AB.     Find  the  Btreai  on  the  jib  and  tie  rod. 
Thruit  of  jili    -  36  tons. 
PuU  of  tie  rod  -  25     „ 
4^  In  ■  derriek  erano  the  prajrctionB  of  itic  iitayi  on  the  gronnd  form  a  right-nnf;lod 
triangle,  each  of  the  o*]tiaI  *idefi  of  which  i>  ci^ttal  to  the  cnnc  post.     The  jib  in  inclined 
at  40'  and  the  atay  at  60'  to  the  vertical.     Find  tho  »trvm  un  all  the  parts  (1)  when  the 
plana  of  the  jib  bbeeta  the  angle  between  the  itayi ;  (2)  wlicu  it  ii  moved  through  W 
from  ita  first  poattion.     Load  li  ioa». 

iiiuwer.— Case  !.  I'ull  on  e*oh  itay  -7*1  loni. 

Ca8e2.   PuU  onoue-thraitoaother-T'l     „ 

%.  A  load  of  7  toni  m  aut|>ended  from  u  tripod,  the  ki{>  of  which  arc  of  »qua]  length 

t  ineUned  at  fW  to  the  borixontal.     Find  the  thrxiKt  on  each  leg.     If  a  horicontal  force 

_     i  tona  be  applied  at  the  mmmit  of  the  tripod  ui  saeh  a  way  u  to  produce  the  greatmt 

poNibla  Uuuflt  on  one  teg,  find  that  thnut  and  determine  the  attcaH  ou  the  (Xther  two 

AMwtr.—Ctav  I.  Thntit  oti  each  leg  -  2'7  tuii». 

Onae  2.  Tfamiit  on  one  Ivg  "67    » 

PoU  on  aaeh  of  the  otben  -  34    „ 

Section  n.— Inwmplete  Frames. 

FT.  f^flirnvKiiT/ JiemarLi.  ^  A  frame  may  havo  jiist  enough  brtreaml  iki 
Dro  to  enable  it  to  prescire  JLs  shupe  under  all  circumstances,  or  the 
nmlier  of  Iwrs  may  be  insufficient  or  there  may  be  re^lundunt  bars.  Tho 
itiiiction  between  these  three  classes  of  franios  is  very  im]>ortant:  in 
kc  trsl  the  8tnicliu*e  will  support  any  load  consistent  with  strength, 
and  tlie  sti-efl<t  on  each  bar  beam  a  certain  definite  relation  to  tho  load, 
10  that  it  can  be  calculat^l  unthout  any  reference  to  the  material  or 
node  of  construction  :  in  the  second,  the  frame  assunieK  lUSbrcnt  forms 
accarding  to  the  distribution  of  the  load,  but  the  Btress  on  each  bar  can 
still  l«j  ca,lculat«fl  by  rcforenoc  to  statical  considerations  alone ;  in  the 
thini,  where  the  frame  has  redundant  bars,  the  streea  on  some  or  all  of 
tbc  burs  depends  on  the  rehttivo  yielding  of  the  several  bars  of  the 
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frame.     It  is  to  the  second  clasB,  which  may  be  called  "  incomplete 
framos,  that  the  present  section  will  he  devoted. 

In  incomplete  frames  the  structure  changes  iu  form  for  every  dislff- 
bution  of  the  load,  and,  strictly  speaking,  therefore,  such  constnictions 
cannot  be  employed  in  practice,  because  the  difitrihution  of  the  loud  is 
always  variable  to  a  Ki'eater  or  less  extent.  But  when  the  greater  part 
of  the  loiul  is  distributed  in  some  defmite  way  the  principal  part  of  the 
structure  may  consist  of  an  incomplete  frame,  designed  for  the  particular 
distribution  in  question,  and  subseciuent  moderate  variations  of  distribu- 
tion may  be  provi<Ied  for  cither  liy  »titfoning  the  joints  or  by  subsidiary 
bracing.  Such  cases  are  common  in  practice,  and  investigations  relati 
to  incomplete  fmmes  aro  therefore  of  much  importance. 


8-  S'impk  TraptzmM  or  Q'tt^cn  TnL*t\ — We  will  first  consider  a  fniinf 
which  is  composed  of  four  bars.    The  most  common  case  is  tliat  Ju, 
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which  two  of  the  burs  are  horizontal  and  the  other  two  equal  to  one 
another,  thus  forming  a  trapezoid.  The  structure  is  called  a  traptzoi4td 
frame. 

It  is  miitablo  for  carrying  weights  applied  at  the  joints  CD,  either 
directly  or  by  transmission  through  vortical  suspending  rods  from  the 
beam  AH.  From  the  symmetry  of  the  figure  it  is  evidently  necessary 
for  stability  that  the  loads  at  C  and  D  should  ha  equal  This  fact  will 
also  appear  from  the  investigation.  Consiilur  tinrt,  the  joint  C,  and  draw 
the  triangle  of  forces,  Oan^  for  that  jwint ;  nn  being  taken  to  represent 
iV,  flO  will  represent  the  thrust  on  AV  and  On  that  along  CD.  The 
triangle  Ohn  will  represent  the  forces  at  the  joint  i>,  Ob  representing  the 
thruat  of  BD ;  bn  will  represent  the  load  at  i>,  and  from  the  symmetry 
of  the  figure  must  equal  an,  and  hence  weight  at  D  must  for  oqui- 
b'brium  equal  that  at  C.  Now  let  us  proceed  to  joint  A,  where  them  are 
nisn  three  forces  acting,  one  along  AC  is  now  known  and  represented 
by  aO,  thus  On  ^vill  represent  the  tension  of  AB.  and  oh  will  be  the 
necessary  supporting  force  at  A  ecpial  to  /f,  as  might  be  ex|)ectcd. 
tension  of  -^  ^  is  equal  to  the  thrust  on  CD.  AVe  observe  that  the  ' 
gram  of  forces  is  the  same  a«  thnt  of  a  triangular  frarno,  carrying  2iV 
the  vertex  and  of  span  equal  to  the  diffei-ence  between  AH  and  CD. 

Trapezoidal  frames  arc  employed  in  practice  for  various  purposes. 
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(a.)  A  beam,  ^£  (Fig.  10a),  loaded  throughout  its  length  may  be 
slrcDgthcned  by  Buspending  pieces,  CNy  DM,  ti'ansmitt.ing  a  part  of  the 
weight  to  the  arch  of  bara  AC,  CD^  BD,  &n  arrangement  common  in 
smaU  bridgea. 


Fig  10&. 


Fl«.  lOb 


N 


M 


(fi.)  As  a  truss  for  roofs,  in  which  case  there  will  be  a  direct  load  at 
€  and  D  due  to  the  weight  of  the  pooling  nmtcrial,  while  vertical  moro- 
bors  serve  jMirtly  as  au8|>endiug  rods  by  which  (wrt  of  the  weight  of  lio 
beam  and  ceiling  (if  :iiiy)  Is  tranftmitt-ed  t^  CD,  and  partly  to  enable  the 
cturo  to  resist  distortion  under  an  unequal  load.  When  nruide  of 
I,  this  is  the  old  form  of  roof  called  by  carpenters  a  "  Queon  Tniss," 
r,  DM,  being  the  "  queen  poets  "  (see  Section  HI.  of  this  chapter). 
is  tiame  is  constantly  used  for  all  forms  of  trapezoidal  tniss  erect  or 
inverted  which  include  the  vertical  ''queens." 

(y.)  Not  less  common  is  the  inverted  form,  Fig.  lOb,  applied  to  the 
bouDS  carrying  a  traversing  crane,  the  cross  girders  which  rest  ou  the 
foain  girders  of  a  railway  bridge  and  carry  the  roadway,  and  many 
other  piir|>oscfl.  The  bars  AC,  CD^  BD  are  now  iron  tie  rods.  In  this 
case  also  if  the  two  halves  r)f  the  lioam  itre  une<jiudly  loaded  there  will 
a  tendency  to  distortion,  to  resist  which  completely,  diagonal  liniccfi, 
DN,  must  be  provided,  as  shown  in  the  figure  by  dotted  lines. 
ich  diagonal  bars  occur  continually  in  framework,  and  their  function 
iU  be  fiilly  considorc<l  in  the  next  chapter.  But  in  the  i>rei?ent  case 
ey  ore  quite  as  often  omitted,  the  heavy  half  of  the  beam  then  bends 
iwnwards  and  the  light  half  bends  upwards  (see  Ex.  4,  p.  86),  but  the 
istanco  of  the  beam  to  bending  is  found  to  give  guflicient  stiffness. 

9.  Gmfral  auf.  of  a  Famcular  PoIt/<fon  undir  a  Vtrtiml  Lrnul.  Emmph 
of  ManMfd  lioof. —  We  ne.\t  take  a  general  case.  In  Fig.  1  la  0  1  2  3 
I.G  ia  a  rope  or  ^aui  attached  to  fixed  points  at  its  ends  and  loaded 
ith  weights  //',  /f^.8us|>endcd  from  the  points  I,  2,  etc.  The  figure 
■bows  6  weights,  but  there  may  bo  any  number.  The  rojic  hangs  in  a 
9lyg«)a  the  form  of  whieli  depends  on  the  pro[)ortion?  between  the 
eights.  It  is  often  called  a  "  funicular  polygon'"  and  poHsesscs  very 
iinirt.irtiuit  projKnies.  We  shall  find  it  convenient  to  distinguish  the 
sidra  nf  this  polygon  by  letters  a,  b,  c,  etc.  We  are  airout  to  determine 
the  proportions  between  the  weights  when  the  rope  hangs  in  a  given 
form,  and,  conversely,  the  form  of  the  rope  when  the  weights  are  given. 
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In  Fig.  lib  draw  ah  vertical  to  represent  W^,  the  load  suspended  at  thej 
angle  of  the  polygon  where  the  sides  a  and  b  meet,  then  draw  aO,  M)i 
[Mirallel  to  d,  h  rcs|M!ctiveIy  to  meet  in  0,  thus  forming  a  triangle  Oab, 
Avhich  wc  liiKtingnisli  hy  thu  ntinibtir  1,  which  ri!prti.sottt«i  Lh<!  fnrcex 


FlB.IlL 


W, 


w, 


w. 


6       6 


w» 


(\  Fig.  I  lb. 


acting  on  the  point  1,  so  that  the  tonsjons  of  the  sides  a,  h  are  thtu 
deterniinwl.  Now  draw  Or.  pfirallel  to  the  side  c  to  meet  the  vertical  in 
c ;  wo  thus  nbtuiti  a  triimglo  distinguished  by  the  uiunlier  2,  which 
represents  the  forces  acting  at  that  point,  and  as  Ob  is  already  known 
to  be  the  tension  of  b  it  follows  that  be  must  be  the  weight  fF^  and  Oe 
the  tension  of  tlic  side  c.  Proceeding  in  this  way  we  get  as  many 
triuiglus  as  there  are  weights,  and  the  sides  of  these  triangles  must 
represent  the  weights  and  the  tensions  of  the  |mrts  of  the  ro|ic  to  which 
they  are  rosiwictively  paiiillel.  Thus,  if  the  form  of  the  roite  ia  known 
and  one  of  the  weights,  all  the  rest  can  be  determined.  Conversely,  to 
find  the  form  of  the  funicidar  pnlygon  when  the  weights  are  given  in 
magnitude  ami  line  of  action,  we  have  only  to  set  downwards  on  a 
vertical  line  the  weights  in  succession  and  join  the  points  u  b...,  which 
will  now  be  known,  to  any  given  iwint  0,  then  the  funicular  polygon 
must  huvo  its  angles  on  the  linos  of  action  of  the  weights  and  its  sides 
fKirnllcl  to  the  radiating  lines  Oa,  Ob,  Oc,  etc.,  so  that  the  sides  can  bo 
drawn  in  succession,  starting  from  »ny  point  wo  please. 

In  the  diagram  of  forces,  Fig.  lib,  if  ON  be  drawn  horizontal  to  meet 
the  vertical  rt,  A,  c.in  N^  this  lino  must  represent  the  horizontal  tension 
of  the  rope. 

The  rope  may  be  replaced  by  a  chain  of  bars  which  may  bo  inverted, 
thus  funning  an  arch  resting  on  fixed  points  of  supijorl.  the  diagram  of 
forces  will  Iw  unaltered,  and  WA' will  represent  the  thrust  of  the  arch. 
As  an  elementary  example  of  an  arch  of  burs  we  will  consider  a  truss 


* 
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UBed  for  supporting  a  roof  of  double  slope  called  a  Alansard  roof.  We 
will  take  the  usual  case  in  which  the  tniss  ia  symmetrical  about  the 
ceutre.  Sup|>ose  it  is  loaded  ut  the  joints.  There  is  one  proportion  of 
loofl  which  the  tnws  in  ahlu  to  carry  without  any  bmciiig  )virn  being 
uddod. 

From  ermmctry  the  weights  at  2  and  3'  (See  Fig.  1 2a)  must  be  equal. 
To  fimi  tho  pro[»orlion  Irttwccn  the  weights  at  1,  and  at  2,  2',  together 
with  the  stresses  on  the  bat's  of  the  frame,  in  Fig.  12b  set  down  an'  to 
represent  /f'  at  1,  and  draw  aO  and  a'O  parallel  to  it  and  n\  the  thrusts 
along  ihci»e  hare  will  be  determined.  Then,  considering  the  equiliLiiura 
uf  either  2  or  2\  say  2,  one  of  the  throe  forces  acting  at  the  joint^ 
nuniely  aO,  along  the  bar  a  being  knoiTii,  the  other  two  forces  may  be 


FlK.lSft. 


Fiff.iab, 


nined  by  drawing  ah  and  Ob  parallel  to  them,  ha-  parallel  to  ff^ 
OA  to  the  bar  6.  If  Oy  be  drawn  horizontally  it  will  give  the 
nount  of  the  horizontal  thrust  of  the  roof  or  the  tension  of  a  tie  bar 
if  there  ia  such  a  l>nr.  If  the  proportion  of  ff'.^  to  If\  is  greator 
thau  afi  to  oa'  the  structure  will  give  way  by  collapsing,  2  and  2'  coming 
together  ;  and  if  the  proportion  is  less,  the  structure  will  givo  way  by  2 
and  2'  mo\ing  outwards  and  1  failing  down  between.  Li  pn»elico  it  is 
ini|io5eibl6  to  secure  th«  necessary  pi'0[)oi't.ion  of  loads,  on  account  of 
Kriation  of  wind  pressure  and  other  forces,  and  thci-cfoi-c  stiflTcning  oi 
Onie  kind  is  always  needed.  li'  bracing  bars  be  placed  as  shown  by  the 
lines  2  3',  2'3,  2  2',  the  sti'ucture  will  stand  whut-ever  he  the  pro- 
on  between  the  loads.  The  truss  may  bo  |>artially  bi*ace<t  by  the 
stal  bar  2  2'  only.  Then  the  proportion  between  the  loads  ff\ 
"imd  ff\  may  bo  anything  we  pleiise,  but  the  loads  at  2  and  2'  must  \te 
qual,  nt  leaat  thooi-etically,  but  in  practice  the  etilTness  of  the  jointa  will 
Bncrully  be  sufficient  for  stability,  especially  if  vertical  pieces  be  added 
Qecting  these  points  to  tho  tie  beam  as  in  a  queen  truss. 

10.  .Siwymaum  CVwiiw.     ArcJmA     Bmrsirinff  Girders. — We  now  go  ou 


^^ 
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to  consider  another  important  example,  in  which  the  number  of  htfi 
composing  the  frame  is  very  much  increased,  as  found  in  the  comraoD 
Buttpension  hridgo. 

Let  ylB  (Fig.  13(7)  be  the  platform  of  a  bridgo  of  some  considerable 
span,  which  has  little  strength  tn  resist  bending.  Suppose  it  divided 
into  a  number  of  equal  parts,  an  odd  number  for  convenience,  eay  nine, 
imd  each  point  suspended  by  a  vertical  rod  from  a  chain  of  bars  secured 
at  the  ends  to  fixed  points,  D  and  E,  in  a  horizontal  line.  In  the 
figure  only  half  the  stnicture  is  shown.  Suppose  tlie  platform  loaded 
with  a  uniformly  ilistributed  weight ;  we  require  to  know  the  stress  on 


Fi^.lSa. 
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K      C 
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each  bar  and  the  form  on  wIiilIi  the  chain  will  hang.  Equal  weight 
on  each  division  of  tlio  pint  form  will  prod\ice  pqnal  tensions  in  the 
vortical  suapondiiig  rod«,  and  if  we  neglect  the  differences  of  weight  of  i 
the  rods  and  bars  themselves,  the  load  at  each  joint  of  the  chain  of  bars  : 
will  be  the  same.  (Comp.  Art.  1 1 .)  Let  Jk'  =  load  at  each  joint  ' 
Now  the  centre  link,  KK',  since  there  is  an  odd  number  and  tlie  chain  , 
is  symmetrical,  will  be  horizontal.  Let  us  consi<br  the  equilibrium  of 
the  half  chain  between  C  and  //  The  fi>ur  weights,  Ji',  banging  at  | 
K,  L,  I'if,  N,  are  sustained  in  equilibrium  by  the  tentsious  of  the  ban  i 
KK-  and  NO.  J 

The  resultant  of  the  four  /Pa  will  act  at  the  middle  of  the  thirdlH 
division  from  the  left  cnJ,  and  since  this  resultant  load  together  with 
the  tensions  of  the  middle  and  extreme  links  maintain  the  half  chain  in 
equilibrium,  the  three  forces  roust  meet  in  a  point,  the  point  iT  shown 
in  the  lignre.  Thus  the  direction  of  the  extreme  link  /).V  may  he 
drawn.  The  direction  and  position  of  the  other  links  may  bo  found  , 
also.  Considering  the  portion  of  the  chain  jVC  carrying  three  weights, 
the  resultant  of  whicli  is  in  the  line  through  L,  the  link  NAf  must  be 
in  such  a  direction  as  to  pass  through  the  point  where  this  resultant^ 
cuts  KK'  produced.  Having  drawn  NM^  ML  may  be  drawn  in 
similar  way,  and  then  LK.  Itctuniing  to  the  consideration  of  the  half 
chain,  the  three  forces  which  keep  it  in  equilibrium  may  be  represented 
by  the  three  sides  of  a  triangle.     Set  down  an  (Fig.  \3b)  to  represen 
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iff',  and  draw  aO  ftnd  nOpamllol  to  OZ  and  2C ;  aO  vill  he  the  tension 
^P&iV  and  nO  of  KK',     If  an  be  divided  into  4  eqna]  parts,  and  Iho 
^^t6  />,  c  (/,  Joined  to  0,  those  linos  will  represent  the  teusionB  of 
links  JVJV,  ML,  And  LK.     It  may  be  easily  shown  that  thoy  will  I>es,^ 
parallel  to  those  links.     We  see  that  the  tension  increases  as  we  pass  \ 
from  link  to  link,  from  the  centre  to  the  ends. 

In  many  coses  in  procticf,  the  number  of  vertical  Bus|K:nding  rods 
and  links  in  the  chain  is  very  great.  Wo  may  then,  in  what  follows, 
without  sensible  error,  regard  the  clinin  as  forming  a  continuous  curve. 


Flg.Ma. 


Flf.lib. 


ncft  a  case,  C,  the  lowest  point  of  the  chain  (Fi^.  14n),  is  over  the 
middle  of  the  platform.  The  tangent  at  C,  which  is  hon/x»ital,  will 
moet  the  tangent  to  the  chain  at  D,  in  a  puiut  Z, 
which  will  be  over  the  middle  of  the  half  platform, 
for  that  Mill  be  a  point  in  the  line  of  action  of  the 
resnltant  load  on  the  half  chain.  We  can  now  draw 
a  triangle  of  forces  anO,  for  tlie  half  chain  as  before  ; 
On  will  represent  the  tension  of  the  chain  at  the 
lowest  point,  nr  the  horizontal  component  of  (he 
tension  of  tho  chain  at  any  point.  We  can  easily 
obtain  a  convenient  expression  for  thia  horizontnl 
tension  thus : — Let  /  =>  span  of  the  bridge,  and 
tf  -  load  per  foot  run.  Then  ^vl  -  weight  on  the  half  chain  repre- 
sented by  ait.     Let  //  =  horizontal  tension,  then 

■  H_qii 

^wl  ~  an 

Bat  if  we  drop  a  perpendicular  from  D  to  cut  the  horizontal  tangent  in 
I  point  /''  (not  shown  in  the  figure),  DFirill  be  the  dip  of  the  chain  rf, 

t comparing  the  triangles  VT^,  uC*n, 
On     FZ    H     H_ 


rr        I      ;' 


nTKince  u2  -  total  load  on  chain,  may  be  written 

/?=hoadonchaia5?^ 
8  dip 
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This  is  the  Bamo  as  the  horizontal  thniBt  of  a  triangular  frame  of  the 
same  height  which  carriea  a  uniformly  distributed  load  of  the  same 
intensity. 

Having  found  the  magnitude  of  the  horizontiil  tension  of  the  cha 
we  tan  calculate  the  tension  at  I),  the  highest  point  of  the  chain. 
S  be  this  groutefit  tension,  ropreaenteU  in  the  diapam  of  forces  by  < 
then  since  aO'  ~  «»*  +  nO^ 

The  tension  at  any  point  P  of  tlje  chain  may  he  found  by  drawing  1 
O  a  lino  vp  parallel  to  the  tn»igcnt  to  tlie  chain  at  P.     It  will  cut  flit  i 
a  point  jj  such  that  up  :  na  : :  length  of  platform  bflow  PC  :  4  span. 

Since  ^^np'  +  On* 


Tension  at /'=^(;^^^y*/f»- 


The  loaded  platform,  instead  of  t>eing  suspended  from  the  chain  i 
barSf  may  rest  by  means  of  stmts  on  an  arch  of  bars  as  in  the  i 


In  thiB  casp  all  the  bare  will  l>e  in  comjircssion  instead  of  tension,  as  in 
the  previous  case.  If  the  form  of  the  arch  is  similar  to  that  in  which 
the  chain  hung,  it  will  have  no  tendency  to  change  its  foiiu  under  the 
load.  There  will  b«  simple  thrust  of  varying  ftmount  at  difffrent  parte 
of  the  arch.  The  horizontal  thruHi  at  the  lop  of  the  arch  is  given  by 
the  same  expression  ae  for  the  horizontal  tension  of  the  chain,  and  thi* 
thrust  of  ai.y  bar  of  the  arch  may  bo  determined  in  a  manner  similar  to 
that  for  finding  tlie  tension  of  any  link  of  a  chain.  We  shall  show 
presently  that  the  pm^jer  form  of  the  arch  and  chain  under  a  uniforiD 
load  is  a  parabola.  Hence,  the  stmcture  just  described  is  called  a  Para- 
bolic Arch.  In  iron  bridges  the  platform  is  not  unfrctjUtintly  carried 
by  n  number  of  ribs  placed  aide  by  side.  Each  rib  is  appru.vimat«ly 
jraraholic  in  form,  usually  of  L  Bectiun,  of  depth  from  I'ntli  to  ^th  i 
span  at  the  crown,  increasing  somewhat  towards  the  abutments, 
roadway  ia  supported  sometimes  by  simple  vertical  struts,  as  in  the  iile 
case  just  considered,  sometimes  by  spandrils  of  more  complex  for 
chieHy  for  the  sake  of  appearance.  When  uniformly  loaded,  the  stress  t 
ibc  ribs  is  nearly  as  found  above :  for  resistance  to  variation  in  the  lo 
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^lianca  is  placed  ou  the  resistance  to  bendiDg  of  the  ribs  and  platform, 
he  case  of  .1  stone  or  brick  arch  is  far  more  complex,  and  18  not  con- 
dored  lien*. 

'  There  is  yet  another  very  common  structure  designed  on  the  same 
rincipliM.     In  thift  the  platform*  instead  of  resting  on  an  arch  hnlow 


spendwl  from  an  «rch  above  it.  In  this  case  the  llinist  of  the 
ia  taken  by  the  platform,  which  sorves  aa  a  tie,  just  as  the  string 
gethor  the  ends  of  a  boxv.  Hence  it  is  called  a  HMCstiing  Girtln: 
Sb,  like  the  others,  the  loading  proper  to  the  paralwlic  fonn  is  a 
uniformly  distributed  one,  and  any  variation  of  the  lomling  will  lend  to 
stort  the  bow.  The  structure  may,  however,  be  enabled  to  suat.ain  a 
rying  load  by  the  aildition  of  linicing  bars  as  shown  by  the  diagonal 
lines.  When  tlie  bridge  is  heavily  loaded  it  will  almost  always  happen 
thai  the  greater  [wrt  of  the  weight  is  uniformly  distributed,  and  is 
sustained  by  .simple  thrust  of  the  arch,  so  that  the  bracing  is  only  u 
•iibfiidiar)'  jturt  of  the  Htmcture. 

111.  Siupmiioji  Chainn  {cvrUinued),  Bawstrinp  Suspenmn  Girdt. — In 
cri1''ing  the  suspension  bridge  we  spoke  of  the  chain  as  being  secured 
the  ends  to  fixo<l  [loints.  In  practice  the  securing  of  the  ends  is 
ffeded  thus.  The  chain  is  led  to  the  top  of  a  pier  of  cast-iron  or 
masonry,  and  instead  of  being  simply  attached  to  the  top  of  the  |)ier, 
nd  thus  producing  an  enormous  tendency  to  overtiuii  the  pier,  the 
un  is  secured  to  a  saddle  which  rest*!  on  rollers  on  the  top  of  the 
pier,  and  on  the  other  side  the  chain  is  prolonged  to  the  gi*ound,  passen 
through  a  tunnel  for  some  little  distance,  and  is  finally  secured  by 
means  of  anchors  to  a  heavy  block  of  masonry.  By  this  armngemcnl 
the  only  force  acting  on  the  pier  is  a  purely  vertical  one,  and  a  com 
paratively  slender  pier  wilt  be  sufficient  to  snstiiin  it.  It  is  not 
necessary  that  the  tension  of  the  chain  should  be  the  same  on  each  side 
"f  the  pier,  or  that  it  should  l>e  inclineil  at  the  same  angle.  What  is 
necessary  is  that  the  horizontal  comjwncnt  of  the  tension  on  each  side 
«hould  be  the  same.  If  an  (Fig.  14A,  page  17)»  half  weight  on  chain  as 
fore,  and  On  ~  //,  the  horizontjil  tension  (which  may  either  |je  calcu- 
h\  from  the  formula  just  obtained,  or  found  by  coii.stnjcUon),  then 
will  be  the  pnll  of  the  chain  S  at  the  top  of  the  pier.    Then 


.^ 
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considering  the  equilibrium  of  the  saddle,  the  pull  of  the  chain  Q  on  the 
short  side  and  the  upward  reaction  of  the  pier  may  he  found 
completing  the  triangle  of  forces  aOr ;  Or  will  be  the  pull  on  the  xnch 
and  ar  the  total  vertical  pressiiro  on  the  pier. 

In  connection  with  this  deecriptiou  of  the  method  of  securing  t! 
ends  of  the  suspension  chain,  we  may  mention  a  form  of  structure 
which  the  arch  and  chain  are  conihine<l,  a  gootl  example  of  which  ficcur* 
in  the  railway  bridge  at  Sultash.  The  horizontal  jrall  of  the  chain 
here  baUnced  by  the  thrust  of  an  arch,  so  that  the  combined  eflect 
to  produce  simply  a  vertical  pressure  on  the  piers.  Tlie  suspendinj 
rods  are  secured  to  the  chains  and  prolonge<l  to  the  arch  above,  so  that 
a  portion  of  the  loiwl  ia  carrietl  by  the  arch,  producing  a  thrust,  and  a 
portion  by  the  chain,  causing  a  pull.  To  prevent  uuy  tendency  to 
overturn  the  piers  (this  is  insured  by  means  of  saddles  resting  on  rollers) 
the  horizontal  component  of  the  thrust  of  the  arch  must  equal  the 
horizontal  component  of  the  pull  of  the  chain.  The  proportion  between 
the  loads  on  arch  and  chain  will  dejiend  on  the  proportion  between 
rise  of  the  arch  and  di]>  uf  the  chain. 

If  fF^  =  load  on  arch,  and  fF^  =  load  on  chain, 
if,* rise  of  arch,  and  c/j,  =  dip  of  chain^ 


a 


then 


also 


8r^       ^^  '    "  IP\ 


v 


itu 

nngjfl 
let^ 


fV^  +  ly^  =  total  load  on  bridge : 

from  which  tho  stresses  on  the  atmcturo  may  he  dctcmiined. 
known  as  a  Bowstring  Suspension  Oirder  (pp.  42,  70). 

We  shall  next  show  that  the  form  of  the  curve  of  a  chain  carrying 
uniformly  loaded  platform  is  a  parabola.     Kcferring  to  Fig.  1 4a,  let 
Ik!  liny  [mint  in  the  chain,  drop  a  perpendicular  PNio  meet  tho  tungpnt 
at  C,  and  bisect  CS  in  A'.     Then  KP  must  be  the  direction  of  the 
of  the  chain  ot  P  in  order  that  the  portion  PC  may  bo  kept  in 
Itbrium.     The  triangle  /'jVA'  has  ita  siiles  parallel  to  the  three 
which  act  on  PC,  and  the  sides  are  therefore  proportional  to  the 
Let  CN  =  xm  that  the  load  hanging  on  PC=  ff^x,  also  let  /"JV-y, 


Then 


irx    Pi\      y ' 


therefore  a:'  is  proportionnl   o  y. 


or.  Since  if  *-g^, 
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Xow  the  ciine  whose  co-ordinates  have  this  relation  one  to  another 
IS  called  a  jxiraMa. 

If  the  load,  Instead  of  being  uniformly  distributed  on  a  horizontal 
platform,  wore  simply  due  to  the  weight  of  the  chain  itself,  then  the 
curve  ill  which  the  chain  would  hang  would  deviate  somewhat  from  the 
parabola ;  for  in  that  case,  since  the  slope  increases  as  we  approach  the 
piers,  the  load  also,  |>er  horizontal  foot,  would  increase  aa  wo  approach 
the  piui-a,  causing  the  chain  near  the  piers  to  sink  and  become  more 
rounded,  and  at  the  centre  to  rise  and  become  more  flattcne«l.  The 
curve  in  which  the  chain  hangs  by  its  own  weight  is  called  the  Miautri/. 
In  the  catenary,  aa  in  the  parabola,  the  tension  increases  aa  we  approach 
the  piers.  This  may  be  taken  account  of  by  proportioning  the  section 
of  the  chain  to  tb«  tension  at  the  various  points  ;  this  would  tend  atill 
more  to  mnko  the  weij^ht  of  chain,  per  horizontal  foot,  increase  as  wo 
approach  the  piers,  and  cause  the  chain  to  deviate  still  further  from  the 
^^bu^l>olic  form.  Such  a  curve  is  called  the  cat4.uiarv  of  iiniform  strength. 
^^H  In  an  actual  suspension  bridge,  where  there  is  a  uniformly  luaded 
H^Utform,  as  well  as  a  hca>'y  chain,  the  true  cun'e  in  which  it  hanga 
will  lie  somewhere  between  the  paralnU.  and  the  catenary ;  but  sinoo 
in  moBt  cases  the  deviation  from  uniformity  of  the  weight  of  chain  is 
naall  compared  with  the  load  it  carries,  the  devintiuu  frum  the  paraTiola 
is  not  great.  The  error  involved  in  assuming  the  curve  to  bo  ^larabolic 
iJa  gcnemlly  greatest  iu  bridges  of  large  span  ;  in  such  cases  a  prelim  i- 
calculation  of  approximate  weights  may  he  necessary  so  as  to  be 
able  to  apply  the  general  process  of  article  9. 

EXAMPLES. 

I.  A  tra|»cxoidAl  tniM  il  10  feet  ipAii  and  4  feet  ilecp,  the  length  of  tbo  upper  bar  U  (I 
tt.    Find  tbH  9tnm  oo  ttah  {wrt  wljcu  loaded  witli  two  totw  at  oach  joint, 

Str«M  on  iloplng  bw  -  3'2  totu, 
„     horisontal  „     •  'i'h    „ 

rs.  Tbc  pUtfonn  of  a  bridgr,  6  f«et  hro»d  had  27  foot  iiii&n,  U  loaded  with  150  pouada 
pcv  aiiUBlT  fouL  It  ■■  BU|iiK>rte<1  on  cocfa  aide  by  lu  inverted  t^uecii  tnuui  ploceiL  betuw, 
tin  ^UMii  pu«l«,  emeh  3  fe«t  deup,  dividing  the  ■paa  into  tbree  eqiuil  portions.  Find  the 
ttna*  OD  •»sfa  put. 

Load  on  c«ah  truu  -  half  whole  loftd  on  platform  -  Ifi.SOO. 

4 16,'JtiO  -  5, -too  IB  tbu  load  nt  each  of  tbc  two  juiuta  of  one  of  tho  quucn  tnuuMS*. 

TensiuD  of  ilopinf  ban  -  17.074  lb«. 

Teoifuu  utd  thnut  of  bomontal  lian  -  16,200. 

3,  ^«  beigbt  of  •  laaoMrd  roof  without  braoing  is  10  feet  and  ipan  11  feet.  The 
li«i)fbt  of  ihv  triangular  upper  portion  ix  i  feet  and  Kpan  S  tvtt.  The  Icxid  boiiig  1  ton 
at  tlie  ridge,  Bmt  the  Dacetmry  Icxl  »(  (-'■^1'  iiit<^ru]L-<liiit<.>  juiut  and  the  Uinist  of  tbu  roof. 

hj  lb*  coiutnioUoo  deaoribed  in  tbo  text,  Ifiad  at  «acb  intermediate  joint  -  |  ton,  and 
tbe  llin»t  of  Um  roof  -  i  ton. 
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4.  If  tbu  roof  in  tbo  last  qucttion  bo  [tnrtly  bmced  by  a  bu-  joloiiig  the  tDUrmo 
jointo,  Uni  the  airefls  od  the  ht^  wtioo  Uio  load  at  each  tDtemadiaic  joiut  !■  1  too. 

Thrurt  OD  bar  -  1  ton. 

^.  Tbc  load  ou  tLic  iilntfurm  of  h  suaiietuiion  hiidge,  600  feet  span,  is  ^  ton  ]>f>r  footT 
inoludTo  of  ohaiiis  ami  BURpumliDg  hnIb.  TLo  di|j  ii  -ffth  tbu  aimu.  tlud  the  greall 
and  lout  tcoaianii  of  ono  of  the  chaioK. 

Least  t«tiKion        '  horizontal  tendon  -  34S{  toiu, 

Oreatcfit  tension  -  i!n5  tonk. 

&  The  load  on  u  simi^Ic  parabolic  iircb,  SOO  f««t  span  and  20  fMt  rite,  fa  300  toni, 
dttarnrine  Um  thrust  and  greatOHt  stresa  on  the  arch. 

Tbruit  -  460  tons ;  jreatAnt  rtrcu  -  484  tons. 

7.  The  riae  of  *  bowntring  bridge  is  16  feet  and  tqian  120  feot,  find  the  Ifanui 
loaded  yrlih  2.000  Ibi.  |icr  foot  run. 

Tlirust  240,000  IUl  "  107j  tou. 

8.  In  example  6  tba  ondji  of  the  chain  are  nttaclid  to  uddlce  rcoting  on  roll*- n  i 
the  tnpti  of  piers  60  foot  higb.  and  proloDgcd  to  ri-acb  the  ground  at  puiulH  fiO  feet  diKtaul 
from  the  bottome  of  the  piers,  where  they  are  anchored.  Find  the  load  on  the  piers  simI 
the  pull  on  the  anchors. 

Load  on  thu  |acr=63Ti  tout ; 
Pull  on  I'jich  aiichf)r  = '14411  tons. 

it.  A  tight  ■UH]>eniiion  bridge  is  to  he  c(  nstruoted  to  carry  a  |iBth  S  fi:et  broad  oTer  a 
channel  Ki  feot  wide  by  mt^aiu  of  fl  equidiittAnt  HOBpending  rods,  the  dip  to  be  T  fut 
Find  the  Icugtlis  of  the  fruccvssiw  links  of  the  chiiiu.  Si)pi>u»ii>g  a  loail  of  1  cwt  jh-i 
Hquaru  fool  of  plutfurni,  find  thv  Hcctiuniil  arvnsof  thulilikHof  thcchnio,  allovritigavli 
of  4  tons  ]H!r  si[uare  inoh. 

f  of  the  whole  load  is  carried  by  the  cUalns  nnd  the  remaining  portion  by  tbo  |ii| 
direeUy.    Teiuion  of  each  Busjwnding  rod=::tG  cwt. 


links. 

Tonskms. 

Anae. 
3-47 

LaagUwu 

C«titr« 

2777 

bid 

280- 

3-& 

!»06 

3rd 

287- 

3*8 

1»'3 

4th 

988- 

872 

D-ee 

10.  Conatruct  a  |jaralmlfc  arch,  the  thniat  uf  which  is  hulf  tbu  lulal  loaJ. 

Bpao  =  four  times  the  rise. 

11.  If  tbo  wtiight  of  a  uniformly luided  platform  b«  snapendo)!  from  a  ebafnbyi 
ioiIk,  show  that  tlie  ouructs  of  the  funicular  polygon  lie  on  n  parabola. 


SificrioN  IIL— Compound  Framks. 

12.  Canqtaujui  Trimujitlar  Frames  for  Jitidge  Tnisge;). — By  u  coiu[K>tuicl 
I'niniQ  i«  moaiit  a  franto  formed  fi-oni  two  or  nioi'c  siiuplo  I'ranics 
uniting  two  or  nioi'c  Istiis.     Many  Inuiius  of  coraition  ocumTcnco  in  | 
tioo  may  conveniently  bo  considered  as  combinations  of  tho  simplt 
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spies  already  described.    They  arc  generally  dealt  with  by  use  of 
at  we  may  call  the  pnnoiple  of  superpoeiLion,  which  may  l>e  thue 
-Tfu  giress  mt  any  bar  dw  //j  any  total  load  in  thf  tUgebrmtxii  sum  of 
_A*  strtasfs  due  to  the  serertU  /urY.t  of  thf.  lond. 

We  will  now  consider  some  examples  of  compound  fiumes,  which  are 
in  bridge  trusses.  In  these  structures  the  object  is  to  carry  a  dis- 
tributed load  by  means  of  a  comparatively  slender  beam.  A  proji  in 
the  centre  miiy  still  leave  the  halves  too  wouk  to  can*}'  the  weight  on 
bem,  and  the  beam  may  be  strengthened  by  supporting  it  iu  more  thau 
DC  point. 

(1)  Sup[iose  the  beam  supported  by  a  number  of  uquidistant  struU, 
tie  lower  ends  of  which  are  carried  by  tension  rods  attached  to  the  ends 
\  the  beam,  we  then  have  a  structure  called  a  Bollman  truss.  There 
ay  bo  any  numW  of  struts— 2,  3,  4,  or  more  ;  the  stnicturo  has  been 
for  bridges  of  comparatively  laige  span.  If  the  actual  load  is  dis- 
^Lut-ed  in  some  maoncr  over  the  beam,  wo  must  first  reduce  the  caao 
I  that  of  a  structtire  loarled  ut  ihe  joints  only.  Tlic  loads  on  the  strutfi 
I  due  to  the  weighu  resting  on  the  adjacent  divisions  of  tho  beam, 
flind  may  be  determined  by  supposing  the  beam  broken  or  jointed  at  the 
(loinU  where  the  struts  are  applied. 

I^c  lis  suppose  the  beam  has  three  divisions,  and  that  the  load  on  the 
two  stmtA  arc    /K|   and    /K,, 
beae  loads  will  be  transmitted 
own  the  struts  to  the  apices 
Pig.  17)  £aiid  F,  and  wiW  be 
Hlcpctidently  Biip|>orted,  each 
it«  own  [Kiir  of  tension  rods. 
7o  may  thns  8e|Hirat«ly  determine  the  strew  on  each  pai-t  of  either  of 
elementary  triangnlar  frames  AEB  or  AFB.     AJi  will  Ikj  in  com- 
resston  an  account  Iwth  of  the  load  at  A'  and  also  at  F.     On  account 
^p  using  tho  formiUa  previously  obtained,  the  horizontal  thrust 

1»=^  ^i ,,  t  i^d  o»  account  of  fV^  at  F,  if,=  ^ttt- 

Touaion  ofJJ'J,  T^^  -  //^soc  FAli,         T^  =  Z/^soc/'/y^/  ; 

The  actual  tensions  of  the  sloping  rods  are  8im]>ly  as  written,  but 
ttce  AD  IB  a  fuirt  of  both  tiiangular  finunes,  the  total  thrust  along  it  is 
nnd  by  simiming  tho  tfarusta  due  to  coeh  :  so 

//=//,+  iJr- 
his  ta  an  example  of  the  principle  vj  tuperposUioH  stated  above. 
1(3)  Suppose   the   beam  which  carries  the  distributed   load   to   be 


Fig.l7. 


>o 
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Bupport«d  by  a  central  strut  forming  a  simple  triangular  truss,  and^ 
further  let  the  halves  of  ttie  beam,  not  being  atrong  enough  to  carry 
the  load  on  thoin,  each  bo  snbdividod  and  trussed  by  a  simple  triangular 
truss,  the  tension  rods  from  the  bottom  of  the  subdividing  struts 
proceeding  only  to  the  ends  of  each  half  beam.  If  the  quarter  apona 
are  still  too  great,  they  may  each  of  them  be  trussed  in  a  similar  way, 
and  80  uQ.     Such  a  structure  is  called  a  FiiicJc  truss. 

Suppose,  for  example,  we  have  three  struts.  (Fig.  18.)  AVe  must 
first  determine  the  load  at  the  joints — that  is,  in  this  case  the  load  oa 
the  struts  due  to  the  distributed  load  on  the  beam.  Suppose  that  on 
account  of  the  weights  on  the  fulj'Uf-nt  subdivisions  those  loads  are; 
/r,,  ff\f  fVy  If  the  load  is  uniformly  distributed  over  the  beam  the^ 
W&  are  each  of  them  equal  to  \  total  weight  on  beam. 

FifflS 


4 


^^^^^ 

r  D  H 

We  may  now  separately  consider  the  triangular  frame  AFC  carryic 
the  load  /f^.     Ou  account  of  it  there  will  be  a  thrust  on  AC 

The  tensions  of  AF  and  FG  are  each  =  U,  sec  FAE.  We  get  eimil; 
results  from  the  triangle  CUB.  Just  in  the  same  way  we  may  consider 
the  principal  triangular  frame  ADD,  but  in  this  case  the  thrust  down 
the  strut  C'i>,  which  is  the  load  at  />,  is  not  simply  JT^,  but  greater  by 
the  amount  of  the  dowuwaid  pull  of  the  two  tension  rods  CF  and  CU. 
The  vertical  components  of  these  tensions  are  ^i^x  and  i'*''j(>  ao  that 
the  total  thrust  down  the  struts  W^  + J('^i  + ff^j).  This  is  the  load 
which  must  be  taken  to  act  at  /)  in  deterrniitiiig  the  stresses  on  the 
members  of  ADB. 

Thus  S^^aF^-¥\fF,-^lW^l,  and  the  tensions  of  AD  and  D. 

are  each  =  lit,  sec  DAB. 

It  will  be  seen  that  the  thrust  on  the  central  stmt  and  tensions  of 
the  longer  rods  are  iho  same  as  if  the  secondary  trusses  had  not  been 
introduced.  For  example,  if  the  fV's  each  «  \  whole  load  on'beom, 
then  the  virtual  load  at  iJ  =  ^  weight  on  beam.  The  mere  strcngtheni 
of  each  half  the  beam  by  truasing  it  can  no  more  relieve  the  cent: 
strut  of  the  load  it  has  to  carry,  than  the  fact  of  strengtliening 
structure  of  any  kind  can  relievo  the  two  ^fuints  of  support  &om  thi 
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dntj  ttuh  must  have  of  bearing  its  ovn  proper  shnro  of  the  weight. 
In  atatmg  tho  thnist  on  the  beam  we  must  divide  it  into  two  portions 
C  and  CB.  The  portion  AC  is  subjected  to  t!ie  thrust  of  tho 
iangles  AFC  and  ADB;  :.  H^c  =  Ifr+  ^^e.  a"d  CB  being  a  [wrtion  of 
e  triangles  CI/B  and  ADB,  IIcb=  11^  +  Hp.  When  fF^  ia  not  e(|aal 
/f  J,  the  thnists  on  the  two  portions  will  be  djft'erent.  This  is  quite 
]b1e  although  the  beam  AB  may  be  a  continuous  one. 
Both  these  simple  forms  of  truss  have  been  used  for  bridges  of 
h8id4'rab]o  H|taii-.  As  an  example  of  the  Hrst  may  bo  mentioned  the 
in'dge  at  Har|iPr's  Ferrj',  U.S.,  destroyed  during  the  war.  It  was 
124  feel  span  in  7  diviiiiuus.  The  great  length  of  the  tension  rods  and 
^^^oir  inequality  appears  objectionabla  The  tiecond  in  8  or  10  divisions 
^B^s  been  much  used  in  America;  but  in  England  other  fomis  mentioned 
F      in  a  later  ch;ipter  ore  much  more  cotnmoa 

^B  13.  Jioof  Trusses  in  Timhcr, — In  roofs  of  small  s[tan,  10  or  12  feet 
■  only,  the  roofitig  matenal,  slates  or  tiles,  rests  on  a  number  of  laths 
set  lengthways  to  the  roof,  and  these  laths  rest  on  sloping  rafters 
I  spaced  1  or  2  feet  apart,  with  choir  feet  resting  on  the  walls  of  the 
■Mmilding ;  the  stability  of  tho  walls  being  depended  on  for  taking  the 
^Klirust. 

^H  When  wc  come  to  larger  and  mnre  important  roofs  we  find  additional 
^^membera  added  for  strength  and  security.  Tlie  closely  apaceil  rafters 
jiifet  mentioned  are  called  common  rafUre.  These  Iteing  too  long  and 
I  slender  to  carry  the  weight  of  the  roofing  material  and  transniit  it  to 
'  liie  walls,  are  supijorted.  not  only  at  the  ends  by  the  walls  and  ridge 
piece,  but  also  at  the  middle  by  a  longitudinal  beam  of  wood  called  n 
ur/in,  and  the  purlin  is  supported  at  intervals  of  its  length  hy  principal 
nflers.  Tho  principal  rafters  again  are  supported  by  struts  at  their 
entral  points,  immediately  below  the  purlins.  To  cany  the  lower 
BudH  of  tlio  htrutfi,  a  vertical  tf  nsion  [nete  is  introduced,  by  which  they 
[  auspcndfd  from  the  apox  of  the  principals,  while  the  thrust  is  taken 
3A  lie  beam  connecting  the  feet  of  the  rafters.  In  such  a  roof,  a 
ceiling  or  floor  may  frequently  bo  required  to  be  supported  by  the  tio 
earn,  and  to  prevent  it  from  sagging  under  the  weight  an  additional 
eosioD  will  come  on  the  vertical  euspending  rod.  This  rod  is  then  a 
important  member  of  the  structure,  and  is  called  the  king  post, 
I' the  whole  structure,  consisting  of  the  principal  rafters,  king  post, 
L,  is  called  a  KinffposI  truss.  This  truss  ia  often  constructed  entirely 
wood.  Tho  sloping  struts  then  for  conatructivo  reasons  (Ch.  XV.) 
att  on  an  enlarged  part  at  tho  bottom  of  the  king  post  above  the 
oiut  where  the  horiEontal  tie  beam  is  attached,  but  for  calculation 
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pitrpo.soA  may  be  regarded  as   meeting   at  that  point  as  sbowa  in 
Fig.  19. 


By  means  ol"  the  purlinB  unii  the  I'iilgo  piece  the  weight  of  the  roofing 
nuiterial  will  prtwUice  loads  at  the  joints  ECF ~  fF^lf'\U\  supposeu 

Now  tieat  the  stnictiire  as  made  up  of  three  eimplc  triangular  frames 
JED,  DFB,  and  JCJi.     IMrat  consider  JED  with  the  load   ^K^  at 


vertex  E.     The  horizontal   thrust  of  this  frame  H, 


__^A0 


irhere 


\  is  the  height  of  point  E  above  AD.  Also  the  thrust  along  AE 
and  El)  duu  to  the  load  at  E-U,  sec  EAD.  In  an  exactly  similar 
muuiior  we  may  consider  the  triangle  D¥H ;  the  results  for  this  will 
bo  to  those  for  AED  in  the  pi-o|H>rtion  of  W^  to  W^.  Next  as  to  the 
primary  triangle  ACB.  There  is  at  V  a  direct  load  of  W^  due 
to  the  weight  liotwcon  E  and  i\  and  E  and  C.  But  beside  this,  the 
king  post  pulls  tho  point  C  downwiii'ds,  so  that  the  total  load  at 
6'=  /fj,  + tension  of  king  post.  In  addition  to  u  portion  of  the  weight 
of  the  ceiling  (if  any)  the  post  has  to  support  D  against  the  downward 
thrust  of  the  two  stmts  El)  and  ED.  The  vertical  corojionents 
of  these  thrusts  are  JW,  and  \lV<sf  therefore,  neglecting  the  weight  of 
coiling,  the  virtual   load   at   0- /Fg+ J(/F\  + /f'j).     Lot  us   call   this 

AB 


total  load  W.  then  Uf,  the  horizontal  thmst  of  ACH  - 


«'^^^»«dti.. 


4 


thrusts  along  AC  and  CB  due  to  load  9iC  =^He  sec  A. 

Now  in  the  complete  structure,  since  AD  is  a  member  lioth  of  the 
triangular  frame  AED  and  ACB^  the  total  tension  of  AD  -  //^  +  //p 
For  the  same  reason  tension  of  DB  =  JI,  +  Un 
and  thrust  of  AE  =  {Ug  t  //(.)  sec  A, 

FB^{H^  +  n,:)9ccA. 
The  other  members  of  the  stnictiu-e  are  portions  of  one  elementary 
frame  only,  and  the  stress  is  due  only  to  the  load  at  the  ajjex  of  that 
frame. 

The  king  |k>hI  truss  servos  for  i"oofH  of  B[iana  under  30  feet,  Imt  for 
s^ians  gre:iter  than  ihitt  trusses  of  more  complicatud  construction  arc 
required.  If  the  span  is  from  30  to  Trt)  feet,  then  instead  of  su[ii»oiling 
the  ixnunon  rafters  by  a  purlin  ut  the  centre  of  its  length  only,  as  in 
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the  king  poet  truss,  two  supporting  piu'lins  may  be  ix&ed,  dividing  tho 
length  of  the  rafter  into  three  equal  portions.  Those  purlins  m&y  be 
carried  hy  a  quooii  tni&s,  tho  sloping  luemhunt  of  which  are  sap]}ortod 
iu  Llie  middli!  hy  stnits^  as  shown  in  thu  figure  (Fig.  20). 


Pic  JO. 


Tho  vertical  queen  poate  l)N  am}  FK  serve  to  sustain  the  downward 

hnist  of  tho  Btnita  A'iVand  GK,  and  also  tfl  support  the  weight  of  s 

oiling,  if  there  is  one.     Sii[i|Hising  the  woight  of  the  ceiling  oniittod, 

tt  W  be  the  weight  of  rooting  material  on  one  aide  for  a  length  of  roof 

t)iud  to  the  Bfiacing  of  the  trusses,  then  ^//'  will,  through  the  common 

era  :intl  purlins,  act  at  A',  and  \  at  I)  ;  and  similarly  for  the  other 

ide.     At  the  ridge  C  there  will  also  }»c  ^IV  acting;  but  this  will  be 

listributed  equally  amongst  the  common  niflers  which  uru  curried  by 

bo  tnuBf  and  will  produce  compression  in  those  rafters  without  directly 

Jecting  the  tniss.     The  jMirt  of  tho  thnist  of  tho  roof  arising  from 

ihis  will,  however,  genemlly,  like  the  rest,  ultimately  come  on  the 

princijHil  tic  beams. 

To  find  the  stresses  on  the  diflri-ent  membei"R  of  the  tniss.  Consider 
Bt  the  small  triangles  ^/A'JViinil  llQK,  each  carrying  JZ/'ut  the  vortex. 
Wo  then  consider  the  tmi>ezoidal  tniss  ADFB.  The  loads  at  D  and  /' 
will  be  J^^  + tension  of  queen  jwst.  Since  tho  tension  of  tho  queen 
post  DK=  the  vertical  component  of  the  thi-ust  along  KN  it  will  equal 
^.JW  ^  \  If,  and  the  tot^d  loud  at  each  joint  of  the  trapezoidal  truss  will 
l»c  ^ff''+  ^ff^  -  Iff,  the  same  as  would  have  acted  if  there  had  l>eeri  no 
purlin  at  £  and  no  strut  EX.  Aftoi  having  determined  the  rcsixjctive 
strouos  duo  to  the  triangles  and  ti*apc}!;nid  separately,  wo  must  add  the 
alta  for  any  bar  which  la  a  pait  of  Iwth.  Were  it  nut  for  the  friction 
the  joints  and  the  |»ower  of  resistance  of  the  contiiuions  luftei-s  -YC, 
I>  to  l>unding,  this  structure  would  be  stable  only  under  a  R}'mmetrical 
In  practice,  however,  il  is  able  to  sustain  an  unsymmotricul  load, 
I  M  roofs  arc  frequently  subjected  to. 


14.  QtwcH  I'nus/or  large  Iron  Ii'i/ttfu. — As  the  ajmn  of  the  roof  is  still 
further  increased  we  6nd  other  kinds  of  trusses  employeiJ  to  support 
bom.     A  common  form  in  iron  roofs  is  constructed,  as  shown  in  tig. 
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21.     It  is  in  reality  a  further  development  of  the  wooden  queen  tnu^ 
and  is  known  by  the  same  name.    ^C  and  CB  are  divided  into  t^i 

L 


^ 


4'        6        6 
FigM. 


8        B' 


number  ot  e(pml  parts,  and  sloping  stnita  and  \'ertical  suspending 
are  applied  as  shown.  Suppose  the  loud  the  same  at  each  joint  on  one 
aide  of  the  roof,  the  load  on  the  right,  however,  not  being  necessarily 
equal  to  that  on  the  lefl.  Let  the  upward  5iip|>orting  force  at  A  =  K 
r  will  be  \  total  weight  if  thfi  loading  is  symmetrical,  but  in  any  other' 
case  it  may  bo  found  by  taking  moments  of  the  loads  about  B.  Wo 
might  solve  the  problem  of  Hnding  the  stress  on  each  member  of  thtt 
structure  by  treating  8e|iaratcly  each  elcmentarj*  triangle  into  which  the 
structure  may  bo  divided,  and  summing  the  atreswe*  for  any  bar  which 
may  form  a  [>art  of  two  or  more  triangular  framca.  But  we  will  describe 
another  method. 

First,  to  find  the  tension  of  the  vertical  suspending  rods  consider  .,^12' 
as  an  indej>endcnt  triangle,  carr)'ing  a  load  //'  at  its  vertex.  The  slope 
of  12'  being  the  same  as  that  of  ^1,  the  tension  rod  22'  must  8U]>p1y  a 
supporting  force  to  the  joint  2'- J//'.  Considering  next  the  trianglo 
A2Z'  and  it«  equilibrium  about  the  |>oint  A.  The  forces  along  23  and 
3'4'  have  no  moment  about  yf^  so  that  the  moment  of  the  two  weight* 
jy  at  1  and  2  about  A  must  Iw  balanced  by  the  upminl  pull  of  lh« 
tension  rod  33'.      ;.  tension  of  33'  ^  U'. 

In  a  similar  way  wo  can  see  that  the  tension  of  44'=^f  ^.     Howevci 
many  diWsiona  of  the  roof  there  may  l>6,  the  tensions  of  the  vertical! 
8»i8|iending  rods  will  increase  in  arithraoticai  progression,  with  the  earn* 
difference  between  each.     The  rod  11',  except  so  far  as  may  bo  due  to^ 
the  weight  of  the  ro<l  A2',  will  have  no  tension  on  iL    Calling  this  the 

1*  tension  rod,  the  tension  of  the  n'*  =  ~o~^^-     ^^^^  must  notice  that 
the  rod  56'  is  common  to  both  sides  of  the  roof,  and  we  must  add  thi 
two  tensioua  to  get  the  toUd.    Now  consider  any  joint,  say  4'  in  the  tii 
bar  ABt  and  resolve  vertically  and  horizontally.     If /^"thnist  of  34 
0  its  inclination  to  the  borizot)Uil,an<]  7'  the  prUI  on  that  division  of  .-i^ 
which  is  indicated  by  the  numerical  sufl&x  placed  below  ic, 

A  sin  e^^ir, 
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Lit  from  figure  cot  0  =  \  cot  A  ; 

fbichever  joint  wo  select  we  sboiild  find  the  same  result — riiimely, 
hat  the  difference  between  the  tensions  of  two  consecutive  portions  of 
be  tie  rod  is  a  constant  quantity  =  ^  /T  cot  A.     So  that  tliceo  tensions 

are  in  arithmetical  progression  Himiniehinp;  towanis  the  centre. 

If  we  cull  ^2'  the  I*  di\-ision  of  tie  rod,  then  for  the  joint  between  the 

B  -  1*  and  «"■  we  have 

1 


Rim  B' 


R  COB  0=  r..,  -  7*,,  and  cot  $  = 


ti-1 


cot  A  ', 


U  A\   in  the  1"*  division  of  the  rafter,  then  the  thrust  on  the  n*^ 
Ifrisiott  -  ?',  sec  ^. 
Now,  the  tension  of  the  tie  rod  in  the 
l"t  division  =  P  cot  A^ 
3"*       ..        =  {P-\W)coiA, 

n^       „        ^(P-'Ll}fF)coiA, 

The  thrust  on  the  n^  rlivision  of  raflor  =  (jP-^^-^^  cobcc  A. 

The  thnwt  on  any  stmt  may  be^st  ho  found  by  squaring  and  adding 

be  two  equations  of  equilibrium  of  the  lower  joint  of  it.     Wo  get 

If 
Thrust  of  n"-  strut  ^  —  Vn^Tcot^TT 

16i  Cmdwiittg  Remarks. — Gentral  Meifujd  of  Constniding  Diaoranvt  of 
f^rcft. — Cases  of  framework  often  occiu"  which  arc  much  more  com- 
licatod  than  those  which  we  have  hitherto  considered,  but  if  there  ore 

'  redundant  burs  the  stress  on  each  part  depends  on  staticid  principles 
nly,  without  reference  to  the  relative  vielding  of  the  scvenil  parts  of 
he  structure.  Such  cases  may  always  be  treatwi  by  use  of  the  general 
rinciple  stated  in  Art.   I,  and  wo  sh.dl  conclude  this  chapter  by  cx- 

lining  briefly  a  graphical  methml  of  aj^jlying  that  principle  invented 
the  late  Professor  Clerk  Maxwell.      The  forces  will  be  8uppoae<l  all 

I  one  plane,  and  each  of  them  will  be  supiMscd  known,  that  is  to  say, 

there  l»o  any  unknown  reactions  at  points  of  support  they  irill  bo 
supposed  previously  found  by  a  graphical  or  other  process,  from  the 
Dnsiderntion  that  the  whole  miwt  form  a  set  of  forces  in  equilibrium. 
Fig,  ii2a  a  frame  is  shown  acted  on  by  known  forces  PQIi  ..,  an 
Ileal  example  is  chosen  which  is  better  suited  for  the  purpose  of  ox- 
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pluiiiing  the  mothod  thun  any  case  of  common  occurrence  in  practice.' 
First  seek  out  a  joint  where  only  two  bare  moot :  there  will  usually  be 
two  surh  joints  if  there  be  no  rcdutulatit  iKira  in  the  frame,  and  in  thej 
present  instance  we  will  choose  the  joint  where  i*  acts.       Distinguish  j 
all   the  triangles,  making  tip  tho  frame  by  letters  A,  B,  0«  &'c.,  and  i 
place  munbcrs  or  letters  outside  the  frame,  one  for  each  bar.      In  Fig 
'22b  draw  18  jjarallel  to  the  forcB  J'  and  rcjtresonting  it  in  magnitude, 
8<t  parallel  to  H,  hi  iMirallel  to  1,  U)  intersect  in  the  |>oint  a  ;  then,  as  in 
previous  exumples,  8a,  la  represent  the  stress  on  the  two  bars  to  which 
they  arc  parallel.     Pass  now  to  the  joint  where  Q  acts  :  this  joint  ix 
chosen  liec-au.se  only  three  barn  meet  there,  on  one  of  which  we  have 
just  detcrmiijcd  the  stiTsa ;  draw  l!i  parallel  to  f,'  and  representing  it, 
then  ah  parallel  to  the  bat-  lying  between  the  triangles  J  and  /f,  and 
2b  parallel  to  the  bar  2  ;  we  thus  get  a  polygon  I2ba,  the  sides  of  which  ■ 
are  parallel  to  the  fuiu-  forces  acting  at  the  joint  where  Q  txcte,  while! 
two  of  them  represent  two  forces  already  known,  the  other  two,  there- 1 


R 


FiRjaa, 


/  V7 


fore,  will  represent  the  remaining  two  forces.     Proceed  now   to  ihel 
joint  where   If  acts  and  complete  in  the  same  way  the  i)olygon  8rtftc7, 
then  to  the  joint  where  li  acts,  and  so  on.     We  at  length  arrive  at  the 
triiinglo  4/5,  the  thirrl  sidn  of  which,  if  we  have  iicriormixi  the  con- 
struction accurately,  and  if  the  forces  Ikj  really  in  oquiljbrimn,  must  be ' 
[mrallel  to  the  lost  force  T.     On  examination  of  the  diagram  of  forces 
(Fig.  32A)  it  will  he  seen  that  to  every  joint  of  the  frame  corrcsjwnds  a 
polygon  representing  the  forces  at  that  joint,  while  wich  line,  such  as 
oA  or  7c,  gives  the  stress  on  the  bars  separating  those  letters  or  numl»er«| 
in  the  frame-diagram.      The  polygon  12...8  is  the  polygon  of  externalj 
forces,  each  side  representing  the  force  to  which  it  is  {xirallel. 

The  methofl  hero  described  is  cosy  to  understand  in  the  genenil  case 
we  liuvo  considered,  anil  with  a  little  practice  the  transformations  the 
diag^-am  of  forces  undergoes  will  offer  no  difficidty.  Some  joints  arc 
usually  unloiuled,  and  the  corresponding  lines  in  the  polygon  of  extemsld 
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vanish ;  the  forces  may  he  paruUel,  in  wliich  case  fcho  polygon 
omes  a  straight  line,  while  not  unfVequently  the  sides  of  two  of  the 
olygons  rcpreaonlins  the  foreua  at  the  joints  coincide.      Tlie  figure, 
however,  always  [KKtsuases  the  same  pn)j)vrtiei). 

In  Mr.  Bomt's  oxcoUoiit  work  referred  to  at  the  end  of  this  chnjiter 
bver  200  examples  will  \ie  found  of  the  apjilication  uf  this  mcttiod,  in 
tluding  almoj^t  all  knoim  forms  of  hridgc  amt  roof  trusses. 


EXAMPLKa. 

1.  A  Bollnun  tniw  of  three  divtmomi  U  31  feet  RiiMt,  ftul  U  loaclvd  unifonnl;  with  1 
I  pet  fuoC    The  depth  of  the  truss  is  3^  feet.     Hnd  the  iitrcM  an  ouch  \nri. 
lA»d  otL  (Etch  strut      -  ~      luiis, 
Tensieii  of  short  i-ods  '  10  4   ,, 
„  longer  .,     -   U1>   „ 

Totul  thmHt  lui  lieam  •  1KI|     ,, 
■"Utg  t4  do«  to  «Aeh  triftngle. 
'1.   A  Finck  trnfls  uf  4  diviakins,  20  feet  n\tan  nnil  3  feel  deep,  U  loMlcd  with  1   ton  (x-r 
4,  And  the  stress  on  o«cb  part. 
^iriKil  on  ^'  nnd  -18  -5       tons.  12345 

rtuiiujiis  of  'iG.  03. ;«,  and  »5  -  4  -86     "  ^^^^d><rn^>«i::^^^''^ 

17  and  7.'*  -17-4     ,.  (rS^iB 

Thnist  <M  13  luid  U5  -ik*  m- 20g  totiB.  ' 

3.  Id  the  Ust  ()UMiUoa  supiiofta  one  half  the  tmn  loaded  with  nn  tdditioMi  1  too  jier 
foot.     Find  the  stress  en  each  psrt. 

SupiKWC  the  iidditiutud  lottd  od  the  right  b&od  side. 

Tl-runU.  Tenaioiia. 

On2ti-    hum*.  On  16  and  03- -l-se  tons. 

.,   87-15    ..  „  »8    „   85-072    „ 

,.   4^-10    ,,  ».    17    ,.   75-301     „ 

',\  36-8.25-^! 

4.  A  nraf  38  feet  span,  height  7  feet,  resta  oa  Ung-posb  trtURwa  spuoed  10  fevt  h\^%rt. 
The  weight  of  roof  is  30  IhH.  pvr  kiusto  fooL  Find  thn  stre«B  00  eaoh  part.  Alxii  nbtain 
rtsolta  when  mn  additional  load  of  40  lbs.  per  si|iiare  foot  rests  on  one  side. 

Load  at  cadi  Joint.  1st  oaac-  incoti  lbs. 


- 
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(■Ite 

■mk 
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»Um,             1 

KlsriLti^. 
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7833 
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Wr,4       12201     , 

artta  <    700ff 

4700        lUKMt 
175a         MfiT* 

1 

8^ 


S.  A  roof  48  feet  span,  12  feci  high,  rests  on  queen  tmuen  S  feet  high,  spaoeil  10  feet 
aiMut.     Find  the  stresses  for  a  IomI  of  20  lbs.  per  square  foot. 

■HI 


^ 


]k 


nil  SMI 

a.  An  A  roof.  bcMtd  as  in  tlie  figure,  is  40  feet  span,  and  10  feet  high  ;  the  huricoutal 
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ti«  bu  i«  8  feet  twtow  tlie  vcricx.    Find  tbv  tlnmeg  oa  Moh  imri  wbra  loMlod  iritli  3 
toDi  »t  cHb  joint  by  cotiBtnictiiif  a  diagnm  of  forcet  or  othenrlM. 


Bmil 

fllra^ 

1 

10-4 

s 

9-* 

3 

9-4 

4 

47 

B 

1-ti 

B 

6* 

7.  In  iha  Uit  (laeflttoo  floppoae  ui  keoumnlatkin  of  iqow  on  one  nie  eqaivilant  i^7| 
additional  load  of  2  touji  at  tho  middle  of  the  rafter,  and  I  ton  at  th«  ridge.  Find  tbt  J 
•troM  on  ea«b  pari. 


B«n. 

wnM. 

auk. 

mutm. 

1 

T 

17-3 

2 

ISfS 

y 

157 

8 

12-8 

y 

li4 

4 

S-ft 

4' 

s-s 

0 

1-8 

ff 

3-6 

S 

7-5 

8.  Suppose  tkero  nre  11  Bupending  rodfl  in  iron  roof  ihown  in  the  AKurc,  the  hi'ight  of 
which  U  ^tti  the  spin.  FLod  tbv  Btress  on  each  part— 1st,  when  loaded  with  \  ton  «t 
eaob  joint  on  both  aiduii,  ami,  Snd,  whon  loaded  iritb  an  additional  4  too  at  each  joint  on 
on«  side,  not  ineludiiig  tho  ridgi-. 


"iei      i6j   i4l   lai    Hi     i3i     i6|    isi    aol        SaT 

Additional  load  ia  on  right-band  stdc,  and  tbc  flpirc»  on  tfao  diagram  r«fer  to  cam  X 

1).  The  roadwHy  of  a  hridg«,  HO  feet  cpan,  i»  earrinl  by  a  pair  of  coDi|Nrao<l  trapoaoidall 

InUBCa,  each  conhitting  of  three  nntpla  trapctoida  of  thi'  untc  height,  the  aix  "  queen*  "I 

of  whlob  are  ct)uidtatant,  forming  novcn  divislcuu  of  Inngtb  four  thirds  tbe  height  of  tlu  ^ 

truui.     Find  tbe  atraia  on  all  the  \)an  duo  to  i  ton  per  foot  run  on  the  bridge. 

10.  find  the  ttreu  on  each  i«rt  of  a  "itraigbt-litik  Huapenxion"  bridge  fonnvd  by  1 
invvrliug  the  tran  of  tbe  Uit  quMtlon,  nwumtng  tho  puU  at  the  centre  of  Ibe  platform 
itro. 

RKrKRENCES. 

For  further  information  on  tbe  lubjecta  treated  of  ui  tbe  prcMot  dnpter  tbe  . 
may  rf  f<-r  amongHt  other  works  to 

GLTKB~fV»ni<rtirtto«i  0^  CVuMM.     Weale'*  aeriea. 
Bvwrr^CanHntrif.    8pon,  1871. 
'Boyf—Smnootict  o/  ConttrtKtioti.    Spoa,  1919. 
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CHAPTER  II. 

STRAINING  ACTIONS  ON  A  LOADED  STRUCTURE. 

16.  Prdimuxary  ExplanaiujM. — In  the  preceding  chapter  we  have 
considered  only  those  structiirca  in  which  the  parts  are  subject  to  cora- 
pressiou  and  tension  alone,  except  by  vray  of  anlicipittion  in  a  few 
special  caacA  But  the  parts  of  a  atnicturc  arc  generally  subject  to 
much  raoro  complex  forces,  and  besides,  although  the  forces  acting  on 
It  bar  have  been  determined,  we  ahonld,  if  we  utopprd  here,  have  a 
lost  imi^erfoct  idea  of  the  way  in  which  the  load  affucta  the  structure 
as  a  whole. 

If  we  imagine  a  structure  to  be  made  up  of  any  two  parts,  A  and  J5, 
united  by  juuits,  or  dktinguiBhed  by  an  idwil  surface  cutting  through 
the  structure  in  any  direction,  the  whole  of  the  forces  acting  on  the 
stmetnre  may  be  separated  into  two  set*,  one  of  which  arU  on  A^  the 
other  on  &.  Since  the  stnicture  is  in  equilihnum  us  u  wholf,  the  two 
wXb  of  forces  must  Ixilunce  one  another,  and  must  therefore  produce 
equal  and  opfMwitc  effects  on  A  and  B,  effects  M'hich  are  countentcted 
by  tbo  Qttion  existing  l>etween  the  parts.  The  two  sets  of  forces  tAben 
together  constitute  a  BTHAJNINO  action  of  which  each  set  is  an  clement^ 

id  the  object  of  this  and  the  next  two  chapters  is  to  consider  the 
ining  actions  to  which  loaded  stnictures  and  parts  of  structures  are 
subject. 

Straining  actions  differ  in  kind,  according  to  the  nature  of  the  effects 
'tich  they  tend  to  produce.    Four  simple  cases  may  be  distinguished : — 

(1)  The  parte  A  and  Ji  may  tend  to  move  towards  each  other  or 
away  from  each  other  perpendicular  to  a  given  plane.  This  effect  is 
CttUc«l  Compression  or  Kxtension,  and  the  corresponding  straining  action 
is  a  thnist  or  a  pull. 

(2)  A  and  B  may  tenil  to  slide  past  each  other  parallel  to  a  given 
BOO.     This  effect  is  called  Shearing. 

A  and  fi  may  tend  to  rotato  relatively  to  each  other  about  an 
;  l^ing  to  a  given  plane.     This  is  called  Bending. 
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(4)  A  and  B  may  tend  to  rotate  relatively  to  each  other  altont  un 
iLxU  perpendicular  to  a  given  plane.    This  is  called  Twisting. 

Ill  the  first  two  cases  the  straining  action  rethices  to  two  eijual  ai 
opposite  forces,  and  in  the  second  two  to  two  equal  and  opiKwii 
couples.  In  general,  straining  actions  are  compound,  consisting  of  two 
or  more  simple  straining  iiotions  combined.  The  given  pluitc  with 
reference  to  which  the  straining  actions  arc  reckoned  may  always  Im 
considered  as  un  ideal  section  scpurating  A  and  B  even  whon  tho  actual 
dividing  surface  is  different.  We  shall  commence  by  considering  t! 
straititng  actions  on  a  Heam  of  small  tratmverse  section. 

SKcrrtON  I— Bkams. 
17.  Stminitiff  Adkms  oh  a  Beam, — The  action  of  a  simple  thnist  < 
pull  on  a  bar  has  already  hcon  sufficiently  considered  in  Ch.ipt«r 
Tboy  are  usually  considered  as  sepai-ate  cases,  and  the  simple  straining 
actions  on  a  Irm-  arc  therefore  reckoned  as  five  in  number.  The  other 
three  arc  (1)  shearing,  ("2)  bending,  and  (3)  twisting,  of  which  the  last 
F  rarely  occurs,  except  in  machincjs,  and  irill,  therc- 

J    FiBja^     fore,  bo  considered  in  u  later  division  of  this  worl^ 

■^H^^^H^^M     under  that  head. 

^^^^^V|m         Shearing  and  bonding  are  due  to  the  action  of 

I  forces,  the  directions  of  which  are  at  right  angles 

■  F  to  the  bar:  in  structures,  the  forces  usually  lie 

I     FiB^Mb.     one  plane  passing  through  tho  axis  of  the  Iwr. 

L^^MM      Iwr  loadc<l  in  this  way  is  called  a  beam. 

^^^^^^^^^t^  Simple  shearing  is  due  to  a  pair  of  equal  and 

^^^^r  opposite  foi-ccs,  /'  (Fig.  23),  applied  to  pointa  verj- 

pi  near  together,  tending  to  cause  the  two  parte  A 

and  B  to  slide  pAst  one  another,  as  shown  in  the  figure  (Figs.  2.'W,  33/i). 

Either  element  is  called  the  shearing  force,  and  is  a  measure  of  the 

magnitude  of  tho  shearing  action,  but  in  considering  the  sign  we  must 

consider  both  together.     In  this  work,  if  tlie  right-haml  jwition,  A^ 

tends  to  move  upwards,  and  B  downwania,  as  in  Fig.  236,  the  shearin] 

action  will  usiuiHy  be  reckoned  positive,  while  in  the  converse 

(Fig.  23a)  it  will  be  reckoned  negative. 
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Simple  bending  is  duo  to  a  |)air  of  equal  and  opposite  couples  apph'e 
to  the  liar,  one  acting  on  A,  the  other  on  H,  as  in  Fig.  24,  tending 
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bkc  ^  and  B  rotAte  in  opposite  dircctioiiB.     The  magnitude  of  the 

ending  is  meoBiirotJ  by  the  moment  of  either  coiiplu  which  is  called 

be  hendin);  moment.     In  this  work  bending  moments  wilt  usually  be 

ckonerl  positive  ivhori  tlic  loftrhiiiiit  half,  B,  i-otates  with  the  hanJti  oi' 

twiitch,  am!  the  righthaiid  half  in  the  opposite  dircrtion.     That  is  to 

^y,  when   the  }>e3m  tends  lo  l>ecome  coiiveTc  rin^mivnrds.  as  in  the 

Jinarr  case  of  a  loadc<l  beam  aupfwrted  at  the  ends.    In  luadeil  beams 

Bring  and  bending  generally  exist  together,  and  vary  from  jwint  to 

^oint  of  the  beam.     We  shall  now  consider  varioiis  s^tecial  caees. 

18.  SitimpU  of  a  BtUanctd  Leva:  General  Rtdex  for  ealeuhiiing  S,F. 
^n/  y;J/.  — First  take  the  nwe  of  a  l)eam,  AB,  supported  at  C  (Fig.  2fi), 
^^Bid  Iwnlod  with  weights,  i'Q^  at  its  ends. 

^H  If  the  weights  are  such  that  P.AC  ^  Q.HC  the  beam  will  be  in  oqiii- 
^^Bbrimn^  but  the  two  ])arts,  AG^  BC,  tend  .    p^g      ]Pif.as. 

^^b  turn  al-Miut  V  in  opiKwite  dirLM:tions,     b [q        a 

"     there  is  therefore  a  bending  action  at  C,     [  •      k  1 

K  which  the  ctiual  and  opixwit©  momenta    g  p 

.AC,  Q.KC  are  the  elements.     Kithcr  of  these  is  the  bending  moment 
lually  denoted  hv  M,  so  that  we  write 
M^  =  I\AG  ^  Q.BV. 
ot  only  is  there  a  bending  action  at  C,  but  if  we  take  any  point,  /T, 
luid  consider  the  forces  acting  on  AK,  UK  separately,  we  see  that  AK 
tends  to  turn  about  K  under  the  action  of  the  force  Py  while  BA"  tends 
to  turn  about  A"  under  the  action  of  the  forces  P  ^  Q  ixi  V  and  Q  at  H. 
Thi?  first  tendency  ia  immediately  seen  to  be  simply  the  moment  P.AK^ 
fade  the  second  is  Q.BK—(P  +  Q)CK.    The  last  quantity  reduces  to 
C^PXK,  or,  remembering  that  Q.BC^P.AC  to  P.AK.     The  two 
lento  then,  as  l>efore,  are  equal  and  opjiosite,  and  constitute  a  bend- 
action  at  A",  mcasuidl  by  the  beudiug  moment 
Mt  -  P^AK. 
This  example  will  sufficiently  explain  the  general  nde  for  calculating 
tbo  lieoding  moment  at  any  point,  A\  of  a  beam.     Divuif  Ike  forces  into 
setSi  we  aeiing  to  the  r'ujhi  and  the  other  to  the  left  of  A',  and  estimate  the 
t  of  either  set  ahotd  K,  then  the  yesutt  loill  he  th^  bending  monieiU  at  K. 
ex&mple  shows  that  the  calciUation  of  one  of  the  two  moments 
will  generally  be  more  simple  than  that  of  the  other,  and  cases  con- 
stantly occur,  as  where  a  beam  is  fixed  at  one  end  in  a  wall,  where 
nothing  is  known  about  one  set  of  forces  except  that  they  luitarice  the 
other  ftet.      In  each  case  the  simplest  calculation  is  of  course  to  be 
j^^referred. 

1^ — .,...- — 
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leverage,  as,  for  oxamplc,  1  ton  acting  at  a  leverage  of  1  foot,  for  which 
the  expression  "  foot-ton  "  is  commonly  employed.  This  phrase,  how- 
over,  is  used  also  for  a  wholly  different  quantity,  namely,  the  unit  of 
mechanical  work,  and  for  this  reason  it  would  be  preferable  to  call  the 
imit  of  moment  a  ton-foot  for  the  sake  of  distinction. 

The  j>etuiliur  action  called  cheating  will  be  better  understood  when 
we  como  to  coiuiidfr  the  action  of  farces  on  a  framework  giixler  in  the 
next  section ;  it  wUl  hero  be  sufficient  to  say  that  if  the  sum  of  the  forces 
acting  on  AK^  JiK  are  not  sepanitcly  erjual  to  zero,  they  must  tend  to 
cause  AK,  UK  to  move  past  each  other  in  tho  vortical  direction,  thus 
constituting  a  shearing  action  measured  by  the  magnitude  of  tho  shear- 
ing force,  which  may  be  thus  calculated  for  any  point  A".  Divide  tht 
forces  into  tico  xett,  me  acHng  to  the  right  of  K  and  the  oilier  to  ifie  U/t  of  K, 
the  {tlgrhrakal  sum  r»f  eithrr  stt  is  the  shearing  fiirr/.  at  K.  As  before  either 
set  may  b«  chosen,  whichever  gives  the  result  most  simply.  In  the 
example  just  given  tho  shearing  force  at  any  jioint  o{  AC  is  P\  and  at 
any  point  of  liC,  Q. 

19.  Beam  SupporleA  at  the  Ends  and  Loaded  at  an  TitttrmediaU  Point. — 
Wo  will  next  consider  tho  case  of  a  bciira  supported  at  tho  ends  and 


i 
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•< 
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loaded  at  some  intermediate  point.  Before  wo  ran  apply  the  rtda 
previously  enunciated,  to  find  the  shearing  force  and  bonding  moment 
at  any  point,  wo  must  first  dctennino  the  snpiwrting  forces  at  the 
two  ends.  We  Hiui  tho  force  P  acting  at  A,  Fig.  20,  by  takir 
momenta  about  //,  thus, 

P(a  +  b)r=fn;   ,:P^I!1!L, 
a  +  o 
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ikd  eixmlarly 


0= 


ira 


a  +  6 


Firet  as  to  the  shearing  forco.     Talcing  any  point  K  in  AC,  and  oou- 
aideriiig  the  foraea  iicliug  i>u  yiK,  ui'  wliich  there  ib  only  one, 

a  +  b 
>  any  point  K"  betveon  C  and  £  we  have 

It  will  bo  noticed  that  at  K  iho  tendency  is  for  the  left-hand  portion  to 
slide  upwanls  relatively  tfi  the  right,  whereas  at  A''  the  teruleticy  is  for 
the  right-hand  portion  to  slide  upwards  I'elatively  to  the  lofL  It  is 
ndvaiibigeoiid  to  distinguish  between  these  two  tendencies,  as  previously 
fltatod,  by  calling  the  one  positive  and  the  other  negative. 

We  may  draw  a  diagram  to  represent  the  shearing  force  at  any  point 
thus.  Let  .'/'Jy  be  drawn  [ULTallel  to  and  below  Afi  to  represent  the 
length  of  the  l>eam,  and  let  CC'L  he  the  line  of  action  of  the  weight. 
If  we  act  np  an  ordinate  A'F=  P,  and  downwards  an  ordinate  li'M  =  Q^ 
and  draw  !•'£  and  ML  parallel  to  A' If  to  meet  the  vertical  £!C'L ;  the 
sheariDg  force  at  any  point  will  be  rejireseiited  by  the  onliriates  of  the 
sbuled  figure  A'FELMIX^  measured  from  the  Iwise  lino  A' It.  Not  only 
will  the  magnitude  of  the  shearing  force  lie  represented,  but  also  the 
direction  of  the  sliding  tendency.  This  is  why  on  one  side  of  C"  the 
I  was  set  downwunle. 
this  example  the  supporting  forces  may  be  found  by  construction, 
Bud  thus  the  whole  operation  of  determining  and  representing  the  shear- 
ing force  performed  graphically.  For,  set  down  HK=  /f,  join  A'K,-a\A 
where  the  verticAl  ibrongh  f."  cuts  A'K,  draw  LM  horizontal,  then 
rif=0 and  ilWr=/*,  Then8otupy/7''=il/A*  ami  draw  >'A' horizontal. 
Xeit  OS  to  the  bending  moment  at  any  point.  Take  any  point  K  in 
AC  distant  x  from  A,  then 

and  similarly  at  K  in  CH  distant  or!  ftxim  B, 


M,. 


a-^b 


iO  for  either  aide  of  C,  the  bending  moment  is  greater  the  greater  the 
distance  of  the  point  from  the  end  of  the  beam.  Thus  the  greatest 
beading  moment  is  at  C. 

If  in  the  value  of  M^  we  put  z  =  a, 
or  „  iUr      »      ^'  =  h 
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we  get  the  siuao  result,  viz.,  that 


M^ 


U  4  & 


=  grcatw«t  bending  moment. 


The  graphical  represontaliun  ul'  the  bending  moment  at  any  jmint  i^ 
very  useful  and  iiiatnictive.  \Vc  may  construct  the  diitgram  thus.-— 
A'B'  ropreaenting  the  length  of  the  beam  set  up  from  C,  C'Ji  the  bend- 
ing moment  at  C  =  — ^  on  some  convoniont  scale,  on  such  a  scale  for 
a  +  b 

instuiicQ  aa  1  inch  «  20  ft.-lbs.  Then  joining  v4'JVand  B'N,  the  ordinate 
of  the  figure  A'NB\  measured  frr)ni  the  base  line  A'l^,  will  express  on 
the  scale  chosen  the  landing  moment  at  any  jiofnt  of  the  beam.  If 
a^b^\  span,  so  that  the  loud  is  applied  at  the  centre  of  the  beam,  th 
Mg  =  \  /r  ^  ajxin  =  greatest  bending  moment 


20.  Hmm  Supjwrted  at  Ihf.  End  and  Loaded  Uniformly. — The  next 
example  for  consideration  is  that  of  ii  beam  sup^wrtod  at  the  ends  and 
loaded  unifoiTuly  throughout  its  length  with  w  lbs.  per  foot.     (I^ig.  27.) 


•xt     I 


pirJ7. 


:k       o 


:k 


"(••"i 


Lot  the  span  -  2a,  Take  any  point,  A",  distant  x  irom  the  centre  H 
The  load  on  JK  is  wAK,  and  therefore  the  shearing  force  at  A',  rockori 
ing  tlie  forces  on  the  left  hand  aide  must  bo 

t\  =  im  -  wAK=  wa  ~  ir  {a  -x)^  uw. 
That  is,  the  shearing  force  is  proportional  to  the  distance  of  the 
from  the  centre  of  the  beam.     At  the  end  A  where  x-o, 

F^  =  ttw, 
and  at  li  where  x^  -u, 

/•',-  -trii. 
If  from  A'lf,  below  Ah  in  the  diagram,  we  sot  up  utid  down  ordiiiat«s 
at  A'  ftnd  f  =  int  on  some  scale,  and  join  LAt,  the  ordinates  of 


J 


^pluping  line  will  i^pi-esent  the  sfaeariug  force  at  any  poiiit. 
sbcoring  force  at  the  centre  of  the  beam  is  zero. 
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in  fimling  the  liending  moment  at  K.  leckonin^  still  from  the  leftr 

haml  siilu,  Vie  must  cK>jirty  U\kv.  account  not  only  iif  the  suppotting  force 

at  A,  but  also  of  the  otlect  of  the  loud  M-hicb  letits  on  the  portion  of  the 

I  beam  AK.     The  moment  of  this  load  about  A'  ia  the  same  aa  if  it  were 

P»ll  collected  at  its  centre  of  gravity,  namely,  at  the  ceutie  of  AK. 

Thiw 


Mg'ua.AK 


u^AK.^ 


w 


w 


^^B  =  %AK{2a  -  AK)  =  "^AK.KB. 

That  is  to  aay,  the  bending  moment  at  any  point  is  ]>roiiortionat  to  the 
(iroduct  of  the  aegmenta  into  which  the  beam  is  divided  by  the  [winU 

L  letting  AK=a  -  X  ajxA  BK  =«  +  r, 

■  if,  =  iw<a« -*=»), 

^  which  i?-  greator  the  less  j-  is.     At  the  centi-e  a:  =  0,  and  we  have  the 

I      maximum  bending  moment 

^m     If  wr  put  2tm  ~  IV,  the  total  toad  on  the  beam 

^T  Mu=  \  II'  "^  8|xin. 

This  in  only  one  half  the  bending  moment  due  to  the  same  load  when 
coDccutnited  at  the  centre  of  the  beam. 

If  oniinates  be  set  up  h-oni  A  'if  =  jjtr  («*  -  a^),  at  all  ]K>int6,  the  ex- 
tremities of  the  ordinales  will  lie  on  a  cui-ve  which  may  easily  be  seen 
to  bo  a  [mndwla  with  its  axis  vertical  and  vertex  above  the  middle 
IK>int  of  the  beam.     For 

SZ  =  SK  -  KZ  «  iitti-  -  \  wiii^  -  x^)  =  ^wx\ 
So  that  SZ  is  pn^x)itioQal  to  ^'.V'^  showing  that  the  cunc  is  a  parubuliL 

21.  limm  L/Atdal  tit  Me  EmU  and  SuftpwlfJ  iit  IttifrmtdifUt  I'uints. — 
N'ext,  3upi>ose  a  beam  (Fig.  28)  supported  at  ./,  /J,  and  loaded  with 
weights  Py  Q,  at  the  ends  C,  JJ,  which  overhang  the  supports.  If  AC^ 
Alif  HV  are  denoted  by  h,  /,  b  respectively,  the  8Up|K>i-ting  force  A'  nt 
A  (by  taking  moments  about  ii)  ia  given  by 

.*)7  =  />  +  /)-^. 
SimiUrly  H^  the  8Up|)orting  force  at  B,  is  given  by 

Take  uow  a  point  K  distant  x  from  A  ;  then 

F,^b-}~       ^ J—, 

where  if^,  Af«  are  the  bending  moments  nt  //,  //. 
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AUo  for  tfao  bonding  momont  at  K, 
or,  Jis  we  may  write  it, 


M,^Mj-^+Mfj. 


TigM, 


^^. 


•P 


b 


6q 


These  forniiilufl  sbow  that  the  shearing  force  is  constant  while  the 
bending  mumuut  varies  unifurinly.  In  the  diagnitu  this  is  indicated  by 
Betting  up  ordiiiatcs  Wa,  lib,  to  represent  the  bending  moments  at  J, 
Ji,  and  joining  a,  b ;  the  ordinate  Kk  of  this  line  corresponding  to  an 
intermediate  point  A',  will  represent  the  bending  moment  there.  The  i 
momenta  are  in  this  example  reckoned  positive  for  upward  bending. 

An  important  8|>ccial  chbo  is  when   M^  =  M^ ',    then   the   bending 
moment  is  constant,  and  the  shearing  force  zero.     We  have  then  no 
sheanng  but  only  Itonding.     Simple  Iwnding  is  unusuid  in  practice,  Ihi^^^ 
an  instance  occurs  in  the  axle  of  a  carriage.  ^| 

The  orclinates  nf  the  atmight  lines  Va,  Db,  represent  tlio  bending      ' 
moment  at  any  poiut  of  the  overhanging  parts  of  the  beaoo. 

22.  ApjtlKation  of  the  Method  of  Superjntsiiion. — When  a  beam  is 
acte<l  on  by  several  loads,  the  principle  of  superjiosition  already  staled 
in  Chap.  I.  is  often  very  useful  in  drawing  diagrams  and  writing  down 
formulae  for  the  straining  action  at  any  point.  Thus,  for  example,  in 
the  preceding  case,  if  there  be  many  M-eight«  on  the  overhanging  end 
of  a  beam,  the  ben<ling  moment  and  shearing  force  at  each  point  must 
be  the  sum  of  that  duo  to  each  taken  separately  ;  and  hence  it  follows 
that,  whatever  be  the  forces  acting  on  a  beam,  if  there  be  a  [jart  ^^B  I 
under  the  action  of  no  load,  and  the  bending  moments  at  the  ends  of 
that  part  be  J/j,  M^  the  straining  actions  at  any  intei-modiate  point  X 
will  always  be  given  by  the  formulae  just  written  down.  And,  further, 
if  there  be  a  load  of  any  kind  on  AJi,  and  m  be  the  bending  moment, 
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on  tbfl  Buppoeition  that  the  beam  simply  rests  on  supports  at  A^  B, 
tbeu  tfa«  actual  bonding  raomeut  must  always  be  given  by 

X 


M=Mj^-^Af,j'  +  m, 


i 


general  formula  of  great  importance.  Tbe  result  is  shotm  graphically 
in  the  diagram,  vhcro  tbe  curve  reprcacntA  the  bending  moment  m,  and 
ibe  straight  line  iib  the  effect  of  the  bending  momenta  at  the  unda, 
supposed,  as  ia  fre<]uently  the  case,  to  be  in  the  opposite  direction  to 
m ;  then  the  intercept  between  the  curve  and  the  straight  line  repre- 
sonta  the  actnal  bonding  moment. 

If  several  wcighta  act  on  a  beam,  triangles  may  readily  be  constructed 
showing  the  bending  moment  due  to  each  weight;  then  adding  the 
ordinatcs  of  all  the  triangles  at  the  points  of  application  of  the  weighta, 
and  joining  the  oxtroniities  by  straight  linos,  u  jmlygon  is  ohtaine<l 
which  is  the  jmlygon  of  bending  moments  for  the  whole  load,  lliis 
jiitxress  may  alao  be  applied  to  shetiring  forces.  It  is  simple,  but  some- 
what tedious  when  there  are  many  weights,  and  other  methods  of 
construction  will  be  explained  hereafter. 


EXAHrLBS. 


L  A  krUB,  A  B,  10  fnt  long  b  fixed  borixontnllj'  nt  A,  and  Icwded  witb  10  tou  dhrtri- 
faiitrd  aniformljT,  And  klao  willi  1  km  at  J9.  Find  tlio  bcndiug  moment  in  inch  hum  it^, 
ud  ftlao  At  Ibo  middle  of  tb«  Ixmiii. 

Jtf  -  720  inch  tons  at  A. 

•  210        ,,         at  the  c«ntf«- 
2:  In  tbo  Utt  4|Ue«tloD  find  tbe  khearing  force  at  th«  two  point*  mentioneit. 
i'-U  tons  at  .<<. 

"    6    „     at  tW  centro. 
3<.  Abeani,  AB,  10  foei  long  j«  iin|iportcd  at  A  nnd  H,  uii)  loaded  with  .'i  tonx  at  k 
point  diatanl  2  feet  from  A.     Find  tbe  ahcarintt  foro«  in  tons,  and  the  liendiiig  moment 
Ea  ioeh-tom  at  tbe  ecntn  cf  llie  beam.     Find  alto  tbe  greatest  beuObig  moment. 
F»t  tho  centre  -  1  tan. 
M  at  the  centre  -  60  inch  tons. 
Uaximum  bending  moment  -  06        ,, 

4.  Id  tbe  laakqueitioa  en|>j»oaean  additional  load  of  5  tone  to  Iw  uniformtydintribcted. 
Find  tbe  sli««rilic  fons  and  bending  moment  at  the  oontre  of  the  beam. 

F  at  eentre  -  1  ton  as  before. 

At  ftt  centre  -  11]  foot  tonii  -  UU  ineh-tont. 

5.  A  beam,  ^  A,  30  feet  lung  ta  lapiioiteil  at  (.-'  and  D,  two  polote  distant  ti  feet  from  A 
and  6  fc<t  from  H  reKpectively.  A  load  uf  5  tana  ia  placed  at  each  cxtivmity.  Find  the 
bending  msmaut  at  tbe  middle  of  CD  in  inoh-tonx. 

Moment-  litW  inch-toni, 

OL  In  tbe  ruunttle  jnat  given  dt«w  tbe  diagraouof  aheariug  foroe  and  bcDdittg  moraont 
at  each  point  of  the  beani. 

7.  A  foaiulr7  erana  hu  a  horizontal  jib,  AC,  31  feet  long  attaehed  to  the  top  e(  a  orane 
|MMt  U  feet  high,  which  tarns  on  \nrvU  at  A  and  H.  The  orftn«  carriM  iri  ton«,  whioh 
nay  be  ODnaidered  as  auapended  at  the  cxtremit}-  of  tbe  jib.  The  jib  is  aupporU'd  by  a 
itniakteshed  to  a  piunt  in  it  7  feet  from  A,  and  resting  on  the  crane  post  at  B. 
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the  atrest  ua  ci%nu  |MMt  uid  strut,  and  tha  afaearing  tottt  and  buidiiig  mome&i  at  i 
poJntof  th«  jib. 

Teuton  of  crano  |MMt  -  30  tout- 
Thnut  OH  itrut  -  W     „ 

8.  A  TOOUuguliu  block  of  wood  20  feet  loog  floaU  io  water;  it  U  required  to  dim*  th« 
oarvu  of  HheariDg  forc«  anil  bcmling  moment  wticn  toitded(l)  witli  1  cwt.  id  tbe  middle  ; 
(2)  witk  ^  owt.  at  cftcb  i-nd,  ami  (^i)  ^  cwt.  pUccd  at  two  [tointii  cqiiidtabtnt  from  tbc 
nttddk  and  each  cud. 

9.  A.  l>eam,  AB,  '20  fi-et  long  Is  luijported  at  tb«  ends,  and  loaded  at  two  poinbi  dtHtaut  ] 
t>  fevt  and  11  foot  roij>ea lively  from  oiir  t-ml  with  wrightx  of  8  toni  nnd  12  lot»  :  employ  | 
the  isctliod  of  luperponitioti  to  ooafttruct  the  polj-gons  of  sbearing  foro«  Mid  bcadiocj 
motnenL     Find  the  maximum  beoding  tiioment  in  inoh'toiiB. 

Maiimum  momoot'  973  [nch-tanii. 

10.  A  beam  lit  iu|ipori«d  at  the  end*  luiil  loaded  unifomily  tbrougbout  a  part  of  it* 
le-ngtb  :  ohow  that  the  diagram  of  raomcntd  for  the  [»art  of  the  beam  out«idc  the  load  u 
the  mme  as  if  the  loail  hud  been  concvntnitml  at  tbu  centre  of  tbe  loaded  [lart,  aod  for 
the  remainder  ii  a  parabolic  arc.     ('onrtrnot  tbi>  arc. 

SlHTmN     II.  — FltAUKWUHK    (.ilROEKS    WITH    BlXIHS     PaIIALLKL,     ANU 

Web  a  Single  Trianqulation.  ■ 

23-   Viflimimmj  Exptanatio}ii.~\iit\iiirUi  we  have  oiily  conaidercd 
boanis  of  amaJI  transverae  section,  hut  the  paii  of  a  beam  may  be  played 
by  a  fiTiracwork  or  other  slnirtnro  iimlor  the  nction  of  iraiisvei'se  forMS. 
Such  a  stnicturc,  when  employed  ua  it  beam,  is  called  a  Uirder,  aiid 
consists  essentially  of  an  iip[ier  luid  a  lower  mem1>er  called  the  Booms  ol 
the  ^rder,  oonnecttfd  together  by  a  set  of  diagomttly  pUce^J  Imrs,  colled 
collectively  the  Web,     The  wch  consists  sometimes  of  several  triangu- 
lations  of  hiirs  crossing  each  other,  and  may  even  be  contimtoiis.     In 
the  present  section  the  booms  will  be  supijoscd  straight  and  parallel,  and       ■ 
the  web  a  single  tnangulucJoii.     The  action  of  a  toad  on  such  a  girder  ^| 
finishes  the  simplest  and  best  illustration  of  the  nature  of  the  stntining  ^^ 
actions  we  have  just  b<'en  considering. 

Sui)|>osc,  in  the  rirsl  plact:,  we  have  a  rcetiiugular  bejum  of  cousidcrublit 
transverse  dimensions,  which  has  one  end  tixed  horizontally,  and  the 
other  end  luatiod  with  a  weight  li-'.  Now  let  u  i>art  of  the  length,  VD 
(see  Fig.  29),  l>e  cut  away,  and  replaced  by  three  bara,  Cl)^  KF,  UK, 
jointed  at  their  ends  to  the  two  pitrts  of  the  beam— t7y,  Hf  forming  m 
rectangle,  of  which  />A'  is  a  diagonal.  With  this  construction  the  load 
ir  will  be  Rustained,  as  well  as  by  the  original  l>ean),  but  the  three  burs 
will  bo  subject  to  stresses  which  wo  shall  now  determine.  To  do 
tbii,  suppose  each  of  the  three  bars  (in  succession)  removeii,  and 
examine  the  efiout  on  the  strucUu'e^an  artiHce  which  ■.iften  uimblas 
us  to  see  very  clearly  the  nature  of  the  stress  on  n  given  pai-t  of  tbe 
stnicturc. 
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In  the  tiret  pLice,  suppose  CD  removed ;  then  the  jmrtion  A/^  trill 
t«m  about  the  joint  A',  iis  shown  in  the  lower  part  of  the  diagram,  so 
that  the  function  of  the  bar  (JD  must  bo  to 
prevent  this  turning,  which  is  exiiclly  whiii 
we  have  provioiisly  described  as  bending. 
The  tendency  to  turn  round  A' — thai  is,  the 
teudiu};  moment  at  A' — is  in  this  case  simply 

ff^  K  CB.  But  if  there  is  a  system  of 
luiuls,  the  bending  moment  at  A^  may  be 
found  by  methods  prc\nousIy  dewrilwd. 

Now  let  //  =  stress  on  ClJ.  It  may 
Uy  be  seen  to  be  a  tensile  stress,  because, 
on  the  i-emovfti  of  the  Ixir,  the  ends  f '  and 
D  seiJOTAte  from  one  another.  Also,  let  A  = 
CH  or  DF.  the  depth  of  the  beam.  The 
power  of  CJJ  to  prevent  A7i  from  turning 
about  A  is  mcasiuwl  by  the  moment  u1>out 
E  of  the  force  //  which  acts  along  it.  There- 
fore 

And  dividing  the  bonding  moment  at  A'  by  the  depth  of  the  be^m,  wo 
obtain  the  magnitude  of  the  tension  of  CD. 

Next,  let  the  bar  A'/'  be  removed.  Tht*  structure  irill  >Held  by 
turning  round  the  joint  D,  the  |)oiiit  F  wpproiiching  A.  Thus  the  Imu" 
EF  is  in  compression,  and  by  its  thrust,  =  H' say,  towards  F,  it  prevents 
FE  from  turning  ronrd  // 

The  tendency  to  turn  round  D,  due  to  the  action  of  the  external 
forces  — J/b,  will  be  equal  to  the  resisting  moment  ll'k. 

..     H'h^M,, 
Therefore  if  we  divide  the  bonding  moment  for  the  joint  D  op|>o3ite  to 
tiie  bar,  by  the  depth  of  the  beam  ft,  we  obtain  the  magnitttdc  of  the 
compressive  force  11 '. 

La'itly,  let  us  suppose  the  diagonal  bar  ED  to  be  removed,  the  etfeut 
is  (piite  difFeront  from  the  two  former  cases;  for  instt'iid  of  the  over- 
iging  portion  of  the  I)eam  turning  about  some  point,  it  now  gives 
by  sliding  downwards  (as  sliown  in  the  centre  of  the  diagram), 
renuuning  horizoutal  all  the  time.  CD  and  EF  turn  aix>ut  C  and  A*, 
remaining  parallel  to  one  another.  The  rectangle  COFE  becomes 
distorted  by  thu  shortening  of  the  diagonal  ED  and  the  lengthening  of 
CF.  In  the  structure  then  the  fimction  of  the  diagonal  bar  ED  is  to 
prevent  the  sliding,  by  resisting  the  tendency  to  sliorton.  Thus  the 
bar  ED  must  Iw  in  a>mpres8ion,  and  by  it*t  thrust  m>on  tXw.  point  D  it 


44 


STATICS  OF  STEUCrCBBS. 


[VAVt  U 


maintaius  FB  from  sliding  downwards.  Let  8=  thrust  along  BD  and 
0  =  angle  it  makes  with  the  vertical  The  force  S  may  be  resolved  into 
two  components,  a  horizontal  one,  SBinO,  and  a  vortical  one,  5coatf. 
It  is  the  vertical  compoaent  aloue  which  resists  the  sliding  action,  and 
raaiutains  D  in  its  proper  position.  Now  the  tendency  to  elide  U  no 
other  thing  than  the  shearing  force  on  the  structure,  which  we  have 
previously  been  investigating.  In  this  example  the  shearing  force  is 
simply  JV  for  all  sections  between  A  aud  B.  But  in  other  cases  of 
loading  the  shearing  force  may  bo  estimated  by  previously  given 
ntcthoils.  Since  tlie  downward  tendency  of  the  shearing  force  is 
bUanced  by  the  upward  thrust  of  the  vertical  component  of  S  aloug 
£0  wo  have 

ScoaB^F. 

Instead  of  the  pnints  E  and  />  being  joined  there  might  have  been  a 
bar  CF,  which,  by  the  resistance  to  lengthening  which  it  would  ofTeri 
would  have  sustained  the  portion  Fli  from  sliding  downwards.  Such 
a  bar  would  be  in  tension  just  as  the  bar  FD  is  in  compression,  and  in 
finding  the  stress  on  it  wo  should  use  exactly  the  same  equation.  Now 
instead  of  having  3  bars  only,  the  whole  structure  may  be  built  up  of 
horizontal  and  diagonal  bars.  The  same  principles  will  apply.  On 
removing  any  one  of  the  horiz«jntaI  Uira,  we  see  that  the  structure 
yields  by  turning  round  a  joint  opposite :  so  we  eay  the  function  of  the 
horizontal  bars  is  to  resist  bnmling.  This  is  expressed  by  tin'  f-qnation 
//A  =  M.  On  the  other  hauil,  the  fum:tioa  of  the  diagonal  bars  being  to 
resist  the  shearing  tendency,  we  have  always  Sca&&=F. 


24.  Warren  Girders  under  various  Loads. — Fig.  30  shows  a  Warren 
(Hrder,  so  called  from  the  namo  of  the  inventor.  Captain  Warren,  a 
type  of  girder  much  used  for  bridges  since  its  first  introduction  about 
the  year  1850.    It  consists  of  a  pair  of  straight  pai-ullel  booms  connected 

.  Fllt.30- 


together  by  a  triangulation  of  bars  inclined  to  each  other,  generally  at 
60',  so  that  the  triangles  fonned  are  equilateral.  The  booms  in  the 
actual  .structure  are  generally  continuous  through  the  junctions  with  thi3 
diagonal  bars,  but,  if  well  constmcCod,  there  is  no  sensible  error  in 
re^gArdiog  t}ie  stmcturc  as  a  true  frame,  in  which  the  several  divisions 
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all  nnitcd  by  perfectly  smooth  jointa.     Any  three  bant  forming  a 
panllelognun  and  its  diagonal  may  be  considered  aa  playing  the  same 

irt  as  regards  the  rest  of  the  structvire  as  in  the  case  just  considered. 

When  a  Warren  girtler  is  used,  it  is  generally  supported  at  the  ends, 
and  the  loads  are  applied  at  one  or  more  joints  in  the  lofrer  boom.  We 
iril)  examine  some  examples. 

(])  Suppose  there  is  a  single  load  applied  at  a  joint  in  the  centre  of 

ie  span. 

First  as  to  the  diagonal  bars.     It  was  shown  above  that  the  duty  of 

lese  bars  was  to  prevent  the  structure  yielding  under  the  action  of  the 
■hearing  force ;  the  vertical  component  of  tbi*  stress  on  either  of  tho 
diagonal  bars  being  equal  to  the  slif^aiing  force  for  the  interval  of  the 
length  of  the  girder  within  which   tho  diagonal   bar  lies.      This   is 

iproased  by  tho  equation 

Sco3  0^F. 

ow  in  the  example  which  we  are  considering  with  the  load  in  the 
centre,  the  shearing  force  will  be  the  same  at  all  sections  to  the  right 
and  left,  namely  =  ^  fV.  Therefore  tho  stress  on  all  the  diagonal  bars 
is  of  the  same  niaguitude, 

;r  IF 

^/3' 


5- 


W 


2  008  30' 

If  we  consider  the  effect  of  removing  either  of  the  bars,  wo  shall  find 
that  commencing  from  one  end  they  prevent  alteniat^ly  tlio  shortening 
and  lengthening  of  the  diagonals  which  they  join,  so  that,  commencing 
ilh  one  end,  the  hurt;  are  alternately  in  compression  and  tension. 
;e  compression  bars  aiu  shown  in  dotiljlc  llne«. 

Next  as  to  the  aovcral  portions  of  the  length  of  the  top  and  bottom 
ima.      As  was  shown  alwve,  tho   stress  on   any   division   of  the 
iorizontal  bars  has  the  effect  of  preventing  a  bending  round  the  joint 
opposite ;  so  that  the  moment  of  the  stress  about  tiie  joint  is  equal  to 
the  bending  moment  at  the  joint,  due  to  the  external  forces.     This  is 
ixnrcsaed  by  tlie  equation 

Let  a  =  length  of  a  division. 
Then,  since  the  supporting  force  at  the  joint  0  ia  ^JF,  the  bending 
momenta  at  tho  joint-s  numbered  1,  2,  3,  i^c.,  are 

w      ir  a     Jf'a 

,.      /rs       3/f'a 
so  on>  the  bending  momcntB  increasing  in  arilhmclicixl  ^to^^^vu^. 
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Since  the  depth  of  the  girder  h  is  the  same  at  ail  parts  of  the  length ; 
if  we  divide  the  M's  each  of  them  by  A,  wc  obtain  the  magnitude  of 
the  etresB  on  the  bars  opposite  the  reBpective  joints.     Thus 


;UFa 


and  so  on. 


We  aee»  then,  that  the  stress  on  the  several  divisions  increases  in 
nrithniedcnl  profji-ession  as  we  proceed  from  tiic  ends  tnwanis  thf 
centre.  By  observing  the  effect  of  removing  either  of  the  bars,  we  sec 
that  all  the  divisions  of  tlie  upper  lionra  are  in  compression.  This  is 
expressed  Ky  drawing  them  with  double  lines  in  the  fi^^ure,  All  th*" 
divisions  of  the  lower  boom  are  in  tension. 

(2)  Next  mippose  the  loftd  i.";  applied  at  some  other  joint  not  in  the 
centre^tlie  joint  4  for  example.  We  must  first  calculate  the  supporting 
forces.  Suppose  they  are  /'  at  0  and  Q  at  1 2.  For  tlie  portion  of  tlie 
girder  to  the  loft  of  4  the  Rhearing  force  will  be  the  same  at  all  sections 
and  be  equal  to  P.  Ho  the  stress  on  all  the  diagonals  l>etween  0  and 
4  will  be  equal  to  P  sec  30". 

To  the  ri^ht  of  joint  4  the  shearing  force  -  Q,  and  the  stress  on  all 
the  diagonal  bars  from  4  to  12  will  be  Q  sec  30°. 

Proceeding  from  either  end  towards  the  joint  where  the  load  is 
applied,  we  observe  that  the  diagonal  bars  are  altenialcly  in  compres- 
gion  and  tension — so  that  the  bar  5G  is  now  in  compression,  whilst  the 
bar  54  is  in  tension.  On  these  hars  the  iinture  -of  ilie  stresses  is  just 
opposite  Ui  that  tn  which  they  were  exposed  when  the  load  was  at  the 
coDtre  joint.  Thus  by  varying  the  position  of  the  load  we  not  onljr 
vary  the  magnitude  of  the  stress,  hut  we  may  in  some  cases  change  Uie 
character  of  the  stress,  reipiiring  a  diagonal  bar  to  net  sometimes  as  a 
stmt  and  sometimes  as  a  tie. 

For  the  divisiotifi  of  the  horizontal  booms  on  the  left  of  ff'  the 
stresses  are 


•2Pa     3/'a 

'W'    IF' 

in  arithmetical  progression  up  to  the  biu*  opposite  the  joint  to  which 
the  load  is  applied  ;  and  to  the  right  of  fr, 


&c.. 


Qa     2Qa     3Qa 
2fC     2h'    UK' 

in  arithmetical  progression  also  up  to  the  bar  opposite  (he  load.     The 
upper  bars  arc  all  in  compression  and  the  lower  in  t^-nsion  as  before, 

When  there  are  a  number  of  loads  placed  arbitrarily  at  the  different 
joints,  the  simplest  way  of  determining  the  sti-esses  is  often  to  Hnd  the 
stress  on  the  bars  dne  to  each  loa<l  taken  separately,  and  then  apply 
lite  principle  of  superposition.     In  applying  the  principle  due  regard 
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aust  be  paid  to  tlie  uature  uf  the  slrusH.     A  c()inprBftsi\'c  Htreas  must 

be  considered  as  being  of  opposite  sign  to  a  teusile  stress,  aud,  in 

DDipoimding,  the  atgebruical  Mim  of  the  stresses  for  each  lond  will  be 

he  total  stress  on  the  bara 

(3)  Tlierc  is  one  particular  case,  tliat  in  which  the  frirdtTia  uniformly 

loadttl,  which  it  is  advisable  to  examine  separately. 

In  general}  the  load  on  the  platform  of  the  bridge  is  by  roeann 
of  transverse  bearas  or  ginlcrs  transferred  to  the  jointa  of  the  lower 
^KJboom.  The  tran.svei-Ke  beanin  maybe  the  same  numher  as  tliejointx 
^Bb  the  lower  buom.  In  thai  case  the  girder  will  be  lujidt-d  with  equul 
^nroigfata  at  all  tho  bottom  joints.  If  Uic  transverse  iH-anis  are  more 
^^Bumerons  their  ends  will  rest  on  the  bottom  booms,  and  tend  to 
I  produce  a  local  bending  action  in  each  dineitin,  in  addition  to  the 
^■Aensile  stre^a  which,  as  the  bottom  member  of  the  giixler,  it  will  Itave 
^to  bear.  In  some  cases,  to  lessen  or  get  rid  of  this  binding  action, 
vertical  suspending  rods  are  introduced,  by  which  means  the  middle 
[wints  of  the  lower  divisions  are  supported,  and  tho  loads  transmitted 
^H^  ''ho  upjie-T  joints  of  the  ginlcr.  In  such  a  case  wc  may  tidcc  all  the 
^■oints  both  in  the  upper  and  lower  l>aoms  to  be  uniformly  loadeil. 
^B  We  will,  however,  supix^so  efjual  weights  applied  to  the  Joints  of  the 
^Bower  boom  only.  First  as  to  the  shearing  forces.  Between  tho  end 
^Ksid  the  1st  weight  the  shearing  force  =  tbe  supporting  force  --  half  the 
'  total  load  -  /'  say.  In  the  next  diWsion  the  shearing  force  is  loss  by 
jthe  amount  of  the  load  at  the  1st  lower  joint  =  /*  -  W.  In  the  third 
iivisioQ  of  tho  lower  boom  from  the  emi  the  shearing  force  =  /*  — 2n', 
"and  so  on.  The  stresses  on  the  diagonals  can  now  bo  found  by  multi- 
plying tbe  shcjiiing  fore*!  in  tbe  divifiion  within  which  any  one  diagonal 
by  the  secant  of  the  angle  which  tbe  diagonal  makes  with  the 
lical  The  stresses  vnW  diminish  in  arithmetical  progression  as  we 
linwaixls  from  the  cuds  towiwds  the  centre.  It  will  be  obson-ed  that 
on  tho  first  and  second  diagonals  from  the  end  the  stress  is  of  the  same 
magnitude.  On  the  third  and  fourth  it  is  alike  also,  and  so  on.  Tbe 
9tremes  arc  alternately  compression  and  tension,  commencing  with  com- 
pression ou  the  first  bar. 

To  find  the  stresses  on  the  booms  we  must  determine  the  benrling 
uiomcnts  at  all  tho  joints. 


M^  =  ^4a  -  Ha. 
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Jf.-^6i>-6n 


[part  I. 
rive  the^ 


Divisions  of  tho  ^f*»  by  A,  tJie  depth  of  the  girder,  will  give  the 
several  horisoDtal  stresses.  Thuy  will  be  found  to  increase  as  we  jiasa 
from  tho  ends  towards  the  centre. 


^11 
con-      I 


25.  N  Trusses. — The  web  of  the  girder,  instead  of  consisting  of 
sloping  both  ways,  forming  a  series  of  ci]uilatcral  triangles,  may  bo  con 
structed  of  bars  placod  alternately  vertical  and  sloping  at  an  angle,  so 
romiiiig  a  scries  of  right-angled  triangles,  looking  like  a  succession  of 
capital  letters  X.  (See  Fig.  31.)  For  this  reason  it  is  sometimes  called 
an  N  girder.  The  ordinary  [iracticc  is  to  divide  tho  girder  into  a 
number  of  squares  by  means  of  the  vertical  bars,  so  that  the  diagonals 
slope  At  an  angle  of  1.5'.      It  is  advant^igcoiis  to  place  the  diagonals 

Flp.31. 


as  to  be  in  tension.  For  a  load  in  the  centi-e^  or  a  uniformly  distribntod 
load,  they  should  slope  upwards  from  tho  centre  towards  the  ends. 
The  vertical  Imrs  will  then  bo  in  compression.  A  short  bar  is  better 
able  to  resist  compression  than  a  long  one,  whereas  a  tension  bar  is  of 
the  same  strength  whether  short  or  long  ;  so  it  is  manifestly  cronomical 
of  material,  and  a  saving  of  weight,  to  place  the  long  bars,  that  is  the 
sloping  bars,  so  as  to  Ho  in  tcnsi;m.  The  same  methods  will  apply  to 
find  the  stresses  on  the  bars,  since  as  before  the  web  resists  the  shearing 
action,  and  the  booms  tho  bonding. 

The  simple  qucoii  tmss,  consiilored  in  Chapter  I.,  Section  IT., 
another  example  of  a  web  conRisting  of  alternate  vertical  and  diagont 
bars,  but  the  diagonal  is  not  usually  inclined  at  45"  to  tho  vertical 

EXAMPLK3. 

1.  A  tntiwsoiiUl  tmm  u  24  feet  apiti  udiI  3  fpot  ilrep.  The  oentrml  part  in  8  feel  longl 
uiJ  ia  braovd  hy  k  disgon*!  stay  to  plftcc'i  hi  to  b«  in  tonwon.  Find  tht  stnts  on  < 
[»rt  wbeu  lootlcd  with  4  toni  at  one  joint  And  b  ton*  ftt  the  otber. 
StresH  on  diagonal  ritay—  '{>5  tons. 
'£.  A  bridge  U  coutnictcd  of  a  pftir  of  Warroo  girden,  with  tbo  pbttfonn  resting  c 
tho  lower  booma,  «aclt  of  which  i»  in  )>  dimioui.  The  brtt)|{e  U  loadvd  with  30  toni  ia] 
the  niiddle.     Find  the  Ktreu  on  cacli  ixirt. 

3.  In  caaaiplc  2  uliUiu  tbe  roault  wbea  the  load  ui  ■uiiported  li  eitlior  of  the  oths 
Jolnfai. 

4.  From  the  rrmilti  (if  KXi>ifi]i)i!R  2  and  3  detSuco  the  Htrew  on  endi  jiart  of  the  Bitdecl 
whan  the  bridge  ia  loaded  with  00  toiia,  divided  equally  betwecu  tbo  three  pain  of  joinU  T 
fron  ono  «&d  (o  the  centre. 
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BanUt*  (or  qoMtioiu  3.  3,  4.  tb*  bftra  being  anmbercd  aji  in  Fig.  SO. 
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Bi.  A  brlil|«  80  f«et  atiMi  U  oonstruotf'il  of  m  pkir  of  N  ginlcn  in  10  dtvUioni.  the  pUt- 
fonn  rartinc  on  the  lower  boomi.  ftnd  tbe  diAjfoiuIi  bo  Ktranscd  u  to  be  si)  in  teuidoti. 
Alo«'l  of  SOtoiu  Munifonotj  distributvilovur  ttie  pUtfonn.    Find  the  itresaoneaoh  bftr. 

Section  III.— CfiRi»Kits  wetii  Kuh'ndant  Bars. 
36*  PreiimiHa$y  Kx/^nnaiinns. — Again,  returning  to  tho  (p.  43)  beam 
oat  of  which  a  j>ortiun  hu  been  cut  nnd  replaced  by  b&re,  let  us  suppose 
that  instead  of  one  diiigonal  bar  only,  there  are  twa  M'e  require  to 
find  the  fttreases  on  tho  bars.  First,  on  the  diagonal  bai-s.  In  this  case 
ftls*^  the  stress  on  these  bars  will  he  due  to  the  shearing  force.  Together 
they  prevent  the  stnicture  yielding  under  the  Hliearing  actiun,  but  the 
ammint  each  one  bears  is  indeterminate  until  we  know  how  the  diagonals 
are  con«tructe*J  and  attached  to  tho  rest  of  tho  structure.  Suppose,  for 
example,  the  diagoiiahi  are  simple  struts  placed  across  the  comers  of  the 
rectangle,  but  not  securecl  at  the  ends.  The  fitruts  will  bo  iruupable  of 
taking  tension  ;  and  the  ^liugonal  KD,  which  slopes  in  the  dire<'tion, 
to  be  subject  to  compression  will  have  to  bejir  the  whole  shearing  force. 
The  other  diagonal  is  ineffective.  Secondly,  suppose  the  diagonals  to 
be  simple  ties,  such  as  n  chain  or  slender  rod,  and  sn  incapable  of  with- 
standing compression.  Then  the  l«r  CF  will  carry  tho  whole  shearing 
force.  Wo  may  have  any  number  of  intermediate  cases  l>etween  these 
extreme  ones  acconling  to  the  material  of  the  diagonals  and  the  method 
of  attachment.  In  all  cases  one  diagonal  tends  to  lighten,  and  the  other 
to  shorten,  and  according  to  their  powers  of  resistance  to  theso  ten- 
dencies they  offer  resistance  to  the  shearing.  If  S^  and  6j  be  stresses 
on  tbe  two  bars^  then  in  all  coses 

iS,  +  S^)cos  0  =  F. 
If  the  diagonals  arc  exactly  similar  rigid  piuces  similarly  secured  at  the 
soda,  equal  changes  of  length  will  pnxluce  the  same  stress  whether  in 
coropreasion  or  tension,  so  that  each  will  bear  an  equal  share  of  the 
shearing  forco.     We  shall  then  have 

5j- 5, -J/* sec  ft 
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The  foregoing  is  on6  of  the  simploRt  examples  of  a  frame  vitb  rft- 
iliiridunt  bars,  and  shows  clearly  why,  iti  such  casce,  the  fltrcas  on 
l»ar  cannot  ho  determined  by  statical  conaiderations  nlono,  but  dope; 
u|X)n  the  materialB  and  mode  of  construction.     In  structures  such 
those  considered  in  Cbap.  1.,  Sect.  11.,  in  which  the  princijnl  part  ie 
incomplete  franse.  stiftonetl  by  bracing  or  other  means  to  provnile 
variations  of  the  load,  tbc  bracing  is  usually  redundant,  and  tho 
ou  it  caiUKit  he  calculated  with  certainty.     Allovvawce  has  to  lie  made 
for  this  in  designing  the  slnictmc  l>y  the  use  of  a  larger  factor  of  safety. 
Kddundant  material  is  often  no  addition  at  all  to  the  strength  of  the 
Btmcture,  and  may  even  ho  a  source  of  weakness,  as  will  appear  hereafter 
When  framework  giitlers  were  first  introduced,  it  was  objocttMl  hy 
eminent  engineers  that  failure  of  a  single  part  would  destroy  the  stnu'- 
ture.     Kx|>erienco  appears  to  have  shown  that  risks  of  this  kind  ore 
not  serious,  and  the  tendency  of  modern  engineering  design  apj>oars  to  I>o 
rather  towanla  tho  employment  of  stnictures  with  as  few^iarts  as  pnssiblo. 
Next,  oa  to  the  horizontal   bars.     These  still  sustain  the  bending 
moment,  but  not  i>r<?cisf!ly  in  the  same  way  as  when  there  is  only  one 
diagonal.     To  find  the  magnitude  of  the  forces,  we  employ  a  method 
similar  to  that  used  Ijcfore,  but  instead  of  removing  a  har  wo  suppose 
the  girder  cut  through  one  or  more  bars  at  any  place  convenient  to  our 
pur[ioso  ;  then  tho  principle  which  we  maku  use  of  is,  that  the  action  of 
each  of  the  two  halves  on  the  other  nnist  be  in  equilibrium  with  the 
external  forces  which  are  apjiHod  to  either  half.     In  Figure  32  let  us 
take  a  vertical  section  through  the  ])oint  of  intersection  of  the  diagonals, 
4  bars  are  cut  by  the  section,  and  through  the  mediiun  of  these  •!  bars 
the  structure  to  tho  lell  vrill  act  on  the  i>ortioD  of  the  stnicturc  to  tho 
right  of  the  section,  and  sustain  it  against  the  action  of  tho  extenul      I 
toads  which  rest  on  it.  ^ji 

First,  there  is  tho  force  ^j  pulling  at  K^  and  the  force  H^  thnistin^H 
at  L,  and  at  0  there  are  the  two  forces  S\  and 
5j  on  the  two  diagonals.  Now,  if  we  consider 
the  tendency  for  the  oxt«riuil  forces  to  bend  j 
tho  rightrhaiid  portion  round  0,  we  soc  thai 
the  diagonal  Ixirs  offer  no  resistance  to  Uiit 
bending  action,  and  must  so  far  bo  lefl  out  of 
account  The  whole  roaistanco  to  bcntliiig  is 
due  to  the  bars  CD  and  A'/*  along  which  the 
forces  J/,  and  /T,  act,  so  that  if  Af^ 
bending  moment  at  0  due  to  the  external  forcos, 
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This  will  be  true  whatever  be  the  proportion  between  5,  and  S^^,  and 
ffi  and  Bj.  Instead,  therefore,  of  taking  the  bonding  momont  about 
a  joint,  as  wc  did  proviouflly,  we  have  1»  this  awe  to  take  the  moment 
uImsuL  the  jKjint  where  the  two  diagonals  croBS. 

But  besidea  the  balancing  of  the  bending  moment,  there  arc  other 
conditions  to  which  tho  forces  are  subject,  in  order  that  the  right-hand 
jwrtion  may  bo  in  oqniiibrium.  One  is,  that  all  the  forces  which  act 
on  this  [>ortion  must  balance  horizontally.  There  are  no  external  forces 
wkich  have  any  horizontal  action,  so  thut  it  is  only  tho  four  intemuL 
forces  which  act  along  the  bars  cut,  of  which  we  have  to  take  any 
account,  and  these  must,  on  the  whole,  have  no  resultant  horizontal 
actioiL  I'he  two  thrusCA  must  eijuoi  tho  two  pulls  ;  that  is, 
//j  +  S^  sin  Br-U^^  A\  sin  0. 

^^  //^  -  //,  =  (.S'j  -  ^^)sin  0. 

^Hliiit  also  is  true  whatever  lie  the  distribution  of  the  shearing  force 

HlMtween  the  two  diagonals. 

If,  now,  wo  suppose  S.^  =  6',,  then  H^  =  //j  -  //,  say.  And  the  above 
formula  beoomes  Hh  =  M^  the  same  as  wc  had  before ;  but  it  must  bo 
applied  a  little  diflferentty,  the  moment  now  being  taken  about  the 
point  of  intersection  of  the  diagon.ilfl.  If  S^  is  not  equal  5g,  then  // 
will  l*e  the  mean  of  //,  and  11^ 

27-  lioHicc  Girders,  FUtrufed  Heains. — Constructions  with  a  double  set 
of  diagonalB  are  common  in  practice.  If,  for  example,  in  the  N  girder 
(Fig.  31)  we  place  in  each  division  two  diagonals  instead  of  one  only, 
tba  construction  is  called  a  latiire  or  trellis  ffirder.  When  employed  for 
bftavy  loads,  the  diagonals  are  geneiully  inclined  at  an  angle  of  45°  to 
the  vertical.  In  tight  structures,  or  when  use<l  for  giving  stiffness, 
they  are  oft-en  inclined  at  a  much  greater  angle. 

To  determine  the  stresses,  it  will  be  necessary  to  make  an  assumption 
for  the  di-ftribution  of  the  shearing  force  between  the  two  diagonals  for 
each  division  of  the  girder,  and  it  will  generally  be  sufficiently  correct 
to  suppose  each  to  carry  half,  and  to  write  S=  ^F  sec  6,  and  Bh  =  M  for 
the  poinu  where  the  diagonals  intersect. 

In  Lattice  girders  we  more  frequently  find  the  double  set  of  sloping 
hairs  introduced,  but  the  vertical  bars  omitted.  In  this  case  it  will  not 
be  true  that  the  two  diagonals  in  any  one  di^'ision  are  exposed  to  the 
auDO  stress.  Wc  can  determine  the  stresses  otherwise.  The  stnictiu^ 
may  be  divided  into  two  elementary  girders,  each  with  its  own  system 
of  diagonal  bracing,  aud  each  with  its  own  sot  of  loads.  Suppose,  for 
simplicity,  the  nimiber  of  divisions  in  the  complete  girder  even,  and 
each  half  girder  loaded  with  equal  weights  applied  to  all  the  lower 
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joints.    Then  if  we  make  tho  simple,  and  in  most  cases  safe,  ossuniptia 
that  the  thmsts  on  the  two  end  vertical  bars  are  eqiiol,  the  forces  on  all 

Tig  S3 
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the  bars  of  the  structure  will  be  determinate.     In  the  example  sho' 
in  Fig.  33  the  thrusts  on  tho  vortical  end  bars  wrill  be  2P. 

After  we  have  calculated  the  stresses  on  each  bar  in  each  elemcn 
ginler,  then,  for  any  bar  which  is  a  poition  of  both,  we  must  compound 
to  obtain  the  total  HtruHa. 

We  may  further  iuerease  tbe  number  of  diagonal  bars  and  obtain  a 
girder,  the  web  of  whicJi  is  a  network  of  V>ar».  In  this  case  it  wil 
be  exactly,  but  will  be  very  nearly,  true  that  the  hoiizontal  bars 
the  bending,  and  the  slopin<^  bars  the  shearing  action,  the  sbearing  force 
being  regarded  as  equally  distribut(?d  Ijotween  ali  the  diagonals  cut  by 
any  one  vertical  section. 

We  may  go  on  adding  diagonal  bracing  bars  until  the  space  between 
the  booms  is  practiially  filh'd  U[i,  iuid  even  then  assume  that  thp 
beading  is  taken  by  the  horizontal  bars  and  tho  shearing  by  the  web. 
The  numerous  bracing  bars  may  then  be  replaced  bj'  a  vortical  plate, 
which  will  form  a  continuous  web  to  the  girder.  Such  a  construction 
is  a  very  common  one  in  practice,  the  horizontal  members  are  called 
the  top  and  bottom  flanges  of  what  is  still  a  girder,  and  often  called  so, 
but  more  often  a  flanged  or  I  beam.  In  the  smallest  class  of  these 
beams,  they  are  rolled  or  cjutt  in  one  piece ;  but  fur  large  spans 
they  are  built  up  of  plates  and  angle  irons  rivettcd  together.  For 
figures  showing  tho  transverse  sections  of  such  beams  see  Part  IV.  In 
taking  tiie  deptli  of  such  a  girder,  to  moke  use  of  in  the  equation 
Hh  -  M,  we  ought  to  measure  the  vertical  distance  between  the  centrea 
of  gravity  of  the  parts  which  wo  consider  to  be  the  flanges  of  the  beam 
or  girder.  In  the  simple  rolled  or  cast  beam  this  will  be  the  distance 
from  centre  to  centre  of  di'pth  of  Hanges.  In  the  built-up  beam  account 
must  be  taken  of  the  effect  of  the  angle  irons. 

It  must  be  rememl>cred  that  this  method  of  determining  tbestreng 
of  an  I  l>eani  is  only  approximate,     Its  strength  will  be  determined 
ft  more  exact  way  hereafter,  wliL-n  it  will  be  found  that  the  web  it«i 
assists  in  resisting  the  bonding  moment,  but,  area  for  area,  to  the  extei 
only  of  about  one  third  tliat  borne  by  the  flange.     On  the  other  hand, 
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the  efToctive  depth  is  less  than  the  distance  from  centre  to  centre  of  the 
fiuiges.  In  rough  preliminary  calcalations  we  may  often  neglect  this, 
and  employ  Uie  same  formula  as  for  lattice  ginlera. 

Giniers  are  ofleu  uf  variable  iiepthi»,  so  that  the  booms  arc  not 
parallel ;  when  this  is  the  case  the  booms  assist  in  resisting  the  shearing 

tion  of  the  load,  as  will  be  seen  hereafter. 


EXAMPLES. 

<l  liMTn  of  t  HcctioD  u  24  fo«t  ipui,  uiil  16  indies  deep  ;  the  weight  of  the  b«un  U 
1  lbs.  It  u  loadtrd  in  the  centre  with  S  tons.  ABHuning  the  rvflifll&ncv  tu  U-iiiiing 
liv  wboU;  due  to  Uie  flu)ge^  Bnd  the  maximum  ioUil  tina  on  eiub  tisnge  mnd  the 
•eciiouat  ue«  of  c«ch—  the  rtuntaiioe  to  oompreuiuu  being  taken  to  bo  3  tonb  ftud  to 
tenmon  4  tons  per  square  inch. 

Maiitniim  toUl  utreH  =:S3,S(H  Ibn.  =2388  toaa. 

Sectioual  area  of  opper  flange-8  aquare  iu. 
,,        boltom    ,,    =6        „ 
3.   A  trellis  ginler,  *i4  f^et  kiuui  sihI  li  feet  ileep,   in  three  dirinions.  Bejuuatecl  hjr 
Tticttl  b>kr«,  with  two  dtagoDala  in  e^ach  division,  ii  )iiipport«d  at  the  evdn  nnd  loaded 
0)  with  20  tona  tymiiK-tricaUjr  durtribuUil  over  the  middle  di*E«ion  of  the  lop  flnngir,  (2) 
rilb  30  torn  placed  over  one  of  the  vortical  bars.     Find  the  atrcu  on  each  iwTt  of  the 
der,  SHnmiDg  each  diagonal  to  carrr  half  the  corresponding  sbcarinjf  foroe. 
Btre«oadiagoaals-CMeI.  H-2  0  J4^ 

Case  2.  ISfi  ^  9] 

t — Tbtte  naulti  show  the  uniuiUibillt]'  tiF  this  oonHtruutioii  for  cairjing  a  bcavjr 

I  sMooot  of  the  great  inclination  of  the  diiigonaU  to  the  vortical. 

I,   A  wat«f  tank.  SO  feet  sqiisre  and  6  feet  deep,  if  wholly  supported  on  foar  beams, 

■ith  car77lug  so  equul  share  of  the  lusd.     Tlie  beams  nro  ordinnrjr  flanged  ones,  3  feet 

dwp.     Kind  sppruximalclr  the  maximum  stiru  ao  cacli  llas^c,  assumitig  that  the  weight 

«C  ttke  tank  is  one-fourth  the  weight  of  water  it  contains. 

IHstributed  load  on  one  beam-'^'''^=4C.a75  ]ba. 

if...  =SB,003Ibi.  =  2C-l  tong. 
.  4,  Tb*  Coaway  tubular  bridge  is  412  feet  span.     Saoh  tube  is  35  feet  deep  outside  and 
I  inridh     Ttw  weight  of  tube  is  I.I/jO  luns,  and  the  rolling  luail  ia  estimated  at  j  too  per 
t  run.     PiikI  approximately  the  sectianal  areaa  of  the  uptier  and  lower  part*  of  the 
tube,  tbe  tttw  per  sqaare  inch  being  limited  to  4  tons. 
H'Mu.  =  3,2n7  tons. 
Area  =  817  B(]uaje  In. 

Knmvicm. 

r  ^T*^^^  of  canstructioD  of  girders  the  reader  is  referred  to 

Omltr  MaJttno  .  ,   .  in  Wrout/ht  Iran.     B.  HuTCHlNFKix.     Spon,  1879. 


CHAPTER  III. 


.STRAINING  ACTIONS  DUE  TO  ANY  VERTICAL  LOAU 


38.  Prdiminary  Jiemarh. — The  preliminary  dieciiswon  in  ibo 
ceding  chapter  of  the  stniining  actions  to  which  Icmtletl  h*yiniH  and 
franiowork  giivlcn)  arc  subject  will  have  given  Bomc  idea  of  the  imiMrt- 
ance  of  the  effect  of  shearing  and  bending  on  stnictiiroB,  and  we  shall 
now  go  on  to  consider  tho  4UCBtion  Bomewfaat  more  generally. 

Let  us  suppose  any  body  or  structure  poeaeflsing,  as  it  usually  will, 
longitudinal  vertical  plane  of  symmetry,  to  be  acted  on  by  a  set  ol 
parallel  forces  in  o<)uilibrium  symmetrically  disposed  with  respect  to 
this  plane,  as,  for  example,  gravity  combined  with  suitable  vertical 
supporting  forces.  Then  thuse  forrcs  will  be  equivalent  to  a  set  of 
[KiraUcl  forctis  in  the  jihiue  of  symmetry  in  ijuestion.  I^t  tho  stnu-turr 
now  be  divided  into  two  parts,  A  and  Jj,  by  an  ideal  plane  section, 
parallel  to  the  forces  and  pcrpendicidar  to  their  plane.  Then  the  forces 
acting  on  A  may  bo  reduced  to  a  single  force  /'  lying  very  near  the 
section  considereil  and  a  couple  M,  while  the  forces  acting  on  B  may  be 
reduced  to  an  equal  and  opfiosite  force  F  lying  very  near  the  seclicu  ujid 
an  equal  and  opposite  couple  M.  The  pair  of  forces  are  the  elemeuts  of 
the  shearing  action  on  the  section,  iind  the  ]Hiir  of  couples  are  the 
elements  of  the  bending  action  on  the  section.  As  tho  nature  nf  the 
atructui'O  is  immaterial,  we  may  consider  these  straining  actions  for  a 
given  vortical  section  quite  indeimndently  of  any  imrticiUar  structui'c, 
and  deecribe  them  as  the  Mhcjuing  Force  and  Bending  Moment  dur  to 
the  given  Vertical  I^ad.  We  shall  first  consider  the  couuection  which 
einsts  between  the  two  kinds  of  stmning  action  and  the  method  of 
determining  them  for  any  |X)8sible  loud. 


■d 


CONNKCriON  BETWKKN   BHKARINO  AND   BUMUIKO. 


29.  Rdiition  behcfen  the  Sfwarinff  Fqtm  atui  the  Bending  Mmnati^ 
Figure  34  shows  the  lines  of  action  of  weights  W,.  ff'j,  et«.,  placed  dl 
the  successive  intervals  /ij,  a,,  etc. 


I 


mnil  so  on  for  all  the  diviisions,  ho  tbat  in  the  rt'^  division 

exproas  thu  iu  words  by  saying  that  Ute  differtuct  beiw^tn  th<  siuianng 
on  itfo  eoiweuHve  intermiif  t^  equal  to  the  load  applied  at  Uu  jtoint 
i  Ike  two  iMtemds  ;  or  it  may  bo  writton 
A  F=  IF. 

By  setting  down  ordiiutes  to  a  borizoutal  base  linu  \rc  obtain  tho 
tipi>cd  figure  at)  tlie  graphical  roprcficntation  of  the  shearing  force  at 
y  ]K>int  of  tho  beam.     It  is  drawn  by  first  setting  ilowiiwards  at  1  an 
Jinate  for  the  shearing  force  on  the  1st  inten'al,  and  then  ]Kuu<ing 
the  beaun  to  tho  other  end,  on  moetiug  the  lines  of  action  of  the 
Bivo  weights  the  length  of  the  ordinates  is  incroiisetl  by  the  amount 
'  tho  weights.     In  so  doing  we  make  use  of  tho  proposition  which  has 
"jiist  been  proved. 

This  is  called  the  Polifgon  of  Sheanng  Force,  or  more  generally,  wben 
the  loads  are  uontinuotis,  the  Curve  of  Sheanng  Force. 

Xext  aa  to  the  bonding  moment.     At  the  titBt  point  where  //^,  is 
applied  i/,  =  0, 

at  the  second  point        Al^=  /^Vti  -  >',ai ; 
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at  the  tbird  point  -Vj «  JF^{a^  +  05)+  W^  »  /f  ,0,  +  (Ti  +  ^-'3)0, 

=  ^1/2  +  Ffy, 

„      fourth  point         J/^  •=  /r,(a(  +  a,  +  Oj)  +  ff^j((i,  +  Oj)  +  ^gfly 

=  ^5  +  ^8^8. 

and  generally,     M„  —  Mn-i  ^  J^,,-]",-!. 
We  may  express  this  in  words  by  saying  that  the  difference  behcwn  the  I 
bending  moments  at  the  ttco  emh  0/  an  inieitxti  is  einml  to  the  shearing  Jortt^  ^ 
mutlijdied  by  the  letigth  of  thi  irUertal.     Or  the  result  may  be  written 

AM  -  Fa. 

Wo  will  now  tiike  a  nnmerical  example  and  see  bow  we  may  make! 
use  of  this  property  to  deteraiino  a  aeries  of  beudiiig  iiiomontB. 

Let  Ali  be  a  bcum  lixcd  at  one  end,  and  loaded  nnth  weights  of  2,  3, 
5,  11,  13,  7  tons,  placed  at  intervals  of  3,  2,  3,  5,  4,  6  feet,  commoncmg] 


r. 

f. 

a. 

fn. 

it. 

2 

0 

2 

3 

6 

3 

6 

6 

0 

10 

6 

16 

10 

S 

30 

11 

4fl 

SI 

5 

105 

13 

151 

34 

4 

196 

7 

287 

41 

6 

IMS 

fiSS 

from  the  free  end.      Wo  adopt  a  tabular  method  of  carrying  out  tl 
work  of  calculation. 

First  set  down  a  column  of  weights  applied,  as  shown  by  the  fi 
in  the  column  headed  }V.   In  the  next  column  write  the  shearing  f( 
Since  the  shearing  forces  are  uniform  over  the  intervals  between  the 
weights,  it  will  Iw  best  to  write  the  /"s  opposite  the  sjiaces  between  the 
weights.     Any  F  is  Ibond  by  adding  to  the  /'  above  it  the  adjacent 
In  the  third  column  we  set  down  tho  lengths  of  thu  intermls.      Thi 
multiplying  the  F'»  and  I'oriYsponding  at,  together,  set  the  reendU  11 
column  4.     I^aatly,  we  can  writti  down  the  column  of  bending  momenta 
by  the  rti]>cat«d  addition  of  the  /'a's— the  bending  moment  at  any  point 
being  found  by  adding  to  the  bending  moment  at  the  point  above  the 
value  of  Fa  between  the  points. 


thc^ 
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If  iiufteod  of  all  tfao  forces  acting  ouo  way  somo  of  thorn  act  upwards, 
a  miaos  sign  should  be  set  opposite,  and  nil  the  oporatiotia  [wrformed 
algebnu'cally. 

The  inethixl  is  equally  applicable  however  the  beam  is  supported. 
For  example,  lot  a.  \ioam  23  feet  long  be  supported  at  the  ends  and 
dod  with  3,  2.  7,  8,  9  tons,  placed  at  intervals  of  2,  2,  3,  4,  5,  7  feet, 
ftvckoning  from  one  end. 

first  calculate  one  supporting  force,  say  at  the  left  baud  end   by 


w. 

r 

a. 

A. 

jr. 

16-17 

■ 

0 

1617 

4 

32  34 

^ 

32  34 

1317 

« 

26  34 

-2 

38-68 

11  17 

3 

S3Q1 

-7 

921  y 

417 

4 

1U68 

-8 

108-87 

-3«3 

5 

-IB- 15 

-9 

89-72 

-12-83 

7 

-89-81 

1S«3 

0 

;  nomentfl  about  the  other  end.  In  the  column  of  /T's  set  this 
» Ant  force,  and  since  all  the  loads  act  in  the  contrary  din;ction, 
tive  signs  opposite  them,  and  in  writing  down  the  noxt  column 
n^d  algebraically.  We  shall  at  the  bottom  of  the  column  deter- 
mine the  supportinji  force  at  the  right  hand  cml.  At  the  bottom  of  the 
kculumn  of  J/'s,  that  is  at  the  point  where  the  right  liuiid  supporting 
[force  acts,  we  ought  to  get  a  zero  momeut  The  obtaining  of  this  will 
'  be  a  lest  of  the  accuracy  of  the  work.  In  this  example  the  small  differ- 
[cnce  betwcun  89-73  and  89-81  is  due  to  our  having  taken  the  supporting 
force  only  to  two  places  of  decimals. 

Observation  of  tlie  process  of  calculation  loads  us  to  a  very  important 

(.viz.,  uhrre  the  shtaring  forct  cfianrfes  sign,  Ute  Imtding  jnomfitt 

ta  mnxiumm.     This  will  be  tnte  for  all  important  practical 

cases,  bat  exceptional  cases  may  be  imagined  in  which,   where  the 

Lshcariug   force   changes   sign,   the   bending   moment    is    a    minimimi, 

[Since  ^J/=  Fa,  then,  so  long  as  /"  is  positive,  M  will  be  an  incrtjasing 

Iqaantiiy  as  wu  puss  from  point  to  (loint.     But  where  /*  changes  to 

{negative  there  J/ commences  to  diminish. 

We   will    now  explain   Lbe  construction  of  a  diagram    of   bending 
moment  for  a  system  of  loads :    and  first  let  us  consider  how  the 


aafe. 
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moment  of  a  force  about  auy  point  or  succession  of  points  may  be 

graphically  expressed. 

Lot  IF  be  a  force  and  D  any  point,  and  suppose  the  numerical  mag- ' 

nitudo  of  the  moment  of  W  alwut  D  known.     Draw  a  lino  throu^  /> 

parallel  to  the  force  at  a  distance  a  (Fig. 
35),  and  anywhere  in  this  line  take  a 
length  BC  to  represent  on  some  con- 
venient scale  the  moment,  .1/^  =  ^o,  of 
/F  about  D.  The  scolo  must  bo  so  raany 
•°  i  inch-tons,  foot-lbs.,  r>r  similar  unit*  to  the 

inch.  Then  chooso  any  point  A  In  the 
line  of  action  of  the  force,  join  A  B  and 
AC,  and  produce  these  lines  indefinitely. 
The  moment  of  Jf''  about  auy  point  what- 
^  ever  ia  represented  by  the  in^rcept  by 

the   radiating  lines  AB,  AC  of  a  line 

drawn  through  the  point  parallel  to  the  force.      For  example,  the 

moment  about  K  =  M^  =  /fr,  where  x  is  the  perpendicular  distance, 

K  from  the  line  of  action  of  W. 

M^     Jfx    ■£ 

By  similar  triangles  the  intercepts  are  to  one  another  in  the  ratio  zia 
so  that  they  correctly  represent  the  moments. 

We  vnW  first  draw  the  diagram  of  bending  moments  for  a  beam  fixed 
at  one  end  and  loaded  at  intervals  along  its  length.  Ketuming  to  1%. 
34,  take  a  line  representing  the  length  of  the  beam  as  base  line.  Pro- 
duce upwanl-s  the  lines  of  action  of  the  loads.  Commence  hy  setting  up 
at  the  point  where  /K^  ^^^  ^  ^'"^  ^^  represent  the  moment  of  //''j  about 
that  point,  that  is.  take  2*  2  to  represent  /^i«t  If  1  2'  be  joined  and 
produced,  then  the  intercept  between  this  line  and  base  line  1  5  will 
represent  on  the  Hatuo  scale  the  moment  of  ^F,  about  any  point  in  the 
beam.  Next  at  the  point  3',  where  12' cuts  H^^2'Z\  set  up  3' 3'  to, 
represent  /KjU^  join  2*  3'  and  produce  iL  The  intercept  between  S*  3' ! 
and  2"  3"  will  represent  the  moment  of  JV^  about  any  point  in  the  beam. 
Then  at  the  point  i',  where  2"  3"  cuts  /f'^,  set  up  4'  4'  to  repi-eseut 
/r^a,.  Join  3"  4",  produce  it,  and  so  on  with  all  the  weights.  The 
polygon  I.  2",  3",  4",  5"...  will  be  obtained,  the  onlinatus  of  which 
meaaared  from  the  base  line  AH  will  re]>re8ent  the  bending  moment  at 
any  point,  due  to  nil  the  weights  ou  the  beam.  This  is  called  the 
P(Jtff/on  of  Bfndvuj  Moment.  In  the  case  of  a  contirmous  distiibution  of 
loa<l  it  is  called  the  curve  of  bending  moment. 

There  is  a  very  important  relation  between  the  polygons  of  shearing 
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force  and  bending  moment  which   havo  been  drawn  in  all  casui  of 
loading. 

TTie  bending  momoul  at  the  poiut  2  =  ^lOj.  Now  referring  to  the 
■hearing  force  diagram,  wc  obsen-e  standing  underneath  the  interval  a, 
a  rectangle  whose  area  =  ^\<iy    Next,  for  the  point  3, 

M,^  =  U\(dj  4  (I.,)  +  /Tjrty 
This  is  represented  on  the  diagram  of  bending  moment  by  the  ordinate 
SS".  In  the  shearing  force  diagram  we  notice  that  the  area  under 
the  portion  of  the  beam  from  1  to  3  consists  of  two  rectangles, 
IFj^«3j  +  rtj)  +  ^jOj.  So  that  at  this  point  also  the  bending  moment 
ifl  repreaented  by  the  area  of  the  polygon  of  shearing  force,  reckoned 
Irom  the  end  up  to  the  point  3.  And  bo  on  for  every  [>oiut.  This 
important  deduction  may  bo  stated  generally  thus  : — The  (frdintiU  of  the 
curve  of  bending  nuiment  at  anjf  point  i>  jmtportionai  to  ihn  arm  of  the  imrvt 
of  zhearing  force  reckoned  from  one  end  of  the  beam  up  to  that  point. 


30.  ApplicQlion  to  the  ease  of  a  Loaded  Beam, — We  will  next  take  the 
caae  of  &  beam  supported  at  the  two  ends. 

First,  calculato  the  supporting  force  1%  set  it  up  at  the  end  of  the 
baaa  line  aa  an  ordinate,  and  draw  the  step^md  polygon  by  continually 
aubtracting  the  /Pa.  At  some  point  in  the  beam  we  shall  cross  the 
base  line.  At  that  poiut  the  shearing  force  changes  sign^  and  there  the 
lH.*nding  moment  is  a  maximum.    The  shearing  force  on  the  last  interval 


-,,L 


will  gire  the  magnitude  uf  the  snp[K>iting  force  Q.    The  polygon  thns 
drawn  will  he  the  polygon  of  shearing  force. 
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The  polygon  of  l)ending  moment  may  be  drawn  withoat  previously 
determining  the  BUpporting  forco  at  either  end  thus : — 

Commencing  at  0  (Fig.  36),  the  point  of  application  of  P,  draw  any 
sloping  tine  0  1  2'  cutting  IT^  in  1,  and  fr^  in  2'.     Then  set  up 

2'  2  to  represent  ir,A^,  join  1  2,  produce  it  to  cut  H\  in  3'. 

3'  3  „  W^^,     „    2  3,  „  W^  in  4'. 

4'  4  „  TTgrtg,     „    3  4,  „  Jfj  in  6',  and  so  on. 

7'  7  will  represent  W^n^. 


Now  join  7  with  the  point  0,  where  0  12'  cuts  the  line  of  action  of 
/*.  This  is  called  the  Cloeiiig  Lino  of  the  polygon  of  momenta.  Any 
vertical  intercept  of  this  polygon  will  represent  the  bending  moment  at 
the  corresponding  [joittt  of  the  beam.  The  proof  of  this  may  be 
stated  shortly  thus  :— If  we  produce  0  1  to  meet  the  line  of  action  of 
Q  in  L,  then  X7  will,  fixim  what  has  been  said  before,  represent  the  siuu 
of  the  momenta  of  all  the  weights  Wabout  the  end  of  the  l>eum  where 
Q  acts.  And  fnim  the  conditions  of  equih'brium  this  must  equal  the 
moment  of  P  about  that  end.  Accordingly,  if  we  take  any  point  A', 
the  vertical  intercept  AfT*  below  it  will  represent  the  moment  of  /* 
about  A".  This  is  an  upward  moment.  The  four  weights  which  lie  to 
the  left  of  K  will  together  have  a  downward  moment  about  A'  repr6- 
sentod  by  MN.  Therefore,  the  difference  AT  will  represent  the  actual 
bending  moment  at  the  (roint  A'. 

It  sometimes  hap[wn8  that  wo  want  the  moment  of  the  forces  not 
about  A,  the  section  which  Hcparates  the  two  parts  of  the  structure,  but 
about  some  other  point,  siiy  X,  in  the  figure.     We  can  obtain  this 
moment  also  with  equal  facility  ;  for  if  we  prolong  the  line  4  5  of  tho 
jjolygon  to  meet  the  vertical  through  A'  in  the  point  6',  wo  find,  reason- ' 
ing  in  the  same  way,  that  S2,  the  intercept  between   the  side  so  ' 
{irolonged  and  the  closing  line,  is  the  moment  required.     Polygons  of  j 
moments  and  shearing  forces  may  al.so  be  constructed  by  making  use  of] 
the  fun<lamental  relations  shown  above  to  exist  between  them  and  tho 
load,  aa  will  be  seen  presently,  while  a  third  purely  graphical  method 
is  explained  farther  on,  based  on  a  most  important  pro|>erty  which  they 
possess. 

31.  Applicaiwn  to  thf  caseofa  Vtssel  jloatiny  in  the  Wafer. — Wc  sonto*- 
time«  meet  with  cases  in  which  the  beam  or  structure  is  loaded  not  si 
intervals,  but  continuously,  tho  distribution  of  the  load  not  being 
uniform,  but  varied  in  some  given  way.  In  such  a  case,  tho  diagrams 
of  shearing  force  and  bending  moment  become  continuous  curves.  Tbe 
most  convenient  way  of  expressing  how  tho  load  is  distributed  is  by 
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meana  of  a  curve,  the  ordinate  of  which  at  any  [>oint  rcpres«nt«  the 

nteiuity  of  the  load  at  that  \>oint.     Such  a  curve  is  called  a  curr*;  nf 

It  may  be  regart]ed  as  the 

^profile   of  the  upper  surface  of  a 

maas  of   earth    or  other  material 

resting  on  the  beam. 

We  will  consider,  firat,  the  case 
of  a  beam  fixed  at  one  end  und 
loaded  coDtiuuously  throughout,  in 
a  manner  expreescd  by  ;i  curve  of 
loads  Zi*  (Fig.  36a.)  The  totxl  area 
BDcloaed  by  the  curve  of  loads  will  re- 
present the  total  load  un  the  beam, 
and  between  the  two  onllnatcs  of  any  two  points  will  be  the  load  on 
the  Iteam  between  the  two  jioints.  Now,  the  area  of  the  curve  of  loads, 
E  reckonetl  from  the  end  A  up  to  any  pointy  K  say,  since  it  reproscnti^  the 
,  load  to  the  lelt  of  A',  will  bo  the  shcjiring  force  ut  A'.  If  ut  A'  we 
1  ordinate  KF,  to  represent  on  some  convenient  scale  tho  area 
ALKj  and  do  this  for  many  points  of  the  beam,  we  shall  obtain  a  second 
Jiirve  FF,  the  curve  of  shearing  force.  Having  done  this,  we  may 
cpeut  the  proccsB  on  the  cune  FF,  and  olitaiii  the  curve  of  bendiug 
moment.  For  we  have  prc\nousIy  proved  that  if  the  load  on  the  beam  ia 
concentrated  at  given  |»oint8,  then  the  onlinate  of  the  cnn'o  of  bending 
nomciiLs  is  at  atiy  point  proportional  to  the  area  enclosed  by  the  ciu've 
bf  shearing  force  for  the  portion  of  the  beam  between  the  end  and  that 
jint.  Tho  truth  of  this  is  not  affected  by  supposing  tho  ])oints  of 
application  of  the  load  to  he  indelinilely  close  to  one  another,  in  which 
the  load  becomes  continuous.  Accordingly,  if  we  set  np  at  K  an 
A'J/,  to  represent  on  some  convenient  scale  the  area  AFK  of 
ring  force  curve,  and  repeat  this  for  many  jfoints,  we  obtuin  tho 
I  of  bending  moment  MM.  Thus  the  tlirec  curves  form  a  series, 
[each  being  tho  graphical  integral  of  the  one  preceding. 

This  process  has  an  important  appb'cation  in  the  determination  of  tho 
llwnding  moment  to  which  a  ship  is  subjected  on  account  of  the  luicqnul 
|di«tributiun  of  her  weight  and  buoyancy  along  the  length  of  the  ship. 
)n  the  whole,  the  upward  pressure  of  the  water,  called  tho  buoyancy, 
fmust  be  ei]ual  to  the  downward  weight  of  tho  shij> ;  and  tho  lines  of 
action  of  these  two  ctpial  and  uppu^ite  force;)  must  be  in  the  same 
vertical.  But  for  any  portion  of  the  length,  the  upward  pressure  and 
the  downwan]  weight  will  not,  in  gcncml,  iKdiuice  one  another  ;  so,  on 
account  of  the  difleronco,  shearing  and  bending  of  the  ship  will  be  in- 
duced.   In  the  case  of  a  rectangular  block  of  wood  floating  in  water,  the 
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Upward  pressure  of  tbe  wat«r  will,  for  every  portion  of  iU  length,  eqiml 
the  downwanl  weight,  and  there  will  be  no  shearing  and  bonding  action 
on  iL  Rut,  in  actual  ships,  the  diaiwsition  of  weight  and  buoyancy  is 
not  60  simple.  Taking  any  small  portion  of  the  ten^h  of  the  ship,  the 
thfierenco  Iwtxvoen  the  weight  of  that  iwrtion  of  the  ship  ami  the  weight 
of  the  water  displaced  by  that  portion  of  the  fihip,  will  be  a  force  which 
acts  on  the  vcaaci  sometimes  upwards  and  sometimes  downwards,  accord- 
ing to  which  is  tlio  greater,  just  in  the  same  way  as  forces  act  on  a  loailod 
beiim  producing  Bhcariiig  and  bending.  In  the  conatruction  of  the  vessel, 
strength  must  be  provided  to  resist  these  straining  actions,  and  it  is ' 
a  matter  of  great  practical  importance  to  determine  accurately  the 
magnitude  of  them  for  all  points  of  the  length  of  the  ship.  AVc  will 
select  an  example  of  very  frequent  occurrence,  th&t  in  which  at  the 
ends  of  the  ship  the  weight  exceefls  the  buoyancy,  whilst  at  the  centre 
the  buoyancy  exceods  the  weight.  If  the  ship  were  vor}-  bluff  ended, 
and  carried  a  cargo  of  very  heavy  material  in  the  centre  hold,  tbe  dis- 
trilMition  of  weight  and  buoyancy  would  proltubly  be  the  reverse  of  this. 


Pl«J7. 


J« 


*^ 


^ 
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In  the  example  the  ship  is  supposed  to  be  divided  into  any 
of  ctpial  parts,  and  the  weight  of  water  displaced  by  each  of  those 
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determinod  -,  orHiniLtra  are  set  up  to  ropreacnt  tfaoBO  wciglito,  And  so, 
what  is  callud  a  cunre  of  buoyuncy  BUB  (Kig.  37)  is  dmT*ii.  The  whole 
uoa  oticloaod  by  the  curve  will  reprcRCnt  tlie  total  bnoyanoy  or  disjilaoe- 
Tneitt  of  the  vessel,  and  is  the  wunc  thing  as  the  total  weight  of  the 
reMsL  Next  wo  ni|ipoee  that  the  weights  of  the  different  portions  of 
the  ship  ;kre  ostimateil,  and  ordinates  set  up  to  represent  theM*  weights, 
then  whiit  is  called  a  curve  of  weight,  irfflf\  is  olitaiiiwl.  In  the  figure 
H  is  «ct  U]>  fi*oiu  the  sumo  h«se  line.  The  total  area  enclosed  by  this 
curve  will  nlso  ho  the  total  weight  of  the  ship,  and  must  therefore  equiil 
the  area  enclosed  by  the  ctirve  of  buoyancy.  Thus  the  sum  of  the  twtt 
areas  marked  1  and  2  must  equal  the  area  marked  :i.  Not  only  nnist 
this  be  true,  but  also  the  centres  of  gravity  must  Me  on  the  some 
ordiiiato.  The  difference  at  luiy  |}oint  between  the  ordinatca  of  the  two 
airvpJi  will  express  by  liuw  much  at  the  ends  the  weight  exceeds  the 
buoyancy,  ami  in  the  middle  portion  by  how  much  the  buoyancy  t-xceeda 
the  weight,  roprotenting,  in  the  first  cajsc,  the  intensity  of  the  downward 
foroev  and,  in  the  second,  the  inleiipily  of  the  upwaixl  force.  Where  the 
eurvoe  cross  one  another  and  the  ordinatesare  the  same  height,  us  at  A', 
and  K^  ikn  ndifim  art  gaid  to  be  icaUrborM.  If  now  we  set  ofl'  fiom  the 
base  line  ordinate*  c<iual  to  the  difference  between  the  ordinates  of  the 
two  cunoB  BBJi  and  ff^lf'lf,  we  obtain  the  curve  of  loads  LLL ;  some 
portions  where  the  weight  is  in  excess  will  lie  l>olow  the  luse  line,  and 
the  rest,  where  the  buoyancy  exceeds  the  weight,  will  lie  above  the  base 
lino.  From  what  has  been  said  before,  the  area  above  the  iMse  line  must 
equal  the  area  1>elow.  Having  obtained  the  curve  of  loads,  the  curve 
of  shearing  force  is  to  be  obtained  from  it  in  the  manner  previously 
dMciibod,  by  setting  up,  at  any  ]K)int,  an  ordinate  to  rei>ro-8ent  the  ai*cn 
of  the  cune  LLL  between  the  end  of  the  ship  aitd  that  poinL  In  per 
forming  the  oi>eration,  due  regard  must  be  [wiid  to  the  fact  that  the  loads 
on  different  [larts  of  the  ship  act  in  different  directions,  and  for  one 
direction  they  must  l*e  treated  as  negative,  and  the  corrcsjjonding  nren 
^    of  the  ctu^e  as  a  negative  area. 

■  ^  Uaviug  thus  determined  the  curve  of  shearing  force  FFF,  the  same 
^kittenitioh  must  be  repeated  on  that  ciin'e  to  determine  the  cun'e  of 
^^Mnding  moment.     In  drawing  the  curve  of  shearing  force  it  will  be 

■  found  that  at  the  fiirther  end  of  the  shi[>  we  return  again  to  the  Ikisc 
line  from  which  we  started  at  first,  for  the  Hhcaring  force  at  the  end 

^  mtut  be  zero.  Also  the  lyending  moment  at  the  end  must  be  zero. 
H    This  gives  ua  tests  of  the  accuracy  of  otu-  work. 

In  this  exam)i1e  the  lieuding  is  wholly  in  one  direction,  tending  to 
make  the  ends  of  the  ship  droop  or  the  ship  to  "  hog"  in  the  tocfanical 
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bending  changes  once  or  more  times.  Curves  of  sliearing  force  ani 
bonding  moment  were  Brst  explained  in  relation  to  a  vessel  floating  i 
the  water  by  the  late  Professor  Rankinc  in  his  work  on  shipbuilding. 
It  does  not,  however,  appear  that  any  such  cunos  were  overconstnicted 
in  any  actual  example  until  1869,  when  some  were  drawn  for  vessels  of 
war  .by  Mr,  (now  Sir  E.)  Reed,  at  that  time  chief  constructor  of  the 
Navy.  The  results  obtained  by  him  are  described  in  a  paper  read 
Iwfore  the  Koyal  Stxiitity  (Phil.  TranB.  for  1871,  part  2).  TLey  now' 
form  [>ait  of  the  ordinary  calculations  of  u  vessel. 

Since  tho  vator  exerta  on  the  vessel  not  only  vertical  but  also 
horizontal  forces,  the  stniining  actions  ujwn  her  do  not  consist  solely  of 
shearing  and  bending,  but  include  also  a  thrust.  The  horizontal 
pressure  also  produces  bending  in  a  manner  which  we  shall  hereafter 
explain. 


32.  Maximum  Strainhig  Adions. — The  set  of  forces  we  are  considering 
are  in  eijuilibrium,  and  must  thcrefuro  bo  partly  upwards  and  partly 
downwards.  The  downiward  force  is  the  total  weight  //".  and  is 
generally  more  or  loss  distributed,  the  upwiird  force  is  of  crpul  magni- 
tude, and  is  usually  concentrated  near  two  or  more  ix)int«.  In  the  case 
of  the  vessel,  however,  the  upward  force  ia  distributed  like  the  weight, 
though  not  according  to  the  same  Uw.  In  luiy  case  tlie  greatest 
shearing  force  must  be  same  fraction  of  the  weight,  and  the  greatest 
bending  moment  must  l>e  some  frartion  of  the  weight  multiplied  bv  the 
Icngtli  /  over  which  the  weight  is  distrihutcd.  Wc  may  therefore 
expreas  tho  maximum  straining  actions  by  tho  formulae 

where  l\  m  are  numerical  quantitica  depending  on  the  disLribuiion  of'' 
the  load  and  tho  mode  of  support.  Thus  for  a  uniformly  loaded  beam 
8up{K>riod  at  the  ends  k  =  ^,  7R  ~  \.  Tho  greatest  value  m  can  have  in  a 
beam  resting  on  nup]>ortK  without  attjichmcnt  is  \  ;  this  occurs  when  the 
beam  is  flu]i[xirted  at  the  ends  ami  the  load  concentrated  in  the  middle 
or  conversely.  In  vessels  where  the  sup|>orting  force  is  distributed  m  it- 
much  le&s  ;  its  maximum  value  is  estimated  by  Mr.  White  at  -^^  in 
ordinary  merchant  steamers. 

KXAMI'LES. 

1.  A  Wkmn  girder  with  13  dlvUkini  in  the  lower  boom  i«  Bupiwrted  ftl  the  eodi  utd  ^ 
.  lo*d«<l  with  2-'r0  tout,  which  miv}'  be  tup)K>9e(l  to  be  cijuftUy  diatri bitted  BiiKing  all  the  SA 
ji^U.     Find   the  atrrn  on  each  bitr  bjr   ciUcuUtinjj  thv  irrira  uf  >btiKriDg  force  ind 
bending  mnmonti. 

'1.  Tlio  buuyvkcy  of  *  r«uel  li  0  at  th*  endi  and  incrooMs  Bnifonnty  to  the  o«iir*. 
vbilv  tbc  weight  i«  0  at  ih«  oeatre  and  tooreasM  unlfcknnlj  to  tbe  endx.     Draw  the  onrvca 
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of  diacHng  foro*  »nd  bcsiling  oiomoBt,  u»d  flni)  tb»  muiraum  vnloes  of  theee  quknUtlcii 
ia  tamu  of  kho  ilUplMcmBot  kaJ  leasili  of  tbe  v««el. 

3.  A  bwuii,  48  feet  •poQi  i*  ntpported  mi  tlie  eiirli  and  loudeJ  witb  wi-ighti  of  6^  fl,  10, 
19;  fik  and  7  km*,  jilocvtl  %i  btter«-«l4  of  4,  %  d,  7,  13,  and  H  foot  rosptwlively,  conuoeoeiiig 
■I  OM  md.  CklculatB  the  ilicftrii^  foroe  in  cadi  iuU-rvat  aud  ib«  aario*  of  bendlDf 
■wnnattta. 
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14,  to  tbe  iMt  fiaastion  Goailraat  tlie  iwlygoot  of  ibearins  fcrrc«  and  bending  moiDettt. 

9l  la  tbe  cua  of  n  amfDrmljr  loailn]  boam  ■upporteil  at  tbe  eniU,  vvrifjr  tbe  iiruioi)dfi 
that  tbe  are*  of  tbe  corre  of  ibcftriag  force  U  jiroportiotial  to  tbo  oriUiiato  of  the  aurre 
of  banding  rooatiit. 

6.  Wbwo  abeamia  ■upportedai  tb«  endiand  loideil  in  any  waj,  show  that  an  ordinate 
at  ibc  |K>iDl  of  mauiouiu  [ooincDtdiiriJi.-a  tbe  oroaof  tbo  curve  uf  luatla  iuto  parts,  which 
arv  fH|aa)  to  Ibi;  Huitfortiiig  force*.  Further,  if  n  A  are  tlit)  ilialaseei  of  the  oontres  of 
gravity  of  lhca«  part*  from  tbe  ooda  of  tha  baam,  and  I  tbe  ipao,  iibow  tlisat  tbe  maxitnam 
noaacnt  ia  mWt  wbero 

m    a    b 

TttAVKIXlNG   LOADfi. 

33.  We  bavo  hitherto  bcun  i tires tigatini;  the  effect  of  a  permanent 
6x«i  laid  on  a  atnictm-c  in  |«-odiRirig  straining  actions  on  it.  We  next 
exitiuiut.'  lUo  cffoet  of  a  loud  which  h  not  permuncnt,  but  which  at 
different,  tinips  tiike«  up  different  positions  on  the  structure,  ami  we 
rc«[uire   to  know  wliat  |>osition      ,  Tlgn. 

of  the    loud    will    prixluce   the 
givatwit  straining  action  at  any   q.  . 
particular  }tart  of  the  atructttre, 
and    ml«o  the  amount  of  thnt 
maximum  strtktuing  action. 
Thifi   question    arises  princi 
Uy  in   the  design  of  hridgea 
■mWA    which    a   trtirellin*^  tmiri, 
fucb  as  a  train,  may  proceed.      Wo  vrill  take  6r8t  the  simple  case 
pf  a    beam  of  B[Nin  /,   supportod  at  the  ends  and   nippoee  a  single 
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concentrated  load  IV  to  travel  acroea  it  in  the  direction  of  th 
arrovr.  Lot  us  consider  any  point  ir(Fig.  38)  in  the  beam,  distant  a  and 
fj  from  the  ends.  As  the  load  travcrsca  the  hcam,  each  position  of  tht 
load  will  produce  a  certain  shearing  force  and  bending  moment  nt  tlu 
point  K.     To  find  their  greatest  value  let  x  =  distance  of  ^f  from  A^ 

then  the  supporting  force  at  Ii  =  P  =  fFj.     So  long  as  the  -weight  lie 
between  A  and  A'  the  shearing  force  at  K  will  be  simply  /*. 

consequently  the  shearing  force  will  increase  as  x  increases,  imtil  the 
'  oad  reaches  the  point  A''.  So  long  as  the  weight  lies  to  the  left  of  A', 
the  tendency  will  be  for  the  poilioii  KB  to  slide  upwards  relatively  to 
the  portion  JK.  This  we  will  call  a  positive  shearing  force.  Therefore, 
putting  x-=a, 

Max.  positive  shearing  force  at  K=  JF^ 

Now,  supposing  the  weight  to  move  onward,  it  will  in  the  next  iustans 
have  passed  to  the  other  side  of  K,  and  the  shearing  force  will  havi 
undergone  a  sudden  change.  It  will  now  be  equal  to  the  supporting 
force  at  the  end  B, 

But  not  only  is  the  magnitude  of  the  shearing  force  suddenly  cti 
but  the  tendency  to  slide  is  now  in  the  other  direction,  and  the  shearinj 
force  is  negative.     As  the  weight  moves  farther  to  the  right  of  A'^tfa 
shearing  force  diminishes,  thus 

Max.  negative  shearing  force  at  ^=  W  ■-. 

Wherever  we  take  the  point  K  it  will  always  he  true  that  the  maximum 
[K)sitive  shearing  force  wil)  occur  when  the  weight  ties  immodiatelj*  to 
the  left  of  A',  and  the  maximum  negative  when  the  weight  lies  imme- 
diately to  the  right.  The  moximiira  positive  shearing  force  for  every 
point  in  the  beam  may  be  represented  by  the  oixluiates  of  a  sloping  line 
AB  below  the  beam  the  length  UB  being  taken  to  represent  //'.  And 
simibrly  the  maximum  negative  shearing  force  at  any  point  by  the 
ordinates  of  the  sloping  hrie  A'B  above  AA'  also  being  taken 
represent  IV. 

Next  as  to  the  bending  moment.     \\Tien  the  weight  lies  to  the  loft 
A',  and  is  at  a  distance  from  A  equal  to  x,  the  bending  moment  at  A'  i 
given  by 
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Tliia  goes  on  increasing  as  x  increases  until  the  weight  renchea  the  [>oiiit 
JC  After  having  passed  K  the  bonding  moment  at  A*  roust  be  dififerenily 
expnsaed,  being  then 


ffV-r) 


ftbal 
^ne«s 
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which  >>et'onie8  CTnalU'i-  aa  x  increases;  so  that  the  greatest  bending 
moment  at  A'occnra  when  the  load  is  itamediately  over  A',  and  thiMi  the 

Max.  bending  Moment  at  K=— — 

If  the  point  K  is  taken  in  the  centre  of  the  beam, 

Max.  Moment  at  centre  —  ^  HI  as  before. 

[fordinates  bo  set  up  at  oil  points  to  represent  the  maximum  bonding 
moments  at  those  points,  a,  parBbok  {ACB)  will  be  obtained.  For  the 
expression  for  the  nuixiraum  bending  moment  is  just  twice  that  previously 
obtninol  for  the  same  weight  distributed  uniformly. 

If  there  are  more  weights,  //',,  U'j,  Ac,  on  the  lieam,  and  W^  Ho  to 
the  right  of  A*  the  shearing  force  at  K  ~  P  -  ff\,  whore  P  is  the  right- 
hand  8up[>ortLng  force.  Now,  suppose  we  shift  f!\  to  the  left  of  A',  we 
shall  diminish  the  supporting  force  to  /''  say,  and  this  will  l>o  the  now 

ie»ring  force  at  A".     The  difference  between  /*  and  F  will  be  less  than 

'i,  and  the  shearing  force  will  be  increased  by  passing  /f,  to  the  loft 

A'.  If  we  were  to  remove  /F,  altogether  the  diminution  of  I'  will  Ijc 
than  the  whole  of  H\,  and  so  the  shearing  foive  at  A'  will  bo 
increased  by  so  doing.  We  obtain  the  greatest  positive  shearing  force 
at  A**  when  all  the  weights  are  to  the  left  of  K,  but  m  nc'jir  to  A*  aa 
poasible.  The  greatest  negative  shearing  force  will  occur  when  all  the 
weights  lie  to  the  right  of  A*,  as  near  to  A*  as  possible. 

The  maximum  bending  moment  at  A'  will  occur  when  the  weighttt 
are  as  near  A'  as  iwssibk',  whether  to  the  right  or  loft.    Any  addition  to 

e  load,  on  whichever  side  of  A"  it  is  placed,  will  cause  an  addition  to 

e  bending  moment. 

There  is  another  important  cose,  that  in  which  we  have  a  continuous 

of  uniform  intensity  passing  over  the  beam,  as  when  a  long  train 

on  to  a  bridge     We  observe  timt  as  the  train  approaches  A',  the 

ipjwriing  force  at  £,  and  therefore  the  shearing  force  at  if,  increiiscs. 
kVhcn  any  portion  of  the  weight  lies  to  the  right  of  A',  the  supporting 

rce  will  be  increased  by  a  jwirt  of  the  weight  lying  to  the  right  of  A' ; 
lUt  when  we  have  subtracted  the  whole  of  that  weight,  the  ditfei'ence, 

hich  will  bo  the  shearing  force  at  A',  will  be  less  than  before ;  thus  the 
Waximum  positive  shearing  force  at  A"  will  occui'  when  the  portion  WA' 
is  Ailly  loaded,  and  no  port  of  the  Uvu\  is  on  KB.     To  find  its  vahie  vrp 
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hsTo  only  to  detemuDe  the  BUpporling  force  at  Bj  by  taking  mome 
about  A ;  then 

t  t    ' 


F.  =  wa 


Cthat  is,  the  magnitude  is  proportional  to  the  square  of  the  dista. 
the  point  from  the  end  ji.      It  wili  be  graphically  represented  by 
ordiruites  of  a  paraliola  which  has  its  vertex  at  A,  and  axis  vertical, 
cutting  the  vcitical  through  Ji  in  u  jjoint  Ji'  such  that  i'/T-  J  if/,  that 
isj  half  the  weight  on  the  benni  when  fully  loaded.     As  the  load  travels 
onward  the  shearing  force  diminishes  ut  last  to  zero,  and  then  changes 
sign,  becoming  negative,  the  numerical  magnitude  incrcJising  as  the  rear 
of  the  load  approaches  K.      The  maximum  negative  shearing  force  will 
occur  when  the  portion  KB  only  ia  loaded.     The  ordinates  of  a  panbola 
set  below  the  lino  of  the  beam  having  iU  vertex  at  B  and  axis  verticaly^^ 
will  represent  the  maximum  negative  shearing  force.  ^H 

The  question  of  maximum  bending  moment  is  more  simple.  It  will 
occur  at  any  point  when  the  beam  is  full)'  loaded  ;  for  ut  any  point  the 
bending  moment  is  the  sum  of  the  bending  moments  due  to  all  the  small 
portions  into  which  the  load  may  be  divided,  and  the  removal  of  any 
one  of  them  will  cause  a  diniiinition  of  Iwnding  action  throughout  the 
whole  length  of  the  l)eani.  A  pai'ubola,  with  its  highest  ordinate  at  tha 
centre  -  |iW-,  will  represent  it  at  any  point. 


34-  Courtier  Bivditff  of  Girdas. — In  the  design  of  a  framework 
it  is  very  important  to  take  account  of  the  maximum  positive  sni 
negative  shearing  forces  duo  to  a  travelling  load. 

In  such  a  structure  tlie  shearing  force  is  resisted  by  the  diagonal' 
bare,  and  in  gencrnl  thefio  bars  are  so  placed  as  to  be  in  tension,  for  the 
bar  may  then  be  made  lighter  than  if  subject  to  a  compresvive  force  of 
the  same  amouut.  Suppuse  the  diagonal  barti  so  arranged  as  to  ho  all 
in  tension  when  the  girder  is  fully  loaded,  or  when  there  is  only  the 
dead  weiglit  of  the  girder  itself  to  be  taken  account  of.  There  may  be 
ample  p^o^'ision  made  for  withstanding  the  tensile  forces,  and  yet  it 
will  be  important  to  examine  if  tliere  may  not  be  some  disposition  of 
the  travelling  load  which  wouM  cause  a  thrust  on  some  of  the  diagonals 
If  so,  the  maximum  amount  of  this  must  be  calculated,  and  the  structar»| 
made  capable  of  withstanding  it.  If  the  shearing  force  at  any  section 
of  the  girder  is  what  we  have  called  a  positive  shearing  force,  that  in 
which  tlie  right-hand  portion  tends  to  slide  upwards  relatively  to  the 
Icfl,  tlicn,  in  ordi^r  that  it  may  ho  withstood  by  the  tension  of  a  diagonal 
bar,  the  bar  must  slope  upwards  to  the  right.  If  the  bar  so  slopes,  and 
by  the  movement  of  tho  travelling  load  the  shearing  force 
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native,  thftn  the  h&r  will  be  subjected  to  compression.  Now,  it  Trill 
[roqueutly  happen  tJmt  tu  the  central  cUvisious  uf  a  girder  the  positive 
or  Degatire  shearing  forces  duo  to  tlie  dead  load  arc  less  than  the 

ic^tive  or  positive  shearing  forces  due  to  the  travelhng  load,  so  tliat 
those  bars  arc  arranged  to  bo  in  tension  under  the  dead  load,  then, 
on  the  passage  of  the  travuDin^  load,  the  etrctjs  wiil  be  changed  to 
compressioTL  In  some  cascn  tlie  bars  are  slender  and  not  suited  to 
snstain  compression ;  the  shearing  force  is  then  provided  for  hy  the 
addition  of  a  second  diagonal,  sloping  in  tho  opposite  direction,  which, 
by  its  tension,  wiU  perform  the  duty  the  first  bar  would  otherwise 
have  to  perform  by  compression.  Such  a  bar  is  called  a  counter-brace. 
We  frequently  see  such  additional  bars  Htt^^d  to  the  middle  divisions  of 
framewurk  girders. 

Again,  the  powers  of  resistance  of  a  piece  of  material  to  a  given 
maximum  lo-id  are  greater  the  smaller  the  Hiictuation  in  the  stress  to 
which  ic  is  exjioscd;  and  therefore,  in  determining  its  dimensions,  it  is 
im[>ortAnt  to  know  not  only  the  maximum  but  also  the  minimum  stress 
to  which  it  t^  exposed.  TIiIb  can  be  done  on  the  principles  wliich  have 
jicti  bven  explained. 


1. 


E-XAStPLES. 

,1.  A  dafllt  loftd  of  50  ton*  travsnca  m  bridge  of  100  feet  upao.     Draw  tlie  ourvee  of 

ttiain  •beftriog  force  ud  bending  moment,  uid  give  Ibe  Tklues  of  tboM  cjuantittcs 

If  the  qiiArtcr  &nd  bftlf  ijiBn. 

3:  A  trua  wfd^ng  one  ton  per  foot  mn.  nnd  more  tliitn  100  feet  long,  tniToniM  ft 

fcridite  100  itvi  ^p^D.    Dmw  the  curves  of  niaximum  slivBting  force  iind  bending  moment, 

and  gire  tlic  value*  of  tlie»e  qaiuitittes  at  the  quarter  and  balf  kiiku. 

3.  In  tb«  but  queatian,  mppoae  the  jwrman^nt  toad  jfths  ton  per  foot  ran.  Find 
wHbin  what  Umita  conntarbrncing  will  be  reqnircil. 

4.  la  Ks.  5.  page  4%  ibe  maainiuni  rolling  load  ia  eatimated  at  1  ton  per  foot  ran. 
Dttermine  wbicb  of  Ibc  diagonali  will  be  in  oompmsion,  ami  the  amount  of  tbat  eom- 
preaaion,  aaauming  a  Domplete  number  of  din«ion»  to  be  loaded. 

Tbc  two  centre  diaKonala  are  tho  onljr  one«  which  can  be  in  compresiion,  the  maximam 
MDount  of  which  will  be  -  (3'2  '2)V3-  17.     It  will  oocur  when  tho  rolling  load  ooouplea 
iviaiaiM  only  of  the  bridge. 
Id  tbe  but  queation,  ■uppoae  n  aingte  load  of  20  tonii  to  trarerve  the  bridge.     Find 
Ifae  maximnm  ttroaa,  both  toneJon  nod  oomprwion,  on  each  part  of  the  girder. 
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.  Ib  til*  two  pneediug  queetiona,  find  tho  flnctoatlon  of  itrcaa  on  each  fwt  of  the 
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Method  of  Sections. 

35.  Method  of  SecHofis  apjtlied  to  hirompMt  Frames.  Cnlmamn's 
TImfrem. — The  straining  actions  due  to  a  vertical  loafl  may  cither  \*q 
wholly  resisted  by  internal  forces  called  into  play  within  the  structure 
itself,  or  also  in  part  by  the-  horizontal  reaetion  of  fixed  abutments :  the 
supporting  forces  being  in  the  firet  case  vertical,  and  in  the  second 
having  a  horizontal  component.  The  distinction  is  one  of  the  greatest 
importance  in  the  theory  of  stnictures,  which  arc  thus  divided  into  two 
classes,  Girders  and  Arches,  including  under  the  lust  head  also  cbaina 
It  is  the  ilrst  cla-ss  alone  which  we  consider  in  this  chapt4fr. 

The  general  consideration  of  internal  forces  is  outeido  the  limits  of 
this  part  of  our  work,  and  we  shall  here  merely  consider  some  crises  of 
framework  stnictitres,  commencing  with  that  of  an  incomplete  fi'amo. 

Incomplete  frames  are  in  general,  as  in  Chapter  I.,  structuies  of  the 
arch  and  chain  class,  but  by  a  slight  modification  we  can  re:idily  convert 
such  a  fmme  into  a  girder  and  thus  obtain  ver)'  interesting  results. 


riffjAR. 


vw. 
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Fig.  39u  shows  a  funicular  {mlygon  such  as  that  in  Fig.  1 1,  jjage  14, 
except  that  the  siijtjwrts  are  removed  and  replaced  by  u  strut  <7tt.  By 
this  addition  the  [mlygon  becomes  a  closed  Hgiire,  and  06  is  therefore 
called  its  "closing  line."  The  Btnicture  is  carriol  by  suspending  rods 
at  the  joints  06,  and  loaded  as  shown.  The  conslmctiou  of  tho  diagram 
offerees,  Fig.  396,  has  been  sufficiently  explained  in  the  lutiele  rcfun-ed 
to,  and  it  only  remains  to  observe  that  the  supporting  forces  Pi 
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immediately  derived  &om  the  diagram  by  drawing  OV  parallel  to  the 
closing  line,  which  ia  not  necessarily  horizontal.  The  horizontal  thrust 
of  the  stmt  and  tension  of  the  ro{»  is  found  aa  before  by  drawing  ON 
horizontal. 

This  structure  may  now  bo  reganled  as  a  girder,  the  load  on  which, 
ti^ether  with  the  veitical  supiiorting  forcea,  produce  definite  straining 
acliona  M  and  F  on  any  Boction.  Let  the  section  be  KK'  in  the  figure 
cutting  one  of  the  parts  of  the  rope  and  the  strut  as  shown  in  the  figure : 
let  the  intercept  be  i/.  Consider  the  forces  acting  at  tho  section  on  the 
Itiftrhand  half  of  tho  girder,  tho  horizontal  components  of  these  forces 
arc  equal  and  opposite,  acting  as  shown  in  the  figure,  each  being  H  or 
ON  in  the  diagram  of  forces.  The  vertical  com]K)nents  are  balanced  by 
the  shearing  force,  and  the  horizontal  component*  by  the  bending 
moment,  which  last  fact  we  express  by  the  equation 

that  ia  to  say,  the  funicular  {polygon  correspandijig  lo  a  given  load  ia  also 
a  i>olygon  of  bending  momentf>,  the  intercept  between  the  jjolygon  and 
its  closing  lino  multiplied  by  tho  horizontal  force  is  equal  to  the  bending 
moment  due  to  the  load.  Hence,  by  ii  purely  graphical  process,  we  can 
construct  a  polygon  of  moments,  for  wo  have  only  to  constinict  a  funicular 
polygon  corresponding  to  the  loud  as  shown  in  the  article  already  citod, 
&nd  complete  il  by  drawing  its  closing  line.  This  is  one  of  the  funda- 
ental  theorems  of  graphical  statics,  a  subject  which  of  late  has  been 
Ktenaavely  studied.  The  construction  is  intimately  connected  ^nth 
the  process  of  Art.  29  as  the  reader  should  show  for  himself.  In  its 
complete  form  it  is  due  to  Culmann  and  is  generally  known  by  bis  name, 
having  been  given  in  his  work  on  gnipbicul  statics. 

36.  Method  of  Sections  vt  general.  HUter's  Method.—  In  fVames  which 
ire  complete  tho  number  of  bars  cut  by  the  section,  instead  of  being  two 
only,  as  in  the  preceding  case,  is  in  general  three  at  least. 


Ftr«. 


!::£:: 


i  In  Fig.  40  let  KK'  be  the  section  cutting  the  three  bars  in  three  [wints 
tbich  may  be  considered  as  the  points  of  application  of  tbroe  forces  PQii 
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due  to  the  rouctiun  of  the  bare,  which  bol&nce  iha  shearing  and  bending 
actions  to  which  the  section  ia  subject.  Resolving  horizontally  and 
vertically,  and  taking  tnomonts.  we  should — remembering  that  the 
loud  being  wholly  vertiwil  the  sum  of  the  horizontal  components  must 
bo  zero— obtain  three  e(|ua.tioiis  which  would  detoiinine  /*,  Vt  ^-  It  is, 
however,  sunpler  to  employ  a  method  introduced  by  Hitter  which  enables 
us  to  obtain  the  value  of  e^ieh  force  at  once.  Let  the  lines  of  action  of 
}\  Q  intersect  in  the  jwint  1,  Q  and  Ji  in  2,  P  and  li  in  3,  and  let  the 
{>er[K:n(iiculai'  drop[jed  from  euch  intei'section  on  to  the  line  of  action  of 
the  third  force  be  r,  ^^  j  respectively :  by  measurement  on  the  drawing 
of  the  framowork  stnicture  we  arc  considering  it  18  always  easy  to  deter- 
mine these  perpendiculars.  Then  taking  moments  about  the  throo 
wo  got 

where  L^  i,,  L^,  arc  the  momentg  of  the  forces  acting  on  the  left-hand 
half  of  the  stnicturs  about  the  points,  1,  2,  3  respectively.  On  page  59 
it  was  shown  hgw  to  get  these  moments  grai>hicatty  from  the  (jolygou 
momenta,  but  they  also  miiy  be  obtained  by  direct  calculation. 
We  may  write  down  a  general  formula  for  this  method,  thus — 

where  E  is  the  stress  on  any  bar,  h  its  perpendicular  distance  from  thi 
intersection  of  the  two  others  cut  by  a  section,  and  L  is  the  moment  of 
the  forces  about  that  intersection.  The  special  case  in  which  the 
intersection  lies  on  the  section  considered  so  ttiat  the  moment  L 
becomes  the  bending  moment  (Af)  on  the  section,  has  alreatly  been 
considered  in  Chapter  U.  When  the  stress  on  a  single  bar  is  re^juired 
u  a  verification  of  results  obtained  by  graphical  methods,  or  where  the 
maximum  tjtrcisS  due  to  a  travelling  load  has  to  be  determined,  thiii 
method  is  often  serviceable,  but  as  a  general  method  it  is  incouvenient 
from  the  amount  of  arithmetical  labour  involved. 

The  shearing  action  un  the  section  is  resisted  by  the  components 
parallel  to  the  section  of  the  stress  un  the  sevorul  bars.  In  the  case  of 
tbo  incomplete  frame  of  Fig.  39,  p.  70,  these  components  are  given  it 
once  by  the  diagram  of  forces.  In  general,  however,  three  bars,  and 
only  thrue,  must  be  cut  by  the  section  if  the  frame  bo  neither  incomplete 
nor  redundant;  when  two  of  these  arc  iierpendicuUr  to  the  section  the 
case  is  that  considered  in  Chap.  HI.  of  a  framework  girder  with  booms 
parallel,  in  which  the  diagonal  bars  alone  resist  the  shearing.  When 
one  bar  only  is  perfrendicular  to  the  section,  the  other  two  collectively 
resist  the  shearing  action  :  this  case  is  common  in  bowstring  and  othi 
girders  of  variable  depth.  The  upper  boom  tugether  with  the  wel 
here  resists  the  shearing. 
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When  more  than  three  baxB  are  cut  by  the  section,  the  stress  in  each  is 
generally  indeterminate  on  account  of  the  number  of  bars  being 
redundant.  On  this  question  it  will  be  sufficient  for  the  present  to 
refer  to  Chapter  IL,  Section  XL 

EXAMPLES. 

1.  la  «xminple  8.  p*ge  65,  oonstraot  the  polTgon  of  bending  moments  hj  Culmann'a 
method. 

2.  In  ezftmple  6,  pege  32,  find  the  itren  on  each  put  of  the  roof  by  Bitter's  method. 

3.  In  example  7,  pege  32,  find  the  stress  on  eaoh  by  Ritter's  method. 

4.  If  ft  pstf«bolio  bovstring  girder  be  subject  to  a  ooiform  travelling  load,  represented 
by  the  application  of  equal  weights  to  some  or  all  of  the  verticals,  show  that  the 
horiiontal  component  of  the  maximum  stress  on  each  <ii»goii».1  ii  the  same  for  all. 

For  farther  information  on  mbjecte  connected  with  the  present  chapter  the  reader 
may  refer  to 
Ifavat  Ardiilectun.    W.  H.  Wnrra.    Murray. 
Orapkieed  Staiiet.    LixcT.  Clabkx,  RE.     Spon. 
OraphiaU  Dttermination  of  Force*  in  Engineering  Strueturea.     J.  B.  CHALHERa. 

HacmUIan. 
Oraphical  Static*.     H.  T.  Eddt.    Van  Nostrand.  '^ 
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37-  Simining  Adions  on  the  Bars  of  a  Frame.     Otneral  Mtihod  of 
RfilufJion.  —  Wlieo  the  bars  of  a  frame  are  not  Bti'uight,  or  when  they 
cony  loads  at  some  intermediate  points,  the  Btraining  Action  on  them  is  J 
not  generally  a  sinipio  thniat  or  pull,  but  inchidcfl  a  shearing  and  bond-i 
ing  action.     The  i>re5uat  and  two  following  articles  U'Ul  be  devoted  to 
«ome  cases  of  thiR  kind. 

First  suppose  the  bsira  straight,  but  let  one  or  more  be  loaded  in  any 
way,  and  in  the  first  instance  consider  any  one  bar  AH  (Fig.  41)  apart 
from  the  rest  of  tho  frame,  and  suHponded  by  stiings  in  an  inclined 


Piff.il- 


>- 


position.  Let  any  weights  act  on  it.  as  shown  in  the  figure,  then 
tensions  of  the  vertical  strings  will  be  just  the  same  as  in  a  beam.  AB, 
supported  horizontally  at  the  ends  and  loaded  at  the  same  points  with 
tho  same  weighta.  ICcsoItc  the  forces  into  two  sets,  one  along  the  bar, 
tho  other  transvei-se  to  the  bar.  The  second  iset  produce  shearing  and 
bonding  just  as  if  applied  to  a  beam  in  a  horizontal  position,  while  the 
first  sot  produce  a  longitudinal  stress,  which  will  bo  different  Id  each  I 
division  of  tho  liar.  I-Kit  tf  be  tho  inclination  of  the  bar  to  tho  vertical,  ( 
then  the  pulls  un  the  successive  divisions  ai-e 

/'.cos  e  !  (i>-  W^)v06ex  (i*-  l^s-  ITj)  cos  e : 

the  last  being  a  thrust  equal  to  Q  ,  cos  ^,  so  that  the  stress  varies  fromi 
Q .  6*  to  ~  P .  COB  $.    Now  observe  that  we  can  apply  to  AB  at  its  ends,  i 
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iu  Uie  direction  of  it«  length,  a  thrust,  H^  of  any  m»gnitude  we  please 
vrithoiit  altering  P  ami  Q^  but  that  we  cannot  apply  a  force  in  any  other 
direction,  whence  it  follows  that  when  AB  forms  one  of  the  bars  of  a 
frame,  its  reaction  on  the  joint  A  must  be  a  downward  force,  /*,  and  a 
force,  ifu.  which  moat  have  the  direction  BA^  while  the  reaction  on  B 
in  like  manner  coneistfi  of  a  downward  force,  Q,  and  on  eqnal  force,  i/^ 
in  the  direction  AB.  The  downwai-d  forces  /*,  (?,  are  dcficribod  as  the 
|tan  of  the  load  on  AB  carried  at  the  joints  A,  B,  and  it  is  now  clear 
that  if  theae  ipiantiiica  bo  c^tinuit^il  for  each  bar  and  added  to  the  load 
directly  susjMjnded  there,  W6  must  be  able  to  determine  the  forces  //„  by 
exactly  the  same  pi-ocoss  as  that  by  wbich  we  find  the  stress  on  each 
b&rof  a  frame  loadc<l  at  the  joints.  Theactual  thrust  on  AB  evidently 
varies  between  //„  -  Z' .  coe  6  at  the  top,  to  //,,  +  Q .  cos  0  at  the  bottom, 
80  tba.t  I^^,  may  be  dcacribo<l  as  the  moan  thrust  on  the  Ixir,  while  the 
shearing  and  bending  depend  solely  on  the  load  on  the  bar  itself^  and 
not  on  the  natiu'e  of  the  framework  structure  of  which  it  forms  part, 
or  on  the  load  on  that  stnicture.  In  the  |>artioular  ease  where  the  load 
on  the  bar  is  unifoimly  distributed,  the  forces  P,  Q,  are  each  half  the 
weight  of  the  bar,  and  the  thrust  //„  is  the  actual  thrust  ut  the  middle 
poini  of  the  Iwir. 

This  question  may  also  be  treated  by  the  graphical  method  of  Art 
35  with  great  advantage.  Through  A  and  B  draw  a  funicular  |iolygon 
correspomlin^'  to  the  loatl  on  AB,  the  lino  OT  in  the  diagram  of  foro 
will  be  parallel  to  AB  and  may  be  taken  to  represent  IJ^,.  This  rutiicular 
polygon  will  be  the  c<irvo  of  bonding  moment  for  the  bar,  and  the  other 
straining  actions  at  every  p*)int  arc  immediately  deducible.  It  mil  be 
seen  ]>resently  that  the  l»ar  need  not  he  atraighu 

For  simplicity  it  has  been  supposed  that  the  forces  acting  on  the  bar 
ore  [laraHcl ;  if  they  be  not,  the  reduction  is  not  quite  ao  simple.  It 
will  then  bo  necessary  to  resolve  the  forces  into  cata|)onents  along  the 
bar  and  tmnsverse  to  the  bar,  the  second  set  can  bo  treated  as 
abovo,  while  the  toUd  amount  of  the  fii'st  set  must  be  considered  as 
part  of  the  force  applied  to  the  joints  either  at  A  or  B.  Such  cases, 
however,  do  not  often  occur,  and  it  is  therefore  unnecessary  to  dwell  on 
them. 

The  joints  have  been  supposes]  simple  pin  joints  or  their  equivalents, 
bat  the  method  usotl  for  frames  loaded  at  the  joints  will  apply  even  if 
the  real  or  ideal  centres  of  rotation  of  the  bars  are  not  coincident,  pro- 
vided only  the  centre  lines  prolonged  pass  through-the  point  whore  the 
load  is  applied.  The  method  of  re<luction  just  explained  then  rtHpiires 
modificatioa  Such  cases  are  of  frequent  occurrence,  and  the  next 
article  will  be  devoteil  to  them. 
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38.  Hinfifd  OiriUrs.     T'irtwU  Joinie. — The  case  of  n  loaded  beam*  the^j 
endd  of  which  overhang  the  supports  on  which  it  rests,  has  already  beei^H 
consulerei-l  in  ArL  21,  where  it  was  showm  that  the  strainiug  actions  at^i 
any  point  might  be  expressed  iu  terum  of  the  bending  moments  nt  the 
points  of  support,  which  of  course  will  be  determined  by  the  loa<l  on 
the  overhanging  part.     If  the  overlianging  parts  be  supported,  as  in  the 
case  of  a  beam  continuous  over  several  spans,  or  with  the  ends  fixed  in 
a  wall,  the  same  formida  will  Bcrvo  to  express  the  straining  actions  at 
any  point  in  terms  of  the  bending  muments  at  the  points  of  support) 
bub  those  bending  moments  will  not  ha  known  unless  the  material  of 
the  beam  and  the  mode  of  support  are  fully  known.     Hence  the  fiill 
consideration  of  such  cases  forma  part  of  a  later  division  of  our  work. 
Certain  general  conclusions  can  be  drawn,  however,  which  are  of  prac- 
tical interest 

The  graphic  construction  for  the  bending  moment  at  any  point  of  a 
beam,  CD,  which  is  not  free  at  the  points  of  support,  is  given  in  Fig. 
28,  p.  40.  The  figure  refers  to  the  case  where  the  bemling  action  at  C 
and  I)  is  in  the  opposite  direction  to  the  bending  action  neoi-  the  centre, 
as  it  is  easily  seen  must  bo  the  case  in  general.  The  points  of  inte^ 
section  of  the  momeut  line  with  the  cune  of  moments  drawn,  as 
explained  in  the  article  cited,  on  the  supposition  of  the  ends  being  free, 
show  where  the  negative  bending  at  the  ends  passes  into  the  positive 
bending  at  the  centre.  Here  there  is  no  bending  at  all,  and  the  central 
part  of  the  beam  {EF  in  figure)  is  exactly  in  the  position  of  a  beam 
supported  but  otherwise  free  at  its  ends.  We  may  therefore  treat  the 
case  as  if  E  and  F  were  joint.s,  the  position  of  which  will  be  known  if 
the  bending  moments  at  the  ends  are  known,  and  conversely.  In  some 
oases  there  may  be  actual  joints  in  given  positions,  while  in  others  there 
will  be  "  virtual  joints,"  the  position  of  which  may  be  supposed  knowaj 
for  the  purposes  of  the  investigation. 

P1V.4S. 


Fig.  42  shows  a  beam  Ali  continuous  over  three  spans,  the  moment 
curves  for  which  will  Iks  known  when  the  load  resting  on  each  spaa 
known.     It  is  evident  from  what  has  been  said  that  the  moment  line 
must  be  the  broken  line  AalB,  cutting  tlio  moment  curve  of  the  centre 
span  in  two  points,  and  the  moment  curves  of  the  end  spans  each  in  one 
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l^nt,  tho  othera  being  the  onds  of  the  beam.  Thus  there  art)  foiir 
Tirtoal  joints,  of  which  two  mast  be  supposed  known  in  order  to  find 
the  straining  actions  at  any  point.  Their  position  will  depend  (1)  on 
vhethvr  the  Bnpporte  are  on  the  same  level  or  not,  (2)  on  the 
material  and  mode  of  construction  of  tho  beam,  (3)  on  the  load.  Such 
a  beam  is  in  a  condition  analogous  to  that  of  a  frame  witli  redundant 
ban.  oaniidered  iu  Chapter  U.,  Section  III.;  the  iitraiuiiig  uctiuns  are 
iodeterminate  by  purely  atatiail  considerations,  for  the  same  reason  as 
before.  We  can,  however,  see  that  tho  bending  action  at  pach  point  is 
in  general  leas  than  if  the  beam  were  not  continuous. 

In  one  {>articular  case  the  position  of  the  virtual  joints  can  be  foreseen. 
Suppose  a  perfectly  straight  beam,  of  uniform  transverse  section,  to  be 
continuous  over  an  indefinite  uuntbcr  of  eiiual  sjtauB:  let  the  weight  of 
lb«  beam  be  negligible,  and  let  equal  weights  be  placed  at  the  centre  of 
each  spaa  Then  since  the  pressure  on  each  support  must  be  equal  to 
the  weight,  the  beam  is  acted  on  by  equal  forces  at  etpial  dist-auccs  alt4;r' 
sately  upwards  and  downwards,  and  there  being  perfect  symmetry  in 

taction  of  the  upwaixl  and  downward  forces,  the  virtual  joints  must 
midway  between  the  centre  and  the  points  of  support  of  each  span, 
jfttiie  epecial  case  where  the  bcum  is  unifomdy  loaded  we  can  fm-ther 
Vbat  the  load  resting  on  the  supports  is  not  one  half  tho  weight  of 
tho  parts  of  the  beam  resting  there,  as  it  would  be  if  the  beam  were 
not  continuous,  but  must  in  general  be  greater  for  tho  centre  tuppiirts 
and  leas  for  the  end  supijorl*.     For  if  tho  virtual  joints  be  LNML\  as 
iu  the  figuref  it  ia  easily  seen  that  A  carries  half  tho  weight  of  y/A,  not 
of  AV,  while  C  carries  half  tho  weight  of  ^Z,und  liM,  together  with 
the  whole  weight  of  t'L  and  CA'.     This  observation  shows  that  in 
trussed  bonnis  where,  as  is  usually  the  cose,  the  loaded  beam  is  cou- 
luoiis  through  certain  joints,  the  effect  of  tho  continuity  is  generally 
transfer  u  jiart  of  the  weight  from  the  joints  where  the  ends  are  freo 
the  joints  where  the  beam  is  continuous.     We  shall  return   to  this 
lint  hereafter. 

The  principle  of  continuity  is  frequently  taken  advantage  of  in  the 

istnictioii  of  girders  of  uniform  depth  by  making  them  continuous 

several  spans.     The  virtual  joints,  then,  vary  in  position  for  each 

tion  of  the  travelling  load,  rendering  it  a  complicated  matter  to 

no  tho  maximum  straining  actions,  while  there  is  always  an 

it  of  uncertainty  about  the  results,  for  reasons  already  referred 

and  afterwards  to  be  stated  more  fully. 

In  some  structures,  however,  the  joints  havo  a  definite  position.  \ 

iFig   43  shows  a  cantilever  bowstring  giixler,  consisting  of  a  central 
string  girder  JVif,  the  ends  of  which  rest  on  parts  ACN,  liDAf^  pro- 


weight  of  the  atnicturc  ia  tho  principal  clement,  so  that  the  variations 
in  dielribution  arc  small,  this  tj-pu  of  jrinler  is  economical  in  weight. 
In  a  bridge  over  the  Forth  now  in  process  of  execution  {1883),  the 
contnil  portion  for  each  of  two  principal  openings  consists  of  a  simple 
girJer  3150  feet  span,  while  the  cjmtiicvcrs  are  each  no  less  than  61b 
feet  in  length,  niiiking  a  total  span  of  1700  feet  These  caiititcTers  are 
of  great  depth  near  the  piers,  arnl  to  provide  against  wind  prcssmrc, 
they  are  there  Ukowise  greatly  incrcaRCil  in  breadth,  and  solidly  united^ 
to  them.  For  a  description  of  this  design,  which,  from  its  giganti^ 
dimensions  find  other  unusual  features,  deserves  attentive  study,  tl 
reader  is  referred  to  Enrfiwfrimj  for  Se|)tembor,  1 882. 


39.  ffhffftt  ArtJits. — In  the  second  section  of  Chapter  I.  certAin 
forms  of  arches  were  conRidercd  which  arc  simply  inverted  chains,  and 
require  for  equilibrium  a  load  of  a  certain  definite  intensity  at  each 
point.  Wo  shall  now  take  the  case  of  an  arche<l  rib  capable  of  sustain- 
ing a  load  distributed  in  any  way.  Wo  fihall  Bupi>08e  iho  loud  vertical, 
and,  to  take  the  thnist  of  the  arch,  we  shall  imagine  a  tie  rod  Intro- 
duced so  as  to  convert  it  into  a  bowstring  ginler.  If  the  straining 
actions  at  each  point  of  the  rib  are  to  be  determinate  without  reference 
to  the  relative  flexibility  of  the  several  (xirts  of  the  rib,  and  other 
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circumstances,  we  must  have,  as  iu  the  case  of  the  continuous 
joints  in  some  given  position.     The  necessary  joints  are  in  this  in: 
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jfaree  in  number,  and,  w«  BbaU  siippow,  aro  at  the  crown  C  (Fig.  44), 

one  at  each  springing  J  and  B. 

^Taking  a  vertical  section  A'A"  through  the  rih  and  tie, lot  tho  bonding 

Dment  due  to  the  vertical  load  and  supporting  forces  Ixi  M.     This 

(lending  moment  ib  reKisted,  frst,  by  the  horizontal  forces  culled  into 

[Jay  ;  that  is  to  aay,  the  pull  of  the  tie  rod  //  at  IC^  and  the  equal 

and  opposite  horisontal  thnist  of  the  rib  at  K;  stamdltf,  by  the  resisl- 

uice  to  bending  of  the  rib  itself,  the  moment  of  which  we  will  call  fi, 

ence  if  y  be  the  ordinate  of  the  point  considered,  we  must  hnvo 

To  determine  JI  wc  have  only  to  notice  that  at  tho  crown  where  ^  =  A 
ts  a  joint,  that  is,  /i  =  0, 

hero  Mo  is  the  bending  moment  duo  to  the  loatl  for  the  central 
■ion.     Tlitis,  to  determine  ft.  we  have  the  equation 

Tho  graphic  representation  uf  /i  is  very  simple.  Let  us  imagine  the 
curve  of  momentA  drawn  for  the  given  vertical  load,  and  let  it  bo  so 
drawn  aa  to  pass  through  A,  B^  and  C,  which  is  evidoiitly  always 
possible.     Then,  if  Y  be  the  ordinate  of  the  curre, 

^f  =  H.Y. 

Il*herefore,  by  substitution, 
pb  that  the  bending  moment  at  each  point  of  the  rih  is  represented 
gmphicatly  by  the  vertical  intercept  between  the  rib  and  the  cur%*c  of 
luoments.     In  the  figure,  the  curve  AZCB  is  the  cun'e  of  momenta, 
and  KZ  is  the  intercept  in  question. 

Arched  ribs  in  practice  aro  rarely,  if  over,  hinged,  and  the  straining 
actions  on  them  occasioned  by  a  distribution  of  the  load  not  corre- 
^^nonding  to  their  form  depend,  Lhcrcfore,  upon  the  relative  Hcxibility 
^^p  the  several  parta  of  the  rib,  and  other  coniplicati^  oircunistnucea. 
'  If  the  position  of  the  virtual  joints  be  known,  or  the  bemfing  moments 
any  three  iioints^  the  graphical  construction  just  given  can  be  applied. 
Instead  of  a  rigid  arch,  from  which  a  flexible  platform  is  suspended, 
may  have  a  stiff  platform  suspended  from  a  cliain.  This  is  the  caue 
lere  m  suspension  bridge  is  adapted  to  u  variable  load  by  means  of  a 
ffening  girder.  For  this  case  it  will  besufticient  torefer  toEx.3,page86. 

40.  Structure  of   Uniform   Strength. — In   any   framework   structure 
iithout  redundant  bars,  the  stress  on  each  bar  may  be  determined  as 


80 


STATICS  OF  STBUCTTJBEBl 


[PAKT  1. 


in  Chapter  T.,  hy  drawing  a  diagram  of  forces  for  any  given  load,  fF, 
and  expreaaed  by  the  formula 

where  £  is  a  co-efficient  depending  on  the  distrihation  of  the  load. 
A  be  the  sectional  area  of  the  bar  we  find  by  division  the  stress  per" 
sq.  inch,  which  must  not  exceed  a  certain  limit,  depending  on  the 
nature  of  the  material  as  cxplalnetl  in  Part  IV.  of  this  work.  When 
the  Btnicture  is  completely  atlaptcd  to  the  load  which  it  has  to  carry, 
the  stress  per  sq.  inch  is  tho  same  for  all  the  bars,  and  it  is  then  said 
to  be  of  Uniform  Strength.  Uniformity  of  strength  cannot  be  reached 
exactly  in  practice,  but  it  is  a  theoretical  condition  which  is  carried  out 
as  far  as  possible  in  the  design  of  the  structure.  Other  things  being 
equal,  the  weight  of  a  structure  of  uniform  strength  is  less  than  that  of 
any  other.  Such  a  structure  is  therefore  less  costly,  for  weight  U  to  a 
great  extent  a  measure  of  cost 

Whenever  the  load  is  known,  tlie  weight  of  a  structure  of  given 
type  and  of  uniform  strength  can  bo  calculated  thus.  Suppose  A  the 
scctionjU  area  of  a  piece,  //,  tho  stress  on  It,  /,  a  co-officioiit  of  strength, 
then 

H^fA, 
Next  let  xOq  be  the  weight  of  a  unit  of  volume,  usually  a  cubic  inch, 
and  assume 

then  A.  is  a  certain  longtli,  being  in  fact  the  length  of  a  bar  of  thi 
material  which  will  just  carry  its  own  weight.  Its  value  for  varioui 
materials  is  givcu  in  Cliapt^r  XYIII.  Then,  assuming  the  piece 
prismatic  and  of  length  «,  its  weight  is 

and  therefore  the  weight  or  tho  whole  structure  must  be  for  the  samQ 
value  of  A, 

the  summation  extending  tj>  all  the  ]»ieco8  in  the  atnicturc,  and  being 
performi'd  by  integration  in  a  continuons  arch  or  clmiu.  It  will 
observed  that  s  is  the  length  of  any  linu  in  the  frame-diagram,  and  H 
that  of  the  corresponiling  line  in  the  diagram  of  forces ;  wo  have  only 
then  to  take  the  sum  of  the  products  of  these  lines  and  divide  by  A,  the 
nsull  will  be  tho  weight  of  the  structure.  It  is,  however,  generally 
necessary  to  find  the  weights,  If,,  W^  of  the  parts  in  compresajon  and^ 
in  tension  separately,  because  the  value  of  X  is  generally  difl'eront  ia 
the  two  cascfl. 
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A  T*iurk*hlo  eoaasotioD  ma  aliowo  by  the  Ute  Prof.  Clerk  M»x«cU  to  exJH  botwaaa 
1^1  md  Wf.  Let  tu  take  m  ■tmotarc  of  tbc  girder  cUn  ani]  sappoac  the  total  load  U]>on 
it  tf.  bimI  the  height  <if  the  centre  of  gravity  of  that  loiu]  above  the  points  of  tnfiport  h. 
fim)^ne  thte  itruotnre  to  lM>coinc  gradunlly  smaller  without  »Iteniig  i-ither  ita  pro- 
portiona  or  the  magnitwlc  aiiJ  diairibution  of  the  load  O,  then  O  deseencU  nn<]  doee 
work  darhig  the  deaoent  in  OTvnxmitng  the  reiiHtanee  (7*)  of  the  bars  in  coci  itrvaaiou 
fco  dimiDOtioD  of  icuKth,  while  at  tko  saioo  time  the  ban  in  tenitioti  (/*)  do  work  during 
OVDttacUoD.  The  vmlue*  of  T  knd  P  do  not  alter,  for  the  diagmrn  of  fnrcea  n>mainM 
OtB  Mune,  and  thenfon  if  we  oonoeive  the  proeem  to  eontinno  till  the  siruotute  luw 
ibrmnk  to  a  poi&t. 

la  pertieular,  if  the  centre  of  gravity  of  the  load  Uei  on  the  tino  of  support,  and  if  Iho 
BCKflJcfaiiti  bo  the  >auiv,  the  weigh  ta  of  tbc  parte  in  cotnpreaaion  and  tension  wUl  l>e 
eqaal,  A  oomepoDdiug  furtnitla  mny  be  obtained  for  struotnrds  of  the  areh-clau  by 
Ukinc  ioto  aoooant  the  thrnst. 

The  weight  of  an  actoal  structure  is  always  greater  than  that  found 
by  thiA  methn].  First,  an  addition  must  \w  made  to  allnw  for  joints 
and  CuBtoiiiugs.  Tliiis,  for  example,  in  ordiuary  pin  joints  the  eye  of 
the  bar  weighs  more  than  the  corresponding  fraction  of  the  length  of 
the  bar,  and  in  addition  there  is  the  weight  of  the  pin.  Secondly,  in 
all  ftructurcs  thei'e  is  more  or  less  redundant  material  necesj;ary  to  pro- 
Tide  ai^nsi  accidental  strains  not  comprehctided  in  the  useful  load. 
Thirdly,  there  are  local  straining  actions  in  the  pieces  occasioned  by 
their  own  weight  and  other  causes. 


41.  Sfrest  dvA  to  the  Jfeujfil  of  a  SlrurJiur. — The  total  load  on  any 
stnicture  consista  |>artly  of  external  forces  applied  to  it  at  various  points, 
and  pojtly  of  ite  own  weight :  the  total  stress  on  any  member  is  there- 
fore the  sum  of  that  due  to  the  external  load  and  of  that  due  to  the 
weight  of  the  structure  ib^eUl  As  that  stress  cannot  exceed  a  certain 
limit,  depending  on  the  strength  of  the  material,  it  necessarily  follows 
that  the  stress  duo  to  the  weight  is  so  much  de<Iucted  from  the  strength. 
Thus  the  consideration  of  the  weight  of  a  structure  is  an  essential  part 
of  the  subject,  even  if  we  disregan]  the  question  of  cost. 

The  weight  of  each  meralwr  is,  of  wiiirsc,  distributed  over  iU  whole 
length,  and  so  also  may  be  a  part  or  the  whole  of  the  external  loitd. 
.^i]>lying  the  general  method  of  reduction  explained  in  Art.  37,  we 
■uppoae  an  equivalent  load  applied  at  each  joint,  and  drawing  a  diagram 
of  forces,  wo  determine  the  mean  stress,  //,  on  the  member.  If  the 
UBMIpported  length  of  the  bars  be  not  too  great,  a  matter  to  be  con- 
sidered presently,  this  stress  will  be  the  principal  purt  of  the  slmitdng 
action  on  the  bar,  and  the  bending  may  be  neglected  as  in  the  preceding 
article. 

Xow,  consider  two  structures  similar  in  form  and  loaded  with  the  same 
total  weighty  distributed  in  the  same  way,  so  that  the  only  difference  in 
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the  stnicttirea  is  in  size :  then  the  stress  on  con'esjmndiiig  bars  must ' 
the  same,  for  the  atrnctures  have  the  same  diagram  of  forces.      That  is 
to  say,  in  the  fomiula 

the  co-efticiout  /:  iJeponda  on  the  type  of  structure  and  the  distribution 
of  the  load  upon  it,  but  not  on  its  dimenstonfi.    Dividing  by  ihesoctionaij 
arett,  the  intensity  of  the  stress  is 


i 


Next  let  Wt  be  the  weight  of  the  structttre  itself,  and  supiiose  the 
relative  soctionul  ureas  of  the  several  pieces  the  sBmc,  then 

where  c  is  a  co-efficient  depending  on  the  type  of  stnictnro,  and  /  a  lei 
depending  on  the  linear  dimensions  of  the  stnicture.      For  erampio,  in 
roofs  and  bridges  /  mny  conveniently  be  taken  as  the  V[im\,     Then  if  k^ 
be  the  value  of  jt',  which  corresponds  to  the  distribution  of  the  weight  of 
the  stnicture,  which  will  be  the  same  whether  the  structure  be  large 
small, 
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will  be  the  stress  due  to  the  weight  of  the  structure.  In  other  words, 
the  stress  due  to  the  weight  of  similar  structiu-es  varies  as  their  linear  \ 
dimensions. 

Since  pa  cannot  exceed  /,  it  follows  at  once  that  there  roust  be  a  limiH 
to  the  size  of  each  particular  type  of  structiu-e,  beyond  which  it  will  noil 
carry  its  own  weight.     If  L  be  that  limit  j<iven  by 
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the  stress  due  to  ihe  weight  of  any  similar  structure  of  smaller  dimen^ 
sions  will  be  simply 
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is  the  strength  which  may  be  allowed  in  calculations  made  irrespectively 
of  weight.  If  the  structure  he  of  uniform  strength  throughout  mider 
its  own  weight,  the  value  of  p^  will  be  the  same  for  each  member,  but 
this  is  not  necessarily  the  case,  and  there  may  bo  a  different  value  of/ 
for  each  member.  The  actual  limiting  dimensions  of  the  structure  will, 
of  coui'se,  be  the  least  of  the  various  values  corresponding  to  the  varioui 
members. 

The  conclusion  here  arrived  at  is  obviously  of  the  greatest  iniportonco 
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immediately  followB  that  in  deaigiiiag  a  roof,  bridge,  or  obber 
stmcturc  of  great  sizertho  weight  of  the  structure  is  the  princijtfil  thing 
to  be  considered  in  estimating  i.hc  straining  actions  ajmn  it,  while  a 
certain  limiting  spon  can  never  be  exceeded.  On  the  other  hand,  in 
flmall  stnictnres  the  straining  actions  due  to  the  weight  are  unimportant; 
it  is  the  magniUide  and  variations  of  the  external  load  which  have  the 
greatest  iiitluoncc.  Thi<;  remark  also  applies  to  the  local  straining 
actions  which  produce  bending  in  the  pieces,  their  relative  importance 
increases  with  the  size  of  the  atructiu-e,  and  it  is  necessary  to  provide 
ttgainst  them  by  additional  trussing.  A  large  sti-ucture  is  therefore 
generally  of  more  complex  constniction  than  a  small  one,  as  is  illustrated 
by  the  various  types  uf  roof-trusses  considered  in  Chapter  I. 

The  difibrenco  of  type  of  large  structures  and  small  ones,  us  well  as 
the  circumstances  mentioned  at  the  close  of  the  last  article,  render 
tentative  processes  generally  necessary  in  calculations  respecting  weight. 
If  the  type  of  structiu^  and  the  distribution  of  the  total  load,  If,  bo  sup- 
])used  known,  the  value  of  the  co-efficients  k  and  c  will  be  known  for 
some  given  member.  By  assuming  the  stress  on  that  member  equal  to 
the  co-efficient  of  strength/,  we  find 
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a  formula  which  gives  the  weight  of  the  structure  in  terms  of  the  load, 
but  the  cuefficionts  will  generally  \*ary  aci-ording  to  the  span.  Among 
the  circumst;inces  on  which  they  depend,  the  ratio  of  the  vertical  to  the 
horizontal  dimensions  of  the  structure  is  most  important.  For  a  given 
•pan  I-  diminishcjt  when  the  depth  is  increased,  while  on  the  other  hand 
c  genendly  increases,  so  that  for  a  certain  ratio  of  depth  to  span,  the 
weight  of  the  structm'e  is  least.  In  ideal  cases  c  may  remain  the  same 
{Bx.  10,  p.  87),  but  in  actual  structures  the  redundant  wuight  of  material 
neeesssry  to  give  stiffness  and  lateral  stability  increases,  so  that  the  most 
economical  ratio  of  dc]>th  to  span  is  generally  much  less  than  would  be 
by  neglecting  such  considerutious.     These  points  are  illustruted 

'  examples  at  the  end  of  this  Chapter  and  Chapter  XIT.,  where  the 
tion  is  again  considered  briefly  ;  but  for  detailed  apjilicationa  to 

tual  structures  the  reader  is  referred  to  works  on  bridges,  in  the 
design  of  which  it  is  of  the  greatest  importance. 
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42.  Straining  Adioni^  on  a  Load^'d  Structure  in  General. — The  results 
obtained  in  the  last  chapter  for  Die  case  of  parallel  forces  acting  on  a 
structure  poescssing  a  plane  of  fiJ^nmetr}'  in  which  the  forces  lie,  may 
he  readily  extended  to  structures  which  have  an  axis  of  symmetry  act«d 
on  br  any  forc*s  pasfiing  through  that  axis  and  perjMJndicular  to  it.    This 
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is  the  caso,  for  example,  of  a  beam  acted  on  by  a  vertical  load,  a 
by  some  horizontal  forcen  arising  eay  from  tbe  thrust  of  a  roof  or  from 
wind  pre&fiure.  We  have  then  only  to  consider  the  vertical  and  horizon- 
tal forces  separately.  Each  will  produce  shearing  and  bending  in  iU 
own  plane,  which  may  bo  represented  hy  polygons  as  before.  The  toUd 
straining  actiuu  will  be  simply  shearing  and  bending,  and  will  be  as 
before  independent  of  the  particular  structure  on  which  the  forces 
ojwrate^  The  magnitude  of  the  straining  action,  whether  shciiring  or 
bonding,  will  be  the  s«piiire  rout  of  the  sum  of  the  sqtLares  of  its  com- 
ponents, and  may  therefore  be  readily  found  by  construction  and  ejc- 
hibit«d  graphically  by  curves.  In  shafts  such  cases  are  common,  and 
some  examples  will  he  given  hereafter. 

Another  entirely  ditlerent  kind  of  straining  action  sometimos  occun 
in  structures  proper  (roofs,  bridges,  etc.),  and  in  machines  is  one  of  the 
princi[Ml  things  to  be  considered.  Imagine  a  slnicture  of  any  kind  to 
be  divided  by  an  ideal  plane  section  into  parts  /t  and  £,  and  to  be  acted 
on  hy  forces  panillel  to  that  plane.  Let  the  forces  acting  on  .4  reduce 
to  a  couple  the  axis  of  which  is  ]>erpendiciUar  to  the  section,  the  forces 
on  B  are  equal  ami  opposite,  and  the  two  equal  and  opposite  coupltrs 
'  tend  to  cause  //  and  Ji  to  ratato  rolutivoly  to  each  other.  As  already 
statod  in  Art.  10,  this  efl'cct  is  called  Twisting,  and  the  magnitude  of  the 
twisting  action  h  measured  by  the  magnitude  of  either  of  the  couples 
which  form  its  clomenta. 

Simple  twisting  siimetimes  occurs  in  practice,  for  example,  when  a 
capstan  is  rotated  by  equal  forces  applied  to  all  the  bars,  but  it  ui 
generally  combined  with  shearing  and  bonding.  It  is  then  necessary  to 
know  alwut  what  axis  the  twi.sting  moment  should  be  reckoned,  which 
will  depend  on  the  nature  of  the  structure.  In  shafts  and  other  cases 
to  be  considered  hereafter  the  geometrical  axis  is  an  axis  of  symmetry 
which  at  once  determines  this. 

When  twisting  exi.sts  the  shearing  and  bonding  ore  determined  by 
same  method  as  before,  for  thoy  are  independent  of  the  axis  of  referen 
Should,  however,  the  structure  be  subject  to  a  thrust  or  a  ]nUl  {Art  16| 
the  axis  about  which  the  bending  moment  should  be  reckoned  must  be 
known,  for  it  will  depend  on  the  nature  of  the  atructiu-e. 

These  general  observations  wilt  be  illustnttod  hereafter,  and  are  oi 
introduced  here  lo  show  how  far  straining  actions  can  bo  regarded 
depending  solely  on  the  external  forces  u|>erating  on  the  structuro 
out  reference  to  any  other  circumstances, 

43.  framework  iri/A  Hcdntuianl  Parti. — In  a  complete  frame,  witfaoiil 
redundant  bars  (|^.  11,  RO),  suppose  a  link  applied  to  any  two  bars, 
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id  attached  to  each.  Let  tho  link  be  provided  iHth  a  right  and  Icfi 
hundcd.  screw  or  other  uiuans  of  altciing  its  lunglh  ut  pleasure,  then  by 
screwing  up  the  link  a  pull  may  be  produt-ed  in  the  link  of  any  magni- 
tude we  please,  while  a  correspouding  stress  will  be  pi-oduced  in  each 
bar  of  the  frame  which  vnW  hear  a  given  ratio  to  the  pidl.  Such  a  link 
may  be  called  a  straining  link,  and  hy  its  addition  wo  obtain  a.  frame 
with  one  redundant  bar.  The  stresR-ratio  on  tho  piirtii  of  a  frame  of  this 
kind  is  completely  definite,  but  the  magnitude  of  the  stress  may  be 
anything  we  please.  Instead  of  one  straijiing  link  wc  may  have  anj* 
number,  and  if  the  stress  on  each  of  these  links  be  given,  the  same 
thing  will  be  true.     Thus  it  appears  that  a  frame  vnth  redundant  ]mrte 

lay  lie  in  a  state  of  stress  even  though  no  cxteniul  forces  act  u[30n  it- 
is  is  of  practical  importance  on  account  of  the  efl'ect  of  changes  of 
temperature.  If  oil  the  bars  of  a  frame  with  redundant  parts  arc 
iHjtuilIy  heateil  or  eooleil,  tho  franio  expands  or  [■ontrarts  as  n  whole,  but 
no  other  effect  ia  pi-oduced  ;  any  inequality,  liowever,  causes  a  atreaa 
which  may,  under  certain  circumstances,  be  very  great.  This  (at  lea«b 
thftoretically)  is  one  of  the  reasons  why  redundant  part*  are  a  source 
of  weakness.  The  necessity  of  providing  against  expansion  and  con- 
traction is  well  known  in  targe  structures  resting  on  supports.  The 
und  connecting  the  supports  suffers  little  change  of  temperature, 
the  structure,  therefore,  cannot  be  attached  to  tho  sup^mrts, 
but   must  be    enabled  to  move  horizontally  by  the   intervention  of 

lUcrs.       The   mugnitude   of  the   stress   produced    when    changes  of 
igth   are  forcibly  prevented  will  be  considered  hereailer  ^Chapter 
XII.). 

TTiere  ia  no  essential  difference  between  a  frame  the  stress  on  the 
fttrts  of  which  is  duo  to  the  action  of  straining  links,  and  a  frame  acted 
on  by  external  forces ;  for  every  force  arises  from  the  mutual  action 
between  two  bodies,  and  may  therefore  be  represented  by  a  straining 
link  connecting  the  foodies.  Even  gravity  may  be  regarded  as  a 
number  of  such  links  connecting  each  particle  of  the  heavy  body  with 
the  earth.  Accordingly,  if  we  include  in  the  structure  we  arc  consider- 
ing, the  supports  and  solid  ground  on  which  it  rcst«,  wo  may  regard  it 
as  a  (rajne  under  no  external  forces,  but  including  a  nunil>cr  of  straining 
links  screwed  up  to  a  given  stress.  If  tho  original  frnuie  be  inconiplet-c, 
it«  parts  will  be  capable  of  motion,  and  it  becomes  a  machine,  as  will  be 
explained  in  Fart  IIL  of  this  work. 


44-  Qfnduding  Remarks, — Yarious  other  questions  relating  to  frame- 
ork  remain  to  be  considered,  especially  with  reference  to  the  joint*  by 
iiich  the  parts  are  connected,  but  these,  involving  other  than  purely 
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46.  Ititrodueiory  Jiemurks. — The  object  oi  a  madiine  le  to  enable  the 
forcM  of  nature  to  do  work  of  various  kinds.  In  this  oi»eration  some 
given  resistance  ia  overcome,  which  is  accompanied  by  a  given  motion, 
while  the  driving  force  is  accompatiied  by  eorao  other  given  motion, 
often  at  a  distant  place.  Ilcncc  a  machine  may  bo  rcgaitltid  as  an 
instrument  for  converting  and  transmitting  motion.  AVlien  considered 
under  this  aspect  it  is  called  a  Mechanism,  or  sometimes  a  Movement, 
a  Jhlotion,  or  a  Gear,  the  first  being  the  scientific  tenm,  and  the  others 
occurring  in  practical  applications. 

Every  mechanism  cnnftist*  of  a  sot  of  pteces  possessing  one  degree  of 
freedom,  that  is  to  aay,  they  are  so  connected  together  that  when  one 
changes  its  position  all  the  rest  do  so  too  in  a  way  precisely  defined  by 
the  nature  of  the  mechanism.  Thus,  for  example,  when  the  piston  of  a 
steam  engine  moves  through  any  fi-action  of  a  stroke,  the  connecting  rod, 
cnmk  shaft,  and  the  parts  of  any  machine  which  it  may  be  driving  all 
ftbift  their  position  in  such  u  way  that  the  connection  between  the 
various  changes  is  completely  determinate,  and  can  be  studied  without 
reference  to  the  work  which  the  engine  is  doing,  or  the  speed  at  which 
tt  is  ninning.  This  branch  of  study  is  called  the  Kinematics  nf 
Machines. 

The  changes  of  [xisition  may  bo  of  any  magnitude  wo  please,  and  if 
ey  are  very  small  are  proportional  to  the  velocities  of  the  moving  parts, 

nee  a  part  of  the  subject,  and  genendly  an  important  jwrt,  is  the  con- 
sideration of  the  comparative  velocities,  or,  as'thoy^aro  usually  called 
the  velocitj-ratioe,  of  the  moving  jKU'ts.  Further,  since  the  comparative 
velocities  are  fixed  l)y  the  nature  of  the  machine,  the  same  must  be  true 
of  the  rates  of  change  of  these  velocities,  that  is  to  say,  the  accelerations. 
Hence  the  general  (jucation  is  to  study  completely  the  comparative 
motions  of  the  several  parts  of  n  machine,  so  that  when  the  position, 
velocity,  and  acceleration  of  any  piece  are  given,  those  quantities  may  be 
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known  for  ovory  other  piece.     It  is  the  positions  and  velocities  which 
are  chiefly  considered. 

The  converse  problem  is  to  discover  the  mechanisms  by  which  any 
required  motion  may  bo  obtained,  and  for  this  purpose  the  connection 
which  exists  between  different  mechanisms  is  considered.  The  subject 
therefore  forms  an  introduction  to  the  science  of  Descriptive  Mechanism 
in  which  existing  machines  in  all  their  vast  variety  are  classified  and 
studied  systematically. 

AUTHORmBS. 

The  principal  treaUsea  oo  the  theory  of  mechanUm  are — 

Willis.     Frinciplet  of  Mechanirm.    LoDgmftD. 
Rabunb.     S/iUtBork  and  Afodkinery,    Griffin. 
Beuleaux.    KinenuUies  of  Mackitur}/.    U&cmillui. 
The  modem  form  of  the  theory  ii  due  to  PiofeMor  Reuleaux,  wboae  nomenclature  and 
methods  are  followed  with  lome  modifications,  in  the  present  work.   The  treatiM  referred 
to  is  a  translaUon  from  the  Gerouu  by  Frofetsor  A  B.  Kennedy. 


CHAPTER  V. 

LOWER    PAIRING. 

46.  DffiniHon  of  Loa^r  Pairs. — Each  piece  of  a  machine  is  in  direct 
consectioD  with  at  least  one  other,  and  conetitutee  with  it  what  is  called 
a  pArn,  of  which  the  two  pieces  are  said  to  be  the  Elements.  The 
whole  nmrhinc  may  be  rcganled  its  made  up  of  ^lairR,  ami  the  nntnrc  of 
the  mechanism  depends  on  the  nature  of  the  jmim  of  u  liic-h  it  w  con- 
structed. 

In  the  present  chapter  we  consider  exclusively  roechnnism  com{>o«cd 
of  pairs  of  ngid  elements  which  are  in  contact  with  each  other,  not 
merely  at  certain  points  or  along  certain  lines,  but  throughout  the  whole 
or  part  of  the  area  of  certain  surfaces.  Such  jmii-s  are  of  pecidiar  im- 
portance from  the  simplicity  of  the  relative  movement  of  their  elements, 
from  their  resistance  to  wear  when  transmitting  heavy  pressures,  and 
from  their  tightne-ss  under  steam  und  water  pressure.     Thoy  are  called 

) Lower  Pairs,  and  in  many  cases  this  kind  of  pairing  is  alono  admissible. 
■  In  order  that  two  rigid  surfaces  may  be  capable  of  moving  over  each 
Hfaor  while  contiuuing  to  fit,  thoy  must  either  be  cylindrical,  including 
pbder  that  head  all  sitrfacea  generated  by  the  motion  of  a  stniigbt  line 
parallel  to  itself,  or  surfaces  of  revolution,  or  screw  surfaces.  In  the 
first  case  the  relative  motion  of  the  elements  is  one  of  translation  along 
the  lino,  in  the  second  of  rotation  about  the  axis  of  revolution,  in  the 
third  the  motion  of  translation  and  rotation  are  combined  in  a  fixed  pro- 
portion. Hence  there  are  three  kinds  of  lower  pairs,  known  as  Sliding 
Pairs,  Turning  Pairs,  and  Screw  Pairs.  In  each  case  one  of  the  surfaces 
is  hollow,  and  wholly  or  partly  cncln.'ies  the  other  which  is  solid,  and  the 
motion  depends  on  the  surfaces  oidy,  and  not  on  the  other  parts  of  the 
elements  which  assume  very  various  forms,  according  to  the  purpose  of 
the  mechanism.  Either  clement  may  be  fixed  and  the  other  move,  or 
both  elements  may  move  in  any  way  whatever,  the  relative  motion  is 
still  of  the  same  kind. 
I         A«  an  example  of  a  sliding  pair  may  be  token  a  piston  and  cylinder. 
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irt  which  either  tbo  cylinder  may  be  fixed  and  the  piston  more,  or  thtt 
liiatoii  Imj  fixed  and  the  cylinder  move,  a.s  in  some  steam  hammcrB,  or 
both  cylinder  and  piston  move,  as  in  the  oscillating  engine.  The  relative 
motion  is  always  u  situplo  ti'unglation.  Velocities  of  translation  are  most 
conveniently  mensurorl  in  feet  per  1"  or  feet  per  l',  but  milea  per  hour 
and  knots  aro  also  used,  as  to  which  it  is  convenient  to  remember  tbftt 
one  mile  per  hour  is  88  feet  per  1',  and  one  knot,  that  is,  one  nautiod 
mile  per  hour,  aii|iroximHtely  101  feet  [>er  1*. 

As  examples  of  turning  pair8  may  be  taken  a  cart  and  it«  wheel,  & 
shad  and  it$  bcaiing,  or  a  connecting  rod  and  crank  pin.  The  relativd 
motion  here  is  one  of  simple  rotation,  which  may  be  measured  by  the 
number  of  revolutions  («)  per  utiit  of  time,  or  by  the  speed  of  periphery 
(J-^ci  a  ciixle  of  given  radius  (r),  or  by  the  angle  (A)  txirned  through 
per  unit  of  time.  The  first  two  modes  of  mcastirement  are  common  in 
practice,  the  third  is  used  for  scieiilific  |mri>osea  only.  \\*hen  employed 
the  angle  is  always  expressed  in  circular  mea«nre,  and  the  three  methods 
are  therefore  connected  by  the  equations 

When  angidar  velocity  is  used  as  a  measure  of  speed  of  rotation,  tht 
unit  of  time  is  always  1",  but  the  minute  and  hour  are  common  in  other  ^U 
cases.  ^M 

A  screw  (lair  consista  of  a  scrow  and  its  nut,  and  the  relative  motion 
consists  of  a  motion  of  translation  along  the  axis  of  the  screw  coimbined 
with  a  rotation  about  that  axis.  The  motion  of  translation  is  often 
i-allod  the  "  Rpo(xl  of  the  screw,"  and  ia  crjnnl  to  np,  where  p  is  the  pitch, 
that  is  to  say,  the  space  traversed  in  one  revolution,  and  n  the  revolu- 
tions in  tho  unit  of  time.  Strictly  speaking,  the  two  first  lower  pairs 
are  limiting  cases  of  the  screw  pair :  in  the  tiu'ning  pair  the  pitch 
aero,  and  in  the  sliding  jwir  infinite. 

In  alt  three  cases  the  motion  of  either  element  relatively  to  the  other 
is  identically  the  same,  and  the  rate  of  that  motion  may  properly  be 
ch1Ic<1  the  Velocity  of  tbo  Pair,  whether  the  movement  considered  be 
translation  or  rotation.  When  tho  velocity  of  a  sliding  pair  and  a  turn 
ing  pair  arc  com|iarcd,  rotation  may  bo  measured  by  the  speed  of  peri- 
phery of  a  cicle  of  given  diameter;  it  is  the  velocity  with  which  liearing 
surfaces  of  that  diameter  would  rub  each  other.  The  rndtua  of  this  circle 
may  be  culled  the  "  radius  of  reference."  The  velocity  of  a  screw  pair 
may  be  measured  by  the  rate  cither  of  its  translation  or  ite  rotation. 

In  these  three  simple  pairs  the  motion  of  one  element  relatively  to  tbo 
other  is  completely  defined,  each  point  describing  a  definite  curve. 
Such  a  pair  is  called  a  "  complete  ''  or  "  closed  "  pair,  but  we  may  have 
pairs  in  which  the  motion  is  not  defined  unless  further  constnunt  be 
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■pplied,  and  the  pair  is  then  snid  to  bo  '*  incomplete.''  An  incompleto 
pair  cannot  be  usod  in  mechanism  ^nthout  employing  such  cronstraint, 
this  process  is  called  "  closing  "  the  (wtir.  A  pair  may  be  incomplete, 
.UA«  there  ia  nothin;^  to  prevent  the  disunion  of  it^  elomonts,  as,  for 
exumplc,  a  shaft  and  ita  bean'ng  when  ttic  otp  is  remorod,  but  it  ulso 
may  be  incomplete  in  itself.  Lower  pairing  is  sometimes,  though  not 
Terr  frequently,  incomplete  in  this  latter  sense  ;  there  arc  three  possible 
auee,  Krst,  when  the  surfaces  are  spherical,  as  in  a  hill  and  socket  joint ; 
•econd,  where  a  ro<l  fit«  into  a  liolo,  and  is  free  to  move  endways  as 
well  as  rotate ;  thinl,  where  a  block  fits  iti  between  parallel  plane  sur- 
faces.     The  methods  of  prtxlucing  closure  will  l>o  coDsiclered  hcrcuftor. 

It  mAy  be  here  remarked,  in  antici|Hitiun  of  what  will  be  said  here- 
mfter,  that  casea  of  lower  paiiing  may  be  imagined  in  which  the  elements 
arc  not  ill  contact  over  an  area  but  along  a  line.  For  example,  u  ro<l 
may  fit  into  a  square  hole.  It  is  the  simplicity  of  the  relative  motion 
which  is  the  essential  charactenstic. 

The  motion  of  the  elements  of  a  pair  may  be  prevented  liy  a  pin  key 
or  other  fastening  removable  at  pleasure :  the  pair  is  then  said  to  be 
"  locked. **  In  capstans  and  u-indlasscs,  provided  with  ratchet  wheel 
and  pawK  we  have  examples  in  which  a  [*air  is  locked  in  one  direction 
only. 

4T  Dfjinitum  of  a  Kinenmtic  Ciiain. — It  has  l>ecn  alrcatly  said  that  a 
machine  consists  of  a  number  of  parts  so  connected  together  us  to  be 
capable  of  moving  relatively  to  one  another  in  a  way  completely  defined 
by  the  nature  of  the  machine.  Each  j^iart  foims  an  element  of  two 
consecutive  {lairs,  and  serves  to  connect  the  pairs  so  that  the  whole 
HpDccfaanisni  may  be  deecribod  as  a  chain,  of  which  the  piirts  form  the 
F''tink».  Such  a  scries  of  connected  pieces  is  called  a  Kinematic  Chain. 
The  motion  of  any  piece  may  be  considered  either  relatively  to  one  of 
the  pieces  with  which  it  |«ii-9,  or  with  reference  to  any  other  piece 
^^hich  we  may  choose  to  regard  as  tixed.  In  the  first  case  the  rate  of 
^Hkovcment  baa  already  been  defined  as  the  Velocity  of  the  Pair.  In  the 
second,  the  fixeil  piece  is  usually  the  frame  of  the  machine,  which  unites 
the  rest  of  the  pieces,  and  is  commonly  attached  to  the  earth  or  some 
fltmctnre  of  largo  sixe,  such  as  a  veaeel.  For  pieces  which  pair  with  the 
fnme  the  velocity  of  the  pair  is  the  same  as  the  velocity  of  the  moving 
element,  and  this  element  alone  need  be  mentioned.  In  some  common 
practical  cases  the  speed  of  an  clement  means  the  s|ioed  of  one  of  the 
pairs  of  which  it  form8  imrt.  For  example,  the  sliced  of  piston  of  an 
oscillfttiug  engine  would  IjO  understood  to  mean  its  velocity*  relatively 
to  the  cylinder,  in  other  words,  the  siwcd  of  the  '■  cylinder-piston  jMiir." 
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In  tfao  present  chapter  wc  consider  exclusively  chains  of  closed  low«r 
pairs,  so  that  the  motion  of  the  pairs  is  a  simple  translation,  rotaticn,  or 
screw  motion.  The  motion  of  some  of  the  pieces  relatively  to  the  frame 
may  be  much  more  complex,  btit  this  is  a  subject  for  suljeequent  invest]' 
gation  ;  it  is  the  motion  of  the  pairs  alone  wc  now  connider.  We  iball 
first  direct  our  attention  to  the  very  common  and  important  piece  of 
mechanism  employed  in  direct-acting  steam  engines.  An  csampio  is 
shown  in  Fig.  1,  Plate  T.,  p.  108,  which  represents  a  direct-acting  engine 
of  the  vertical!  inverted  cylinder  type  which  is  common 
engines  and  oft«n  occurs  in  other  coses. 

Let  ua  consider  the  pairs  of  which  this  mechanism  is  const 
We  h&vo,Jirst,  a  cylinder,  to  which  are  ngidly  attached  guides  for  ihe 
crosRhead,  and  bearings  for  carrying  the  cranV  shaft.      The  cylinder- 
guide  bars  and  cmnk  shaft  bearings  nil  form  one  part  rigidly  connected 
together,  and  must  be  considered  a»  being  one  piece  or  link  of  the 
kinematic  chain.      It  may  conveniently  he  calle<1  the  frame.      SeconMff 
there  is  a  piston,  which  fits  and  slides  in  the  cylinder.     To  the  piston  a 
rod  and  crosshead  are  rigidly  attached,  forming  pnictictdly  one  piece* 
Not  only  is  the  piston  guided  in  the  cylinder,  but  the  crosshcad  a] 
between  the  guide  bars,  and  the  piston  rod  in  the  stuffing  box  ;  but  y< 
since  there  are  practically  two  pieces  oj»]y  which  mo%-c  relatively  to  oi 
another,  we  must  look  on  the  cylinder,  stuffing  box,  and  guide  hara 
altogether  forming  the  hollow  element  of  a  sliding  pair,  and  the  piston^ 
rod,  and  crosshead  j«  together  forming  the  solid  element  of  the  pair. 
Thirdly,  thore  is  a  connecting  rod  which  is  attached  by  a  gudgeon  or 
crosshead  pin  to  the  piston-rod  head.      These  two  piirte  will  togctbo^J 
compose  a  turning  {>air.    At  the  other  end  the  connecting  rod  cmljnii4^| 
the  crank  pin,  forming  a  second  lurriing  pair  with  it     The  crank  pin  i^" 
one  of  the  elements  contained  in  the  fourth  piece  of  the  mechamsni.    This 
piece  consists  of  the  crank  pin,  crank  arms,  and  shaft  with  its  jounuds. 
The  journals  turn  in  the  bearings  of  the  fixed  frame  of  the  machine,  the 
first  link  mentioned,  and  so  form  a  third  turning  pair.     Thus  the  chain 
is  complete.    It  consists  of  four  links  forming  one  sliding  )Miir  and  three 
successive  turning  [lairs. 

The  same  niedianism,  ia  a  different  form,  is  shown  in  Fig.  2  of 
same  plate  which  represents  the  &ir-]mmp  of  a  marine  engine  worked, 
as  is  not  unusual,  by  a  large  eccentric  keyed  on  the  crauk  shaft.     Thi 
crank-pin  is  here  enlarged  so  as  to  become  an  eccentric;  and  to  aa 
room,  the  piston  rod  is  replaced  by  a  trunk  within  which  the  eccen' 
rod  vibrates.     We  have,  however,  exactly  the  same  pairs  arranged  id 
the  same  way,  and  the  difference  between  the  mechanisms  is  therefore 
merely  constructive,  the  motions  of  the  part«  being  identicuL 
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48.  Mfchaniam  of  Dired-Ading  BngtM — I'ositwn  of  Piiivn. — This  is 
■uoh  an  important  piece  of  mechanism  that  we  will  examine  ito  motion 
aomewfaat  fnlly. 

First  aa  to  the  relative  positions  of  the  crank  in  its  rovolatioD  and 
the  piston  in  its  stroke.  The  position  of  the  piston  in  its  stroke  will 
compare  exactly  with   the  position   of  the  croeshead,  so  inst^^oil   nf 


X 
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introducing  the  lengtli  of  the  piston  rod  into  the  diagram,  wo  may  just 
as  well  determinn  the  relative  positions  of  the  point  D  (Ftg.  46)  in  its 
stnugbt^linc  path,  and  /'  in  its  circular  path. 

ijnppofic  the  line  of  stroke  to  pa»8  through  the  centre  of  the  crank* 
pin  circle.  Let  £)/*■  length  of  the  crank  ana,  and  PI)  the  length  of 
coniiectiug-rod.  When  the  crank  arm  i^  in  Uiu  tine  of  ntrake,  away 
im  the  piston,  the  piston  will  he  in  one  extreme  poaitiun,  and  when 
the  crank  is  in  the  line  of  stroke  towards  D,  the  piston  will  be  in  its 
utlier  extremo  position.  Tlie  points  -4,  A^  on  the  crank-pin  cirole  ore 
cilM  the  dead  jKiints.  If  we  take  distances  AJ>^  J.,U^oPI),  the 
Wgth  of  the  connRCting.ro<l,  the  jwinta  /J,  If^  represent  the  ends  of  the 
rtroke  of  the  piston.  If  now  we  place  the  crank  in  any  jKisition  OP  we 
rtbtun  the  corresponding  position  of  the  piston  by  cutting  the  line  of 
•Iwke  with  a  circular  arc  of  radius  =  Ph  and  with  centre  P.  ItJ)^  DO^ 
*ifl  be  the  distances  of  the  ]>istou  from  iho  enils  of  its  stroke.  Since 
Ayi^^D^D^t  the  length  of  the  stroke,  it  will  ho  convenient  to  find  the 
point  A^A,  which  corresponds  to  the  position  of  the  piston  in  its  stroke. 
^^"HiiB  may  he  readily  done  by  strikiog  a  circular  arc  PN  vrith  centre  D. 
^■A' will  ho  the  point  for  A^D^'^PV-ND,  therefore  A^N'^D^D,  and  the 
^VilpOtiN'  is  the  same  distance  from  A^  and  A^  as  tlio  piston  is  from  the 
^■^(Ml  of  its  stroke. 

^P  Wti  may  just  aa  easily  solve  the  converse  problem  of  finding  the 
vT  !t«lion  of  crank  corresponding  to  any  given  position  of  the  piston  in 
I^lI*  stroke.  Let  b  be  any  position,  cut  the  crank-pin  circle  by  a  circular 
^Bi^c  Qf  which  V  is  the  centre  and  DP  the  radiu»,  then  OP  or  OF  will  he 

t ZZ 


J 


98 


KINEMATICS  OF  MAi'HINES. 


[piBT  It. 


the  corresponding  position  of  the  crank.  Let  tho  direction  w4,  i'j4^  be 
the  ahead  direction  of  the  crank,  and  let  us  call  the  motion  I^il^f 
towards  tlie  crank  the  forward  stroke,  and  I^-J^^  the  back  or  return 
stroke  of  the  piston,  then  when  the  piston  is  at  V  in  the  forward 
stroke  the  crank  will  be  at  07',  and  again  wlicri  the  piston  is  at  JJ  in 
the  return  stroke  the  cnink  will  be  at  OF,  Drop  a  porp«ndicnIar  PM 
on  to  the  line  of  stroke.  Then  the  longer  the  connecting-rod  the  smaller 
NM  will  be,  nnd  thu  moro  nearly  the  circular  arc  J*M  will  coincide 
with  the  iierpendicular  I'M.  Hence  in  the  limiting  caae  of  an  inde- 
finitely lorg  connecting-rod,  Af  will  be  the  position  of  the  piston 
correspf>nding  to  the  position  OP  of  the  crank.  M  being  the  position, 
neglecting  the  etfect  of  the  obliquity  of  the  connecting-rod,  and  A 
the  true  position,  MX  is  what  we  may  call  the  error,  or  deviation  due 
to  obliquity. 

In  general  the  slide  valve  ia  worked  by  on  eccentric,  the  radius  of 
which  is  set  at  a  particular  angle  nn  the  shaft,  so  that  the  cut-ofi*  takes 
place  when  the  crank  occupies  a  certain  angular  [joeition  in  its  revolu- 
tion, and  it  consequently  foHowg  that  the  fraction  of  stroke  completed 
before  cut  off  takes  place  will  be  aficctcd  by  tho  obliquity  of  the 
connecting- rod,  so  that  in  the  ordinary  setting  of  the  slide  valve  the 
rates  of  cut-oif  will  be  different  in  tlie  two  strokes.  This  is  well 
illustrated  by  Kx.  4,  page  102. 

We  rnny  nbtnin  a  convenient  •i>i)roxioi«t«  expraitoo  for  MIf,  tb*  mror  doe  to 
obliquity.     Referring  to  Fig.  -16. 

^M  -  DN-DM  -  ONW  -  c«««l, 
Now  the  I«agth  of  the  c<mne«ting-rod  wky  be  oonvoniently  exjnvMCd  u  a  molciptc 
tbe  length  of  the  crwik  rmdius  a  or  atroke  n. 

DA'  -  na  euppDH  -  Jfw. 

.-.    y At  •  n'iX- CO*  ^]'ti»Mi*t, 

In  the  triangle  fOD.  tbe  tides  being  iiroitortioDii)  to  the  ■](!«■  of  tbe  oppMlte  Ui^M, 

Sin^-  ^■^«in«-i  nnB. 

Mow,  tbe  angle  ^  is  in  &U  pi«oticAl  oaaee  ft  niuftU  angle,  m  we  niajr  write  approximMelj 

2«iB|--iia^ 

in*      4n 

Tbie  is  greattst  when  tf  -  90.      JV.Vm«.  -  /-. 

in 

If  the  coiinecting.rod  it  four  tiroea  tbe  cnnk,  tbo  grcetett  error  itnt  to  obHf 

B  ^  ittokc. 

We  see  that,  in  the  forwanl  stroke,  the  ofiect  of  tbe  obliquity  of  the 
coiiiiecting-rwl  is  to  put  the  piston  in  advance  of  the  {Kwition  due  to  on 
indefinitely  long  connecting-rod,  and,  in  the  return  stroke  when  the 
piston  moves  from  the  crank,  the  piston  will  be  behind  that  position. 
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The  relative  positions  of  piston  and  crank  may  be  very  conveniently 
represented  by  a  ciirve  in  tbia  way.  Divide  the  crunk-pin  circle  (sec 
y\g.  46)  into  a  number  of  equal  {larts,  and  supposing  thu  rrank-jiin  at 
the  points  of  tlivision  P,  find  the  corresiwnding  positions  of  the  piston 
N.  If  then  we  take  along  the  crank  ami  a  distance  Oi\'  cquu)  to  ON, 
the  distance  of  thu  piston  from  the  centre  of  its  stroke,  and  do  this  for 
a  number  of  i>o«itioim,  we  shall  find  the  poinUj  A'  will  lie  on  »  double- 
loo[>ed  closed  curve,  shown  in  full  lines  in  the  figure.  This  may  bo 
called  a  curve  of  |H)sition  of  the  piston.  If  we  had  sup[K>sed  the  con - 
Becting-rod  to  be  indefinitely  long,  and  had  taken  a  distance  OM'  along 
OP  -  OM,  the  cur\'e  of  [xtsition  in  such  a  ct^se  would  have  been  a  pair  of 
circles,  dotted  in  the  figure,  on  O/i.^  and  0.^^  as  diameters.  The  true 
curves  of  jwaition  will  deviate  from  these  circles  more  the  shorter  the 
connecting-rod.  For  the  half  stroke  nearer  the  crank  the  cur^-e  w\\\  lio 
oat«ide  the  dotted  circle,  and  for  the  fuithcr  hali'  stroke  inside.  In 
Zeaner*B  valve  diagram  the  obliquity  of  the  eccentric  rod  is  neglected, 
and  the  circles  employed  to  show  the  position  of  the  slide  valve. 


49.  FeloeUp  of  PUUm. — Wo  will  now  pass  on  to  the  question  of  the 
relative  velocity  of  the  piston  and  cnink-pin. 

We  will  suppose  the  crank  to  turn  uniformly  at  bo  many  revolutions 
in  the  unit  of  time.  If  n  =  number  of  revolutions  and  as  length  of 
crank-arm,  5==  stroke. 

Velocity  of  crank-pin  F„  =  2ira«  =  nir«. 

Now,  aa  the  crank-pin  moves  with  uniform  velocity,  the  piston  under- 
goes continual  changes  of  velocity,  from  being  zero  at  the  ends  to  a 
maximum  at  about  the  centre  nf  the  stroke.  What  is  commonly  s|K>ken 
of  as  the  speed  of  piston  is  the  mean  speed.  If  in  the  unit  uf  time  a 
comi>letc  numlwr  of  revolutions  are  perfonned  at  a  uniform  rate,  the 
mean  speed  will  be  the  actual  distance  traveled  by  the  pif^ton  in  the 
unit  of  time.  In  each  revolution  the  piston  will  complete  a  double 
stroke,  so  that  speed  of  piston  ^  V ^  2nj.  This  may  bo  compared  with 
the  apeed  of  crank-pin  /'q, 

f  ~  2ri4~  2' 

aa  to  the  actual  velocity  of  the  piston  at  any  point  of  ita  stroke. 
The  piston  and  crank  pin  are  joined  together  by  a  connecting-rod  of 
invariable  length  ;  one  end  of  this  rod  has  the  velocity  of  the  piston  and 
the  other  that  of  the  cnuik-pin.  In  Fig.  -iTb  let  ah  be  a  rod,  the  ends 
of  which  move  with  velocities  F„  A',  in  given  directions.  If  one  of 
these  velocities  be  given,  the  other  can  be  determined.      For  in  Fig. 
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47a  draw  Oa  parallel  ami  e(|ual  lo  r„  and  Oh  parallel  to  l\  to  meet  a  ^ 
line  ab  which  is  peri)Cndicular  to  the  line  ah  of  the  firat  figure  ;  then,  if 


J* 


Flir.47b 


we  drop  a  perpendicular  On  on  ah,  this  will  be  irarallel  to  ah  of  the  firrt^ 
figure,  and  must  represent  the  resolvetl  [Kirt  of  the  velocity  l\  along 
the  rod.  But  the  vulucities  uf  a  and  h  resolved  along  the  rod  must  be 
o<iual,  because  the  length  ah  of  the  rod  is  invuriuble ;  heuce  On  also 
represente  the  rcaolved  i^art  of  /'» along  the  rod,  and  consequently  Ob 
must  represent  that  velocity  in  magnitude  as  well  as  in  direction.  The 
figure  Oah  is  called  the  Diagram  of  Velocities  of  the  rod,  and  from  itMre 
can  find  the  velocity  of  any  point  wo  please  either  in,  or  rigidly  con- 
nected inth,  the  roiJ.  We  ahall  return  to  the  properties  of  this  iliagram 
frequently  hereafter :  it  will  be  sufficient  now  to  remark  that  the 
triangle  Oah  determines  the  velocity-ratio  of  the  two  ends.  In  drawing 
the  triangle  it  is  generally  convenient  to  turn  it  through  90\  so  that 
the  lines  nh  in  the  two  figures  beconio  jiarallel,  while  the  sides  Ou, 
become  perjwndicular  to  the  velocities  they  represent. 


In  Fig.  48  OP  is  the  crank  arm,  PD  the  <:onnocting-ro<l ;  throngn 
draw  OT  at  right  angles  to  the  line  of  stroke  to  meet  the  connecting-r 
produced  in  T,  then  P  moves  perjjendicular  to  OP,  and  D  to  07*.  the 
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bre  OPT  is  a  triangle  of  velocities, 
Kq  that  of  the  crunk  piu. 


BO  that  if  Fb«  the  velocity  of  the 


F   or 

K  OP' 
This  siinplo  construction  onablee  us  very  conveniently  to  draw  a  curve 
uf  piston  velocity.  In  the  first  place,  8ut  olT  along  OP  a  length  (fl"  = 
OT,  liud  do  this  for  a  number  of  pusiliuus  of  the  cmnk.  The  jwints  7" 
will  be  found  to  lie  on  a  pair  of  closed  curves,  shown  in  full  lines  iu  the 
figure,  iwaaing  through  0  and  also  through  Q,  (/,  the  upper  and  lower 
ends  of  the  vertical  diameter  of  the  crank  circle.  Had  the  connecting- 
rod  been  indefinitely  long,  the  {winta  V  would  have  boen  found  to  lie 
on  a  pair  of  circles,  of  which  the  diameters  are  OQ  and  OQ',  shown  in 
dotted  linos.  On  account  of  the  obliquity  of  the  connecting-rod,  the 
curve  of  actual  velocity  lies  outside  the  circle  on  the  cylinder  side  of  the 
crank,  and  inside  the  circle  when  the  crunk  lies  away  from  the  cylinder. 

When  the  crank  is  at  right  angles  to  I  he  line  of  dead  centres,  the 
velocity  of  the  piston  is  tho  same  as  that  of  the  crank-pin,  and  neglect- 
ing the  obliquity  of  the  couneetiug-rod  this  will  be  the  maximum 
velocity  of  the  piston.  If  the  obliquity  is  taken  into  avcomnt,  the 
grotest  velocity  of  jiieton  occurs  when  the  crank  is  inclined  a  little 
towards  the  cylinder,  it  is  very  ap]>roximateIy  when  the  craidc  is  at 
right  angles  to  the  connecting-rod,  and  the  maximum  velocity  will  a 

ile  exceed  the  velocity  of  the  crunk-pin. 

The  curve  just  described  is  a  polar  ciu-ve,  the  magnitude  of  the 
velocity  being  represented  by  the  length  of  the  nulii  ivc/ores  of  the  ciUTe. 
But  we  may  draw  a  curve  of  velocity  in  a  different  way,  thus — from 
the  end  of  the  connecting-rod    which  represents  the  position  of  the 

iton  when  the  crank  is  at  OP^  set  up  an  ordinate  I)K=  07*,  and  do 

;e  same  thing  for  a  number  of  positions  of  the  piston,  the  curve  of 

locity  AKB  will  be  obtiiined  ;  the  ordinate  of  which  will  represent 
the  velocity  of  the  piston  when  at  any  point  of  stroke  AB.  The 
longer  the  connecting-rod  the  more  nearly  does  the  curve  approximate 
to  the  dotted  semicircle  of  which  JB  is  the  diameter.  The  effect  of  the 
obliquity  is  to  make  the  true  ciu-vo  of  velocity  Ho  outside  the  semi- 
circle in  the  first  half  of  the  stroke  of  the  piston  towards  the  crank,  and 
irisidt!  for  the  second  half  of  the  stroke. 

The  mean  velocity  of  the  piston  may  be  conveniently  represented  by 
an  addition  to  the  diagnmi,  thus: — On  the  same  scale  that  OP,  the 
I     lengtii  of  the  arm,  represents  the  velocity  F^,  of  the  cruuk-piu,  take  a 
^Hpogth  to  represent 
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In  the  ix)lar  diagram  draw  a  circle  with  0  as  centre  and  radius  of  tliti 
length.  Where  this  circle  cuts  the  polar  curve  of  velocity  the  posttio 
of  the  crank  are  given  at  which  the  actual  Bpeed  of  the  piston  is  equal 
to  its  mean  sjteecl.  In  the  second  diagram  of  veloeily,  set  up  an 
ordinate  to  represent  F,  and  draw  a  line  parallel  to  the  lino  of  stroke. 
It  will  cut  the  curve  of  piston  velocity  in  two  points. 

Ao  ftpproxiinaU  expreutoD  for  the  velocity  of  the  i>Uton  maj  be  (let«niiiiaed  tbua  : 
,r     „  «n  OPT    ,,Bin(fi*^) 
'  '*'w^~OTP~     *      CO.*    • 
or  cxpKDdinc  the  nameretor, 

Since  ^  IB  Ed  all  practical  cmob  it  «m*U  «iiglv,  tan  '/>  nta;  b«  wrifetcn  -  bEh  ^  withool 
■onsiblo  error. 

.'.  F-F»{»ln  tf  +  cos^Bio^}, 

■  •■  F-r<,{riBe*-«in  fl  COS  fl} 

By  dlffcKDtiaClou  with  reipoot  to  tli«  lime  (  wo  obtain  tlie  Acceleration  of  the 
Let  a  be  tho  ]en,gth  of  tbo  crank,  then 

(/(       J(    I  an  }        a   \  »  J 

If  the  letLgtfaof  the  connecting-rod  be  inSoitc,  andtho  crank  turn  untfonaly,  weobtaii 
a  aiintiln  liannonic  motion,  the  deviation  from  which  la  thrrcforo,  approximatelj, 
OBsaniiag  n  Urge  and  dVJiU  sma]!, 

Dtviatuni-^^  coa2*»5^''eind. 

The  graphical  couatraotion  for  the  acoelturation  when  the  onuik  tiima  nniformlj  will  I 
found  in  Ch.  IX. 

EXAMPLES. 

1.  The  dririn;  wheels  of  a  loconottve  are  C  feet  in  dinmot«r,  6Dd  the  numbor  of  revoli 
Uone  per  minute  and  the  angular  velocity,  when  running  at  60  milea  |>er  hour.     U 
atroko  ia  2  feet,  find  also  the  speed  of  piston. 

Uevolutjonipcr  ininat«,    -    233|. 
Angular  velocity,  *    24|  per  aeeond. 

Speed  of  piaton,  -    993*6  fe«t  per  mlntttc 

2.  The  pitch  of  a  eerew  ta  34  fvct,  and  rovoiutiuiia  70  l>er  miiiute.  Find  the  B|>t;cd  la 
knots  per  bour.     If  thv  atroke  la  <  fnct,  And  alto  the  i)]Wfld  of  puttan  in  feet  per  minute. 

8pe«d  of  aorow    -     I6'fi8  knota. 

,,      ptatoa    -    fifiO  feet  per  niinntft. 

3.  The  stroke  of  a  pirton  ia  4  feet,  and  the  connectini-rod  ia  0  feet  long.  Fiml  tbo 
poaltloD  of  the  craok,  when  tbe  piaton  baa  completed  the  firat  quarter  of  the  forward  and 
backward  atrokea  reapeetively.  Abo  flod  tlie  poaition  of  the  piaton  when  the  craok  U 
nprigbt. 

Ant.  Th«  crank  will  make,  with  the  line  of  dead  oentrta,  tbe  anglirt  55'  aiid  (Mr*. 
When  the  crank  ia  upright  the  piaton  will  be  2}  inohei  from  the  middle  of  it*  atrokcb 
i.  Tht  rftlvB  goar  i«  ao  arranged  in  the  hut  qu«ation  ni  to  out  off  tbe  atcani  whan 


4 
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piaton.  ^H 


4 


LOWER  PAIRING. 

e  mnk  ii  45*  from  the  doid  poiaU  both  in  the  forward  imd  backwKrd  Btrokos.     Find  the 
puiut  at  which  at«ain  will  be  cut  off  In  the  two  strokM.    AUo  when  the  Dblt<iuitj  of  the 
oonuecting-rod  in  tirglooied. 
AnM.  Fraottoo  nf  ■troka  at  whiob  flt««m  ii  cut  off  ii— 

I-VTf  in  forward  atrokr, 
*118  in  bftokward    „ 
'146  ncBlectin^  obliquity. 
5l  Obtain  the  nsanlta  of  the  two  l&st  quealtunit  for  the  caae  of  an  oacittating  eogin*,  6 
ii  atrokc,  the  diaUaoii  froui  the  centra  of  the  trunniunji  to  the  oeatre  of  the  abaft  \ma$ 
Bf«rt. 

Am.  Angln  GS'  aud  SI' :  Cut  off  3  and  '115. 
C  In  Ex.  ^  ootiMtruct  both  mrves  of  piston  volocitj.     If  the  revolutiun*  be  70  per 
Biiautc,  find  the  ahsohito  Telocity  of  tlie  piston  in  the  |Kiiitions  given.     Kind  ahui  the 
tnaxinum  velocity  of  the  piaton. 
L_  -Ant.    i  alroke  forward.  Tclodtj    '    SIO  feet  par  1'. 

b  ^      „     buck,  -    7.-tt 

^^  MazimuiD,  „  -    900         „ 

Fim)  alao  the  poiDta  in  the  atroke  at  which  the  actual  apeed  of  pittoa  ii  equal  to  the 
mean  apeed. 

A*M.    4}  io.  from  oomcieaceinent  of  foeward  stroke. 

tfijio.      „    end 
7.  Tbe  trarel  of  a  slide  valve  ia  6  in.,  ootiide  tap  1  in.     Find,  in  feet  per  svcoml,  the 
valoeity  with  which  the  port  ooinmencei  to  open  when  the  rovolutiona  are  70  per  minate. 
Ant.  Port  comtnenoea  to  open  when  the  valve  ia  1  in.  from  the  centre  of  ite  stroke. 
Kcfleetinc  the  obliquity  of  the  voccntrio  rod,  velucity  of  valve  is  then  1  '7'i  f»et  per  second. 
8.  Sbuw  that  the  maximum  velocity  of  the  piston  occurs  wbi-n  the  crank  ia  nearly  at 
riitht  anglea  to  the  conncoting.roiU  the  (tiffcrenoc  being  a  amall  angle,  thn  sine  ui  which 


a(n**3) 


nearly,  where  >i  is  tbe  ratio  of  connecting  roil  to  crank. 


50.  Me^aniema  Derived  from  Ou  SlidtrCmnk  Chain. — In  the  invcsti- 
gjttion  just  given  it  has  lioen  eupposod,  for  simplicity,  that  the  crank 
turns  iinifonnly,  but  if  this  bo  not  the  case  the  curve  conRtmctod  ttjU 
show  the  ratio  of  the  velocities  of  the  piston  and  crank  pin.  In  all  coses 
it  is  the  velocity- ratio  of  two  pnrtfl,  not  the  velocities  themselves,  which 
are  dotermined  by  the  nuLuru  of  the  mechanism.  The  velocities  are  of 
ooune  reckoned  reUtivoly  to  tbe  fi-amo,  but  as  both  piston  and  crank 
pair  with  the  frame,  they  are  also  the  velocities  of  the  piston-frame  pair 
and  the  crank  frame  pair  (see  p.  95),  the  crank  being  the  radius  of 
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reference.    The  velocities  of  the  other  pairs  will  be  determined  presently, 
but  in  this  raeehanism  are  of  loss  imfjurutnce.     We  will  now  direct  our 
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attention  to  other  examplea  of  the  eimple  chain  of  lower  poirs^  of  whie 
the  diroctriicting  onj^no  is  only  a  particular  case.     In  Fig.  49,  D  is 
block  capable  of  sliding  in  the  slot  of  the  piece  A.     By  means  uf  a  piaj 
thi«  block  is  connected  with  one  end  of  the  link  V.    H  is  a  crank  cjipaUe^ 
of  rotating  about  u  pin  attache<l  to  the  jiicce  A,  and  united  to  C  by 
another  pin.     Each  of  the  futir  pieces  of  which  this  mochunifim  is  com-j 
posed,  together  with  either  of  the  adjacent  pieces,  constitutes  a  "jHtij;" 
of  which  there  are  four,  viz.,  three  turning  jwira,  AB,  Hi',  CfJ,  and  a 
sliding  pair  DA.     This  simplo  combination  of  iwiirs  is  known,  in  thej 
modem  theory  of  nuichines,  as  a  Slidcr-Cmnk  Chain. 

Since  the  relative  motioua  of  the  parts  depend  solely  on  the  foiiu  of ' 
the  bearing  surfaces  of  the  pairs  and  the  position  of  their  ccnlrca,  not 
on  the  size  and  shapo  of  the  pieces  in  other  rea|jects,  we  may  vary  thcae 
at  pLeaaure,  and  thus  adapt  the  same  chain  to  n  variety  of  puqyoees. 
Especially  we  uiuy  interchun^'e  the  hollow  and  goLid  elements  of  the 
pairs,  a  process  which  occurs  constantly  in  kinematic  analysis,  and  is 
called  "inversion  of  tlio  |>air.'' 

Again,  any  one  of  the  four  jiicces  may  bo  fixed  and  the  others  more,  ^. 
BO  that  we  can  obtain  four  distinct  mechaniBms  from  the  same  chain,  ^| 
simply  by  alteiing  the  link  which  we  regard  as  fixe<l,  a  process  called  ^^ 
"  inversion  of  the  chain." 

(1.)  Let  A  be  Kxed,  then  wo  obtain  the  mechanism  of  the  di reel-acting; 
engine  already  fully  considered.    In  this,  however,  the  connecting  link  0 
I  is  much  longer  than  the  crank  Ji ;  by  sup- 

'd     Fiffj«.  posing  thorn  e<^uiil  we  obtain  a  mechanism; 

well  known  in  various  forais.  In  Fig.  60  0 
is  prolonged  beyond  the  clunk  pin  ri  to  n 
jwiut  J,  such  that  ad-aCt  a  circle  struck 
with  centre  «  then  ]xis&es  through  r,  d,  and 
j  the  centre  of  the  block,  thus  cd  is  at  right 

[  angles  to  the  Hue  of  stroke,  so  that  d,  when 

the  crank  turns,  describes  a  stniight  line.  This  property  renders  tlie 
mechanism  applicable  as  a  parallel  motion.  It  has  also  been  used  in  air- 
compressing  machinery.     (See  i>ago  118.) 

The  viirious  forms  of  the  well  known  toggle  joint,  some  of  which  will 
bo  given  hereafter,  are  examples  of  the  same  mechanism  with  ditfereut 
proportions  of  C  to  i?. 

(2.)  Instea<l  of  A,  let  us  suppose  6'  to  be  the  fixed  link,  so  that  A  and 
the  other  pieces  have  to  take  a  corresjKtnding  motion.     With  this,  by  a' 
change  in  the  shiipe  of  the  pieces  "^^  ^^^  i^l^l^  ^  derive  a  mechauisiii 
well  known  in  two  forms.    (.'  I>ctng  tixcd,  and  B  cansod  to  rotate,  ji 
have  given  to  it  an  oscillating  motion  about  the  block  D,  and,  al 


I 
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time^  will  slide  to  ami  fru  on  tho  block,  Lhu  block  itself  haviug  a 
ibmting  motion  about  tho  other  ond  of  tho  piece  C.    Now,  tho  i-ehittve 

ivemeDt  of  the  paits  of  this  mccbaiiisni  is  identical  uith  thai  of  the 
.ling  steam  engine,  and  by  a  suitable  alwration  in  the  shaiw  of  the 
pieces,  that  mechanism  may  be  dcrired.  Thus,  Riippose,  in  the  first 
pUce^  the  hollow  element  of  .-4  to  become  the  solid  one,  in  the  shape  of 
a  piston-rod  and  piston,  whilst  the  block  D  is  enlarged  into  it  cylinJor 
to  8uiTound  the  piston,  and  so  becomes  the  hollow  element  of  the  pair. 
The  cylinder  I>  will  oscillate  on  trunnions,  in  bearings  in  the  fixed  piece 
C,  which  must  bo  so  constnicted  as  to  !»  a  suitable  frame  for  cari'ving 
the  engine,  and  have  bearings  in  which  the  crank  shaft  and  crank  IS 
cm  turn. 

The  oscillating  cylinder  is  in  general  mounted  on  bearings,  the  centre 
line  of  which  coincides  with  tho  centre  of  tho  stroke  of  the  piston,  so 
that  tho  distance  apart  of  the  shaft  and  trunnion  bearings  is  equal  to 
the  leagth  of  the  pistou-rod.      Ait  example  is  shown  in  Fig.  4,  riuLe  L 

Next  let  us  consider  the  relative  motions  of  the  parts.  Uctm-ning  to 
Fig.  49  above,  8Up]K)!4C  a,  6,  c,  to  be  the  centres  of  the  turning  pairs,  and 
draw  U,  tin  |}erpondiadar  to  tho  lino  of  centres  be,  to  meet  C  and  A  in  I 
and  «,  then  it  was  shown  alwve  (page  100)  that  the  velocity-ratio  of  tho 
pairs  JjA,  BA  in  the  direct-acting  mechanism  was  djac,  and  as  fixing  a 
link  makes  no  difference  in  the  relative  motions,  this  must  also  be  the 
ratio  of  the  siwod  of  the  piston  of  the  oscillator  in  its  cylinder,  to  the 
speed  of  the  turning  movement  of  the  crank  rehttivdij  to  the  ]>iston-rcKl. 
Again  when  C  is  fixed,  as  in  the  oscillator,  the  link  A  (Fig.  49)  slides  on 

,e  block  D  with  a  velocity  the  direction  of  which  is  perjK'ndicular  to 
white  tho  |>oint  e  in  it  mores  perpendicular  to  ac.  Hence  it  follows 
that  the  triangle  of  velocities  is  acv,  and  thoreforo  the  velocity -ratio  of 
ptHton  and  crank-pin  ia  an/ac.  The  curve  of  piston  velocity  can  be 
dmwn  as  before;  it  differs  little  in  form  from  that  of  the  direct  actor, 
but  the  miLximum  velocity  of  the  piston  is  equal  to  that  of  the  crank- 
pan,  insteail  of  being  somewhat  gieat«r.  Once  more,  remembering  that 
hxing  a  link  doo«  not  alter  the  relative  motions,  it  upitcars  that,  in  all 
caees,  the  velocity -ratio  of  the  pairs  IJA,  liC  must  be  aniuc,  so  that  we 
have  determined  the  mtio  of  the  speed  of  piston  in  the  direct  actor  to 
the  speed  of  tho  turning  movemeiit  of  tho  crank  rdaiively  to  the  con- 
necting-rod. 

Comparing  our  rosuit«,  we  see  that  the  velocity-ratio  of  the  tunung 
jttirs  BC,  BA  must  be  rt  :  an,  or  what  is  the  same  thing  hi  :  «*.  Since 
the  three  angles  of  the  triangle  alf.  arc  always  together  equal  to  180*, 
it  ia  clear  that  the  sum  of  the  speeds  of  the  three  turning  [lairs  must  be 
aero,  doe  regard  being  taken  of  tho  direction  of  rotation,  and  it  follows. 
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therefore,  that  in  any  slider-crank  cliain  the  speeds  of  the  three  turning 
pairs  are  aB  ai  ;  ab  ;  bt.  By  the  introduction  of  a  suitable  radius  of 
reference,  wo  may  compare  these  velociLics  with  that  of  the  sliding  pair. 
The  moet  convenient  mtiimt  to  take  is  thul  of  the  ciunk,  then  assuming 
as  before,  ab-  n.  ac,  the  velocities  of  the  pairs  are  shown  by  the  annexed 
table  :— 


VKLOtilTT  RaTTOB  is  A  BlIPKB-ObjIXK  OHAHT. 

P«r. 

DA 

BA 

BC 

DC 

VfilOTity, 

et 

00 

at 

• 

In  the  oscillator  the  angular  velocity-ratio  of  the  cylinder  and 


8' 


be.} 


is  the  velocity-ratio  of  the  pairs  C, 
CB  and  is  thorcforo  ai  :  1*1  or  en  i 
This  can  readily  be  constructed  by' 
drawing  vz  parallel  to  ac,  then,  since  ab 
is  constant,  the  Angular  velocity  of  the 
cylinder  is  pro{>ortional  to  or,  as  may 
be  verified  by  an  independent  inveeti- 
'  gation.  The  result  miiy  bo  exhibited 
'^  by  ii  polar  ciu've  similar  to  the  curve 
of  piston  velocity  already  drawn.  In' 
Fig.  51,  c  is  the  crank  pin,  J'STS  the 
crank  circle,  a:  is  set  off  along  the 
crank  radius  equal  txi  az,  then  a  ciu-ve 
with  two  unct{uul  loojis  is  obtained, 
which  shows  the  law  of  vibration  of 
the  cylinder.  The  motion  of  the 
cylinder  is  such  that,  in  the  swing  to 
Fiffjii.  the  left,  whilst  the  crank-piu  moves 
along  the  arc  TST,  the  angular  velocity 
is  much  greater  than  in  the  return 
swing  to  the  nght,  whilst  the  crai 
pin  moves  along  the  arc  TS'T.  Suppos- 
ing thti  cmnk  to  revolve  uniformly,  the 
times  occupied  by  the  forward  and  return  swings  arc  as  the  arcs  rST 
and  TS'Tt  which  are  projiortional  to  the  angles  subtended  by  them. 
liy  munsuring  or  otherwise  estimating  these  angles,  the  mean  angular 
yeJocitiee  in  the  forward  and  backward  oscillation  may  be  determined. 
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This  peculiar  vibration,  nipid  one  way  and  comparativoly  slow  the 
other,  haa  Iraim  made  ubo  of  to  obtain  a  quick  return  motion  of  a 
cutting  tool  ill  a  shaping  machine  The  velocity  with  which  n  tool  will 
make  a  smooth  cut  in  metal  is  limited,  and  since  in  general  the  tool  is 
made  to  cut  iu  one  direction  only,  time  is  saved  by  causing  the  return 
stroke  to  be  made  more  quickly.  One  construction  of  such  a  quick 
return  motion  may  he  thus  desoril)ed.  A  slotteiJ  lever  T)  vibrates  on  a 
^B  fixed  centre  in  the  frame  piece  C,  its  motion  being  derived  from  tho 
•  revolution  of  a  crank  B  on  another  fixed  centre  in  tho  same  frame  piece 
C.  The  crank  pin  of  if  turns  in  the  block  A,  which  slidts  in  the  slotted 
lever  />.  There  is  in  addition  a  eonnecting-roil,  by  means  of  which  a 
to-and-fro  motion  of  a  headstock  carrying  the  cutting  tool  is  communi- 
cated from  the  oscillating  lever,  the  headstock  sliding  in  a  guide. 

I  Omitting  the  connecting-rod,  we  have  the  game  kinematic  chain,  with 
the  same  fixed  link  C,  as  in  the  oscillating  engine.  There  has  been  a 
change  made  only  in  the  form  of  some  of  the  pieces.  AVhat  was  the 
oscillating  cylinder  is  now  the  slotted  lever,  and  insteuil  of  a  piston  and 
rod,  we  have  here  the  simple  block  .-/  ^iiiling  in  the  slot.  The  crank 
B  and  frame-link  C  remain  practically  unaltered.  The  slotted  lever  will 
Wbrate  according  to  the  same  law  which  uc  have  Investigated  fur  the 
Oftoillating  cylinder,  and  thus  with  u  uniform  rotation  of  tho  ciank,  a 
quick  return  motion  of  the  tool  will  be 
obtained.  This  mechanism  is  shown 
iu  Fig.  5,  Plate  I.,  in  a  fonn  employed  y 

for  given  motion  to  the  table  of  small       ,-'' 

I  planing  machinea.  / 

(3.)  Let  us  next  take  an  example  in  / 
which  B  is  the  fixed  link,  and  becomes  ! 
the   frame^  its   form  being  of  course  -.  / 

modified  to  suit  the  new  conditions.        \  / 

H       A  crank  arm  C  (Fig.  52)  turns  on  a     \  / 

^  fixed  centre  in  tho  frame  piece  B ;  so         \ 

»]»o  does  another  arm  A  on  a  second  '*■--■ -"-'■■" 

tixod  centre,  D  alides  on  A^  being  connected  by  a  pin  to  the  second  end 

fof  C.  Both  A  and  C  may  make  complete  revolutions.  If  we  suppose 
C  to  turn  with  uniform  angular  velocity,  A  will  rotate  with  a  very 
varying  angular  velocity,  the  movement  of  ./  in  the  upper  part  of  its 
revolution  being  much  more  rapid  than  in  the  lower.  This  dcWcc  has 
been  employed  by  Whitworth  to  get  a  quick  return  motion  of  a  cutting 
tool  in  a  shaping  machiuu.  Whon  separated  from  the  rest  of  the 
machine,  the  construction  ma}-  b«  thus  described :— A  spur  wheel  t\ 
which  derives  its  motion  through  a  smaller  wheml  from  tiie  engine 
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sh&fting,  rovolvcB  un  a  fixed  journal  ij,  of  krgc  iUinensiuii.  Staiiiling 
from  the  face  of  the  journal  is  a  fixed  pin  placwl  out  of  the  centre  of  th 
jounml.  On  this  fixed  pin  a  slotted  lever  ^i  roUtfis,  in  which  a  blotk 
D  alides,  a  hole  in  the  block  roct'iviug  a  pin  which  stands  out  from  the 
face  of  the  spur  whet'l.  A  second  slot  in  .•/,  on  the  other  side  uf  the 
pin,  contains  another  block,  which,  by  a  screw,  can  be  adjusted  and 
secured  at  any  required  dibtance  from  the  centre  of  rotation,  bo  aa  to 
give  any  8trok<?  at  pleasure.  This  niechanism,  omitting  thy  atljustnient 
by  which  the  stroke  is  varied,  is  shown  in  Fig.  6,  Plato  I.  Tlio  njune 
moc'haniBm  in  a  somewhat  different  form  is  often  employed  in  sowing 
machines  to  give  a  varying  motion  to  the  rotjitlng  hook. 

(4.)  The  foLirtli  possible  mcchaniHiii  which  can  be  derived  from  the 
slider-crank  chain  is  obtained  by  fixing  the  block  />.  This  case  is  not 
so  common  as  the  three  preceding,  but  in  Stannah's  [)endtUum  pomp, 
shown  in  Fig.  3,  Plate  I.,  wo  find  an  example.  In  a  simple  oscillating 
engine  driving  a  crank  shaft  and  fly-wheel,  suppose  the  cylinder  IJ  fixed 
instead  of  the  piece  C  which  carries  the  cylinder  and  ciiink  sbafK  The 
cnuik  and  fiy-whcel  Ji  hofi  l>ccomc  the  bob,  and  the  link  (I'the  arm  'if 
the  pendulum,  from  wliich  the  mechaui.sm  derives  its  name ;  />  is  a 
fixed  cylinder,  and  ,-/  is  a  piston  and  rod.  As  the  crank  rotates  the 
crank-pin  moves  up  and  down,  while  its  centre  vibrates  in  tho  arc  of  b 
circle. 

(5.)  The  four  mechanlimfl  here  descril>ed  are  all  which  can  he  obtained 
from  the  simple  slidcr-crauk  chain,  but  nn  achlitioual  set  mny  be  derive*! 
by  supposing  that  the  line  of  stroke  of  the  slider  docs  not  pass  through 
the  centre  of  the  crank.  A  common  example  is  found  in  Uic  choiu 
communicating  motion  from  the  jiiston  u>  the  beam  in  a  beam  engine. 
(Seepage  111.) 

Although  the  mechanisms  derived  by  invci-sinn  from  a  given  kine- 
matic chain  may  t>e  described  as  distinct,  it  must  \m  carefully  observed 
that  there  is  in  reality  no  kinematic  difference  l>etweon  them,  the 
distinction  conaieting  merely  in  a  different  link  being  chosen  to  reckon 
velocities  from.  If  wo  consider  the  velocities  of  the  pairs  which  consti- 
tute the  chain,  those  velocities  are  always  related  to  each  other  in  the 
same  way,  and  the  same  machine  may  be  regan.Ie«l  sometimes  as  one 
mechanism  and  sometimes  another.  For  example,  suppose  a  direc' 
acting  engine  working  on  boaid  ship ;  the  ship  may  l>e  imagined  to  roll 
ao  that  the  connecting-rod  of  tlie  engine  is  at  rest  relatively  to  the  eartli, 
and  the  engine  becomos  an  oscillator  to  an  observer  outside  tlie  ship. 
I))^>amically  and  constructively,  however,  there  is  a  great  diflV-rencc, 
fur  the  fixed  link  is  tho  fnime,  and  is  attached  to  the  earth  or  other 
//ug0  body,  the  predominating  maas  of  which  controls  the  move- 
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menu  of  all  bodies  cunnected  with  it.  Tu  illustrate  and  explain 
th?  inversion  of  a  slider-crank  chain,  Plato  I.  lius  been  drawn.  Tim  six 
examples  wliich  have  just  been  described  are  liere  placed  eide  by  side 
willi  the  euiue  k'tlore  .-/fit'/^  attached  to  coiTCspondiiig  links,  so  that 
they  may  readily  bo  recognized.  It  will  bo  seen  that  each  link  assumes 
very  various  forms ;  thus,  for  example,  tlie  liuk  .4  is  the  frame  and 
^«ylinder  in  Figs,  1  and  2,  a  piston  and  rod  in  Figs.  3  and  i,  a  block  in 
Fig.  5,  and  u  rotating  arm  in  Fig.  G.  The  relative  motions  of  corre- 
sponding parts  are,  however,  always  the  same. 
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51.  Dotible  Slider-Crank  Chains. — ^A'o  now  jutss  on  to  the  consideration 
4>f  a  kinematic  chutu  consisting  of  two  turning  pairs  and  two  sliding 
We  will  commeuco  by  showing  how  tins  chain  may  be  derived 
m  that  previously  described.  Suppose  the  piece  i>,  instead  of  being 
ly  a  block,  is  a  sector  aliaped  as  shown  in  Fig.  1,  Plate  II.,  having 
slot  curved  to  the  arc  of  a  circle  of  ceutro  C,  while  the  piece  C,  which 
as  before  tho  connecting  rod,  is  comprepfed  into  a  block  sliding  in  the 
.'ed  sloe  The  law  of  relative  motion  of  the  parts  of  this  mec-hiiuism 
will  be  precisely  the  same  as  In  tho  direct-acting  engine,  for  the  block  (' 
will  move  just  as  tf  it  were  attached  by  a  link,  shown  by  the  dotted 
Jino,  to  a  point  0,  a  lixed  point  in  the  piece  D.  The  piece  iJ  will  sltde 
.>/,  jnst  as  if  there  were  a  connecting  link  from  C  to  0  and  no 
T— that  IB,  it  will  slide  just  as  the  piston  does  in  the  cylinder  of  a 
;-acting  engine.  Moreover,  there  are,  in  reality,  exactly  the  same 
irs  In  this  as  in  the  mechanism  of  the  directacttug  engine,  for  C and 
'J)  together  make  a  turning  pair,  although  only  portion.^  of  the  surfaces 
'4kf  the  cylindnc  elements  arc  emi>loyeil. 

This  being  so,  lot  us  now  imagine  the  radius  of  th«  circular  slot  in 
'tltc  piece  If  lo  he  indefinitely  increased,  so  that  the  slot  becomes 
Straight,  and  is  at  right  angles  to  the  line  of  motion  of  IJ.  In  such  a 
lean)  tho  pair  CI)  would  be  transformed  int^  a  sliding  pair,  and  the 
ntechanism  would  consist  of  two  turning  pairs,  and  two  sliding  pairs, 
and  ia  known  as  &  douIfU  slider-cran/i  chain. 

The  most  im]iortant  example  of  this  kinematic  chain  i:^  that  found  in 
some  small  steam  pumping  engines.  (Fig.  4,  Plate  U.)  Tho  profssure 
of  the  Bteam  on  the  piston  is  transmitted  directly  to  the  pump  plunger. 
The  crank  B  and  sliding  block  C  sen-e  only  to  define  tbo  stroke  of  the 
piston  and  plunger,  and,  by  means  of  a  ily-wh(>el,  the  shaft  of  which 
carries  an  eccontric  for  working  the  slide  valve,  to  maintain  a  continual 
ntion.  The  law  of  motion  of  piston  and  crank-pin  may  be  readily 
0  to  l>e  the  same  as  that  in  a  direct-acting  engine,  in  which  the  con- 
leciing-rod  ia  indefinitely  long.     I'  being  the  position  of  the  crank-pin. 
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A/  will  represent  the  position  of  tlie  piston  and  reciprocating  piece,  and 
PM  trill  represent  tlie  velocity  of  the  piston  at  the  instant,  OP  being 
taken  to  represent  t!io  uniform  velocity  of  crank-pin.  {Sec  Fig.  48, 
p.  100.)  In  this  case  the  polar  curve  of  velocity  would  consist  of  a 
pair  of  circles.  This  motion,  shown  in  dotted  lines  in  Fig.  18,  is  called 
a  simple  Harmonk  im>tion,  because  thu  law  is  the  same  as  that  of  the 
vibration  of  a  musical  string. 

By  a  change  of  the  link  which  is  fixed,  we  may  now  derive  other 
well  known  nicclianism.s  from  this  kinematic:  chnin. 

Iu6teud  of  yi,  which  forms  part  of  a  alidiug  and  [lart  of  a  turning 
pair,  being  fixed,  let  B  be  the  fixed  fnirae  link.  S  contains  the 
elements  of  two  turning  pairs,  so  that  the  frame  must  contain  two 
bearings  or  journals.  An  cxamjde  of  such  a  mechanism  is  t}iat  known 
as  Oldham's  coupling,  Fig.  5,  Piute  II.,  used  for  connecting  parallel 
shafts,  which  are  nearly  hut  not  qiiite  in  the  same  straight  line,  and 
which  are  re<]uired  to  turn  with  uniform  angular  velocity -ratio.  Each 
shafi  terminates  in  a  disc,  in  the  face  of  which  a  straight  groove  is  cut 
The  two  discs,  J  and  C  in  tin*  figure,  with  the  grooves  face  each  other, 
and  are  placed  a  little  distance  apart,  with  the  grooves  at  right  angles 
to  each  other.  Filling  up  tlie  space  bctMeen  them  is  placed  a  disc  D, 
on  the  two  faces  of  which  are  straight  projectionfi  at  right  angles  to  one 
another,  which  fit  into  the  grooves  in  the  shaft  discs.  In  the  revolution 
of  the  shafts  each  of  these  pi-ojections  slides  in  the  groove  in  which  it 
lies,  and  rotates  with  it.  The  two  grooves  are,  therefore,  maintained 
always  at  right  angles  to  one  another,  and  the  two  shafts  rotate  one 
exactly  with  the  other. 

Next,  let  the  fixed  link  of  the  chain  contain  the  elements  of  two 
sliding  pairs,  which  would  l»e  obtained  if  we  made  D  ihe  frame  piece. 
An  interesting  example  of  this  is  the  instrument  sometimes  employed 
in  dra^nng  ellipses.  (Fig.  2,  Plate  11.)  Two  blocks  slide  in  a  pair  of 
right-angled  grooves.  Fy  means  of  clamp  screws  a  rod  unites  them  at 
a  constant  distance  from  one  another.  Pins  fitting  in  holes  in  the 
blocks  allow  the  rod  to  rotate  relatively  to  the  blocks.  Any  point  in 
the  rod  will  describe  an  ellipse,  as  indicated  in  the  figure. 

If  the  link  C'be  fixed,  the  resulting  raechaiiiBm  dees  not  differ  from 
tliat  derived  by  fixing  v^,  and  the  three  mechanisms  just  described  are 
therefore  all  which  can  be  obtained  by  inversion  of  a  doublo-slidor  ciiain. 
In  Figs.  2,  4,  5  of  the  plate  referred  to,  they  are  shown  side  by  side 
with  the  same  letters  attached  to  corresponding  links,  as  in  Plate  I. 

The  directions  of  motion  of  the  two  sliding  pairs  have  boen  suppoMd 
at  right  angles,  but  any  other  angle  may  be  assumed,  and  mechanjamt 
obtained  which  we  need  not  stop  to  examine.    A  more  important  change 
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is  to  suppoeo  that  tb«  sliding  pairs  and  turaing  pail's  alternate,  so  that 
each  link  forms  an  element  of  one  sliding  and  one  turning  pair.  A 
xnechunUm  known  as  "  KapRon's  Slide,"  employed  as  a  steering  geor  in 
large  shijw,  will  ftimitih  an  nxiimplt;.  Fig.  II,  ?!att;  II.,  shows  oni*  way 
in  which  it  is  applied.  A'  is  an  enlarged  pin  made  in  two  pieces  between 
which  the  tiller  B  slides  while  turning  about  an  axis  fixed  in  the  ship 
D.  A'  is  carried  hy  th<r  piece  C,  which  islides  in  a  groove  fixed  trans- 
versely  to  the  ship  l>cing  drawn  to  jwrt  or  fiUirboard  hythe  tiller  chains 
passing  round  pulleys  mounted  on  C,  as  shown  in  the  figure.  The 
further  the  tiller  is  put  over  the  slower  it  moves  (Ex.  8,  p.  120),  and 
therefore  the  greater  the  turning  moment  (Ch.  VIIJ.),  a  property  of  con- 
siderable practical  value.  In  this  kinematic  chain  the  fuunc  mechanism 
is  obtained  whichever  link  is  fixetl. 

The  mechanism  shown  in  Fig.  6  of  this  Plate  is  a  compound  chain,  to 
bo  referred  to  hereafter. 
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03.  Vranh  Chains  in  0<iinraL^lTistea<\  of  having  a  chain  of  turning 
pairs  connected  by  one  or  two  sliding  pairs,  we  may  have  tiuTjing  pairs 
alone.  The  number  will  be  four,  ami  their  axes  must  meet  in  a  point 
or  bo  parallel.  Taking  the  second  case,  the  chain  in  its  most  elementary 
form  consists  of  -I  bars  unite*]  by  pin  joints  at  their  extremities,  as  in 
Fig.  53.  It  is  called  a  crank  or  four-bar 
chain,  anil  from  it  may  be  derived  the 
slitler  crank  chain  already  considered, 
in  the  same  way  as  from  that  chain  we 
dcrivwl  the  double  slider  chain.  All 
the  mechanisms  hitherto  considered 
may  therefore  be  regiirdetl  jus  jMutiMilar 
cases  of  it.  In  its  present  form,  however,  many  new  mci-hanisms  are 
included,  some  of  which  will  bo  briefly  indicated,  referring  for  descrip- 
tions and  figures  to  works  8j>eci.illy  devoted  to  mechanism. 

Assuming  A  the  fixed  link,  S  and  /)  which  pair  with  it  arc  called  for 
distinction  cnuiks  or  levers,  according  as  they  are  or  arc  not  capable  of 
continuous  rotation,  while  6*  the  connecting  link  is  called  for  shortness 
the  coupUr. 

(1.)  Let  jB  be  a  crank  and  D  a  lever,  then  the  mechanism  is  a  "Icver- 
eraok,"  an  example  of  which  occurs  in  the  common  beam  engine,  D 
being  the  beam,  if  the  crank,  C  the  connecting-rod,  and  A  the  entabhi- 
ture,  foundation,  and  all  other  parts  connected  therewith. 

(2.)  The  links  li  and  T)  may  b*^  o^mil,  and  C  may  be  equal  to  A. 
This  mav  be  called  "  parallel  cranks  "  when  B  and  I)  are  set  |>aralle],  us 
in  the  coupled  outside  cranks  found  in  locomotives,  or  "anti-parallel 
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cranks"  when  tfaoy  are  set  crosswise,  a  case  to  be  hereafter  refemxl 
(Page  159.) 

(3.)  The  links  D  nnd  B  may  still  lx)th  be  cranks  if  ('  be  greater  tfe 
A,  provided  that  the  difference  between  li  ami  f)  be  not  too  great.  The 
mechanism  is  called  ''doublu  cninkR, '  and  i>ccun>  in  the  common  dr»^- 
Itnk  coupling,  and  also  in  the  mechauJKm  of  feathering  {taddles. 

(4.)  If  the  coupling  link  be  too  short,  neither  B  nor  D  will  be  oajuble 
of  n  complete  rotation.  The  mechanism  is  then  a  "double  lever,"  and 
an  example  oceans  in  the  common  paiullel  motion  to  bo  considered  horo- 
aitcr. 

(5.)  A  number  of  axlditional  mechanisms  may  l>e  derived  by  sup- 
posing the  axes  of  the  fow  turning  iwurs  to  meet  in  a  point,  instead  of 
being  [Mirallol ;  wc  thus  obtain  a  "conic  crank  chain."  Hooke's  joint  is 
a  particular  case  of  this,  but  in  general  these  mechanisms  arc  of  less 
importjince. 
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53.  fHar/ram  of  FfhcitirA  in  tinhrork.~A  simple  construction 
already  been  given,  by  means  of  which  the  velocity-ratios  of  the  y 
of  a  slider-crank  chain  arc  determined,  and  we  will  now  consider  this 
i)uestiou  for  any  case  of  linkwork  in  which  the  axes  of  tho  iwirs  are 
fxirallcl. 

Figure  ft-ifi  represents  u  chain  of  links  zCkilcd...  united  by  pins  »m>  as 
to  form  a  succession  of  turning  puii-s.    The  tiretlink  O^is  tixod,  sothatlhc 
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second  turns  about  a  fixed  0  point  as  centre,  and  therefore  n  moves 
pt'q»endicularly  to  (ki,  with  a  velocity  F.,  which  we  may  fni]ipo8C 
known.  The  other  |K)ints  h,r,tl...  move  in  directions  which  we  suppose 
given,  and  with  these  data  it  is  required  to  find  the  nmgnitudos  of  (lir 
velocities.     In  figure  ^^b^  from  a  pole  0  draw  radiating  lines  [terpcndic- 
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akr  lo  the  given  diroctions,  »id  wt  ofT  on  the  ftrst  Otr  to  represent  T., 
then  draw  oi,  6e,  ctf...  i^arallot  to  the  links  of  the  chain  to  meet  the 
eorni«{>onding  rays,  then  the  lo^n^thp  of  those  rays  represent  tbo 
Telocirtra*. 

For  drop  n  periendiculnr  ON  from  0  on  to  ah,  or  ab  produced,  then 
OX  represente  the  component  of  f\  in  the  direction  of  the  second  link, 
but  this  nuwt  also  be  the  coni|>onont  of  i'\  in  thnt  direction,  since  «/i  is 
of  inviiriubk-  ItMigth  ;  that  its,  Ob  must  represent  r\.  Similurlj'  all  the 
other  niys  must  represent  tlie  velocities  of  the  corresixmdinji!  |K>inta. 

The  figure  thus  drawn  may  lie  calletl  the  Diagram  of  Velocities  of  the 
chain.  It  may  he  constnicted  ccjuiilly  well,  if  the  magnitudes  of  the 
Tolocitioa  be  given,  inRteail  of  their  directiuns,  nlw  any  of  the  turning 
pairs  may  be  changed  into  sliding  pairs.  If  both  cud»  of  the  chain  be 
attached  to  fixed  points,  the  diagram  w\\]  eWdently  be  n  closed  jwlygon. 
Its  sides,  when  divider!  by  the  lengths  of  the  con-esjionding  links  of  the 
ihain.  represent  their  angiUar  velocities,  for  each  aide  is  the  algebraical 
difference  of  the  velocities  of  the  ends  of  the  link  per|>endicular  to  the 
link. 

In  the  foiu*-Unk  chain  (Fig.  A5n),  consisting  of  two  links  turning  alwut 
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fixed  centres  a,  d,  coupled  hy  ii  link  Ac,  the  diagram  of  velocities  is  a 
"iuiple  triangle  Ok  (Fig.  i*»5ft),  the  sides  of  which  when  divided  by 
iKe  lengths  of  the  links  to  whieh  they  are  |>arallel,  represent  the 
angidar  velocities  of  thr  links.  Through  a  draw  aJC  [lUT-allei  to  cd, 
kod  prolong  be  to  meet  it  in  Z,  and  the  line  of  centres  in  7',  then,  ftince 
the  triangle  Zah  is  similar  to  the  triangle  of  velocities,  the  ;uigular  vcloc- 
ilios  of  the  levers  n/,  ah  will  be  proportional  to  ^a(etl  and  ahfah.  The 
hst  fnction  is  unity,  and  therefore  we  have 
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efaowtng  that  the  ratio  in  question  is  the  invereo  of  the  ratio  of  li 
distance  of  T  from  tho  centres. 

If,   instead  of  the  link  ad  being  fixed,  the  chain  of  four  bars 
imftgined  to  turn  about  one  joint  Buch  as  d,  the  diogram  of  velocitifl 
would  be  a  quadrilateral  Otih'c,  with  sides  parallel  to  aicrf. 

Returning  lo  the  general  case,  let  p  b«  any  point  rigidly  connected 
with  one  of  the  links  of  the  chain,  aay  f»/,  in  tho  figure ;  then  if  we  Uy 
down  on  the  diagram  of  velocities  a  point  p,  similarly  ftituat«d  with 
respect  to  the  cnrrt^sponding  line  eti  of  that  diagram,  it  follows  at  once, 
by  the  same  reasoning,  that  the  my  Op,  drawn  from  the  pole  0,  roust 
represent  the  velocity  of  p  in  the  fiame  way  that  the  other  rays  repre- 
sent the  velocities'  of  the  pointa  a,  b...  Thus  it  appears  that  for  any 
linkwork  mechanism,  consisting  of  pieces  of  any  size  and  shape  con- 
nected by  pin  jointa,  tho  axes  of  which  are  parallel,  a  diagram  may 
be  constnicted  which  will  show  the  velocities  of  all  jMints  of  the 
mechanism.  By  constructing  the  mechanism  and  it*  diagram  of 
velocities  for  a  number  of  different  positions,  curves  of  [position  and 
velocity  may  be  drawn,  such  as  those  doscribud  in  pi"ocodiiig  articles  for 
special  cases. 

54-  Scrfw  Chains. — We  have  hitherto  considered  only  chains  of 
turning  pairs  and  sliding  {tairs,  but  screw  p&in  also  occur  in  a  great 
variety  of  mechanisms  which  we  can  only  briefly  indicate, 

(1.)  In  the  Differential  Screw,  there  are  two  screw  pairs  with  the 
■omc  axes  but  of  different  pitch,  combined  witb  a  sliding  pair,  forming 
a  thrcc-llink  chain.  The  connection  l«?tween  the  common  velocity  of 
rotation  of  the  screws  and  the  velocity  of  tnuishition  of  the  sliding  pair 
is  the  same  as  that  between  the  rotation  and  translation  of  a  screw,  the 
pitch  of  which  is  the  difference  between  the  pitchers  of  the  actual  screws. 
The  arrangement  has  often  been  proposed  for  screw  presses,  a  mechani- 
cal advantage  being  obtained,  at  least  theoretically,  with  screws  of  coarse 
pitch,  which  would  otherwise  require  a  thread  so  fine  as  to  be  of  in- 
sufficient strength.  The  right  and  left-handed  screw  is  an  example  in 
common  use. 

(2)  In  the  Slide  Ilests  of  lathes  and  other  machine  tools,  the  tntversiiig 
motion  of  planing  machines,  and  many  other  cases  we  find  a  threo-link 
chain,  consisting  of  a  screw  jiair,  a  turning  pair,  and  a  sliding  pair. 
This  may  he  regarded  as  a  particular  case  of  the  preceding,  the  pitch  ofj 
one  of  the  screws  being  zero.  |^| 

(3.)  In  presses,  steiuing  goai*.  and  many  other  kinds  of  machinery  n^i 
find  a  simple  screw  chain  ftmploye>d  to  work  a  slider  crj.uk  chain.    Some 
examples  will  bo  given  hereafter. 
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65.  PnmlM  Motions  Dtrmdfrom  Crank  Chains.—ln.  beam  engines  the 
connecting-rod  by  which  the  reciprocating  motion  of  the  piston  is  com- 
muiiicat4xl  to  the  vibrating  beam  is  necessarily  short,  in  order  to 
diuiinish  the  heiglil  <if  the  machine,  ami  therefore,  if  giiidea  ore  employed 
to  retain  the  end  of  the  piston-rod  in  a  straight  linn,  there  will  be  con- 
siderable lateral  pressure  which  is  difficult  to  provide  against,  and  which 


nff.60. 


-..._,h 


involves  a  large  amount  of  friction.  The  guides  may  then  lie  replaced 
with  advantage  by  some  linkwork  or  other  meehuniBm.  Such  a  mecban 
ism  is  called  a  Parallel  Motion,  and  in  the  early  days  of  eiigiueoring 
was  employed  more  oxtenRivety  than  at  the  present  tinio.  In  its  most 
simple  form  it  ooiisisU  of  two  lovers  capable  of  turning  alwut  the  fixed 
centres  a  and  6.  (Fig.  56.)  The  ends  of  the  levers  arc  connoctotl  by  a 
coupling  link^,  then,  so  long  as  the  angular  movement  of  the  levers  is 
not  too  great,  thei-e  is  a  point  in  the  Unk;*^  which  will  describe  very 
approximately  a  straight  line.  In  the  (irat  instance  lot  us  suppose  the 
links  so  Bet  that  when  np^  and  bq^  iu*c  parallel,  /y/g  is  at  right  angles  to 
them.  Let  aptih  be  the  extreme  downward  movement  of  the  levers, 
then  p  lying  to  the  left  and  q  to  the  right,  there  will  be  some  jxiint  P 
in  /jy  which  in  this  extreme  position  lies  in  the  straight  line  Pf/jfj. 
In  the  upward  extreme  position  the  same  point  of  pq  will,  approxi- 
mately, also  lie  in  this  Unc.  If,  then,  p^rf^  bo  the  lino  of  stroke,  and  the 
point  P  be  selected  for  the  point  of  attachment  of  the  pIston-rcKl  head. 
then  this  point  vilt  bo  exactly  in  the  lino  at  the  middle  and  bottom  of 
the  stroke,  and  at  other  points  will  deviate  but  little  from  it. 

To  find  the  i>oint  where  pq  intersects  /y^^,,  we  must  first  obtain  oxprc«- 
siona  for  the  amount  that  the  point  ji  deviates  to  tlie  left  of  |)^  and  j  to 
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the  right  uf  ^Q  ;  these  amounts  being  the  verdnos  of  the  ares  in  whicb 
the  points  move,  and  show^u  by  dpf,  aiid  «/^„  where  pd  and  qe  are  dmv 
poriwndicubir  to  ap^  and  fc7y.     By  supposing  the  circle  of  whith  a  is  tk 
centre  to  be  completed,  it  is  easy  to  nee  that 

ad  +  ap^ 

If  the  angle  p^^ap  is  not  greater  than  20',  we  may  write 

the  error  not  being  greater  than  1  jier  cent.  Now,  neglecting  the 
amall  effect  duo  to  the  obliijuity  of  the  connecting  link  when  in  the 
extreme  (Kteitions,  /*t/»^    stroke;    therefore,   8ui>|»osi»ig  'y'  =  »',    aiwl 

.rfp^„  (stroke)' 


pm- 


qn^eq^ 


8r.    ' 
_(8troVe)» 

8n     ' 


Now  /'  being  the  point  where  p^  intersects  j»p7^  we  have  similar  triangles 
in  which 

?'      yn  r„ 

Thus  the  point  P^  which  has  most  correctly  the  straight-line  motion,  is 
such  that  it  divides  the  con])ling  link  into  scgmcnta  which  are  inversely 
proportional  to  the  lengths  of  the  levers.  If  the  lovers  l>e  plarwl  into 
all  po&sihlo  |>o8itions,  then  in  the  motion  the  connecting  link  will  Im 
inverted  and  the  point  P  will  trace  a  closed  curve  resembling  a  figure  of 
8.  There  are  two  limitftd  portions  of  this  ctirvo  which  deviate  very, 
little  from  a  straight  line. 

We  may  approximato  still  more  nearly  to  a  straight  line  by  a  Uttl 
alteration  in  the  settling  of  the  lovers.     8up|>oao  the  centres  of  ^n'bni' 
tion  a,  b,  are  brought  a  little  nearer  together  so  that  the  line  of  stroki 
Insects  the  two  versincH  tlp^  and  ^g.    Then  when  tho  levers  are  {laralleL, 
the  link  slopes  to  thu  left,  upwards,  whenyisnt  the  ends  nf  the  stroke  the 
link  will  alojw  to  the  right  upwards.     At  two  intermetliate  jiositions 
about  quarter  stroke  from  the  en*:U,  the  link  will  bo  verticaL     If 
choose  the  point  /'  as  proviously  described,  the  maximum  deviation  will 
bo  only  about  one  fifth  of  its  former  amount.     In  practice,  the  final 
adjustment  of  the  centres  of  motion  Is  (>erfo]'ni(!d  by  tiial. 

The  use  of  parallel  motions  is  almost  exclusively  confined  to 
engines.     In  that  case  bq  will  he  the  half  length  of  the  hniam  of 
engine,  &nd  in  order  that  the  angle  through  which  the  beam  vibratee 
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should  Dot  exceed  20'  above  aud  below  the  borisontal,  the  length  of  the 
b«am  shouUl  not  be  less  than  thn^o  times  the  stroke.  The  radiufi  rod 
may  be  somewhat  shorter  than  the  half  beam,  but  shouid  not  be  less 
than  Uio  stroke,  or  the  error  in  tho  motion  of  P  will  be  too  great. 
This  mechanism  will,  therefore,  occupy  &  considemhlc  space.  To 
economise  space,  and  also  to  provide  a  second  st^aigh^line  ]iath  to 
guide  tlio  air-pump  rod,  a  modthcation  cif  the  mechanism  is  made  use  of. 
In  Fig.  G7,  be  being  the  half  length  of  beam,  a  point  q  Is  chosen  so 

bq    stroke  of  air  pump 
le       stroke  of  piston 
a  parallelograni    of  bar*  'jrQj>    pruWded,    unitod    by   pins.     The 
poiJit/>  is  jointed  to  the  etui  of  tho  radius  rod  ap  vibrating  on  the  fixed 


nentre  a.     Conse'piontly  there  will  be  some  {loint  P  in  the  hock  link  gp 
which  will  describe  very  nearly  a  straight  line.     This  point  is  such 

that 

Pp^hq 

Tq     ap 

^Kow,  if  the  proportions  of  the  links  arc  such  that  hPQ  is  a  straight  1ine» 
bQf'bP  will  be  constant,  and  therefore  the  path  described  by  Q  will  be 
an  enlarged  copy  of  the  jintb  described  by  P.  That  in  to  say  if  P  moves 
approximately  in  a  straight  line,  then  Q  will  do  so  also.  If  then  tho 
pAditis  rod  is  of  suitable  length  we  provide  a  point  Q  for  the  attachment 
of  the  piston-rod,  and  also  a  point  P  for  the  attachment  of  the  air-pump 
To  find  this  length  we  have 

rfaenco  multiplying  by  the  preceding  equation 

b(^  ^  pQ  ^  api 

or  Length  of  radius  rod  =  ^      . 
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The  parallel  motion  just  described  which  was  introduced  by  Watt  i 
the  only  one  jouch  used  in  practice,  but  there  is  another  form  which 
poRsnsAes  great  theoretical  interest  hecaiiRe  it  ir  exact  and  yet  involves 
only  turning  pairs.  Scott  KusscU's  parallel  motion  (Fig.  50,  page  1C4) 
IB  ozact^  but  as  it  LnvolveB  a  sliding  pair  its  accuracy  depends  on  the 
exactness  with  which  the  guides  of  the  slides  are  constructed.  Now,  a 
slniight  edge  or  a  plane  surface  can  only  be  constructed  by  a  process  of 
copying  from  some  given  plane  surface  or  by  trial  and  error,  whereas  a 
circle  can  be  described  by  a  pair  of  compasses  independently  of  the 
existence  of  any  other  circle.  Hcnco  an  exact  parallel  motion,  with 
turning  paira  only,  enables  us  theoretically  to  trace  a  straight  lino  in  the 
same  way  that  a  circle  is  traced  with  comiwLsscs.  It  has  long  been 
knoiA-n  that  this  could  be  done  by  a  circle  rolling  within  another  twice 

;        its  diameter,  but  this  method  docs  not 

'*«■.».       ^ '  p    satisfy  the  necessary  conditions,  and  it 

•?«■/;       was  not  till  1872  that  Co!.  PeauceUier 

invented  a  linkwork  mechanism  for  the 

;        purjwse.     This  mechanism  consists  of 

Xt"     two  equal  bai-s  OA,  0J5,  jointed  to  each 

j        other  at  C,  and  at  A,  B  to  a  pikrallelo- 

i        gram  of  eqtml  bars  AOBQ,  so  that  OQP 

!        are  in  a  stniight  line  (Fig.  98).    This 

!         being  so  then,  howpTcr  the  bars  are 

placed  there  will  always  be  some  lixe<l  relation  existing  between  OQ  and 

OP.     Thus  drop  a  (wrpendicular  AN  on  OF,  then  OQ  «  ON  -  QN  and 

OP  =  0N  +  NP.    Also  since  AQ  =  AP,  QN'^  NP, 

.-.  OQ.OP  =  ON^  -  QN^. 

But  OiV*  =  OA*  -  AN*  and  QN^  =  QA*  -  AN*,  thoroforc  OQ.OP 

OA^  -  QA',  and  is  a  consUuit  quantity  for  all  positions ;  that  is  to  say, 

if  wo  cause  Q  to  move  over  any  curve,  then  P  will  descril>e  its  reciin'ocuL' 

We  can  now  show  how  this  mechanism  may  be  employed  to  draw  a 

straight  line.    Lot  0  be  a  fixed  centre  and  PL  be  ihc  straight  line  which 

it  is  required  to  descnlje.     Draw  the  iKTiwndicular  OL  on  PL.     Then 

the  mt'chaniBm  being  plai'ed  in  any  iJOHiliou  with  P  at  any  point  on  the 

line  to  be  drawn,  draw  QZ  at  nglit  iingle.s  to  OQ.     Bisect  OZ  in  (-'  mid 

attach  Cj  to  6'  by  means  of  u  jointed  rod  which  can  turn  on  the  fixed 

oontre  C.     The  circle  which  Q  doscrilies  during  the  motion  of  the  bars 

will  have  0^  as  a  diameter,  for  OQZ  is  a  right  angle,  and  therefore  the 

angle  in  a  semicircle.     We  observe  now  that  we  have  similar  triangle* 

OQZ  and  OLP. 


4 


y 


OL  =  ^-; 


01\0Q 
OZ    ' 
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Lit  OZ  *>  %0C  isa.  constant  quantity  and  so  is  the  product  OP,  OQ. 
.'.  OL  is  constant. 

That  is  to  Ray,  wherever  jP  is,  the  length  of  the  projection  of  OP  on  the 
perpendicular  OL  is  a  constant  quantity.  This  can  Imj  true  only  so  long 
as  P  liea  in  the  perpendicular  lino  PL.  Thus,  by  the  constrained  motion 
of  Q  in  a  circle  passing  through  0,  P  is  caused  to  move  perfectly  in  a 
stmigfat  line. 

This  mechanism  has  been  applied  to  a  small  engine  used  for  ventilat- 
ing the  House  of  Commons. 

56.  Closure  of  Kinemaik  Chains.  T)md  Points  in  Linkwork — A  kine- 
matic chain,  like  a  pair  (p.  95),  may  be  "  iacomplote,''  that  is,  the 
L  relative  movements  of  its  links  may  not  be  completely  defined.  It 
PUifD  cannot  be  used  as  a  mcclianism  without  employing  some  addi- 
tional constraint,  a  process  called  *' closing"  the  chain.  In  order  that 
a  chain  may  be  closed  it  must  be  endless,  nnd  the  number  of  links 
must  not  be  too  great ;  fur  examjilf,  in  a  simple  chain  of  turning  pairs 
with  parallel  axes  wo  cannot  have  more  than  1  links.  If  there  be  6 
tiio  motion  of  any  one  link  relatively  to  iht^  rest  will  not  be  definite, 
but  may  be  varied  at  pleasure. 

So  also  a  chaiu  may  be  *'  locked  "  either  by  looking  one  of  tho  pairs 
of  which  it  is  constructed ;  or  by  rigidly  couiiei:ting  two  links  not 
forming  a  pair;  it  then  becomes  a  frame,  such  as  was  considered  in  a 
previous  i>ort  of  this  book. 

A  chain  is  often  incomplete  or  locked  fur  special  positions  of  its 
links,  though  closed  and  free  to  move  in  all  other  positions;  this,  for 
example,  is  the  case  at  the  dead  points  which  occur  in  most  linkwork 
mechanisms.  A  well  known  instance  is  that  of  the  mechaniani  of  tho 
steam  engine,  in  which  the  chain  is  locked  and  tho  direction  of  motion 
of  the  crank  indeterminate  when  the  connecting  rod  and  crank  are  in 
the  same  straight  line.  This  inHtance  farther  shows  that  it  is  necessary 
to  distinguish  between  the  two  directions  in  which  motion  may  be 
transmitto<I  thmugli  the  mechanism,  for  the  ilead  points  iu  question 
would  not  occur  if  the  crank  moved  itie  piston  instead  of  the  piston 
the  crank.  A  piece,  then,  which  transmit.";  motion  is  called  a  "driver," 
lin  relation  to  the  piece  to  wliich  motion  is  transmitted,  which  is  called 
'  follower,"  terms  which  will  be  frequently  used  htTcaftcr  in  cases 
rhere  both  pair  with  the  fixe<l  link.  (Compare  Arts,  47,  86.)  The 
points  in  a  mechanism  may  be  passetl  either  by  the  union  uf  two 
lilar  mechanisms,  with  dead  points  iu  different  positions,  as  in  a 
engine  with  a  pair  of  cranks  at  right  angles,  or  by  aid  of  the 
of  the  moving  parts.  This  lost  method  involves  what  is  called 
"foroe-closure,"  a  term  which  will  he  explained  presently. 
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KXAWPLBS. 

1.  Th«  Ktroku  of  su  uacilUting  entpne  U  5  fi*et,  and  the  dUtanco  betw««n  the  octitrc 
line  of  the  tmtiniona  ani)  thu  centre  of  shnf  t  u  !)  fuet.  Find  the  maximum  aod  mean 
angular  velocity  of  the  oyllnilcr  In  oacb  i>f  iu>  two  owillationa  nn  compand .with  that  of 
tbo  orank.  Fiod  also  the  Telocity  of  the  |>iitoii  at  half  strike  oa  compared  with  th« 
■peed  of  piston. 

Atu.  Maximumaogularvelodty-rBtlosof  ejrHnder  andonnk,    ^    and    ^. 
Mfan  „  „  -277  and  178. 

Velocity  of  pinton  *t  A  wtrokc     1  'M 
>l«an  ii|>o«(I  of  piston  1 

2.  The  travel  of  the  tool  of  n  shaping  maobiae  is  to  be  9  inches,  and  the  maAUnum 
roturn,  thrt**  tiineii  the  uianirnuin  cutting,  velocity.  Ncgluctiiig  the  obliquity  of  the 
connecting  link,  fln<l  the  proper  projMirtioii*  of  thr  quick  return  niution  (I'ig.  <*,  I'lat*  I.}. 
Find  alao  the  rerulutions  per  minute  fur  m  mnximum  cutt^g  vetoei^  of  ttinchea  |>ci 
■««»nd,  uid  comijurc  thu  iinios  of  cutting  uad  tvturD. 

Ant.  The  hnigth  uf  Klottcd  lever  =  ^  incite*. 

Dintanco  npkrt  of  centres  -  twicv  length  of  crank.         Time  of  cuUmg      2 
Eevii.  per  minute  of  crank  -  1«*1.  Tim«  of  Mtuzm  '  V 

HemarA:— Tilt  letfcr  vibrate*  tliiough  (JO",  «n  incou«niently  largo  angla.  WMtworthV 
inochantiai  wuulil  bo  prt-funthlc,  an  U  reiMliIy  gives  mi  ovvu  greater  iiicH|uulity. 

'A.  In  Wiiitwortli'R  <|uictc  retuni  motion  find  the  |u-oiiortioni  thkt  tbo  maximum  rttlfD 
may  bo  tbToc  tlmoa  the  maxitniim  oattlug  Telocity,  and  oompara  the  ttmoa  of  onttinfE 
uid  return. 

4.  In  example  1,  draw  ourvea  nbowing  tho  anguUr  volooity  and  poaition  of  Iho  piatoai 
for  any  position  of  tho  crink. 

9.  In  exnmpK'  'J,  dniw  ii  diagram  nf  velooitic*  for  any  punition  of  tlic  mvtihaniBm,  and 
bence  trace  ounca  ■kowiriji  tho  velocity  of  the  tool  at  any  point  of  the  catting  and 
letum  stroke. 

0.  In  qaestion  1,  p.  10:J,  aui--pMi&g  two  pain  of  driving  wheela  oouple^l.  the  lengtbi  fl( 
cranks  I  foot,  And  the  velocity  of  thv  cuupliiig-nKl  in  any  positian.  Firvt^  rvlaliveljr  tv 
the  loeoniotive  ;  second,  relatively  to  the  earth. 

7.  lu  Kx.  G,  ]>.  103.  6nil  in  feet  per  avoond  the  maximum  and  tniuimum  vrlocity  of 
rubbing  uf  the  crank  pin,  aHuuting  ita  diamutor  12  in.,  and  the  rurulutiuiia  30  par  1'. 
Draw  a  curve  MhowiuE  this  velocity  in  any  positioji  of  tlie  crank. 

8.  In  KapsonV  Slide  (|>.  Ill),  if  the  tUlvr  he  )iut  over  tbrougli  an  angle  8,  show  that 
the  vclod^ntio  of  Ijllur  and  slide  varies  as  ooaV,  and  draw  a  curve  of  velocity. 

f>.  In  a  drag-link-ooupltiig  the  slinfu  are  (i  in.  apart,  the  drag-link  I  foot  long,  and  the 
crank*  each  3  foet  long.  Ity  oonstruotJon.  det«rmino  the  four  {toaltlona  of  the  followiag 
crank  when  the  leading  crank  is  on  the  line  of  c«ntro».  and  at  right  angles  lo  the  line  of 
ooatrrs. 

10.  The  length  of  the  beam  of  an  etqpue  la  three  time*  the  stroke.  Suppoaiag  lb« 
uiid  uf  the  beau  when  horizontal  U  vertically  ovar  Uu  centre  of  the  crank  abaft  at  a 
height  equal  twice  the  stroke,  and  the  crank  alao  is  then  horixontal,  hud  tbe  length  of 
ooDDeetiag>roi)  and  the  eitrvme  onglea  through  which  thf  beam  will  away,  .\djuat  tlie 
vmuk  oeutre  w  thnt  thu  beam  uiny  away  through  30"  above  and  below  the  horixunt*!. 

Length  of  rod  sZDU  stroke.    The  beam  iwayaSS^* above  the  horusonta),  anti  17'  below. 

IK  The  depth  of  the  Hoata  of  a  feathering  paddle  wh«el  ui  ^th  tlio  ilinmetcr  of  the 
wbael,  and  the  tmmoraion  of  the  upper  edge  In  the  loweat  poeitiou  \U%  the  depth  of  th« 
float.  AasuniiDK  thv  stvni  h-vvra  {tbs  the  depth  of  tbo  floats,  And  Uie  |io«itJon  of  tbt 
centre  of  the  eollar  to  which  ihe  gtiidc  rotia  are  attaoliad.  l>et4Tniliie  the  length  of  the 
ntda,  nQil  draw  the  float  in  ita  higheal  position. 

U  U  be  centre  of  wlieel,  K  centra  of  floUar,  OK^  Hii  of  dUmrtsr  of  whool,  and  ia 
iKwiaoatal  (very  approximately^ 


^ 
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Lfncth  of  guide  rotl»-  lUl  rmditu  of  wh»cL 

12.  lu  Kx.  II,  find  Ihv  Kugular  vclgvit; -rihtio  of  the  s1jaft«  whon  the  cnnk*  ltn>  jti  tlta 
pmitiana  incutionecl.     Fitii]  «Uu  the  umiimuDi  nail  iniiiinium  Angular  velocity -rmtio. 

13.  In  Uldh&m'H  coupling,  ahow  that  thtt  oentra  uf  the  ouiij^liiiK  dibit  tovolvcs  twloo  u  r 
f»at  am  tho  shafta,  ami  ht-noe  nhow  how  to  givi-  two  HtTokeH  of  n  eliding  piece  fwr  on*] 
rvTolaUoD  of  «  abaft. 

14.  In  a  ium|i1«  itanUel  motion  the  lentlthii  of  the  levers  wre  H  feet  and  4  feet  rcnpect- 
ively,  and  the  length  of  the  conorotlng  liiiW  t»  2^  fwt.  Find  the  point  in  the  link  which 
moat  nt-url^  niovea  in  a  straiijht  line,  nml  travi;  thv  ouniplete  curve  dc«erlbc1  by  tfci* 
point  •»  the  levers  move  into  all  powthlc  podtions,  the  motiou  being  act  so  that,  when 
tlie  levers  are  horizoutal,  tbe  link  U  vertical, 

Alts.    The  required  point  in  link  is  17^  iq.  from  the  3-fvet  lever. 

iind  12}  in.        „        4  feet      ., 
lA.  In  a  bf  ani  cn^rie  the  stroke  of  pijiton  is  H  feet,  of  air  pump  4^  feet.  length  uf  I 
M  feet,  tlio  f rout  and  baok  links  of  tbe  parallel  motion  beiug  4  ru4:t.     Find  ilic  prop 
l«ti|{th  of  radios  rod,  atwl  the  point  in  tbe  ba«k  link  where  the  air<pvnip  rod  should  bo 
kttftohML 

Atts.     Len^h  of  radius  rod  =  8  feet  8j^  inches. 
Vointof  attaohment  of  iur>pump  rod  =  2    ,,    '.i        „      below  beam. 
It).  Hiip{MiM!  in  Inst  qnpstion  the  parallel  motion  Ket  for  lesat  rtoviation  from  u  atrai^ht 
line,  find  tbe  oorreot  positinns  of  the  centre  lines  of  air  pump  and  piston,  autl  the  |io»itiou 
of  the  oeotre  uf  motion  of  tbe  tadtua  rod. 

Am§.   Horixuntal  diatancea  from  oentre  of  bdum— 

Line  of  ftrokc  of  piston.  1 1  feet  8  inoboa, 

,,  air  pump,  ^    ,,    6}    ,, 

Centm  of  motion  of  radios  rods,  15    ,,    l\    „ 

A  good  oulleotioa  of  linkwork  and  ntJior  mechnniama,  aome  of  which  do  not  occur  in 
the  larger  works  otte<)  on  i>aca  'J2,  will  Ite  found  in  the  4tb  e<Htion  (1S80)  of  Profusaur 
tiumlevv's  KtfiHaitao/MtdianuM.  Mncli  VMluablc  infontistion  on  the  dotailaof  raachiiKi 
detlgn  ia  ountainGd  ia  a  trmttiw  on  Uachlue  I>c»i({n  by  Trofewor  W.  O.  Vowin,  U.I.C.K. 
(LoDgmao.t 
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CHAPTER  VI. 


OF  TWO  LOWER  PAIRS  BY  HIGHER  PAIRING. 
I.— Tknsion  and  Pressurk  Elemknts. 


67.  Preliminary  RonarH — Tetudmi  Elemmis. — If  one  of  the  cicniciito 
of  a  pair  be  uot  rigid,  ur  if  the  conUict  be  not  uf  the  simple  kind  con- 
sidered in  the  preceding  chapter,  the  pairing  is  said  to  l)e  "  liigher," 
because  the  relative  motion  of  the  elements  is  more  complex.  Higher 
pairing  is  Betdom  employed  alono ;  it  is  genemdy  found  in  combination 
with  lower  pairs,  the  elements  of  which  it  serves  to  connect.  The  most 
important  case  is  that  where  n  cliain  of  two  lower  ])airs  is  completed  by 
contact  Wtween  their  elements  or  by  means  of  a  link  which  is  Aexible 
or  fluid.  Motions  may  thus  be  produced  in  a  simple  way  which  arc 
impossible  or  dillicull  to  obtain  by  the  use  of  lower  ixiiriiig  alone.  The 
present  chapter  will  bo  devoted  to  mechanisms  dcrivod  from  chains  of 
this  kind,  the  fixed  link  being  generally  a  frame  common  to  the  two  lower 
pairs.  The  velocities  of  each  of  the  |«iirs  are  thus  the  same  its  those  of 
their  moWng  elements.  We  commence  with  the  case  of  non-rigid 
elements. 

A  body  which  was  incapable  of  resistance  to  any  kind  of  change  of 
foi-m  and  size  would  of  course  be  inca|Kiblo  of  being  uwd  as  jiart  of  a 
machine,  for  it  could  not  fiiniish  any  constraining  force  whereby  tlio 
motion  of  other  pieces  wjuld  be  aOcclo4l,  but  if  it  resists  any  {mrticular 
kind  of  change  it  will  supply  a  corresponding  partial  cuimtniint  which 
may  be  supplemented  by  other  means.  The  tirst  case  wo  take  is  that 
of  a  flexible  inextcnsible  body,  such  us  is  funiishc4l  approximately  by  a 
rD|ic,  belt,  or  cbaiu.  This  is  called  a  Tension  Klement,  being  capublo 
of  resisting  tension  only,  ami  it  is  plain  that  when  any  two  points  are 
connected  by  it,  their  distance  apart,  measured  along  the  oteuont  itself, 
must  be  invariable  so  long  as  the  rope  remains  tight.  If  the  rope  bo 
stniiglit,  it  may  be  replaced  by  a  link^  and  %rc  obtain  the  mechanisms 
already  conaidored,  but  wo  now  suppose  it  to  pass  over  a  surface  of  any 
form. 
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In  Fig.  69a,  let  .-/  be  a  fixed  body  of  any  shape,  round  which  an 
inextensible  rope  FQ  passes,  the  ends  hanging  down.     If  P  moTea 


Plffjte. 


Fl«.S0b. 


Vt 


p,.  V-2  V  -« 


downwurds  with  velocity  t^,  Q  moves  upwards  with  the  same  velocity, 
the  rope  slipping  over  A  at  all  points  with  velocity  F.  In  practice  A 
it  genorully  circular,  and  is  mounted  on  un  axis,  u|>on  which  it  revolves. 
We  have  then  a  "pulley  block,"  of  which  A  is  the  "pulley"  or 
'eheavo,"  and  the  rope  causes  it  to  rotate  instead  of  slipping  over  ib, 
but  ibis  makes  no  diffcrtnce  in  the  motion,  and  the  only  object  of  the 
ungenient  is  to  diminish  friction  and  weitr. 

Next  suppose  the  pulley  moveable  (Fig.  5%),  and  imagine  P  attached 

to  a  fixc<i  point,  while  Q  moves  upwards  with  the  same  velocity  V 

relatively  to  -^  oa  before.      Then  A  must  move  ujiwards  with  velocity 

^^  because  its  motion  relatively  to  the  fixed  point  J'  is  imaltcred,  and 

bcDce  Q  moves  with  velocity  2f'.   More  generally,  if  P,  instead  of  Ijeing 

sed,  moves  downwards  with  velocity  *',  Q  must  move  upwards  with  a 

elocity  2?'+  r,  or  to  express  the  sumo  thing  otherwise — the  difference  of 

^triodliej:  of  the  two  sides  of  the  ivpe  is  twice  the  velocity  of  lifiinij — a  principle 

applicable  to  all  questions  relating  to  pulleys.     The  velocity  of  rotation 

of  the  pulley  is  K+  i",  its  radius  being  the  "  radius  of  reference  "  (Art. 

,  46).      The  motion  of  rope  and  pulley  may  be  represented  by  a  diagram 

*  velocity.     Thus,  in  Fig.  69c,  describe  a  semi  circle  with  ratlins  espial 

to  K*  r,  then  the  radius  of  that  circle  represents  tbe  velocity  of  rotation 

or  the  velocity  of  any  (»oint  in  the  rope  relatively  to  the  centre  of  the 

Jey.      The  actual  velocity  of  any  point  K  in  the  rupc  is  found  by 

ctmipoiuuling  this  with  /',  the  velocity  uf  the  centre  of  the  pulley.     The 

)K>li:  of  tbe  diagrum  is  therefore  a  [>uiut  0,  diijtant  V  from  the  centre  of 

the  circle,  su  that  if  A  be  the  point  in  the  diagram  corresponding  to  the 

pcnnt  K  of  the  rope.  Ok  represents  tbe  velocity  of  K. 


Simple  PhIUa/  Ghain^Bioch  nnd  TneHt, — Wo  have  now  a  simple 


n 
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moans  of  solving  one  of  the  most  importunt  problems  in  raochanism' 
P1b.60».  namely,  to   connect  two  sliding 

pieces  with  a  constont  velocity- 
ratio. 

Ill  Fig.  60(1.  B,  C  are  pieoea 
sliding  in  guides  attached  to  a 
frame-piece  A^  th»w  forming' 
tU'O  sliding  paii-s  with  niic  link 
common.  In  i?  a  number  of  pins 
are  fixed,  and  m  A  xn  equal 
iiombor  placed  aa  in  the  figiirc, 
so  that  ii  rope  po^fting  round 
them  us  shown  may  form  a 
number  of  plies  parallel  to  &% 
motion.* 

The  ro|)6  is  attached  at  one  end  to  C,  and  led  to  the  nearest  fixed 
pin,  over  a  guide  pin  placed  so  that  this  part  of  the  ro|)C  may  bo 
parallel  to  C'%  motion,  while  the  other  end  is  attached  to  a  fixed  point 
K.  The  effect  of  this  arrangement  ia  that  when  C  moves  in  the  direc 
tion  of  the  arrow,  H  also  must  move  with  a  velocity  which  is  readily 
found  by  the  jiriiiciplc  just  exjilained,  for  the  difference  of  velocities  of 
the  two  i>art8  of  each  ply  must  bo  the  same,  being  twice  the  velocity  o: 
B.  Thus  reckoning  from  the  fixed  end,  if  H'^  velocity  be  V,  the 
velocities  of  the  several  \mT\s  of  the  ropo  must  be 

0,  2r,  ar,  4r,  4r,  6/-*.  u\ , 

so  ihiit  if  there  are  n  pins  in  li^  the  velocity  of  the  other  end  of  tho 
ropo  must  bo  2tt/-'",  and  the  velocity -ratio  2»  :  1.  The  diagi'am  of 
velocities  consists  of  a  number  of  semi-circle«  (Pig.  606),  tho  Inwor  sol 
Fir.40b.  struck  writh  centre  a  and  the  upper 
with  centre  O,  where  0  is  tho  iwlo  and 
Oa  the  velocity  of  lifting, 

Tbe  simple    kinematic   chain    hei 

doscribctl  may  l>o  inverted,  by  Hxing  U 

or  (.'  instead  of  A.     In  tbe  blocks  and 

tackle  so  common  in  practice,  the  pina 

are    replaced    by  moveable    sheaves, 

usually,    but    not    always,    of   equal 

diameters,  and  placed  side  by  side  so 

■a  to  ruuite   on  the  same  axis.      Some  of  the  various   forma  tboy 

asstime  will  be  iltustratcil  hereafter.     The  tUagi-am  of  velocities  showi 

*  ThU  figure  i«  takeu,  witti  MHne  moditioatioDB,  from  the  Kcood  «<litioo  (l^7(^ 

o/  WiUig'B  Mechaninn. 


n 
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ibjit,  if  the  diameters  of  the  sheaves  arc  proportional  to  the  diameters 
of  the  circles  sfaovn  in  the  diagram,  they  will  have  the  same  angtilar 
velooily,  and  may  therefore  hv.  united  into  one,  an  iilra  canned  out  in 
\\  hiUi's  Pulleys. 

In  all  cases  the  mechanism  which  we  have  been  considering  {Fig.  60(i) 
in  u  closed  kinematic  chain  only  »>  long  us  the  ro|iti  roniaintt  tight. 
One  method  of  fiecunng  thift  would  be  to  supply  a  second  rope  i>HBfliug 
luider  another  set  of  pins  below  If  (not  shown  in  the  figure)  and  lad  to 
the  other  side  of  0  by  n  suitably  plai-ed  guiding  pulley  ;  we  should 
then,  by  tightening  uj»  the  ropes,  have  a  self-closed  chain  similar  to 
thoce  considere<l  in  the  prece<ling  chapter.  In  practice,  however, 
foTCPB  are  applied  t*»  B  and  C  which  produce  tension  in  the  rojw  ;  thus, 
for  example,  when  employed  for  hoisting  purposes  the  weight  which  is 
l>cing  lifted  keeps  the  rojie  tight  This  is  the  sinijilest  example  of  what 
is  called  force  closure,  where  a  kinematic  chain,  which  is  not  in  all 
respects  closwl,  is  made  so  by  external  forces  applied  during  the  action 
of  the  mechanism  In  practical  applications  the  principle  of  forco- 
dovoro  is  carried  still  fiu'ther,  for  the  guides  which  com]>el  the  piocee  if 
C  to  move  in  straight  lines  are  usually  omitted.  In  the  case  of  II 
m  weight  and  inertia  of  the  load  which  is  being  raised  or  lowered 
ipply  sufficiently  the  necessary  closure,  while  in  the  caso  of  ('  the  end 
of  the  ropo  may  be  guitlcd  by  the  hand. 


50.  fFhfd  and  Ade. — When  mechanical  jwwer  is  employed  for 
hoisting  purposes,  the  end  of  a  rope  is  frequently  wound  round  an  axle, 
Uie  rotation  of  which  raises  or  lowers  the  weight,  and  thin  leads  us  at 
once  to  a  different  and  eipiidly  important  method  of  employing  tension 
olemonts— namely,  by  attaching  one  end  to  a  fixed  point  in  the 
fUodrical  sari'oce  of  on  element  of  a  turning  pair.  The  rope  in  this 
I  pMses  over  the  surface  and  is  guided  by  it,  hut  doe!>  not  slip  over 
it  M  it  does  0%'er  the  pins  of  the  previous  arrangement.  Tlie  most 
luoful  case  is  that  when-  the  transverse  section  of  tlie  surface  is  a  circle, 
fend  the  direction  of  the  rope  always  at  right  angles  to  the  axis  of 
otation ;  tlu'n  it  is  clear  that  the  motion  of  the  surface  is  the  same  as 
be  motion  of  the  rope. 

The  well  known  Wheel  and  Axle  is  a  combination  of  two  chains  of 

bis  kind.     In  its  complete  ideal  form  it  consists  of  two  sliding  pairs 

f'AB,  A  If,  with  planes  parallel  Hud  uue  link  A  (Fig.  01)  common.     A 

rope  is  attochud  to  P  and.  passing  partly  round  a  wheel,  is  attached 

I  it  at  a  fixed  point  A'  in  its  circumference;  a  second  ro]w  is  attjiclied 

li,  and  passing  [tartly  round  an  axle,  is  attached  to  a  fixed  |x>int  X; 

in  its  circumference,  the  two  ropes  lying  in  parallel  planes.     The  wheel 
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and  axle  are  fixed  together,  and  form  with  A  the  turning  pair  ^ 
Wo  have  thus  a  second  means  of  connecting  two  sliding  pieces  so  that' 

their  velocity  ratio  may  be  uni- 
form, for  the  velocities  of  B  and 
D  must  be  inversely  as  the  radii 
of  tbe  wheel  and  the  axle.  As 
before,  the  ropes  must  be  kept 
tight,  also  the  guides  of  the  piecea 
B  and  D  may  be  omitted  and  re- 
pUced  by  force-closure,  and  this 
will  he  necessary  if  the  wheel 
IB  to  make  more  than  one  re- 
volution, for  then  a  lateral 
movement  is  required  to  enable 
tlie  rope  to  coil  itself  on  llio  sur- 
faces. 

In  practical  applications  the  second  rope  is  generally  omitted  and  the 
wheel  turnnil  by  other  means;  the  lateral  movement  is  sometimes 
provided  for  by  permitting  the  axle  to  move  endways  in  its  bearings, 
but  more  often,  in  cases  where  the  load  is  not  free  to  move  laterally, 
the  effect  of  a  moderate  inclination  of  tlie  rope  to  the  axis  is  dis- 
regardeil.  We  may,  however,  escape  this  difficulty  by  the  use  of 
force-closure  of  a  ditTerent  kind.  Instead  of  attaching  the  rope  to. a 
fixed  point  in  the  surface,  let  it  be  stretched  over  it  by  a  force  at  each' 
end,  tliere  will  then  be  friction  between  the  rope  and  the  surface, 
whicli  will  be  sufficient  to  prevent  slipping  if  the 
tendency  to  slip  be  not  too  great. 

The  DifTcrontiftl  Pulley  is  a  good  example  of 
the  application  of  these  principles.  As  is  shown 
in  Fig.  G3,  there  ara  two  blocks,  of  which  the 
upjier,  which  is  fixed,  carries  a  compound  sheave, 
consisting  of  two  pulleys  A  and  C,  of  somewhat 
different  diameters,  fixed  to  one  another.  The 
lower  block  carries  a  single  sheave  B,  the  diameter 
of  which  should  theoretically  be  a  meun  between 
those  of  .4  and  C,  iu  order  that  the  chain  may  be 
vertical.  The  chain  is  endless,  and  passes  round 
the  pulleys  in  the  manner  shown,  so  that  when 
the  side  I'  is  hniilcil  downwards  with  a  giveai 
velocity  F,  it  will  raise  the  lower  block  B  with 
velocity  which  we  will  now  determine. 
Jn  pMang  around  A  and  C  the  chain  is  not  capable  of  slipping. 


Fi(.e>. 


(^ 


y 
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to  oisure  its  non-sHpping  the  periphery  may  be  recessed  to  fit  the 
Elks  of  the  chain.  In  passiug  around  B  the  Hlip[iing  i»  iiiimat-ennl ; 
tie  raising  of  fi  would  t:ike  place  witli  the  same  velncity,  whether 
acre  were  an  actual  slipping  of  the  chain  round  the  circumference,  or 
rbethor  Ji  were  a  rotating  pulley. 

When  the  point  F  is  hauled  downwards  with  velocity  F,  it  neccs- 
sitAtes  the  rotation  of  yj,  and  witli  it  of  t'".  Thus  the  left  hand  portion 
of  the  chain  passing  nmnd  Ji  will  1)C  hauled  upwar<ls  with  the  same 
Telocity  as  the  point  J*  downwards,  and  the  right  hand  will  descend 
wich  a  velocity  which  is  less  in  the  ratio  of  the  radii,  e,  a,  of  the  united 
palleys,  and  thus  on  the  whole  there  will  bo  an  ascending  tnotinn  given 
to  S.  Now,  since  the  upward  velocity  of  li  is  ^  the  difference  between 
the  velocities  of  the  two  portions  of  the  chain, 


-<'^-^^)4('-3=^'^ 


Tbofl,  by  making  the  difference  between  «  and  c  small,  the  relative 

I  velocity  of  li  to  /'  may  be  made  as  small  as  we  please. 
This  apparatus,  in  a  somewliat  modified  foim,  is  much  employed.     It 
Sa  called  Weston's  Differential  Pulley  Block,  and  possesses  the  valuable 
property  that  the  weight  will  not  descend  when  the  hauling  force  is 
removed,  for  reasons  which  will  he  explained  hereafter  (Ch.  X.), 

60.  VulUy  Chairut  wUh  Friction  Closure.  Belts. — A  tension  element 
may  also  be  employed  to  cojinect  the  element-s  of  twct  turning  pairs. 
The  most  important  case  is  that  where  two  shafts  are  connected  by  au 
endless  belt  passing  over  a  pair  of  ptdleys  and  stretched  so  tightly  that 
the  friction  between  belt  and  pulley  is  euflfieient  to  prevent  slipping. 
If  the  Wit  were  abaoliitely  inexteiisible  tlio  speed  of  centre  line  of  the 
;beU  would  be  the  sjime  at  all  points,  ami  therefore  the  angular  velocities 
of  the  pulleys  would  l>e  inversely  aa  tlieir  radii  each  iucreased  by  half 
the  thickness  of  the  belt.  This  mode  of  connection  is  unsuitable  where 
an  exact  angular  velocity-ratio  is  required,  for  even  though  the  belt 
mav  not  slip  as  a  whole,  yet  it  will  be  scon  hereafter  (Chap.  X.)  that  its 
extonsibUity  causes  a  virtual  slipping  to  a  greater  or  le&s  extent.  In 
ihe  case  of  le-ather  belts,  the  error  in  the  angular  velocity-ratio  due  to 
this  caii6«  is  said  to  be  ubout  2  per  cent. 

There  arc  two  ways  in  whieh  the  belt  may  be  wrapped  around  the 
pulleys,  being  either  crossed  or  open.  If  the  belt  is  crosaed,  the  pulleys 
will  run  in  opposite  directions  of  rotation.  The  cro88<*d  bell  embraces 
a  larger  portion  of  the  circumference  of  the  pulleys  than  the  open  belt, 
anJ  there  is  thus  less  liability  to  slip. 

Tbri*  \»  m  proiraaitioii  of  some  itnportftDOc  oaUDvctcJ  witb  tbc  length  of  %  crtoied  boll, 
which  it  will  be  uMfful  to  ^vo  b«re. 
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ACanii  BD  (Ftg.  &X)  boiog  nidU,  Moh  dnwxi  At  right  lUigle*  tu  tbe  atniglit  pordan  of 
tlic  belt  Ct>t  will  enoh  inkk«  the  Muue  wglc  f  with  tbo  line  of  oodIk*.     TIiui  the  portjon 
^C  Fig. as. 


oftliebplt  in  oofitMt  with  theimUef  A-(2ff--9<V)  r^  uiil  thai  in  ooiilMt  with  tbe  |tul)py 

Thel«igtl]DoUoooatMt-2.(7/>-2(r^tr  )  tui  a*. 
Thiu  whole k'Djjtli of  belt •Hw-&*fXi  Oy^r^  •  r^ 


Now 


1^-: 


AB 


Hivin,  if  the  tUvtaiice  j1£  b«twven  the  ccnlrc*  b  »  coi»taiit  quuitlty,  rdiI  if.  furtbrr.  ' 
ntm  of  the  rxlii  r    -r  \»  cuuiUtit,  thtn  the  ui|le  S  will  be  coTuUnt.     Iliat  Iteing  >o,  1 

totAl  length  of  tbe  b«lt  will  hts  a  cormtatit  qoktitity. 

Thill  |>ro|ierty  i«  niiwie  ii»o  of  'nhfn  it  in  ilonirttd  to  connect  two  ituvJIel  ■bcfts  witL  ui 
KngiiUr  veluotty- ratio,  which  DiUry  be  Alturcd  •(  pleuur*.  A  Rct  of  it«{(po<l  |iull«}fi,  Mich 
at  are  shown  in  Fig.  1,  Plate  III.,  urc  keyed  to  cawh  Bbttft,  ftn  J  the  belt  betng  sbiflol  f  rum 
one  imir  to  another  o!  tbe  palleyi.  the  niiguW  velocity-ratio  i%  altered  at  wilL  If  the 
belt  \m  CTMied,  then  tbo  Baoio  belt  will  be  tight  ou  nny  pair  of  pallvyii,  if  tb«  aiiin  of  tlie 
ndU  u  the  aoma  for  each  ixtir.  Tliis  tloea  not  bolil  guuil  for  niteii  belt*.  The  Mtinal 
kogth  of  belt  rc4iti{r«<t  in  atiy  givrn  eianiplu  i»  best  fuiiutl  by  cunvtruclian. 

Tlio  tightneas  of  the  belt  necessary  to  effect  closure  hy  friction  of  this 
kinematic  cliain  may  be  produced  simply  by  stretching  the  belt  over 
the  pulleys  so  as  to  call  into  play  lU  elnaticity,  but  the  axis  of  rotation 
of  one  pulley  is  sometimes  made  moveable,  60  that  the  b«It  may  be 
tiglitcned  by  increasing  the  distance  apart  of  the  shafts,  while  in  otiier 
enM.>fi  un  additional  straining  pulley  i^  provide<l.  Tlie  bolt  may  then  be 
tightened  and  slackened  at  pleasure,  a  method  fre<)nently  ns&l  in  start- 
ing and  i*topping  machines. 

In  order  that  the  bolt  may  remain  on  the  jmlleys  they  roust  be  pro- 
vided with  flanges,  or,  nit  is  more  common  in  practice,  they  must  bo 
sliglitly  swelled  in  the  middh',  for  when  the  shafts  arc  proi>erly  in  line, 
a  belt  always  tends  to  shift  towards  the  greater  dlametor.  Great  care, 
however,  is  necessary  in  lining  the  shafts  that  each  side  uf  the  belt  lict- 
exactly  in  the  plane  of  the  pidley  on  to  which  it  is  advancing.  Thus, 
for  example,  if  the  shafts  hv  in  the  Rsmc  plane,  they  must  l»e  exactly 
parallel,  otherwise  the  l*lt  will  shift  towards  the  jioint  of  intersection. 
This  remark,  however,  does  not  apply  to  tlie  receding  side  of  the  belt, 
and  tlie  shafts  may  make  a  considerable  angle  with  each  other,  subject 
to  tbe  above  restriction. 
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Friction-closaro  ia  always  imperfect,  because  the  magnitude  of  the 
^friction  is  limited,  but  this  is  often  a  great  advantage,  sinco  it  permits 
I  the  chain  to  open  when  the  machine  encounters  some  unusual  resistance, 
|which  would  otherwise  produce  fracture.  By  the  use  of  groove<l  pulleys 
ifided  with  clips  the  friction  may  be  increased  to  any  extent,  so  that 
Kt  forces  may  be  transmitted,  but  these  devices  are  only  suitable  for 
low  speeds,  aa  in  steam-ploughing  machinery.  Slipping  may  be  avoided 
alt<^ether  by  the  employment  of  gearing  chains,  the  links  of  which  fit 
on  to  projections  ou  the  pulleys  ;  foi-ce-closui*c  is  here  replaced  by 
chain-closure,  and  the  action  is  in  other  rospocta  analogous  to  toothed 
jiearing.     The  speed  is  limited,  as  will  be  seen  hereafter. 

61.  Sftifting  oj  Belts.  Fusee  Chain.— Jiy  the  use  of  drums  of 
considerable  length  as  pulleys,  the  belt  may  be  shifted  lateniUy  at 
pleasure.  This  principle  is  much  employed  iu  practice,  as  for 
example — 

(1.)  To  stop  and  set  in  motion  a  machine. — The  drum  on  one  of  the 
■hafta  is  divided  into  two  pulleys,  one  fast  and  the  other  loose  on  the 
ih&ft 

(3.)  To  reverse  the  direction  of  motion. — The  drum  is  divided  into 
three  ptdleys^  the  centre  one  fast,  the  two  end  ones  loose  on  the  shaft. 
Two  belts,  one  crossed  and  the  other  open,  are  placed  side  by  side.  By 
abiding  the  belt  either  is  made  to  worlc  on  the  fuat  pulley  at  pleasure. 

(3.)  To  produce  a  varj'ing  angular  velocity-ratio. — The  drxuns  are 
made  conical  instead  of  cylindrical.  The  fusee  employed  in  watches  to 
Aqtialize  the  force  of  the  main  spring  is  a  common  example. 

The  kinematic  character  of  these  devices  will  be  considered  in  the 
next  chapter. 

62.  Simple  Hydravlic  Chain.  Emploj/mrnt  of  SpriH^s. — Incompres< 
siblo  fluids  may  be  employed  to  connect  to- 
gether two  or  more  rigid  pieces  fonning  a 
class  of  elementa  which  may  be  called  **  pres- 
sure elements,"  since  they  are  capable  of 
resisting  pressure  only.  The  pressure  must 
be  applied  in  all  directions,  and  the  fluid  miist 
therefore  bo  enclosed  in  a  rhamlwr  which 
paira  lAith  the  different  pieces  to  l>e  con- 
nected. For  couatructive  reasons  lower  pair- 
ing must  generally  bo  adopted,  and  almost 
all  cases  arc  incbided  in  the  following  in- 
vestigaUon. 

Supppose  two  cylinders,  each  fitted  with  a  piston  {A  and  B  in  Fii;. 

I 


I 

3 

Plff.«4. 

i 

y 

.J-_ 

f 

• 
1                   1 



1 

V 

'■',    .T'^ 

A 

^■1^ 


130 


KINEMATICS  OF  MACHINES. 


[rAUT  itj 


64),  to  he  connected  by  a  pi|)C,  tho  space  intervening  between  the  pis- 
tons being  tilled  with  fluid.  Then  when  the  piston  li  moves  downwards 
with  velocity  r,  the  piston  A  will  rise  with  velocity  F,  which  is  easily 
found  by  considering  the  spaces  travereed  by  tho  two  piBtone  in  a  given 
time.  Let ..'/,  B  bo  the  areas  of  tho  pistons,  a,  b  the  siNices  traverseii, 
then,  since  the  volume  of  the  fluid  remains  tho  same,  we  must 
Aa  =  Bh,  and  therefore 

V     b    A' 


irseii, 


The  chain  hero  considered,  in  whii-h  the  elemonta  of  two  sliding  pairs 
are  connected  l)y  a  fluid,  is  kiiiematioally  idcnticiil  with  the  ftrrangcment 
of  Fig.  60,  p.  124,  the  replacement  of  a  tension-clement  by  a  preesure- 
olcmcnt  constituting  merely  a  euustnictive  difference  butwecn  the 
mechanisms.  In  the  hydfaulic  press,  in  purnps,  in  water-] iressure 
engines  driven  from  an  accumulator,  and  in  other  cases  this  kinematic 
chain  is  of  constant  occurrence,  and  T*ill  bo  frequently  referred  to  here- 
after. Combinations  of  an  hydraulic  chain  with  blocks  and  tackle  are 
common  in  hydrutdic  roachiuery.  Some  examples  will  be  found  01^| 
page  451. 

Springs,  compressible  tltuds,  and  oven  living  agents,  aro  employed  in 
mechanism,  not  oidy  in  a  manner  to  be  expkined  hereafter  as  a  sourc^^ 
of  energy,  by  me^ns  of  which  the  machine  does  work,  but  also  in  force^^ 
closure,  and  especially  for  the  purpose  of  supplying  the  force  necessary 
to  shift,  pieces  which  open  and  close,  or  lock  and  vnihx-k  kinematic  chains, 
and  so  produce  changes  in  the  laws  of  motion  of  the  mechanism.  Tho 
force  of  gravity,  which,  as  has  already  been  shown,  frequently  produces 
closure,  should  bo  regarded  as  the  tension  of  a  link  of  indefinite  length 
connecting  the  frame-link  of  the  mechanism  with  the  link  we  are  con- 
sidering. The  inertia  of  moving  parUt  likewise  gives  rise  to  forces  which 
are  not  iinfrofiiiently  appli<id  to  similar  piu'poses.  Kxamples  will 
given  in  a  later  section. 

EXAWPLBS. 

L  A  abaft  making   90    revolotions  per  minuto  oarriee  b  driving  pallvy  3  feet 
dunieter,  coiiiiuuitioating  motion  bjr  nic«Di  of  a  belt  to  &  lAr&Ucl  shaft,  6  fc«t  off,  csnT- 
log  a  pulley  13  inches  dinmeter.     Find  the  «peed  of  bell  aiul  xU,  I«iigth— Ivt,  when 
crowed,  and  2iid.  wbon  open.     Find  also  tbe  rovultitioiiH  of  the  driven  shaft,  allowisg  a 
slip  of  twu  i>«r  cent. 

Speod  of  btlt  -  847'e  feet  per  minute. 

Leo^tb  when  orossed  -  10  feet  2  iaohea. 

»  open  -  18    ,1    fl      „ 

BcTolutioni  of  the  ftillowRr  -  2Hi 

ai  Coiutraot  a  pair  of  Bpe»d  pu11i>>-a  to  ^ive  (wo  extnme  raloidty-mtioi  of  7  to  l1 
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>  I,  mad  two  int«nnediate  valoei 
diaucter  u  b  inohcs. 

V«l«eity-ntios 


Tfae  belt  is  to  btt  cron«d  ftod  the  least  *iliiilanble 


I 


21        17         18       ^ 
"   S  »  3         S' 

3L  The  dianivt«n  of  the  compound  ahecve  of  a  differential  pullcj  block  ar«  8  incbu 
nd  7  tnohe*  rdiieetlvely ;  oompare  the  volocitic*  of  hauling  and  liftiiig. 
Vclocity-r«tio    -    H>  to  I. 
4.  In  ■  pair  of  ordiniiry  thrce-Bheaved  blockn  compare  t)tc  velodty  of  uaob  |Mirt  of  the 
rope  with  tlir  velocity  of  liftiiij. 

fi.  lo  «  bydnnlie  pn*»  the  diameter  of  the  pump  plunger  ia  2  inobes  and  tliat  of  tho 
laiD  12  iDcbce,  determine  the  velocity.ratlo. 

Section  n. — ^Whekls  in  Gknkiiai* 

63.  UiiiiitT  Pairing  of  Siffid  EIrfnenls. — We  next  consider  pairs  of 
igid  elements  in  which  the  relative  motion  is  not  consistent  with  con- 
tinuoiu  contact  over  an  area.  The  elements  then  touch  each  other  at 
A  point  or  along  a  line  which  is  not  fixed  in  cither  surtace,  but  continu* 
ally  shifts  its  position.  The  form  of  the  surfaces  is  not  then  limited  as 
in  lower  pairing,  but  may  be  infinitely  varial,  with  a  corrcsjxmding 
variety  in  the  motion  produced. 

This  kind  of  pairing  occurs  when  a  chain  of  two  lower  pairs  is  com- 
pleted by  simple  cont^ict  betwccu  their  elements.  In  the  double  slider- 
craidc  chain  shown  in  Fig.  4,  Plate  IT.,  of  the  last  chapter,  let  us  omit 
the  Work  C  and  enlarge  the  crank-pin  so  as  just  to  fill  the  slot  By  so 
doinj;  the  relative  motions  of  the  remaining  parts  will  be  utiultered,  but 
we  shall  have  three  fiaira  instead  of  four,  the  tnrning  pair  BC  and  slid- 
ing pair  CI)  being  replaced  by  a  sitiglo  higher  pair  Blh  This  process 
is  Gtlled  JtfAuciion  of  the  chain,  and  when  higher  pairing  i&  admissible 
the  reduced  chain  series  the  same  purpose  as  the  onginal,  but  with  fewer 
pieces.  The  crank-pin  and  slot  arc  in  contact  along  a  line  only  which 
during  the  motion  continually  shifts  its  position.  In  practice,  the 
elements  not  l>eing  perfectly  rigid,  the  contact  extends  over  an  area,  but 
this  area  is  of  very  small  breadth,  and  consequently  if  heavy  pressui-es 
ore  to  bo  transmitted  at  high  velocities  the  wear  is  excessive.  If  we 
trace  the  tlevelopment  of  pieces  of  mechanism  we  observe  that  in  the 
earlier  stages  higher  pairing  is  much  employed  for  the  sake  of  sim* 
plicity  of  construction,  but  is  gntdually  replaced  by  lower  pairing. 
Nevertheless,  where  the  object  of  the  machine  is  mainly  to  transmit  and 
convert  motion  rather  than  to  do  work,  or  where  the  velocity  of  nibbing 
is  low,  higher  pairing  may  be  empluyc<I.  In  many  C4iso6  it  is  necessary, 
because  the  required  motion  cannot  bo  produced  by  any  simple  combin- 
ation (rf  lower  ijairs. 

Higher  pairing  of  rigid  elementa  may  Iw  divided  into  two  classea 
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according  iw  the  surfaces  in  contact  do  or  do  not  slip  over  one  acotlier, 
just  as  in  the  case  of  tension  clemetit«  considered  in  the  last  section. 
Id  tho  first  caac  the  contact  is  spoken  of  as  Sliding  Contact  and  tu  tho 
HOcond  03  Holling  Contact.  In  rolling  contact  the  difficulty  of  wear 
does  not  occur,  and  heuce  it  ie  alw^iya  used  when  possible.  Tho 
relative  motion  of  the  two  elements  is  det^i-mined  by  considering  that 
as  the  surfaces  do  not  slip,  the  space  moved  through  by  the  line  of  con- 
tact along  each  surface  must  be  the  same.  Or  as  we  may  otherft'ifio 
express  it,  if  .,•/,  fi  he  u  pair  of  elements  in  rolling  contact,  the  vclocit 
of  the  surface  of  ^^  must  be  the  same  as  thut  of- the  surface  uf  B. 

64.  Jioiiing  Cmlad. — Holling  contact  may  bo  employed  for  th 
communication  of  motion  between  two  shafts,  the  centre  lines  of  which^ 
are  either  parallel  or  intersect,  by  means  of  surfaces  rigidly  attached 
to  the  shatls.  hi  the  fii'st  case  the  surfaces  are  cylindrioul  uud  in  the 
second  conical,  the  apex  of  the  cone  being  the  intersection  of  the 
shafts.  By  far  the  most  important  case,  and  the  only  one  we  shall 
here  consider,  is  that  in  which  the  transverse  sections  of  the  surfaces 
are  circular.    Portions  of  the  surfaces  arc  used,  as  in  (^g&  64a,  G-i&,  and 


Fir.Mft. 


PigMb. 


6x- -^^'c 


are  pressed  together  by  external  forces,  so  that  sufficient  fnctionij 
pro<iuced  to  prevent  the  slipping  of  the  surfaces.    Iji  other  words,  force-" 
closure  is  necessarj*,  as  in  tho  case  of  connection  by  a  t>elt.     This  being 
Bupiiosed,  it  irill   immediately  follow  that  the  velocity  of  the  two 
surfaces  at  the  points  of  contact  is  the  same,  and  hence,  as  before,  the- 
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aogalar  velocity-ratio  of  the  shafts  is  inversely  |>roportional  to  the  radii 
of  the  wheels.  In  the  caso  of  intersecting  shafts,  the  surfaces  are  fi-iistra'^ 
of  eoQCB  called  *Mievel,"  or,  if  tho  seminnglo  of  the  cone  lie  45',  "mitre 
vbeds,""  and  their  radii  may  be  riickoned  as  the  mean  of  that  at  the 
inner  and  outer  periphery.  The  shafts  revolve  in  opposite  directions, 
unlefls  one  of  the  snrlaees  be  hollow  so  that  the  other  may  be  inside  it, 
ill  which  case  the  corresponding  wheel  is  said  to  be  "annular."  ^\^lon 
it  is  inconvenient  to  use  an  annular  wheel,  the  same  result  jmiy  be 
obtained  by  transmitting  the  motion  through  an  intermediate  or  "idle" 
wheel.  If  the  radius  of  a  wheel  W  infinite,  it  Ijocomesa  "rack,"  and  the 
Burfiicc  a  plane. 

In  the  caso  of  bevel  wheels  the  corresponding  cones  may  bo  found, 
when  the  centre  lines  of  the  shafts  and  the  angular  velocity-ratio  are 
given,  by  a  simple  construction.     In  Fig.  dih,  let  OA,  OB  be  the  centre 
lines  of  the  shafts,  and  let  distances  Oa,  Oh  be  marked  olf  U[ion  them  in 
the  ratio  of  the  required  angular  velocities.    Complete  the  {larallelogram 
Oacbf  then  Of  must  he  the  Une  of  contact  of  the  required  cones.     For 
drop  pcrpondiculars  an,  en,  on  OJ,  OU,  then 
etn       ain  aOc-  _  Oh 
cii  ~  sin  (fUc  ~  Ua* 
BO  that  the  radii  of  any  fruatra  of  the  conea  employed  for  wheels  will  be 
inversely  as  tlie  angular  velocities  of  the  shafts. 

The  particular  case  may  be  mentioned  In  which  one  of  the  cones 
'becomes  a  plane  ;  the  corresponding  wheol  is  then  a  "crown"  or  "face" 
wfaoeL  The  shaft  of  a  wheel  which  is  to  work  correctly  with  a  crown 
wheel  muxt  Im;  itirlined  to  tlie  plane  of  that  \vheel  at  an  angle  depending 
on  the  angtdar  velocity -nttio  required,  a  ret<trictioii  nut  genendly  attended 
to,  «epecially  in  the  earlier  stages  of  machinery  in  which  faco  wheels 
were  of  common  occurrence. 

If,  u  genorally  happens,  it  is  required  to  transmit  a  working  force  of 
a  considerable  amoiuit,  then  the  friction  between  the  two  circumferences 
will  be  found  not  to  be  sufficient  to  prevent  slipping  taking  place,  unless 
a  considerable  pressure  to  force  the  shafts  together  is  emj>loyGd,  which 
involves  an  oxccsBivo  Iriction  on  the  licuringB.  In  what  is  known  as 
"frictional  gearing,"  this  is  partially  avoided  by  the  use  of  wheels  with 
triangular  grooves  fitting  each  other  as  the  thread  of  a  screw  fits  into 
it«  nut ;  but,  in  general,  to  prevent  slipping,  teeth  are  cut  on  the  two 
peripherics,  and  the  motion  is  transmitted  by  the  gearing  together  of 
ithe  teeth.  Since  this  is  a  substitution  for  the  rolling  contact  of  two 
[Vnr&ces,  it  is  required  to  w:>  design  the  number  and  form  of  the  teeth 
the  wheels  on  which  they  are  cut  shall  turn  one  another  with  the 
ne  constant  angidar  velocity-ratio  iw  that  due  to  the  two  original 
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surfucufi.  If  recwssefi  are  cut  in  euch  wfacol,  and  projuctinns  'be  added ^ 
between  the  reccRses  3u  us  to  lit  into  the  corros ponding  reccfii*efi  of  thft 
other  wheel,  then  the  two  wheels  may  be  placed  to  geai*  together  at 
such  a  distance  tbit  the  two  original  surfaces  would  have  been  in  con- 
tact and  would  have  rolled  together.  In  the  case  of  a  pair  of  toothed 
whcelB,  EUch  a  jxiir  of  imapnary  auHaces  which  will  roll  together  with 
the  Bamo  angular  velocity-ratio  as  that  obtained  fi-om  the  toothed 
wheels,  are  called  pittJi.  sitr/ares.  Considering  first  the  case  of  i.»aranel 
shafts,  the  transverse  sections  of  these  surfaces  are  called  pilch  circles, 
and  their  [wint  of  contact  is  called  the  pUcfi  point.  The  radii  of  these 
pitch  circles  must  be  to  one  another  in  the  invei-se  of  the  velocity-ratio. 
The  circumference  of  each  circle  is  to  be  diWded  into  a  niunbcr  of  etpial 
parts,  which  will  inchido  a  tooth  and  a  recess.  The  length  of  each  port 
measured  along  the  pilch  circle  is  called  the  pOch,  Lot  p  =piSchj  and 
n  -  number  of  teeth,  U  =  diameter,  then 

vd 

The  tbicknosa  of  each  tooth  is  made  a  little  less  than  ^  j)  to  allow  the  ' 
clearance  necessary  for  easy  working.  The  magnitude  of  the  pitch 
which  governs  the  thickness  of  the  teeth  must  be  determined  from  con- 
siderations as  to  their  strength.  If  n'  =  number  of  teeth  in  the  second 
wheel,  and  d'  =•  its  diameter,  then  the  pitch  being  the  same  for  each 
wheel 

wd      wd" 
n         n 

The  disuncc  apart  of  the  shafts  is  generally  adjusted  to  allow  the 
pitch  to  be  some  exact  number  of  inches,  half,  or  quarter  inches.  The 
pitch  is  to  be  measured  along  the  pitch  circle,  and  is  not  the  cord  of  the 
arc,  as  is  sometimes  stated. 

In  some  small  wheole  used  for  spinning  machinery,  another  kind  of  ] 
pikl  is  referi-ed  lo.  The  diameter  of  the  pit«h  circle  is  divided  by  the 
number  of  teeth,  and  the  result  is  called  the  dutimiral  pitch.  In  the 
mnallest  clajss  of  wheclwork  used  in  clocks,  the  dimensiona  of  the  teeth 
ore  Hlatod  aa  so  many  to  the  incb.  The  pi-opcr  form  of  teeth  will  be 
considerod  farther  on. 


65.  Augmentation  nfa  Kinematic  Chain,  7'rains  of  Whetl^ — Another 
important  application  of  rolling  contact  is  to  diminish  friction  by  the 
intervention  of  rollers,  hence  callotl  Friction  Rollers.  Thus  the  friction 
between  the  elements  of  a  sliding  pair,  subject  to  heavy  pressure,  will 
be  so  great  as  to  require  a  great  force  to  overcome  it,  but  if  rollers  be 
place«i  between  the  elements  the  friction  is  greatly  reduced,  as  will  be 
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Been  hereafter.  In  this  case  sliding  friction  is  wholly  replaced  by  roUing 
friction ;  in  caniago  wheels  the  sliding  velocity  which,  without  the 
wheel,  would  be  the  actual  velocity  of  the  cjirriuge,  is  reduced  to  that  at 
the  periphciy  of  the  axle,  that  is  to  say,  in  the  ratio  of  the  diameters  of 
ihe  axle  and  the  wheel.  The  sheaves  of  an  ordinarj'  pulley  blotlc  are 
examples  of  the  same  principle.  In  all  these  cases  where  ailiiilional 
pieces  are  added  to  a  kiiicmutic  chain,  in  order  to  reduce  fiictiou  ur  to 
serve  some  other  non-ldnctnatical  purpose,  the  chain  is  said  to  be 
**anginentecl." 

Chains  are  frequently  augmented  for  purely  constructive  reasons; 
thua,  if  the  velocity-ratio  of  a  pair  of  shafts  is  groat,  the  diameters  of  a 
single  pair  of  wheels  ticcessary  in  order  to  obtain  it  will  bo  inconveniently 
large  or  smalL  A  train  of  wheels  is  then  resorted  to.  This  is  also  the 
case  where  the  shafts  to  be  connected  are  too  neax'  or  too  fai'  a^iart ;  in 
the  Utter  case  bevel  wheels  and  an  intci-mcdiate  transverse  shaft  may 
be  employed. 

When,  however,  the  shafts  to  bo  corinect*d  are  in  the  same  straight 
line,  a  truin  of  wheels  is  kinematically  necessary,  and  forms  virtually  a 
new  mechanism.  This  is  a  common  case  in  practice  when  a  pulley  or 
wheel  is  loose  on  a  shaft-,  and  it  is  required  to  connect  the  wheel  and 
the  shaft  so  as  to  revolve  with 
different  velocities.  Such  a  train 
is  shown  in  Fig.  65  in  a  simple 
ideal  form,  li  and  D  ore  two  wheels 
taming  on  the  same  centre  but  dis- 
cotinccto<].  C\  t"  are  two  wheels 
gearing  with  B  and  />  and  turning 
about  another  centre  but  luiited. 
The  two  centres  are  connected  by  the  fi'ame-link  ./.  When  B  revolvea 
it  drives  C,  and  C"  drives  /K  U  the  numbers  of  teeth  iti  these  wheels 
\k  denote«l  by  the  letters  which  distinguish  thcni,  and  the  velocity  of  B 
bo  unity,  the  velocity  of  (.'  or  C  will  be  Blf,  and  that  of  JJ  will  l>o 
BC'iDV.  Let  it  now  be  observed  that  the  wheels  B  and  D  form  a  pair, 
the  velocity  of  which  will  bo  the  ditlcrcncc  between  the  velocities  of 
those  wheels.  We  have  then  altogether  ftnu-  turning  pairs  in  this  train 
of  wheels,  the  relative  velocities  of  which  arc — 
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One  of  the  wheels  in  this  train  may  be  annular,  and  all  may  be  bevel ; 
in  either  case  tho  wheels  C,  C  may  be  eqnal,  and  the  train  reduced  to 
three  wheels,  though  the  number  of  simple  pairs  remains  as  before 
four.     Examples  are  given  in  the  figurofi  oi  Pliite  III. 

Either  thin  or  any  other  train  of  wheels  maybe  inverted  by  fixing  one 
of  the  wheels  instead  of  the  frame-link,  the  resulting  mechanism  is  then 
called  an  Epicyclic  Train ;  tho  velocity -riitios  of  tho  various  pairs  are 
unaltered,  and  are  therefore  shown  by  a  tahlc  similar  to  that  given  above. 
Should  the  angulai'  velocity  of  any  wheel  be  required  relatively  to  the 
fixed  wheel,  we  have  only  to  add  to  the  velocity  of  the  corresponding 
pair  the  velocity  of  the  frame-link.  Some  examples  of  epicyclic  trains 
arc  shown  in  the  figures,  but  for  detailed  descriptions  we  must  refer  to 
a  work  on  mechanism.  Their  use  in  compound  chains  will  be  further 
referred  to  in  the  next  chapter. 


66.  jyfiecl  Chains  involving  Screw  Pairs. — In  a  simple  wheel  chain 
(Pig.  66)  conaisting  of  a  wheel  J9,  a  pinion  C,  and  a  frame-link  A,  not 
^igM^  shown  on  the  Hgure,  suppose  C  to  he  of  con- 

Biderable  length,  then  there  will  be  itothing 
to  prevent  tho  endways  movement  of  Ji  in  it« 
bearings  if  they  be  supposed  cylindrical. 
This  circumstance  is  often  taken  advantage 
of  in  ranehinery  in  shifting  wheels  in  and  out 
of  gear,  but  the  ciise  to  bo  examined  here  is 
that  in  which  the  endways  movement  is  given 
by  independent  means  during  the  action  of  tho  mechanism.  The 
simplest  example  is  a  three  link  chain  derived  from  the  train  of  wheels  i 
just  conaidered  by  changing  the  turning  pair  BA  into  a  screw  pair;  3  ^M 
then  travels  endways  through  the  pitch  of  the  screw  in  each  revolution.  ^^ 
The  pinion  C  sometimes  slides  on  tho  shaft  which  carries  it,  but  ijuite 
as  often  it  is  made  long  enough  to  i)crmit  the  necessary  traverse  of  li. 
A  well  known  example  of  this  mechanism  is  that  of  the  feed  motion 
common  in  drilling  and  boring  machines,  in  which  the  tniin  of  wheels 
of  tho  List  article  is  used  with  B  and  I)  nearly  equal,  so  that  the  velocity 
of  the  |)air  IW  is  very  small.  B  is  attached  to  the  nut  and  V  to  the 
screw,  so  that  BD  is  a  screw  pair.  1)  then  traverses  through  if  by  a 
space  each  revolution  which  may  bo  made  very  small. 

To  iUuitrmt«  nnd  explain iJTooodingarticlM  TUtc  III.  b*s  been  ilrawu,  giring  exUDpl** 
of  tnitu  o(  whcpU,  fspoctally  of  tho  differential  traini  of  Fig.  05. 

Pig.  1  itiovH  ihd  flow  motion  of  a  Uthc  D  Im  m  wheel  keyed  on  the  tnaudrel  and  «on- 
Bcoted  with  Jt,  the  driving  |>ullej,  wh«a  tlw  motion  la  not  in  iu«.  B  ridra  looev  on  the 
mandrel,  rDiI  hj  mokna  of  a  pinion  gean  with  C,  a  wh«el  un  (be  sainc  abaft  with  C, 
which  geani  with  D.      Clf  being  lur^te  ootnpared  with  BC,  tbo  speeU  of  tb«  nuindrsl  ta 
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mneb  lew  tluu  that  of  the  pnll«7.      For  lighter  work  (XT  u«  thrown  out  of  kcat  by  aa 

cmlwufB  moTement  of  the  Hlikft. 

Kig.  3  Tvpmenta  the  tnin  of  wbccU  by  wbioh  tbe  slow  movetacDt  of  k  irat«r-vbeel  u 
maltipUed  iiiid  traniniitt«tl  to  all  piuta  of  n  factory.  B  iauow  auiuiiiiilu'  whool  itttactietl 
to  the  w«t«r-wbefl  gearing  iritli  O,  C  with  D,  antl  io  on.  A  vortioftl  ihoft  F  wilb  b«*ol 
wbMb  tmumita  tb«  motion  to  tbe  upper  floor*.  Tbe  beuiu^n  vt  tlie  accotuUry  shafting 
«ra  omitted  for  ebisraiw,  but  tbey  all  fonn  part  of  a  (raniL'.link  A,  which  'u  fixed. 

Id  Fig.  3  ifaa  kinetnatio  ehain  in  inverted,  /i  tn  a  fixed  annular  wheel,  r.'C  iiro  of  e<|uiil 
diameter  and  reduce  to  ooe  whe«l,  wliioh,  however,  ii  in  duplicate,  in  order  to  bal&ueo 
tbe  driving  foroaa.  "rhis  o|*icyclic  train  ia  applied  to  many  pur^>D«c4i.  In  the  oxaniple 
abown  tbe  frame-liak  is  ■  long  arm,  at  tho  cud  of  whioh  a  hone  ii  attached,  and  a  rapid 
motioD  tlini  given  to  the  central  [nnion />.  The  motion  is  further  moltiptitd  hytJip  bevel 
g««r  thown  bfijow,  and  applied  to  drive  a  thraabing  Tnachine  or  eome  ttmilar  puriKue. 
Tbe  mmt  BWcfaaniBm  is  employed  aa  a  purcbiiM!  in  capvtans  and  trioyolea. 

la  3^  4  Ibo  train  onudita  of  three  bevel  wheels,  Bi'!),  <7and  C  reducing  to  ooo,  ai  in 
the  preeediDg  eaae.  Tbe  rimplo  chain  eonaiatii  of  thus  wheels  and  th«  tnin  nrm  A. 
WluB  A  ti  fixed  the  wheel*  B  and  D  turn  in  opposite  dircotionft  with  eiiual  veloeities ; 
when  B  u  fixed  A  revolrei  with  half  the  velocity  of  Ii.  Tbe  mcchaniam  ii  much  cm- 
ployod,  bat  aanally  a«  a  oomiHiuad  obaixt,  and  ae  Buch  will  be  cooBldtred  In  the  next 
obapt«r.     Tbo  ejcaniple  ahown  ii  n  dynaoionict«r. 

1^.  n  rrfireieiita  tbo  [««d  motion  of  a  drilling  nwohioe.  A  ia  the  frame  of  the  machine 
to  vbieh  rotates  tbe  vertical  drill  ai>jndle  M  diiren  by  a  pair  of  mitre  wheels  D  and  C 
tnm  a  borixontal  shaft.  A  screw  thread  in  cut  on  the  spindle,  of  wbioh  B  forms  the  nut. 
If  B  and  D  totato  at  the  same  speed  the  drill  movoa  uoitlier  up  nor  down,  but  aty  differ- 
cace  will  result  in  u  motion  of  the  sorew  pair  BE,  and  will  thus  give  the  necessary  feed 
or  niiae  the  drill  out  of  the  bole.  la  tlie  example  ohoMU  B  is  driven  by  a  Hat  iliso  gearing 
by  friction  with  a  wheel  C  turning  with  D  (Naisfa's  iiatent).  This  wheel,  by  means  of  a 
lever,  can  bu  moved  along  the  shaft  so  as  to  gear  with  B  at  any  radius  at  itlessurn,  and 
can  therefore  bo  set  so  aa  to  rai*c  or  lower  the  drill  at  any  required  sjiecd.  The  coufcact 
between  C,  D  hen  is  not  pure  rolling  (p,  133) ;  bat  as  V  is  of  small  breadth  tbo  error  is 
not  of  practical  importance. 

In  Fig.  6  the  nma  kinematic  ohain  is  employed  as  an  cpleyolic  train  to  give  motion  to 
the  cntten  of  large  boring  machines.  The  ojrliuder  to  be  bored  is  fixed,  and  the  boring 
bar  rotatos  on  the  lathe  centres.  Tlie  wheel  B  is  fixed  ;  D  is  attached  to  the  end  of  a 
long  screw,  whioh  ou  laming  causes  a  nut  E  {uot  shown  in  the  figure]  to  traverse  slowly, 
GarT7ing  with  it  the  cutting  tools.  Tbe  train  arm  A  rotates  ami  carries  on  it  tlic  wheels 
C,  and  D. 


EXAMPLES. 
L  The  diameter  of  pitch  circle  of  a  wheel  ii  -I  foet,  and  the  nomber  of  tooth  1 20.     Hnd 
the  pitch. 

Pitch  - 1}  inches. 

S.  Two  tbafta  ahoot  4  feet  njiart  are  to  he  ooimooted  by  spnr  wheels,  the  valoeity- ratio 
baing  4  to  L  Find  tlie  diameters  of  tho  wheels  and  also  the  number  of  teeth,  assuming 
the  pitch  to  be  2  inches. 

AuM.  The  numbers  of  teeth  in  wheels  are  tX>  and  120,  and  the  exact  distance  apart  of 
the  shafU  -  47i  inches. 

3,  Tbe  diameter  of  tbe  pitch  circto  of  tbe  aimular  wheel  by  means  of  which  a  water 
wheel  oommonicate*  motion  to  a  mill,  is  to  be  aa  nearly  ns  poAsible  S4  feet.  The  pitch  is 
to  b«  4  inches.  Find  the  diameter  and  the  number  of  tvetb  in  the  wheel.  The  velocity 
of  the  periphery  is  to  be  5^  feet  per  second  and  the  first  motion  shaft  is  to  make  30 
nvolatioas  per  minute.  Find  the  neeesAry  diameter  of  i^nion  and  the  number  of  tcvth 
iaH, 

^ai.  Tbe  number  of  teeth  in  the  annular  wheel  -  826,  and  its  exact  diameter  Is  ^  laoh 
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I  thin  2t  fottt.     Tli«  nuuibor  iif  tooth  in  tbo  pinion  ii  32,  nuking  the  ntrolationi  per 
'"murate  KHDCwbAt  Iom  tlian  'X).    TIio  iliftmoUrr  of  pinioo  -  40$  inebco. 

4.  A  pur  of  shafti,  tho  centre  linen  of  whicli  biteravct  &t  &u  iLUgle  of  60  .  are  to  b« 
coDJiMted  bj  bovel  wheeln  ho  n>  to  r«Tolv<i,  the  one  at  250  and  tbo  other  at  !>0  reTohttion* 
per  minute.     Finr]  tho  pitch  Hurfaceii- 

Angk-s  of  cones  90°  And  30^. 

5.  Tvo  »Iukfta  intencctiiig  at  an  aiifjlu  uf  7*>"  are  comieoted  by  a  crown  wheel  gearing 
with  a  pinion.     Whst  ramit  bo  the  Teloflity-ratio  ! 

6.  T}i«  wci^lit  at  a  revolving  turret  rcata  on  a  ring  uf  friction  rollor*,  tli«  axe*  of  rota- 
tion of  whicli  radiatu  horixuiitally  frotn  thv  asia  of  the  tarret ;  find  the  angle  at  wfaioh 
the  rolling  iiurfiioefl  mnat  be  boveiled.  <'oni[>nre  tlic  rate*  of  rotation  of  tho  ring  and  the 
tarret. 

7.  Tb«  feed  motion  of  a  boring  maehin«  comrista  of  a  not  working  on  a  acrew  out  on  the 
Bpindle  of  the  drill  or  Iiurer  whicii  in  raised  or  lowered  wbLlat  tho  uut  turna  on  it.  The 
mit  earrici  a  wheel  of  9G  toetb  wMob  gear*  with  onit  of  X>.  When  the  drill  in  at  work 
the  wheel  of  ilo  teeth  ui  Btiourod  to  od«  of  S6  on  tllc  mme  axis,  and  this  Utter  gean  with 
one  of  %  teeth  locurcd  to  the  s|iin(tlu  of  tho  drill.  The  aorew  Um  four  thmda  to  the 
Indi.    DcturmixM.-  tbo  dvptli  of  bole  borud  per  rovolation. 

Depth  of  hole  bored  iMtr  revolution  -  i  inch  (l  -  ^^^)  -  "0095  inch. 

8.  The  train  ol  wbeelH  In  the  preoerling  qucation  la  used  as  an  opio,volio  train  hy  fixing 
tbo  wbocl  of  9li  tcuth.     Find  the  direotion  and  number  of  reroliitioni  of  thfe  train  am  J 
for  each  revolution  of  tho  spindlv.  ^ 

An*.  For  eaob  revelation  of  9f>  wheel  forwards,  the  arm  tnmH  b*okwar<U  through 


a&<35 


B6»a6-il&->35 


'2a'i  revolationa. 


SwnioN  m.— Teki'h  ok  Wiikklk. 

67.  I'rflimvmrif  ExplamUwns, — Even  though  tho  number  of  teeth  in 
a  pair  of  wheek  iw  such  :is  to  give  the  correct  mean  uugiilar  velocity-  ■ 
ratio  due  to  the  rolling  together  of  the  pitch  circles,  yot  if  they  bo  of] 
improi>cr  form  they  will  jam  or  wort  roti^hly. 

Theorotically  tho  fonu  of  the  t«eth  of  one  of  »  (tair  of  wheels  may  \n  \ 
choeen  at  pleiieure  if  a  jiropcr  corresponding  form  Iw  given  to  tlie  t«oUl 
of  the  other  ;  the  problem  of  rightly  ilutermining  tho  form  is  therefore 
one  which  utlmits  of  many  uoluLiotis.     Wu  commence  with  some  genenU 
cxplanatioitd  ajiplicable  to  uU  forms  of  teeth. 

The  diagram  (Fig.  67)  shows  a  section  of  a  pair  of  spur  wheels  iu  | 
gear,  with  three  teeth  in  action,  the  lower  wheel  being  the  driver. 
HTIiy  ATA  are  the  pitch  circles  in  contact  ut  the  pitch  point  7", 
ST^TL  is  the  pitch,  being  tho  difltancc  of  a  point  in  one  tooth  from  the  ] 
corresponding  jwint  iu  the  next  consecutive  measured  along  the  pitch 
drole.  The  teeth  as  shown  in  the  figure  piirtly  project  beyond  tho 
pitch  circle  and  fit  intx)  curw8i>oniling  recesses  in  the  other  wheel,  so 
tliat  each  tooth  is  divided  into  two  ports,  a  part  within  and  a  juirt 
without  the  pitch  circle.  The  corresponding  acting  surfaces  are  caJlod 
the  Flank  and  the  Face  of  the  tooth  rospoctivcly.     In  annular  whee 
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flaiik  is  outeido  and  the  face  insido  the  pitch  circle.     The  toeth 
commence  action  before  reaching  tho  line  of  control  by  the  flank  of  a 


1*11.07. 


\0,.'' 


tooth  of  the  dr 


A  coming  into  contact  with  tho  face  of  a  tooth  of  the 
follower  li,  as  shown  at  6' in  the  diagmm,  and  gradually  ajipniarh  that 
line  till  after  the  wheoU  have  turned  through  a  certain  arc,  which 
measured  on  tho  pitch  circle  is  called  tho  Arc  of  Approach ;  they  are 
then  in  contact  at  T  the  pitch  point  After  passing  the  line  of  centres 
they  remain  in  contact  till  the  wheels  hnvc  turned  through  a  second  arc 
ciUed  the  Arc  of  Recess  and  then  cease  contact  as  shown  at  i>,  the  face 
of  a  tooth  of  the  diivcr  being  always  in  contact  with  the  Hank  of  a  tooth 
of  the  follower.  The  sum  of  these  arcs  is  called  the  ^Vrc  of  Action,  and 
must  be  great  enough  t^i  ]ierniit  at  least  two  teeth  to  be  in  contact  at 
once.  Their  magnitudes  depend  on 
tho  projection  of  the  teeth  beyond 
the  pitch  circle,  a  quantity  which  is 
called  the  Adtlendum  of  the  corre- 
sponding wheel,  tho  arc  of  approach 
def>ending  on  the  addendum  of  the 
follower,  and  tho  arc  of  recess  on  the 
addcndoni  of  the  driver. 

68.  IntKtiufe  Tcdh. — The  question  of  the  form  of  the  teeth  requires 
mach  e^lanation  to  render  it  completely  intelligible ;  we  shall  only 
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give  &  brief  sketch,  referring  for  full  details  to  thft  works  cited  on  page 
92.     Somo  points  will  be  further  considered  at  a  later  period.      Wej 
commence  with  what  are  known  as  Involute  Teeth. 

Imagine,  a  string  JKL  woniid  on  u  cylinder  (Fig.  68).  If  the  string 
be  graitually  nnwound,  the  string  being  kepi  tight  all  the  time,  a 
point  Q  of  the  string  will  trace  out  a  curve  SQR  called  the  Involute 
of  tlie  Circle.  Instead  uf  causing  the  string  to  be  unwound  around 
the  fixed  circle  we  may  if  we  ptonao  move  A  in  a  fixed  straight  line  and 
cause  the  unwinding  to  tako  placo  by  the  revolution  of  the  circle.     If 

now  a  piece  of  paper  be  fixed  to  and 
revolve  with  the  circle,  the  aamc  in- 
,g       .  .  volute  curve  will  be  traced  on  it  as 

!\      /  /  before. 

Now  let  A  and  1}  (Fig.  69)  be  two 
Fl*.».  circles  not  in  contact  which  are  each 
capable  of  revolution  about  its  centre. 
If  we  connect  them  by  a  crossed  bolt, 
of  whirh  one  half  is  shown  in  the 
diagram  by  the  line  3/7W,  each  will 
he  capable  of  driving  the  other  with 
a  constant  angular  velocity  ratio, 
namely,  the  inverse  i-atiu  of  the  radii 
IC  therefore,  T  Ihj  the  point  where 
the  belt  crosses  the  lino  of  centres, 

A,  r,  AT' 
Now.  with  centres  A  and  B  and  radii  AT  and  BT^  describe  ct 
which  touch  one  another.  These  two  circle**  woidd  turn  one  another' 
by  rolling  contact  with  the  same  angidar  velocity-ratio  as  that  due  to 
the  belt.  If  we  were  to  form  teeth  on  the  two  wheels  and  cause  them 
to  turn  one  another  by  the  gearing  of  the  teeth,  then  the  two  circles 
passing  through  T  may  be  regardeit  as  the  pitch  circles  of  the  two 
wheels. 

Now  to  trace  the  form  of  the  teeth.     Attach  a  pencil  (P)  to  an 
point  of  the  belt  and  fix  u  piece  of  pa|>cr  to  the  wheel  A  so  that  it  ma; 
tuni  with  it,  then  the  pencil  will  trace  on  the  paper  the  curve  EPL, 
bt'ing  an  involute  of  the  circle  A.     Similarly,  if  wo  imagine  a  piece  of 
paper  attachtHl  to  B,  an  involute  DBS  of  the  circle  B  will  be  traced  ou 
that.     These  two  curves  will  he  in  contact  at  the  tracing  point  P,  aiv 
will  always  remain   in  contact  as  the  circles  turn.     If,  therefore,  we 
construct  teeth  of  this  form  with  any  given  pitch,  and  then  remove  the 
belt,  the  two  toothed  wheels  will  drive  one  Another  witli  the  constant 
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B.r  velocity  required.  In  this  form  of  tooth  the  face  and  Sank  arc 
one  continuous  curve,  which  is  a  property  practically  confined  to  invol- 
ute t«eth.  From  this  fact  a  pmctical  advantage  follovr-s.  By  the  con- 
tinual action  of  the  teeth  together  they  wear  and  cauue  a  looseucBU  of 
fit,  which  may  bo  remedied  by  bringing  the  centres  of  the  wheels  moi-o 
Di'arly  together,  and  this  without  altering  the  smooth  action  of  the 
teeth  or  the  exact  uniformity  of  the  angular  velocity-ratio.  In  no  other 
form  of  tooth  occurring  in  practice  is  this  possible. 

The  line  of  action  of  the  mutual  pressure  between  the  teeth  is  always 
along  the  tangent  line  to  the  two  base  circles,  from  which  thi;  toeth  are 
generated,  thus  tending  alway.n  to  fnrce  the  axles  apart.  If  llic  angle 
between  this  line  and  the  common  tangent  to  the  two  pitch  circlea,  or 
u  it  is  called,  the  "  obliquity,"  be  large,  much  friction  iu  the  boanugs 
would  result.  On  this  account  the  obliquity  is  made  as  small  as  possi- 
ble, not  being  allowed  to  cxcuud  14^"  or  15^  With  this  a  limit  is 
Btroducod  to  the  emalluess  of  the  number  of  teeth  which  may  bo  used. 
I  action  of  the  t«eth  mnst  always  be  along  the  line  MTN,  and  hence 
cannot  extend  beyond  the  point  N.  If  it  is  essential  that  when  two 
teeth  are  in  contact  at  the  pitch  point  another  pair  of  teeth  should  just 
be  coming  into  action  whilst  a  thinl  pair  are  just  ceasing  action,  then 
the  length  of  the  arc  of  the  pitch  circle  which  correspuu<la  to  an  arc  on 
tho  base  circle  e(|ual  to  r^Vwill  bo  the  greatest  length  that  can  be  given 
to  the  pitch  of  the  teeth,  and  when  the  obliquity  is  144'  there  will  be 
abont  twenty-fivo  such  pitches  un  the  pitch  circle,  and  hence  tho  num- 
ber of  teeth  cannot  be  less  than  twenty-five. 

Having  given  the  pitch  circles  we  first  lay  off,  through  the  pitch 
point,  the  lino  of  oblique  action  which  is  to  be  allowed,  and  then  draw 
the  base  circles  touching  this  line.  The  involutes  of  the  base  circles 
will  give  ua  the  form  of  the  teeth.  The  thickness  of  the  tooth  is  to  be 
token  a  little  less  thau  half  the  pitch,  aud  tho  addenda  of  tlie  teeth 
such  OS  to  give  a  sufficient  number  of  teeth  in  contact  at  the  same 
time.    (Art  71.) 

All  involute  teeth  of  the  same  pitch  and  obliquity  will  work  to- 
gether; they  have  never  been  mncb  used  in  practice,  although  there 
appears  to  be  no  reason  why  they  should  not  be  in  cases  where  it  is 
not  necessary  to  have  less  than  twenty-five  teeth.  Their  wear  is  said 
to  be  greater  thau  that  of  teeth  of  other  kinds. 

09.  PaOt  of  Contact  the  Pikh  Circle. — In  involute  teeth  the  tracing 

oint  is  attached   to   a   belt   stretched   over   pulleys,   and  thtrrefore 

ibes  a  straight  line  on  paper,  which  is  fixed  to  the  line  of  centres 

so  as  not  to  revolve  with  either  wheel.     Now,  the  tracing  point  is  also 
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the  point  of  contact  of  the  two  teeth,  and  therefore  the  path  of  this  pointy 
or,  &s  it  is  conveniently  called,  the  "path  of  contact^''  is  a  straight 
line.  Teeth  of  any  shape  may  lie  traced  hy  this  method  if,  instead  of 
simply  stretching  the  belt  over  the  pulleyit,  we  pasa  it  over  a  fixed 
curve  between  the  pulleys,  so  that  the  tracing  point  describes  the  curve 
in  i|ue8tion  instead  of  a  straight  lino,  provided  the  fixed  curve  be  such 
that  the  curves  traced  on  the  rotating  circles  tonch  one  another.  In 
other  words,  we  may  assume  various  "  paths  of  contact "  at  pleasure 
and  obtain  teeth  which  mil  work  t<>gether  correctly.  We  shall  next 
suppose  the  tracing  |>oint  attached  to  the  circumference  of  a  rotating 
wheel,  in  which  case  the  path  of  contact  is  a  circle. 

In  tiie  use  of  Lootht^tl  wheels  the  earlie.st  idea  was,  for  simplicity  of 
coustruclion,  to  form  the  smallest  wheel  of  a  number  of  cylindrical  pins 
projecting  from  a  disc  Supposing  one  of  a  pair  of  wheels  to  be  so 
constnicted,  it  is  required  to  determine  tlie  proper  form  of  the  teeth 
for  the  other  wheel. 

Ou  the  wheel  Ji  (Fig.  70)  let  pins  be  placed  at  eijual  distances,  with 
their  centres  on  the  pitch  circle,  and  in  the  first  place  suppose  the  pins 

indefinitely  small^  being  mere 
points.  Now,  if  at  one  of  the 
points  P  a  pencil  be  attached, 
then  if  J5  be  cauHt-d  to  roll  with- 
out slipping  over  the  surface  of 
,,,v^--'  A  kept  fixed,  the  pencil  P  will 
trace  a  curve  on  a  piece  of  paper 
attached  to  the  wheel  A.  The 
ttamo  curve  will  be  drawn  if  we 
cause  one  whcol  to  drive  the 
other  n-itliout  slipping,  the  centree 
A  and  a  being  fixed,  while  the 
I  paper  is  attached  to  A  and  turns 

I  with  it      If  the  tracing  point 

{  started  from  the  pitch  point  T, 

I  then  the  curve  KP  will  have  been 

!  drawn  on  the  i>aper,  which,  by 

!  the  further  rotation  of  the  circles, 

I  will  be  produced   to  Z.      This 

*  curva  is  called  an  Epicycloid,  and 

will  1»  the  proper  form  of  tcotli  for  the  wheel  A  to  drive  the  pinion 
ll     For  the  pin  P  will  be  always  in  contact  with  the  tooth  KZ  as 
wheels  revolve  with  uniform  angular  velocity-ratio.     We  complete  th 
form  of  the  teeth  by  drawing  a  similar  curve  ZH  for  the  other  fai^e, 
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being  the  piteb,  in  order  to  enable  tbe  wlieela  to  be  turned  in  the 
opposite  direction  if  necewary.  Placing  a  number  of  such  teeth  on 
the  pitch  circle  -4,  we  aee  they  all  touch  one  another  at  tlie  roots  on 
the  pitch  circle.  The  reason  is  because  we  have  imagined  the  pins  of 
B  to  have  no  definite  dimensiouR,  hut  to  he  mere  mathematical  points. 
In  prmetico  w)me  dufiuite  dinu'nsjons  must  l>e  given  to  the  pins  of  B. 
In  such  a  case  tlie  proper  form  for  the  teeth  of  j4  is  derived  from  the 
previona  construction  hy  drawing  a  curvo  which  at  all  points  Bball  be 
at  a  distance  from  the  epicycloid,  when  measured  along  the  normal, 
eqnal  to  the  radins  of  the  pin.  Below  the  pitch  circle  A  a  somi-eircular 
recess  must  be  formed,  aa  shown  by  the  full  curve  in  figure. 

Thea&  teeth  poaaees  the  jieculiar  property  of  having  faces  but  no 
flanks.  The  conse^juence  is  that,  the  toothed  wheel  A  Iteing  the  driver, 
the  action  of  the  teeth  i.t  wholly  after  the  line  of  centres  ;  there  is  no 
arc  of  approach*  but  only  an  arc  of  recess.  On  this  account  the  pin- 
wheel  must  always  be  the  follower,  for  if  it  be  the  driver  the  action  of 
the  teeth  would  be  wholly  licfore  the  line  of  centres,  in  consequence  of 
which  the  friction  is  said  to  be  more  injurious. 

The  angle  which  PT  makco  with  the  common  tangent  is,  as  in  the 
case  of  involute  teeth,  ailled  the  "  oliliquity  ";  it  is  now  no  longer  con- 
stant, but  varies  from  zero,  when  J'  imsses  the  line  of  centres  at  2\  to  u 
mudmum  value  when  l'  escapes.  It  is  easily  soon  that  this  angle  is 
^^Iways  one-half  the  angle  FB7\  which  PT  subtends  at  the  centre  of  the 
^Hbi-wheel,  and  hence  the  obliijuity  incroascs  uniformly  as  the  wheels 
^^brn ;  its  mean  value  may  be  tiiken  at  half  the  maximum,  and  is  timLte<.l 
PHk  the  same  way  as  in  involute  teeth  to  uUnit  15\  so  that  the  greatest 
value  of  the  angle  PB2'  may  be  taken  as  $0*. 

If  the  two  sides  of  the  teeth  are  alike,  as  in  the  iiguro,  the  pin  then 
comes  to  the  point  of  the  tooth  a12.  This  circumstance  determines  the 
smallest  number  of  pins  which  can  l)e  used,  for  oue  pin  must  not  escape 
beforo  the  next  comes  to  the  line  of  centres  ;  that  is  to  say,  PT  cannot 
be  greater  than  the  pitch,  the  pitch  then  must  not  be  greater  than  one- 
sixth  the  circumference  of  the  pin-wbeel,  whence  it  appears  that  the 
least  number  of  pins  is  six. 

Pins  are  now  rarely  employed  unless  in  clock  ami  watch  work ;  they 
■jAftve  the  great  practical  disadvantage  that  the  tootheil  wheel  to  work 
pWitb  them  must  be  sj^iecially  designed,  as  it  will  work  with  otdy  one 
I   ^UBeter  of  pinion. 

If  we  imagine  a  pin-wheel  to  work  with  an  annular  wheel,  the  teeth 
may  be  traced  in  the  same  manner  as  shown  in  Fig.  71  {p.  144),  to 
which  the  same  letters  are  attached.  The  point  P  now  traces  out  a 
curve  called  a  Hypocycloid,  the  gencnd  character  of  which  may  bo  seen 
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by  joining  P  to  F,  the  other  extremity  of  the  diamoter  TF  of  the  circle 
B  ;  for  since  the  angle  FPT  must  be  a  right  angle,  the  angle  APT  wU| 
l>e  greater  than  a  right  angle  if,  as  in  the  figure,  F  lies  between  A  ar 
T,  and  less  than  a  right  angle  if  F  lies  beyond  A.  Thus  the  hypo- 
cycloid  must  roduco  to  the  nidiuB  AK  if  F  coincides  with  A^  that  i«,  if 
the  diameter  of  the  pin-wheel  be  half  the  diameter  of  the  annular  wheel ; 
while,  for  smaller  diameters,  it  forms  a  curve  always  concave  towards  T". 
Uence  it  appears  that  to  work  with  a  piu  wheel  of  half  ito  diameter  the 
teeth  of  the  annular  wheel  should  he  constructed  simply  by  drawing 
radii  of  the  pitch  circle.  With  a  larger  diameter  of  pin  whool  the  teeth 
would  be  undercut,  and  therefore  weak ;  the  annular  wheel  must  be  the 
driver  as  before. 

In  all  epicycloids  and  hypocycloids  the  iiomial  to  the  curve  at  the 
tracing  point  P  passes  through  the  yioint  of  contact  T  of  the  circles  cod- 
siderod — an  imi)artant  geometrical  property,  which  we  shall  presently 
make  use  of,  and  hereafter  prove. 

70.  Paih  of  Contact  an*f  Cirde, — Teeth  traced  in  the  way  just  described 
are  wholly  within  the  pitch  circle,  and  this  circumstance  suggests  that 
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by  a  combioation  with  the  preceding  case,  where  they  were  wholly  with- 
out,  a  Form  may  be  found  which  may  be  more  suitable  for  practical  use. 
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III  Fig.  71  a  third  circle  C  is  shown,  touching  the  two  others  at  the 
same  pitch  point  T.  The  three  circles  /iJiO  turn  e^»ch  about  its  own 
r^intrc  wiihout  slippin*;.  Imngine  iMper  attached  to  .4  and  T  and  rotat- 
ing with  thcra,  while  a  j»encil  }*  is  uttiicbed  to  B  aB  before  ;  then  /*  will 
Ltnee  nut  two  cuiTes  as  in  the  case  of  involute  teeth,  one  outside  the 
rirt-le  >',  the  other  inside  the  circle  //.  J's  cur\-e  will  be  an  hypocycloid 
A7'>f,  starting  from  A'  in  the  circle  yl,  while  C's  cm-xe  is  an  epicycloiil 
K'PZ'  starting  from  K  in  the  circle  C.  Now  these  curves  will,  as  in 
involute  teeth,  touch  one  another,  having  a  common  normal  /'T",  and 
henct?  it  fuUorts  that,  while  the  cirtles  timi  with  uiiifonn  angular  velocity, 
ratio,  the  curves  will  always  he  in  contact,  and  may  be  Uiken  as  face  and 
tlank  of  a  pair  of  teeth.  Thus  it  ap[>ear5  that  we  can  obtjiin  the  faces  of 
the  teeth  of  r.  and  tlio  flanks  of  the  teeth  of  A,  by  causing  a  third  circle 
H  of  any  diameter  to  rotate  within  the  circle  A.  If  the  diameter  of  B 
he  half  the  diameter  of  A^  the  flanks  for  A  will  be  simply  radial  lines, 
Imt  if  it  l»o  less  they  will  Ih?  concave  towards  T,  the  ofTcct  of  which  is 
that  the  teeth  will  spread  out  at  the  root,  which  is  desirable  on  the  score 
of  strength.     We  can  now  imagine  the  faces  of  the  teeth  of  ^  and  the 

pnks  of  the  toetb  of  V  \<t  be  tracc*l  by  another  circle  B*  rotating  within 

'  instead  of  within  A.  The  diameter  of  this  circle  need  not  l>e  the  same 
that  of  B ;  it  nwy,  fur  example,  l)e  half  the  diameter  of  //,  while  C's 
diameter  is  half  thai  of  B  \  if  so,  the  flanks  of  the  teeth  of  both  wheels 
will  be  mdial.  Teoth  with  radial  tlank.s  have  the  disridvantngo  of  weak- 
-^0688,  esjiccially  when  the  number  of  teeth  is  small,  because  the  thickness 
m  the  root  ii  less  than  that  at  the  pitch  circle,  and  they  are,  besides, 
only  callable  of  working  correctly  >vilh  wheels  Kpccially  designed  for 
them.  In  onler  that  a  set  of  wheels  of  this  kiiid  may  btMnterchangeablo, 
it  U  necessary  that  the  cindes  B'B  be  of  equal  diameter  and  the  same 
for  all  the  set  This  diameter  shoiUd  not  bp  larger  than  half  that  of  the 
smallest  wheel  of  the  set,  for  if  it  is.  the  flanks  of  the  teeth  of  the  smaU 
wheels  will  be  undercut  and  consequently  weflk,  while,  on  the  other 
hand,  it  should  he  us  hLrgo  as  |>os8ible,  for  otherwise  the  teeth  of 
the  large  wheels  inll  l)c  too  thick  at  (lie  roots  and  too  thin  at  the 

Ddnta,  a  fumi  which  is  fount!  to  l)e  unfavourable  to  good  wearing, 
lence  the  diameter  chosen  for  B  is  half  that  of  the  smallest  wheel  of 

bo  set,  the  flanks  of  which  will  lie  milial.     As  B  is  a  pin-wheel,  ita 

uallcJtt  circTunference  is  six  times  the  pitch  (Art  69).  and  the  smallest 
rhecl  of  the  set  has  consequently  1 2  teeth  ;  but  if  no  wheel  is  re^piired 

ith  so  small  a  number  of  toeth  as  this,  it  vnW  bn  better,  for  the  reason 

ated  above,  to  take  a  larger  describing  circle. 

I  71-  Addtrftdwn  and  CImranct  of  Teeth.—  In  any  form  of  lc(sft\  \\  w  cWt 
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from  what  bos  been  Baid  tbat  the  point  of  contact  travels  along  the  path 
of  contact  DT  (Fiy.  67,  [age  139)  from  tho  pitch  point  T  to  tlio  end 
the  tooth  at  D,  where  tho  contact  ceases.  Tho  length  of  tho  path 
contact  thus  tnvtirftcd  is  etiuiil  t<i  the  arc  (rf"  recess  in  nil  kinds  of 
cycloiclul  teeth,  atul  less  than  thut  arc  in  a  given  nttio  in  involute  toetb. 
By  stepping  oiF  a  suitable  length  on  the  path  of  contact  then,  we  am 
find  the  cni.1  of  tlie  tooth  for  any  given  arc  of  roceee,  and  the  diaUnco  of 
this  iKtint  from  tho  pitch  circle  A  of  the  driver  is  what  we  have  already 
dctiiiod  as  the  "  uddcnduni ''  of  thut  wheel.  The  position  of  this  point 
on  the  tlauk  of  tho  tooth  of  the  follower  h  gives  the  working  length  of 
Hank  noceasary.  Similarly  the  len^h  of  face  in  the  follower  and  llank 
in  the  driver  depend  on  tho  arc  of  approach.  Tho  depth  of  tlie  recesses 
between  the  teeth,  however,  must  be  made  greater  than  is  necessary  for 
working  length  uf  flank,  in  order  to  allow  the  unds  uf  the  tueth  to  clear; 
tJie  amount  iismil  in  practice  appeal's  to  Iw  about  oue-(iileenth  tfie  pitch. 
The  allowance  necessary  in  practice  for  clearance  in  the  thickness  of 
the  teeth  de[>en(U  on  the  degree  of  accuracy  attainable  in  constniction. 
The  value  formerly  employed  for  teeth  shaped  by  hand  wi»«  one  eleventh 
the  pitch,  but  the  best  modern  tooth  are  machine  cut,  and  a  moeh 
smaller  amount  is  stitticieiit.  Less  clearance  is  requirorl  for  invohtte 
teeth  than  in  teeth  of  other  kinds.  The  setting  out  of  bevel  teeth  is 
not  theoretically  more  difficult  than  in  the  case  of  spur  gear,  but  thotr 
accui-ate  execution  by  a  machine  is  fur  from  easy.  If  the  machini' 
operate  by  straight  cuts  like  an  onlinary  shaping  machine,  the  tool  mii*t 
be  mounted  so  that  the  line  of  cut  always  passes  through  tho  apox  of 
the  pitch  cone.  Gear  cutting  machines  gcjiomlly  employ  revohing 
cuttera  formed  to  fit  the  space  between  two  teeth.  Much  ingenuity  has 
been  ex[jended  on  giving  the  cutter  a  lateral  movement  to  suit  t1 
bevel,  but  an  exact  bevel  tooth  cannot  l>e  formed  in  this  way. 

72-  E-ndieaa  Screw  and  Jt'ofm   irkefi — When  two  shafts  are  to 
connected  which  are  not  parallel,  and  the  centre  lines  of  which  do  m 
intersect,  it  is  necessary  to  resort  to  skew  bevel,  or  screw,  teeth.     Onl: 
one  case  of  this  kind  newl  be  mentioneii  here  as  being  of  camm 
occurrence,  namely,  the  endless  screw  and  woi-m  wheel  employe*!  wh( 
the  shafts  arc  at  right  angles,  and  u  slow  motion  of  one  of  them 
desirc^l.     In  u  comniun  screw  let  the  thrcjid  be  so  formed  thut  the 
longitudinal  section  of  the  screw  throml  shows  a  range  of  teeth  like 
those  of  a  rack  which  woukl  gear  with  a  given  spur  wheel.     Let 
t«eth  of  the  wheel  be  set  ubli^ucly  at  an  angle  equal  to  the  pitch  an 
of  the  screw;  strictly  apouklng  they  also  are  st^rew  threiuls,  the  pi 
angie  of  lybivb  is  the  complement  of  the  pitch  angle  of  the  screw.    Then 
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tlie  scrcw^  and  whocl  nill  ^cor  together,  »i<I  the  wheel  moves  through 
one  tooth  for  each  revolution  of  the  screw.  like  screws  in  general,  this 
combination  \b  non-reversible  unless  the  pitch  of  the  screw  be  coarse 
(Ch.  X.),  and  for  this  reason,  and  on  account  of  its  simplicity,  is  much 
employed  in  practice.  The  method  of  constructing  the  teeth  of  a  worm 
wheol  is  explained  in  a  work  by  I*rof.  Unwin,  citetl  on  jiage  121. 

1.  A  [Hur  of  whools  hftvp  25  iui>1  l?Oi  Invalittc  toetli  rHp«atir«ly,  aad  the  aUtlendum  of 
ewh  b  iSUu  the  pUoh.  FId<I  tbt*  arcs  ot  Aii|>roiwili  nnil  re«ctis  io  terms  of  tbo  {dteh, 
■Mumilig  th*  obUqnity  14^*,  the  Urge  wIikI  iM-ing  the  driver.    (Seo  Art.  71.) 

A  Hi. — Arc  of  aii(>roftflh  -     '80  '  pitoh. 
Aic  of  reocw       -  1*12  «  pitoh. 

2.  If  (b«  tana  of  aiiprtncb  aiid  rcown  In  iarolute  teelK  arc  each  to  be  v{Xi»l  to  tbc 
piteh,  abow  that  th«  addpnilk  of  tbc  wheels  ahould  be  caloitUteK  by  the  npiiroxinikle 

fORRUlu 

A'Mendiini  -(-».).  pitob, 

wbare  n  b  tbe  number  of  teeth. 

S.  A  pair  of  wbceli  bav«  25  and  120  teeth  reepeetively,  tho  ll»iik<i  being  in  caeh  eaae 
ndial.  Kind  the  addeadutnof  each  wheel  that  the  uca  of  approach  aud  r«ouu  may  e«eb 
be  t^uAl  Io  tbe  pitob. 

^)w.— Addendum  of  driver      -   -383  •  pitch. 
Addendum  of  follower  -   '178  •  pitch, 
t  two  ehaf  l«  whioh  arc  not  pamllcl  and  which  do  not  IttterMot  by  berel  wbeeb, 
itetonMdiate  idli-  wbrcl  being  admbwible. 

SwmoN  rv.— Cams  and  I<atchkt& 

73-  RedwiioH  of  a  Crank  C/tain  by  Onrnmn  of  ihr.  Coupling  Link. — A 

pair  of  spur  wheels  in  >{Oiir  form  a   jjarticular  case  of  a   three-link 

Jdnematic  chjiin  consisting  of  two  lower  imirs  with  [janillel  axes,  two 

nentfl  of  which  arc  united  and  generally  form  the  frame-link,  while 

bo  other  two  pair  by  contjict. 

Such  a  chain  luay  be  derived  from  tbe  foui'-link  crank  chain  of  Art. 
(2,  page  1 1  i,  by  omission  of  the  coupling  li]ik>  a  process  of  reduction 
which  has  alrcmly  l)eon  employed  on  page  131. 

EIn  Fig.  72a,  ab,  tic  are  levers  turning  about  fixed  centres  and  con- 
bected  by  a  coupling  link  bc^  all  three  liidcs  being  in  one  plane  as  in  the 
article  rofciTotl  to.  Imagine  now  the  crank-pins  at  ft  and  c  enlarged 
until  they  touch  one  auoiber  as  shown  by  the  dotted  circles  and  then 
^move  the  coupling  link.  Suitable  forces  being  applied  to  close  the 
ehain  by  keeping  the  surfaces  in  contact,  the  Hnk  f>c  may  l>e  removed 
^irithout  in  any  way  .iltonng  the  motion,  and  therefore  the  angular 
^Hielocity-ratio  will  still  be  as  before  aT  :  HT^  where  T  is  now  the  inter- 
^Hection  of  the  common  nornuil  at  the  point  of  contact  with  the  line  of 
^Bentres.  Now  the  instantaneous  motion  of  the  levers  cannot  be  affected 
by  the  8ha|HS  of  the  pins  except  at  the  [Mint  of  contact,  and  it  tb«.K- 
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fore  follows  thnt  if  we  replace  the  pins  by  any  Rur£aco8  such  as  tl 
indicatefl  by  the  full  lines  in  the  figure,  which  have  the  Ramo  common] 
Domtal  at  the  |>oint  of  contact,  the  result  will  be  the  same. 


-:v? 


■^■■^ 


Figr.Tt*, 


y" 


\ 


-f 


^\ 


.*v 


AVe  may  reach  this  conclusion  directly  by  conRtnicting  a  diagmm  of 
vplocities  for  the  two  pieces  in  question.  For  lot  /*,  7*"  be  points  in  llie 
prolilee  which  at  the  instant  considered  coincide  by  l>ecoD]iitg  the  [loint 
of  contact.  Then  P's  velocity  in  the  direction  of  the  normal  must  be 
the  same  a&  that  of  F,  for  otherwise  the  AurfaceH  would  iuterpeuetratt' 
or  move  out  of  contact.  If  then  from  a  given  point  0  (Fig.  726)  we 
draw  Off  Op'  parallel  to  the  lines  af\  dP\  to  meet  a  parallel  to  tha 
normal  in  pp',  it  follows  by  the  same  reasoning  as  in  the  case  of  linkJ 
work  that  Qpp'  is  a  triangle  of  velocities  of  which  the  sides  Op,  Ojf\ 
represent  the  velocities  of  /*,  F.  Hence  drawing  aZ  parallel  to  dF  it 
appeare  as  before  that  the  angular  velocity -ratio  of  the  linea  a/*,  dF  it 
dT  I  aTy  and  thtse  lines  are  fixed  in  the  rotating  pieces  so  as  to  hav4 
the  same  velocity-ratin. 

The  third  siile/'/''  ^^  '■''^  triangle  of  volocitieH  represents  in  this  etAe' 
the  velocity  with  which  the  surfaces  rub  against   one  another,  for 
dropping  the  perpendicular  0\  the  segments  jV/j,  Np'  represent  the 
resolved  part  of  the  velocities  along  the  common  tangent 
Ai  A'  to  be  the  angular  velocities  of  the  pieces,   V,  f^  the 
velocities  of  P^  F,  then  by  similar  triangles 

/V     Op 
~F2     aP" 
that  is,  if  r  be  Uie  velocity  of  nibbing, 


*'       ^'     A 


SuppOSQ^^ 
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5*001  which  we  obtain 

r^A.PZ-^A{TZ-PT). 
But  it  was  shown  above  that 

A.aJ'^A'.dT; 
..  A.TZ  =  A\PTi 
hence 

v^{A'-A)I'T. 
This  formula  suppose  tlio  pieces  to  tiirn  in  the  same  direction,  as  in 
the  figure.     If  thoy  turn  in  opposite  directions,  as  in  a  pair  of  toothed 
wheels,  r  ^  (,'/  +  A  )PT, 

a  simple  and  important  result  which  we  shall  hereafter  verify. 

It  follows  at  once  that  for  rolling  contact  the  point  of  contact  must 
lie  on  the  line  of  centres,  and  that  for  a  constant  angular  velocity-ratio 
T  must  be  a  fixed  [mint.  Thiu  in  all  forms  of  tooth  for  wheels  the 
oommOD  normal  at  the  points  of  contact  of  the  teeth  must  always  pa«K 
through  a  fixed  point  on  the  line  of  centres,  as  is  easily  seen  to  he  the 

Ecase  in  the  examples  already  cotifiidered.     Tlie  velucity  with  which  the 
leeth  elide  over  one  another  is  given  by  the  above  formula. 
Tlie  diagram  of  velocities  may  when  necessary  be  completed  by  la3nng 
[lowD  on  it  the  vclociti^-s  of  ail  points  rigidly  connected  with  eitlier 
iotating  piece  as  explained  before  in  the  case  of  linkwork. 

74.  Cams  wUh  Contifntous  Action, — In  toothed  wheels  the  revolution 

of  nnr  whet*l  is  always  iicconipanioil  by  that  uf  the  uthcr  in  the  same 

ur  in  oppusittf  din-'cLious,  accurding  as  the  gearing  is  inside  or  outside, 

r,  in  other  wonls,  the  directional  relation  is  always  the  same.     We 

Dv  paw  on  to  cases  in  which  the  directional  relation  varies,  the  con- 

nuouB  rotation   of  one   piece  being  accompanie<l  by  un   oscillating 

BOlion  of  the  other.    The  rotating  piece  is  then  called  a  "Cam,"  or 

pmetimes  u  "  Wipr." 

Cams  are  of  two  kindii.     In  the  first  the  contact  is  continnons,  and 

the  oscillating  motion  produced  is  completely  defined  by  the  form  of 

be  cam;  while,  in  the  second,  the  contact  is  only  during  the  forward 

it»«tioD  of  the  oecillating  piece,  while  the  l>ackward  vibration  is  pro- 

by  uther  causes.     In  both  kinds  force-closure  is  common,  and 

netimes  indispensable. 

We  shall  uow  give  some  examples  of  cams  of  the  first  kind.  Fig.  1, 
^Utc  rV.  (j».  Ift4).  represents  a  sUding  piece  C,  to  whicli  a  reciprocating 
inovement  is  given  by  a  cum  B,  which  rotates  about  an  axis  0,  per- 
endicular  to  the  direction  of  the  sliding  motion,  the  chain  being 
ompleted  by  the  framolink  A.  Sup}x>»c,  in  tho  first  instance,  that 
I  cam  presses  against  a  pin  placed  in  the  piece  so  that  a  line  joining 
I  Lo  the  centre  of  rotation  gives  the  direction  of  the  sliding  moUon. 
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As  the  cam  turns  in  the  direction  of  the  arrow,  C  moves  downwards 
to  a  cortjun  limiting  position,  afUr  which  contact  will  cease  nnlees 
some  force  hv  ajiplied  to  keep  it  pressed  against  the  surface.  With 
suitahle  force-closure,  liowever,  supplied  by  the  spring  shown  in  the 
figm-c,  6'  will  return  upwards  to  a  second  limiting  position,  and  so  on. 
continuously  osdllating  to  and  fro. 

By  properly  taking  the  sliapc  of  the  cam,  any  required  relation  may 
be  obtained  between  ihe  motions  of  tbt;  cam  and  slidor;  wc  have,  in 
fact,  only  to  draw  a  curve  of  jmsition  such  as  that  constructed  in 
Fig.  46,  page  97,  showing  tlio  position  of  the  sliding  piece  for  each 
position  of  the  rotating  piece.  This  cui-ve  will  be  the  proper  j>rofiIc  for 
the  cam.  In  practice  the  chain  is  usually  augmented  by  the  addition 
of  a  friction  roller,  and  the  shape  of  the  cam  is  modiAvd  by  cutting 
away  it«  aorface  to  a  deptlt  equal  to  the  radius  of  the  friction  roller,  as 
was  ilouo  in  the  case  of  the  teeth  of  a  wheel  which  drives  a  pin-wheeJ. 

Force  closui'e,  though  common,  is  not  necessary  for  the  action  of  a 
cam  chain  of  this  kind  ;  it  may  bo  avoided  in  two  ways,  both  of  which 
occur  fi-etpiently  in  practice,  tliough  the  mechanism  would  not  always 
be  described  as  a  cam.  First,  the  pin  of  the  last  example  may  be  made 
to  work  in  a  slot  cut  in  the  face  of  a  cam-plate,  the  centre  line  of  the 
slot  being  formed  to  the  profile  of  the  original  cam.  Secondly,  a  slot 
may  be  cut  in  the  sliding  piece  at  right  angles  to  the  direction  of 
sliding,  and  the  cam  may  fit  into  the  slot.  Thus,  for  example,  the  cam 
may  be  a  pin  or  an  eccentric  of  any  size ;  the  chain  is  then  merely  a 
reduced  douhlt -slider  crank  motion,  m  explained  on  page  131.  With 
other  forms  of  cam  other  kinds  of  motion  may  be  obtained ;  a  common 
example  is  the  Triangular  Eccentric  formed  by  three  circular  arcs 
(Fig.  73),  each  stnick  from  one  of  the  comers  of  an  ef^uilatcral  triangle 
^  •        alK.     Such  a  curved  triangle  will  Ht  Ijctwecn 

Piff.TS.  the  sides  dd,  rr.  of  a  rectangular  slot,  and 

^ . may  therefoi-e  be  used  as  an  eccentric  by 

f    ^ '"•  -.  fixing   it   to  an  axis  passing  through  any 

(mint  in  it^  In  prnctico  a  figure  would  be 
Ufle<l  with  rounded  otf  corners,  derived  by 
striking  small  circular  arcs  with  centrv« 
Oi  b,  Cy  and  uniting  them  by  larger  arcs 
V    V  y^  A       having  the  same  centres,  thus  obtaining  a 

])rot)le  shown  Uy  dotted  lines  in  the  diagram, 
possessing  the   same   essential   property 
unifonn  breadth,  so  that  it  will  fit  a  rect- 
angular .'tlot  of  somewhat  larger  size.     The 
MechiUiJtuu  JB  aJiuwn  iu  Fig.  3^  Plate  IV. ;  ii  is  sometimes  used  for  a 


I 
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v&lve  motion,  the  opening  und  closing  of  the  valve  taking  place  more 
rapiilly  tliaii  u-ith  u  common  eccentric.  It  has  also  ^>een  used  in  the 
"  toon  ^Dgino  "  oni[i[oyo<i  in  mines  to  enable  the  nniiera  to  reach  the 
surface  without  the  fatigue  of  ascending  ladders. 

In  these,  as  well  as  all  othi-r  cam  motions,  a  triaiiglo  of  velucities  can 
l>e  constructed  by  Iht*  general  method  explained  in  Art.  73,  and  hence 
curves  can  lie  drawn  showing  the  comparative  velocities  of  the  cam,  the 
slider,  an<l  the  nibbing  between  the  two. 

76.  iVacAanwnu  wUh  InteratitieHt  Actwn.~\i\  all  cases  of  higher 
pairing  by  contact  between  rigid  elements,  the  closure  of  the  t:liaiii  is 
imperfect  in  the  absence  of  extenial  forces,  for  wj  fxact  fit  between  the 
BurCaecs,  even  if  it  exist  originally,  is  soon  destroyed  by  wear  during 
the  action  of  the  mechnnism.  Thus,  for  example,  when  a  pin  works  in 
a  groove,  as  in  the  laiit  article,  the  mualiest  louseuesss  of  fit  will  prevent 
the  grooved  piece  from  exactly  following  the  movement  of  the  pin 
when  the  contact  iiassc-s  from  one  side  to  the  other  of  the  groove.  The 
same  effect  is  produced  hy  the  cleai'ance  necessary  for  the  ^afe  action 
of  the  teeth  of  a  wheel.  In  cam  mechanisms,  where  the  contact  is 
oontinually  changing  from  one  side  to  the  other,  the  chain  opens  for 
a  short  intorval  at  every  change  uoJess  force-closure  be  omploycil  as 
•lescribed  above.  The  pair  of  which  the  oscillating  piece  forms  an 
element,  i«  locke<l  by  friction  duiing  tlie  interval, 

Supposti  now  that  the  groove  is  purposely  made  of  much  greater 
dimensions  than  the  pin,  thu  oscillating  piece  will  remain  at  rest  for  a 
considerable  interval,  and  will  thus  have  an  intenuitlunt  motion.  The 
same  thing  occurs  in  wheels  wkich  work  by  the  sucteasive  action  of  a 
number  of  tor'th  wlien  some  of  tlie  teeth  in  one  of  the  wheels  aro 
n-moved.  The  pair  which  moves  intermittently  may  be  locked  during 
the  inten*al  of  rest  cither  by  friction  or  by  the  special  means  described 
in  the  next  article. 

Intennittent  motions  of  both  the  cam  and  wheel  class  occur  frequently 
in  mechanism.     Two  common  examples  may  be  mentioned. 

(I.)  A  wheel  with  one  tooth  may  be  employed  to  turn  another  wheel 
with  any  nnmlier  of  teeth  through  a  suinll  space  at  each  revolution. 

^3.)  A  wheel  with  one  or  more  teeth  may  move  a  sliding  piece 
alternately  backwards  and  fonrards. 

In  all  cases,  during  the  interval  of  motion,  we  have  a  chain  of  the 
kind  already  described  which  closes  at  the  conunencement  of  the 
interval.  The  closure  is  accompanied  by  a  shock  which  renders  such 
mechanisms  (mfit  for  the  transmit^siou  of  considerable  forces,  and  limits 
the  speed  at  which  ihey  can  lie  run.     (See  C'h.  Xi.) 
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76.  Utiicfuh: — The   oscillating  motion   of  the  piece   C  may  be  ftj 
turning  insttud  uf  u  i^liding  motion,  as  is  often  the  code  iii  8ht«&riiiK 
machines  for  example,  but  no  new  principle  is  here  involved,  and  we' 
now  proceed  to  the  second  class  of  cam  motions  in  which  the  forward 
vibration  alone  is  Hubject  to  the  uetion  of  the  cam,  while  ihu  backward 
vibration  i»  effected  by   iiidepeudeut  anises,  giMieudly   by   means  of 
springs  or  of  gravity.     In  such  cases  the  forward  vibnition  follows  the] 
same  laws  as  in  cnms  of  the  first  kind,  but  ihuing  tho  backward 
vibration   the  oscillating   piece   forms   a  distinct   machine   by   itself, 
working  by  means  of  energy  supplied  by  the  cam  dunng  the  forward 
movement.     In  tilt  hammers  and  stampers  thi-  work  of  tlic  machine  is 
done  in  this  way  and  we  need  not  here  further  consider  them;  but  tho\ 
object  may  he  merely  to  ahift  tho  position  of  the  piece  and  so  to  lock 
or  tmlock  h  pair,  to  npon  or  close  a  kinematic  chain.    The  piece  is  then 
called  in  gt-ncral  a  KatcliMt,  though  it  nmy  receive  other  names  according  , 
to  circumstances,  and  u  chain  in  which  it  occurs  is  thus  knou-n  oa  a ; 
Ratchet  Oliain. 

(1.)  The  shifting  piece  may  lock  a  turning  or  a  sliding  pair  in  one  or 
both  directions.  A  common  latch  for  example  rises  to  jxTmit  a  gate  to 
close  and  then  drops  into  it«  place  and  fastens  the  gate  until  again 
raised  by  extern»l  meanR. 

The  piece  C  (Fig.  74)  forming  a  turning  pair  with  a  ttxe<l  piece  H 

tits  in  the  hollows  of  the  teeth  of  a 
wheel   A   which    also   pairs  with  Jl.  | 
The  teeth  are  funued  as  in  the  figure  ' 
so  08   to  permit  A  to  move   iJi   one 
^^  direction  by  raising  C  till  it  drops  by  | 

^  J  b^    the  action  of  a  Kpnng  or  by  gra%Hty 

into  (he  next  hollow.     In  the   other  j 
direction  the  pair  AB  is  locked.     0  iaj 
then  called  a  pawl,  and  the  arrangement 
is  the  ordinary  one  employed  in  wind- 
lasses, cajHitans,  and  lifts  to  prevent  I 
the  ronchinc  reversng  when  the  hauling  power  is  removed. 

(3.)  Two  shifting  pieces  may  bo  eni]>t(iycd  to  lock  alt^'matcly  two 
pairs  which  have  a  common  element  This  is  the  ratchet  mocluwisiu 
pro()er  from  which  the  name  of  the  class  is  derived. 

Returning  to  Fig.  74,  A,  H,  C  are  tho  same  as  in  the  prvvious  case, 
E  is  an  additional  piece  which  pairs  with  U :  in  the  figure  the  axis  tA 
Uie  pair  bus  been  sup|xmed  cunceutric  with  A,  but  this  ik  not  neoessaiy: 
/>  is  the  ratchet  pairing  with  E  and  at  the  same  time  fitting  Like  G 
xnio  the  teeth  of  the  ratchet  wheel.     If  now  an  oscillating  mov 
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be  oommunicated  to  E,  the  ratchet  whe^l  A  will  be  locked  altetiistely 
witli  H  and  E  according  to  the  direction  of  motion  of  E-  Accordingly 
A  has  an  intermittent  movement  moving  with  E  in  it*  forward 
iiscillation  and  resting  in  the  backward.  Ineitead  of  a  pawl  C,  friction 
may  be  relied  on  to  lock  AB  in  the  backward  movement  as  in  the 
common  ratchet  brace,  but  the  nature  of  the  mechanism  is  the  same 
always.  It  sometimes  happens  that  the  pairs  Ali^  BE  arc  not  con- 
centric ;  the  chain  ABED  is  then  an  ordinary  four-link  chain  wliicli 
opens  when  moved  in  one  direction  and  closes  when  movetl  in  the 
other,  while  the  pair  CA  unlocks  and  locks  as  before,  bo  as  to  permit 
A  to  move  intermittently.  In  Iwth  case*  the  movement  is  xinglo 
acting,  but  two  snch  chains  may  he  employed  which  move  in  opposite 
directions  and  open  and  close  alternately ;  the  movement  may  then 
described  08  double  acting.  The  well  known  "Levers  of  Lagour- 
(Fig.  6,  Plate  IV.)  18  a  double  actinj<  ratchet  mechanism  in 
which  the  two  chains  have  all  the  links  common  except  the  ratchets. 
The  ratchet  wheel  then  moves  coutiuuouuly  in  one  direction,  an<l 
the  locking  pawl  C  may  be  omitted.  The  ratchet  wheel  t-raidoyed 
in  the  case  of  a  turning  pair  may  of  course  be  replaced  by  a 
rack  when  a  sliding  pair  is  reijuired,  hut  no  new  jirinciplc  is  here 
involved. 

(3.)  The  shifting  piece  nmy  Iw  conriectc<l  with  a  |)ortdnlum  or  balance 
wheel  which  vibnitcs  in  equal  times.  Time  may  be  thus  mcusin'cti  by 
uidocking  a  kinematic  chain  at  inten'aU.  In  clocks  and  watches  a  tcKith 
of  the  mtchfct  wheel  escipes  fi-om  the  action  of  the  ratchet  at  oath 
vibration  or  somi-\ibpation ;  the  mechanism  is  therefore  called  ;in 
eacapemont. 

(4.)  In  pumps  various  kinds  of  rdtchct  muchajiisms  are  utiiverxul. 
The  common  reciprocating  pump  is  a  tnie  rutthot  mechanism,  Ihe  column 
of  water  being  locked  and  pairing  H-ith  the  plunger  aiternat«]y ;  it  may 
1)0  single  or  doublo  acting.  It  is  neeilless  t<»  say  that  the  ratchet  is  here 
called  a  "  valve." 


77.  Othfi-  Eurnm  of  iitUch^t  Mtchamsm. — In  all  the  examples  of  the 
preceding  article  the  shifting  piece  is  not  subject  to  the  action  of  the 
rest  of  the  mechanism  dm-irig  it«  retiuTi  oscillation,  but  it  may  also  be 
workwl  by  a  cam  movement  of  the  first  kind,  or  by  liiikwork  mechanism  : 
the  slide  valves  uf  a  8lc;im  engine  arc  a  familiar  in»tanw.  Also  it  may 
be  worked  by  external  agency  instead  of  by  the  machine  itJielf,  as  in  all 
kinds  of  atjirting  and  reversing  gear.  The  ratchet  chains  foi-m  a  lui>;c 
and  interesting  class  of  mechanical  conibinationa,  but  tboir  discussion 
would  bo  ont  of  place  hero. 
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78.  Scretc  Cams. — The  throe-linked  chain  of  Art.  73  may  have  tha 
axes  of  its  lower  jjaira  indinot!  at  an  angle  instead  of  paniDcl  ancj  a 
number  of  nicchuuisnia  of  the  cam  class  may  thus  be  derived  which  Jire 
analogous  to  those  already  considered.  Some  of  these  may  uUo  be 
derived  from  a  screw  chain,  and  nuiy  here  be  briefly  mentioned. 

Let  us  take  a  6im])le  screw  chain  conr^isting  of  a  sliding  pair,  a  turning] 
pair,  and  a  right-handed  screw  pair.    Let  the  screw  be  of  several  threads^  I 
and  let  a  fraction  of  tlie  pitch  Iw  employed.     The  screw  and  the  ntit 
may  then  be  aliku  -dn  ttliown  in  Figure  2,  Plate  IV.,  euch  resembling  a 
crown  wheal  with  ratchet  teetli.     ^\^Ien  the  movement  has  taken  plac« 
through  the  fraction  of  the  pitch  in  rpiestion,  the  teeth  escape  and  ibo 
nut  may  be  moved  back  endways  by  force  closure,  or  by  a  second  screw 
and  nut  similar,  but  lelVbanded.      This  movement,  which  a  the  only  | 
possible  cam  motion  with  lower  i>airin|j,  has  been  employed  to  work  the  j 
shears  in  a  reaping  machine,*  and  is  al^o  well  knon'n  as  a  clutch. 

In  its  original  form  the  chain  consists  of  a  sliding  jiair  j4B,  a  screiT'] 
pair  liC,  and  a  turning  pair  ('A  ;  the  piece  A  ma3'  however  be  omitted, 
and  we  obtain  a  two-link  chain  consisting  of  a  sci-ew  [air  Jit\  the 
eleiucnU  of  which  are  unitolto  those  of  an  incomplete  lower  |wtir,  H  arwl] 
' '  both  sliding  and  turning  dnring  the  forwan I  motion  and  simply  sliding  ] 
during  the  backward  motion.       Now  imagine  one  of  the  screw  surfaces 
replaced  by  a  simple  jjin,  then  the  other  may  be  made  of  any  form  we  | 
please,  and  the  elements  of  the  incomplete  pair  will  have  a  cam  raotiou  | 
following  any  given  law.    A  valvo  motion  common  in  stationary  engiiuHi  I 
is  an  example.     7f  is  a  revolving  crown  wheel  on  which  is  a  projection 
which  raises  the  rod  ('  ut  the  proper  time  for  o[jening  or  closing  the  ; 
vulva     The  "swash  "  plate  usually  given  in  treatises  on  raechauism  is] 
another  example. 

Plate  IV.,  the  figures  in  which  are  not  taken  from  (ictual  exampleis 
ropreftents  some  of  the  cam  and  mtchct  mechanisms  referred  to  in  this 
section.  Fig.  1  is  a  "  heart  c:im."  so  called  from  its  shajw,  in  which  the 
sliding  and  rotating  pieces  urc  connectwl  with  uniform  volocity-ratio. 
Fig.  2  is  the  screw  cam  just  described.  Figs.  3  and  4  are  two  forms  of] 
the  triangular  eccentric  motion  ([i.  Ii50).  Fig.  5  shows  a  ratchet  motion 
{{},  152)  in  a  forTit  common  in  i\iv  feed  niutiutis  of  machine  tools  :  the 
direction  of  movement  of  the  ratchet  wheel  A  is  here  reversible  by 
putting  over  the  ratchet  IJ  into  the  dotted  position.  Fig.  6  is  referred 
to  on  (Kige  171. 

EXASIPLKS. 

1.  A  rMd|>n)(iatiii|t  pwce  inuvu*  iu  }tut<lcB  itodcr  tlie  autiun  of  it  lum  »tt»obod  to  ft  ihAft 
whkli  rotktea  anlforuily,  aod  tbc  ecntro  of  which  lie*  Ln  the  lino  of  motion.      I'noe  tbr 
'  JoimHtl  of  the  Franklin  Institute;  for  Mnrvli,  IA80. 
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foRD  cl\the  o»in  that  the  piece  nuy  ilide  uniformly  uid  make  one  complete  movement  in 

tmA  rr^olutioD.   Suppoee  a  friction  roller  uied  of  diameter  equal  to  |  stroke,  and  aappoae 

alao  tfaait  the  least  radius  of  the  cam  ii  ^  the  stroke. 
I 

2.  A  altamper  is  raiwd  hj  a  cam  auch  that  the  rise  takes  place  uniformly  during  a  part 
of  the  n'jvolution  of  a  shaft  which  !■  distant  from  the  stamper  half  the  rue.  Trace  the 
proper  f  onn  of  cam,  and  find  the  fraction  of  the  revolution  in  which  the  rise  takes  place. 

The  bust  solution  is  that  in  which  the  profile  of  the  cam  has  the  form  of  the  involute 
of  the  di^tted  drole,  whose  radius  is  half  the  lift  of  the  stamper ;  for  then  the  pressure 
of  the  earn  on  the  pin  is  always  in  the  vertical  direction.    The  rise  takes  place  whilst  the 

cam  tnnui  through  an  angle,  the  are  of  which  is  eqoal  to  twice  the  radius,  or   -  of  a 

revolution. 

3.  Draw  a  curve  of  velocity  for  a  reciprocating  piece  moved  by  a  uniformly  rotating 
triangular  eceentric 
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79.  Pf.a7\f  Afittini  in  Gi'neral.  Ceiitrtnlfs. — In  tho  two  preceiliiig  chajv 
ters  this  mechanisms  considered  liave  been  composed  either  uhollj  of 
lower  paii-8  or  else  of  two  lower  pairs  connected  by  higher  pairing.  Th 
velocity-ratios  of  the  various  lower  pairs  have  been  considcffd  and  dia-^ 
grams  of  veloc-ity  have  been  drawn  for  the  complete  mccliaiiism,  but 
without  aU4--iupliDg  tu  funu  any  idea  of  the  comparative  motioD  of 
piecfs  which  do  not  pair  with  each  other,  or  which  form  tho  elements  of 
a  liigher  pair.  It  will  now  be  necessary  to  consider  the  comparative 
motion  of  two  jhpi'cs  more  generally. 

First,  supp08e  the  two  pieces  to  move  iti  Htich  a  way  that  a  plane 
attached  to  one  moves  parallel  to  a  plane  fixed  in  the  other.  The 
motion  is  then  tho  i^amc  as  that  of  a  plane  area  which  slides  un  a  fixed 
]tlanc,  and  may  be  called  for  brevity  "  plane  motion."  If  thv  position , 
of  any  two  points  in  the  moving  area  he  given,  all  the  rest  can  be  fotindj 
and  the  motion  is  therefore  completely  defined  by  the  movement  of  1 
strai<;ht  line  joining  these  points. 

Let  AB,  A'B",  A"/f  ...(Fig.  75)  be  succeasive  ^Kwitions  of  such  a  line 
.Toin  AA',  Uli',  and  from  the  middle  points  of  these  lines  draw  pt-rpen-l 
dicolars  iXO,  MO  to  meet  in  0,  then  OA  ^OA'  and  OH  =  OJi\  fromf 
which  it  can  he  proved  that  AO/i  =  A'OS^  ao  that  AB  might  be  moved] 
to  A'h'  by  attaching  it  to  a  piano  area,  and  rotating  tliat  area  about  < 
08  a  centre.  Obtain  »iniilar  centres  (fWO"  ...for  the  succeeding  changettj 
of  [>o»itiou,  then  it  is  clear  that  the  motion  of  AB,  and  therefore  of  thfl 
plane  area  to  which  it  is  attached,  may  be  completely  represented  bjrl 
the  rotation  of  the  area  about  ihe  centres  0,  0*.  if  ...  in  succossioD 
through  certain  angles  which  are  given,  being  the  inclinatfons  to  each 
other  of  the  successive  positions  of  A  It. 

Next,  through  0  draw  OS,  making  it  ecjual  to  Off  and  inclined  to 
0(/  at  the  hntt  angle  of  rotation,  i'lS""  equal  to  07/*  and  inclined  to  J 
it  at  an  an^h  equal  to  the  sum  of  the  first  and  the  second  angle  or] 
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vofatton,  and  so  on;  we  thus  obtain  a  eecoml  polygon  O^S"..,^  the 
sidM  of  which  are  equtl  to  those  of  the  origirmi  polygon  O&O"  ... 


M" 
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Imagine  this  polygon  rigidly  nttacbcd  to  il^so  as  to  move  with  it>  th«4n 
•luring  the  motion  the  polygon  will  rotate  about  O  till  i?  reaches  0*, 
then  about  (/  till  S'  reaches  (T,  and  so  on  in  succeasion  ;  that  is  to  say, 
the  changes  of  posifion  i^f  AH  may  he  produced  by  the  rolling  uf  one 
Dlygon  upon  the  other.  Thus,  by  i>ropcrly  determining  tlic  polygons, 
[ly  given  si-t  of  changes  of  poeition  of  a  plane  area  may  be  produced  nt 
pleasure  by  rolling  the  moveable  polygon  on  the  (ixed  one. 

Now  iraagini*  the  moving  area  to  hccomo  fixed  in  it«  original  position, 

Hind  let  the  originally  tixed  area  move  by  rolling  the  polygon  OO'O" ... 

which  is  attached  to  it  upon  the  polygon  OA'A"  which  ia  now  fixed. 

vidently  the  two  ureas  take  up  the  same  relative  positions,  and  we 

btoin  the  verj"  important  proposition  that  any  sot  of  changes  of  relative 

lition  of  two  areas  may  be  obtained  by  the  rolling  of  one  |)oIygon  up- 

"oo  Miother.     If  the  positions  are  taken  at  random  the  polygons  may 

^Jiave  acute  angles  as  at  ^  in  the  diagrams,  but  they  may  also  be  such 

wouM  occur  in  a  continuous  motion,  and  the  |>olygoQf<  will  then 

r»*duce  to  continuous  cun*es  when  tlie  jiositions  are  taken  very  near  to* 

,  ^ther.     Thus  every  continuous  plane  motion  of  two  pieces  is  represented 

the  rolling  of  one  curve  upon  another,  the  point  of  contact  being  a 

entre  about  which  either  piece  is  for  the  iuRtont  rotating  relatively  to 

be  other.     These  curves  are  calle^I  Centroilcs,  and  the  point  is  callod 

be  Instantaneous  Centre.     Whenever  the  directions  of  motion  of  two 
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{mints  in  n  moving  pi&ce  arc  known,  the  instnntaneoitB  rcntri'  in  at  onc« 
determiner!  by  drawing  per|>endiciilai-s  to  intersect.  During  the  mo^on 
it  truces  out  two  curves,  one  in  the  moving  piece,  tlie  other  in  the  tixi 
piccv,  which  curves  are  the  ceutrodes  of  tlie  motion. 

80.  Axokh.  Eltmfuinr^  Evtimplts  of  Cenirodet. — Any  two  bod 
moving  in  the  way  described  may  be  divided  into  slices  by  planeiilj 
pandlel  to  the  plane  nf  motinn,  the  centrodcs  of  wliirh  will  of  course  hn 
all  similar  mid  e4)i)al,  t^o  that  we  may  rrgaiHl  thtm  as  the  transverse 
sections  of  cylindrical  surfaces  in  coutact  with  eacli  other  along  a  gelle^ 
ating  line.  The  surfaces  are  called  Axoids,  and  the  line  the  InstauUn- 
eons  Axis.  The  relative  motion  of  the  bodies  is  represented  by  the 
rolling  of  the  axoids  upon  one  another,  endways  motion  being  snpiMsed 
prevented. 

Any  two  parta  of  a  mechanism  have  a  relative  motion  which  is  com- 
pletely <Iefined  by  the  nature  of  the  mechanism,  as  has  been  sufficiently 
ex]>lAinod  alraady  ;  and  it  follows,  thcrvforo,  that  they  mu^t  have  given 
axoids,  the  nature  of  which  completely  defines  the  inottuu  of  the  piect^ 
In  every  kinematic  chain  there  are  as  many  sets  of  axoids  as  there  an; 
sets  of  two  pieces,  and  these  surfaces  are  the  same  fnr  all  the  niechanismtt 
derived  from  that  chain  by  inversion.  These  remarks  apply  even  when 
the  motion  is  not  plane,  as  will  he  seen  further  on. 

fir!tt.  Take  the  case  of  a  pair  of  spur  wheels  Aft  in  gear,  F  Iwing  the 
frame-link  (Fig.  76),  forming  the  throe-link  chain  conflidore<l  in  the  last 
chapter.  Let  tho  pitch  circles  touch  at  the  pitch  point  /,  then,  as  before 
■-■xplained,  those  circles  roll  together  without  'tlipping,  and  thereforo 
ng,-^,  must  themselves  bo  the  centrodoa,  the 

jMtch  surfaces  being  the  axoids.  Hence 
the  point  /  is  the  instantaneous  centra 
'\of  yj'a  motion  relatively  to  A,  or  A'» 
Imotion  relatively  to  B.  We  shall  re 
turn  to  this  immediately,  but  for  the 
present  merely  remark  that  if  the  cen- 
tres of  A  anil  fi  move  up  to  each  other, 
the  pitch  circles  reduce  to  points,  and  the  axoids  become  coincident 
straight  lines,  the  point  /  is  fixed  in  A  and  A,  the  two  pieces  then  l)ticome 
a  turning  pair.  In  lower  pairing,  then,  the  axoids  are  coincident  atraigbt 
lioe«,  which  are  ai  infinity  if  the  pair  l>c  sliding.  Tlie  case  of  a  screw 
pair  in  which  the  motion  is  not  plane  will  be  referred  to  further  on. 

Secundltf.  Take  the  case  of  u  douhlc-fllider  chain  ;  there  are  here  four 
pieces  which  may  be  taken  two  atid  two  in  six  ways  ;  there  are,  there- 
fore, MX  sets  of  axoids.     Four  of  these,  however,  are  only  the  four 
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axea  of  the  four  lower  [wirs,  and  it  remnins  to  (letemune  tho  otbor 
two. 

In  Pig.  77  the  blocks  A,  C  are  connected  by  a  link  B  and  slide  on  a 

piece  D  along  lints  OX,  OV,  Fig.n.      ,---" ., 

foriiiinfj;  the  chftin  doftcrihecl 
fully  in  a  former  cfaapttir. 
The  lilocks  yt,  C  foiiu  two 
turning;  jwinn  with  the  link 
Bf  and  the  velocities  of  these 
pain  are  otjual  because  It 
vutkes  :Lngles  witli  OX,  (fV, 
the  dilVcrence  of  which  i.s 
coostant.  The  centnxlcs  for 
j4,  C  are  therefore  oqiizil 
circles,  the  contrea  of  which  are  the  centres  of  A,  V  (see  note,  p.  171). 
Next,  to  find  the  centixxlcs  of  H,  />,  through  those  centres  flraw  peq>eu- 
diculars  to  OX,  ())'to  meet  in  Z,  then  Z  is  the  instnntiuicoiis  centre  for 
B  when  D  is  fixcrl,  and  for  D  when  H  is  dxed.  Kirst,  auiipose  H  fixed. 
then  the  angle  at  Z  is  the  supplement  of  the  angle  at  0,  and  is  therefore 
onsUuit,  so  tlmt  Z  tniccs  out  an  arc  of  a  Kxed  circle,  of  which  OZ  is  the 
iioter.  Next,  suj^poee  D  fixed,  then,  sitico  OZ  is  constant,  Z  ttTices 
ut  a  circle,  the  centre  of  which  is  0.  Thus  the  centrodes  of  B,  D  are 
ro  circles,  one  half  tho  diameter  of  the  other  ;  tho  Urge  circle  is  fixed 
D,  and  the  small  circle  to  H. 

Thirtihj.  In  the  four-link  chain  A,  Ji,  (.\  If^  consisting  of  four  turning 

nirs  with  pamtlol  axes,  the  sections  of 

wliich  are  represented  by  the  i»oiut«  rt>  A, 

d  (Fig.    78) ;  Hup{Kisc   opjtosite   links 

'equal,  but  set  BO  as  not  to  be  [Mirallcl. 

This  is  the  case  referred  to  ab'eady  ([oge 

1 1 2)  as  "  anti-iMUullcl  "  cranks. 

■Joining  rtc,  bd  by  the  dotted  lines  in 
the  figure,  the  <|uadrilatcral  abdc  has  two 
iilcs  and  two  diagonals  equal,  hence  the 
riangle*  fiic,  nln  must  bu  equal  ia  every 
spect,  so  that  hd  is  parallel  to  ac. 
iencc  if  h  ho  the  intersection  of  the 
liugomils,  ami  i  the  inK^rsection  of  the 
Bclea,  aii=^<kiU'^dk'M  =  di,  from  which 

rafe + W- -  cj[- +  Arf  =  rtrf  =  frc 
ai-dt^et-ht^ah'=ed. 
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Suppose,  now,  A  to  move  while  V-  is  fixed^  then  a  moves  |K*r|i«i]Uiciiliir 
to  (!(/,  aiul  h  moves  perpendicular  to  V,  so  that  /-  nnist  te  t-he  instAnl^ 
taneous  ccnti*e  for  the  motion  of  ,/  relatively  to  C,  or  for  th»t  of 
relatively  to  A.     Now,  in  the  first  case,  it  apjicars  fi-oni  what  ha«  ' 
said  that  h  traces  out  an  ulHijee,  of  which  c  atitl  d  are  foci,  while,  in  tb« 
second,  it  traces  out  an  ecjunl  ellipse,  of  which  «  and  h  are  foci.     Thiis^ 
the  centi-odes  for  the  motion  of  A  and  C  are  equal  ellii>se«,  us  shon-n  in 
the  dia.nrani.     In  like  niiitiner  the  L-eiitrodcs  for  the  motion  of  }l  and 
are  the  eqiul  hypei-bol:*-  trac&i  out  hy  the  jwint  /. 

The  four  other  iMiirs  of  centrodofi  are  the  ]>oint8  «,  6,  c,  (i,  which 
the  contrea  of  motion  of  tho  four  turning  iMiirs. 

81.  Projilei  fur  given  Centrodejs. — Any  given   motion  of  oue   pie 
relatively  to  another  may  W  prwluced  in  an  Infinite  number  of  waya.^ 
One  way  of  duing  this  is  by  rolli  ng  contact,  for  if  the  motion  is  giveo  j 
the  centTodes  will  bo  given,  and  by  forming  the  ])rotile8  so  as  to  repre-^ 
Stint  the  centrodea,  and  applying  forces  to  press  the  piec-es  together  and 
cause  them  to  roll  on  one  another  without  clipping,  the  givon  motion 
may  be  produced.      But  if  slipping  te  permitted,  the  same  motion  may 
bo  produced,  at  least  theoretically,  hy  assuming  any  form  whatever  fof 
one  profile  and  properly  detennining  the  other.  . 

(I.)  Let  a  given  profile  be  attached  to  the  moving  piece,  and  » it] 
rolls  into  dift'erent  po-sitions  let  that  profile  be  traced  on  paper  attached 
to  the  fixed  piece.     If  the  positions  be  taken  near  enough  together,  a 
curve  may  be  drawn  tiiruugh  tlieir  ultimate  intorsections  which  will 
envelope  them  all,  and  if  a  prufile  formed  to  that  envelope  be  att-achcd  ' 
to  tlie  fixed  piece,  the  two  jiieces  will  fit  one  another  and  yet  be  capabloj 
of  relative  motion  of  the  prcscribnl  kind. 

(2.)  To  ajjply  the  foregoing  process  a  model  would  be  necessary,  but^ 
by  a  simple  modification,  a  geometrical  construction  may  be  obtalnciL 

In  Fig.  7lt.  ./  and  Ji  are  the 
(lieces,  which  move  so  that  thq 
cenlrodee  are    0,    1,   2,    S 
0*.  I',  2',  3'  ..,,   curves   which' 
are  sHowti  touching  at  the  point 
/.     Ph  &  profile  of  given  form 
attached  to  ^ ;  it  is  required  to  j 
find  a  profile  attached   to  «^,j 
""^  which  will   always  remain 
contact  with  P,  and  so  be  capable  of  moving  it  in  the  required  way  by 
simple  contact. 
Wiidf  the  centrode  of  //  into  arcs  of  etjual  lengtli,  storting  from  QA 
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the  point  where  P  intersectfi  it,  aiid  let  2  be  the  point  of  contact  at  the 
instant  considered.  Dinde  the;  centrode  of  A  into  equal  a.rcfi,  stepping 
from  2  in  both  Jiroctione,  then  0',  I',  3',  4' ...  are  iwints  m  A'&  centrode, 
which  r.orrespnnd  to  0,  1,  3,  4  ...  in  ^8  centroid,  being  during  the 
motion  |)oint6  of  contact  in  succession.  From  1,  2,  3  ...  drop  normals 
on  to  the  curve  F,  and  with  theso  uormals  as  radii  trace  circular  arcs 
with  centres  1 ',  2\  3'  ...  ;  the  envelope  of  these  arcs  must  be  the  required 
profile  r. 

(3.)  Instead  of  assuming  one  profile  and  determining  the  other  to 
suit  it,  it  is  generally  more  conveuieut  to  employ  some  method  of 
determining  pairs  of  profile  which  satisfy  the  required  conditions. 

Id  Fig.  SO  A,  li  are  the  controdes  as  before,  C  is  a  third  cun-e,  theo- 
retically of  any  form,  which  xoWi  on  A  and  B,  always  touching  these 
curves  at  their  point  of  contact  t,  P 
is  a  tracing  point  which  is  attached  to 
C  and  traces  out  two  curves  during 
the  motion,  one  on  A^  the  other  on  li. 
First,  suppose  A  fixed,  then,  sinct'  t  is 
the  iustautaneons  centre  of  the  motion 
of  C,  Pt  must  be  normal  to  the  curve  NP  traced  out  on  A.  Similarly 
supposing  B  fixed,  Pt  is  norma)  to  the  curve  MP  traced  out  on  Ji. 
Thus  the  two  cun-es  touch  one  another  at  the  point  /'  and  therefore 
may  be  taken  as  proHlcs  which  will  give  the  required  motion.  If 
.rf,  B,  C  be  circles,  this  construction  Ijccomes  that  already  considered 
when  discussing  the  form  of  teeth  for  a  wheeL  This  and  the  preceding 
method  show  clearly  that  the  cx>nditiou  which  the  two  proHlcs  must 
always  satisfy  is  that  the  common  normal  at  the  point  of  contact  must 
alwa]r8  pass  through  the  pitch  point  as  already  proved  otherwise  for  the 
special  case  of  wheel  teeth. 

Not  every  pair  of  curves  which  satisfy  the  geometrical  conditions 
could  actually  be  used  as  profiles,  either  for  controdes,  or,  in  the  cases 
just  mentioned,  to  give  a  required  motion,  Itecause  there  is  nothing  in 
the  geometrical  constniction  which  excludes  an  interpenetration  which 
would  not  be  physically  pos.siblc  in  the  areas  of  which  the  profiles  form 
the  boundaries,  hut  an  intinito  variety  of  forms  can  he  found,  for  given 
centrodes,  which  might  be  so  used. 

In  all  cases  in  which  the  ccntrodee  arc  known  for  the  relative  motion 
of  two  pieceSf  one  of  which  is  fixed,  the  velocity -ratio  of  any  two  points 
(0,  6)  in  the  moving  piece  is  known  for  each  position  of  the  pieces. 
For,  joiniDg  the  two  points  to  the  instantaneous  centre  0,  the  ratio  of 
the  distoucM  Oa,  Oh  must  be  the  velocity -ratio  in  question,  since  the 
moving  piece  is  for  the  moment  turning  about  0.     It  is  easily  seen 


1(J2 


KINEMATICS  OF  MACHINES. 


[part  It. 


that  the  triangle  Oab  is  similar  to  the  triangle  of  velocities  constructed 
aa  in  Art.  49,  p.  100. 


ft   thn       I 


82.  Cmtrodes  for  a  Higher  Pair  Connedituf  Loimt  Pairs. — Among  the 
infinite  variety  of  profiles  which  corresi>oncl  to  given  ccntro<les  it  is  fra- 
queutly  possible  to  find  »(ime  %vhich  are  closed  curves,  one  completely 
surrounding  the  other.  If  these  curves  be  used  as  the  external  and 
internal  boundaries  of  two  areas,  the  two  pieces  thus  forme*!  will  fit 
one  another  and  be  capable  of  no  motion  except  that  of  the  prescribc«l 
kind  without  requiiiug  any  ad<litional  constraint.  In  Figure  4,  Plate 
IV.,  a  form  of  the  triangular  eccentric  motion  is  shown,  which  has  l)een 
occtJtionally  uncd  and  which  fumi-shes  an  example.  Un  reference  to 
Art.  7-1  it  will  ho  seen  that  such  au  eccentric  will  exactly  lit  a  mpiare 
within  which  it  is  enclosed,  and  therefore  tonus  with  it  a  higher  paii 
which  ifl  "complete"  in  itself 

Complete  higher  pairs  are  very  unusual  in  mechanism,  higher  pairing 
being  employed  almost  exclusively  to  complete  a  chain  of  lower  pai 
OS  in  the  preneding  chapt4>r.  U  is  then  generally  "  incomplete,"  tin 
necessary  constraint  being  furnished  h)  the  rest  of  the  kinematic  chain 
to  which  it  belongs,  as  for  example  in  the  triangular  eccentric  motion 
shown  in  Figure  3,  Plate  IV.  The  general  prohlem  in  mechanism  is 
not  to  conni-ct  two  pieces  in  a  given  way,  hut  tu  i-mivcrt  the  muiiun  of 
a  ^dvcn  pair  into  the  motion  of  a  ilitforcnt  ]mir — that  is  to  say,  to 
ronnect  two  pairs  so  as  to  have  a  prescribed  relative  motion.  This  will 
bo  further  considered  presently,  but  we  must  tiret  return  for  a  momei 
to  a  question  coosidered  in  the  l.it^t  chapter. 

In  the  thretvlink  chain  of  Art.  73  we  have  two  lower  |>air8  AC,  B\ 
with  axes  parallel,  connected  by  jtjmple  c<>ntact  Ijelweon  A  nnd  B  at  l 
|)oint  P  (Fig.  72,  p.  U8).     Draw  the  ronunnn  nonnal  PT  to  meet  ad 
T,  then  when  B  is  6x(m1  the  motion  of  (2  is  pt^rjtendicular  to  ail,  nnd  the 
motion  of  /'  peri>endicular  bo  PT,  therefore  T  must  be  the  instantaneuutt 
centre  for  the  motion  of  .1  relatively  to  H.     Let  v  be  the  velocity  of 
rubbing  at  P ;  A.A'Xhc:  angular  velocities  of  the  pairs  AC,  J3C:  fntth' 
let  ad  =  l  and  PT  =  ::  then,  since  B  ia  fixed  ami  A  is  rotating  rniind  T, 
V     velocity  of  o  _  ,,     / 

r — aT — ^"^ar 

Similarly  supposing  A  fixed, 


■  c 

ir^^ 


V  _  velocity  of  d 
,:  If 

from  which  it  appears  that 

A     dT 


•  A    1 

■  dr 


A'~aT' 


v  =  z(A'-A% 
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rostilU  which  agree  with  those  obtained  in  the  article  cited  by  b  rfifforent 
method. 

The  centrodee  in  this  caso^  as  well  as  in  that  of  the  four-iink  chain 

(rofm  which  it  was  derived  by  reduction,  may  bo  traced  >^ii]>hicany  by 

tlotting  the  position  of  7'  for  a  number  of  positions  of  the  pietes,  but 

|jey  ai-c  known  curves  only  iu  exceptional  cases  such  as  those  of  Art, 

and   generally    have   infinite    branches    which    render   their   use 

"inconvenient. 

When  the  point  /*  lies  on  the  line  of  centres  it  coincides  with  T,  and 
^e  velocity  of  nibbing  is  rero ;  the  centrodes  ore  then  no  other  than 
lie  profiles  themselves  of  ji  and  B.  The  cun'es  are  then  said  to  roll 
gether:  a  pariioilar  exani|)le  is  th:it  of  the  equal  ellipses  of  Art.  80 
Irbich  arc  not  anfrequently  used  to  connect  two  revolving  shafts  with 
iblc  an(<ular  velocity  ratio.  In  this  case  thp  velocity-ratio  is  the 
of  the  focfil  distiiiices  of  the 
Dint  of  contact,  but  by  properly 
letormining  the  profiles  it  is  theoreti- 
cally possible  to  give  any  velocity-  !\a 
ratio  to  the  shafts  at  pleitsure.  The 
question,  however,  is  not  one  of  much 
precticnl  interest. 


nff.8i. 
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83.  Comirttdion  of  Cadres  of  OurfOr  y^    --•''•*\. 
_  jt  of  ProfiltJi—irtllis's  Method.— In         ^'        \^  I     \\ 
the  four-link  chain  ^M7>  shown  in 
Pig.  81,  0  is  the  fixed  link  and  B  the 
nipling  link  -.  a,  h^  c^  d  are  sections 
^f  the  axes  of  the  pairs   which  ore 
iippoBod  parallel. 
If  the  coupling  link  h*'  beprolongetl 
meet  the  lino  of  centres  mi  in  the 
[tint  /,  and  uh  to  meet  al  in  0,  it  • 

aj^ieurs  as  in  previous  cases  that  0 

must  bo  the  instantaneous  centre  of  B,  and  that  the  angular  velocity- 
ratio  of  A  and  C  is  d/  :  al.  Join  Of,  and  imagine  ht  an  actual 
jtrolongation  of  the  bai*  Ac,  so  that  /  is  rigidly  connected  with  it,  then  /"s 
motion  will  be  perpendicular  to  Ot.  Suppose  now  that  the  proijortions 
of  the  links  are  taken  so  that  Ot  is  perpendicular  to  W,  then  /  moves  in 
direction  of  the  length  of  the  rod,  anti  the  rod  therefore  may  be 
nod  to  slide  through  h  fixed  swivel  at  /. 
This  reasoning  shows  that  the  levers  A  and  C,  when  in  this  position, 
ill  rartvo  for  a  short  interval  with  uniform  angular  velocity-ratio,  and 
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the  movement  of  a  pair  of  wheels  in  geai*  is  thus  imitated  by  a  li: 
work  mechanism. 

Let  us  now  foim  a  reduced  chnin  by  omission  of  the  coupUng-Iinl 
and  we  shall  be  able  to  solve  the  important  problem  of  finding  a  pair  of 
circular  arcs  which  will  nerve  for  the  profiles  of  a  jmir  of  teeth  in 
contact.  For  this  pui'pose,  with  centres  b  and  c,  strike  uses  through 
any  point  p  on  chl  produce<l,  and  let  these  arcs  be  rigidly  connected  with 
j4  and  C  respectively  ;  the  coupling-link  may  now  be  removed,  and  A 
imagined  to  drive  C  by  direct  contact  of  the  arcs.  Evidently  wherever 
p  is,  the  pieces  will  move  for  the  moment  witli  uniform  angular  velocity- 
ratio  and  pitch  point  (.  The  uniformity,  however,  is  only  momentary, 
because  the  position  of  0  changes,  and  to  trace  the  profiles  uith 
accuracy  it  would  be  noces8ai*y  to  perform  the  construction  for  a 
succession  of  positions  of  rhl,  hence  the  face  and  flank  of  a  pair  of  teeth 
in  contact  cannot  be  exactly  rcpresentctl  by  n  pair  of  circular  area. 
When  it  is  sufficiently  approximate  to  do  so,  the  arcs  arc  found  by 
assuming  a  mean  position  for  the  point  p,  and  a  mean  value  for  the 
obli(|uity  i,  found  by  cxpcrioacc  to  give  good  results.  The  method  here 
described  was  invented  by  the  late  Professor  Willis,  and  the  value  of  i 
recommended  by  him  was  sin"''25,  or  about  14^',  Iwing  about  the 
actual  mean  value  of  the  obliquity  in  cycloidol  teeth  of  good  proportions. 
Also  the  valuu  of  pt  was  taken  by  him  as  half  the  pilL-h,  p  being  then 
about  midway  lietween  the  pitch  point  t  an<i  the  point  of  the  tooth. 

Having  made  these  assumptions,  it  still  remains  to  fix  the  position  of 
the  point  0,  which  may  be  taken  anywhere  on  a  line  through  /  inctin 
at  14^'  to  the  line  of  centres.     This  is  done  by  obseiring  that  0  m 
be  the  same  for  all  wheels  D  intended  to  work  with  a  given  whed 
and  that  teeth  never  aboutd  be  undercut  (Art.  70);  that  is,  c  and  h  must 
lie  on  tJie  same  aide  of  /.     Hence  in  the  smallest  wheel  intended  to  work 
with  ^,  e  is  at  infinity,  so  that  if  rfg  is  its  centre,  d^O  is  parallel  to  pt, 
and  thon-forc  jierpcndicular  to  Ot.     The  flank  of  the  tooth  in  this  case 
becomes  a  radius  tl^j).     The  [>ositioti  of  0  is  thus  completely  dete 
for  all  the  wheels  of  a  set  when  the  pitch  is  given. 

Willis's  method  is  of  great  theoretical  interest,  and  has  conscquenby 
been  given  bore,  but  the  form  of  teeth  obtained  is  not  always  su£5ciently 
approximate.  It  may,  therefore,  with  advantage  he  replaced  by  oilier 
methods,  as  to  which  the  reader  is  referred  to  a  work  by  Professor  W. 
C.  Unwin  on  Machine  Design^ 

84.  Sphn-c  Motion, — When  a  body  moves  about  a  fixed  point  it 
motion  is  completely  represented  by  that  of  a  imrtion  of  a  spherical  shell 
of  aay  radius  which  fits  on  to  a  corTes|)onding  sphere,  and  movea  on 
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just  as  in  the  case  of  plane  motion.  Everything  which  has  boon  said 
respecting  phino  motion  alflo  applies  to  sphere  motion,  but  the  oxoids 
are  conical  instead  of  cylindrical  surfaces,  tho  centrodes  &phencal  instead 
of  plane  curves,  and  all  strnight  lines  are  reiilaced  by  great  circles  of  the 
ihero  on  which  the  motion  is  imagined  to  take  place.  Tho  correapond- 
ing  crank  chains  are  called  "conic"  crank  chains,  the  axes  of  the  pairs 
lying  on  a  cone  instead  of  a  cylinder. 


86.  ScrrwMotim. — In  the  plane  motion  of  two  pieces,  endways  motion 
of  tho  cylindrical  axoids  is  8upix>Bed  to  be  prevented  by  some  suitable 
means.  Let  ns  now  remove  this  restriction  and  imagine  the  axoida  to 
slide  endways,  while  continuing  to  roll  together,  the  rclutivo  movcmont 
will  now  not  be  completely  defined,  but  additional  constraint  will  be 
required.  In  the  first  place  take  the  caee  ofa  lower  pair  in  which  theiLXuids 
are  coincident  straight  lines;  if  endways  sliding  be  i>ei"mitt«d  wc  obtain 
an  incomplete  pair,  unless  the  natiu'e  of  the  surfaces  in  contact  define 
the  relation  between  the  endways  motion  and  the  rolling  motion.  In 
■,e  simple  screw  f>air  the  two  are  in  a  fixed  ratio,  in  the  screw  ciims  of 
76  they  have  a  varying  ratio.  In  every  case  of  non-plane  motion 
with  cylindrical  axoids,  not  only  must  the  axuids  be  given,  but  also  a 
connection  between  the  endway»  sliding  and  t)ie  motion  of  rotation. 

In  the  most  general  case  [wssible  the  instantaneous  axis  changes  its 
^direction  as  in  ephoricnl  motion,  its  position  as  in  plane  motion,  and  in 
addition  there  may  be  an  endways  slitling.  This  is  ox}>reased  by  the 
rolling  and  sliding  of  certain  surfaces  on  one  another,  which  arc  now 
neither  cylindrical  nor  conical.  Those  surface.^  are  in  all  cases  of  the 
kind  known  as  "ruJe<l "  suriaces,  being  generated  by  the  motion  of  a 
,ighl  line,  along  which  they  touch  each  other.  The  surfaces  are  still 
Ued  Axoids,  and  the  line  is  the  Ijistan  tan  eons  Axis.  The  hyper- 
loidal  pitch  surfaces  for  wheels  connecting  two  sholts  which  do  not 
itersoct  are  examples  of  this  kind  ;  but  for  the  discussion  of  this  quos- 
ion,  which  is  not  of  very  common  occurrence,  the  reader  is  refen'ed  to 
the  works  already  cited. 


86.  ClomJi€aii<m  p/  Simple  Kinematie  Chains.— On  observing  tho  action 
of  any  mechanism,  several  of  the  pieces  of  which  it  is  constr^icted  may 
readily  distinguished  as  having  functions  ditlcrent  from  the  i-est, 
bese  pieces,  like  the  rest,  occur  in  iMiirs,  and  may  be  described  as  such, 
bough  the  pairing  is  not  necessarily  kinematic.    First,  one  or  more  per- 
form the  o|)enition8  which  are  the  object  of  the  mechanism,  these  may 
lie  called  the  Working  Pairs,  as,  for  example,  the  tool  and  tho  work  in 
machine  tools,  the  weight  raised  and  the  earth  in  the  hoisting  machinos. 


16t) 


KINEMATICS  OF  MACHINES. 


fPABT  1 


Second,  one  or  more  form  the  eource  from  which  tho  motion  is 
mittod,  as,  for  example,  the  crank  handle  and  frame  of  a  windlaM,  ths 
[nston  ami  cylinder  of  a  steam  engine.    These  may  he  called  the  Drivinj^ 
Pairs.     Thijdly,  various  subsidiary  working  [lairs  cany  out  various | 
oiwrations  iiicidenUil  to  the  working  of  tlic  nuicbine.    Tfao  objoct  of  tho 
mechanism  is  always  to  convert  the  motion  of  the  driving  jmirs  into  thjit^ 
of  the  working  jJiiirB. 

The  simplest  caae  is  that  in  which  the  motion  hus  only  to  Iw  trwi-s- 
mittod  mthout  alteration;  a  single  [jair  will  then  suffice.     Thiis,  liyJ 
means  of  a  long  rod  sliding  in  guides  or  turning  in  bcaringa,  a  motioa 
of  translation  or  roi^ition  niiiy  be  trmismitted  to  a  distance  only  limited  ' 
by  non-kinomaticjil  considerations,     liy  use  of  ticxible  elements — imioikgJ 
which  should  be  included  the  flexible  shafts  recently  introduced — the 
direction  may  l>e  altered  at  pleasure  and  any  deaired  |x>sitinn  rcachcil. 

If,  however,  tho  magnitude  of  the  niotiou  is  to  he  altered,  a  uiechanisn»| 
must  l>e  employed  in  which  at  least  one  clement  of  the  driving  itnd 
working  pairs  is  different.     The  drtWng  i»airB  are  usually  kinematic 
lower  |wirs  and  the  wurkiug  jwui"s  are  so  very  frequently,  and  thi*  is  why 
80  many  of  the  sinipl«st  and  most  imimitaut  Tuechunitnus  am  examples 
of  the  ronnoction  of  lower  jtairs.     The  |H*cnIiar  mntions  of  lower  ptiirs 
being  translation  and  rotation,  a  number  uf  mechunisms  may  be  classed 
as  examples  of  the  conversion  of  rotation  into  translation  or  rotation  artdl 
couverscly,  with  uniform  or  varying  dii-ectiomd  relation  or  velocity-nuioJ 
This  is  esiKicially  the  case  when,  as  so  fret|uently  hap|wn»,  the  dri^'ingj 
and  working  [mirs  have  a  common  link  which  is  fixed. 

It  has  been  shown,  however,  that  many  apparently  diftbrent  nicchanismil 
are  in  reality  closely  coimoct«d,  being  derived  from  the  same  kinonuitic  j 
chain.  Mochaniaras  are  therefore  to  l>e  classed  according  to  the  kiiie-j 
matic  chains  to  which  they  belong.  The  number  of  simple  chains' 
actmiUy  employed  in  mechanism  is  limited  by  the  prorvding  considera- 
tions to  those  already  described,  which  are  ranged  by  iicideaux  in  the  j 
following  classes,  the  names  of  which  are  derived  from  the  moat  im- 
portuut  piece  in  some  example  of  common  occurrence : — 

(1)  Crank  chains. 

(2)  Screw  chains. 

(5)  Pulley  chains. 
(4)  Wheel  chains. 

(6)  Cam  chains. 
(G)  Hatchet  chains. 

In  the  first  two  an*  includc<l  all  combinations  of  sliding,  turning,  ane 
screw  i>air8  ;  in  the  third,  idl  cases  where  tension  or  pi'ossure  elements  ' 
Mv  vmphyed }  in  the  fourth,  all  cases  of  conuection  by  conLnvt  whcruJ 
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the  directioiml  relation  remains  the  same ;  in  tho  tifth^  all  cases  where  it 
raries ;  while  iii  the  lust,  all  combinationfi  arc  includoil  where,  by  action 
of  a  shifling  piece,  the  law  of  motion  is  periodically  varied. 


87-  Compound  Kiu^matic  Chains. — Iq  a  complete  machine,  the  inotioiu 
required  :ire  geiienilly  too  complex  to  Iw  carried  out  by  a  single  kine- 
^  niatic  chain  of  thif;  eimple  kjiid  ;  it  is  necessary  to  combine  together  a 
number  of  such  chains,  and  we  rxjnclude  this  jiart  of  the  subject  with 
Bome  general  remarks  on  such  combinatiotis  which  may  all  be  regai*ded 
ms  compound  chains  derived  from  two  or  more  simple  chaiits  by  uiiiou 
of  theii*  links. 

(1.)  ("Vom  any  two  closed  chains  a  third  may  be  dorive<i  by  uniting? 
I  twu  links.  The  links  must  have  the  same  relative  mution,  for  otherwise 
I  the  chains  would  lock  each  other,  and  ihcy  generally  form  a  pair. 

This   is  one  of  the  i-omnioiieftt  of  all   combinations.      When   two 
ohijies  are  driven  from  the  same  shaft,  or  when  the  same  shaft  is 
driven  by  two  sepanite  engines,  wo  have  examples  in  which  the  driving 
luirs  or  the  working  pairs  are  common,  but  the  uiechaDitims  are  other- 
wise independent.      Further,  in  cvoi-y  complete  machine  wc  lind,  in 
(u-ldition    to  tho  ])rinci|Kil  chain  which  does  the  work,  u   number  of 
auxiliary  chains  which  carry  out  various  opeiulions  uecossarj'  to  the 
[working  of  the  machine.    Thus,  in  the  steam  engine,  besides  the  slider- 
or  other  mochunisnt  which  turns  the  crank,  we  have  the  valve 
on  which  governs  the  distribution  of  steam,  the  air  pump  motion 
which  produces  the  vacuum  in  the  condenser,  and  frequently  others  as 
well.     Each  of  ihese  auxiliary  mechanisms  has  a  jKiir  in  conuiion  with 
the  principal  chain  which  serves  as  a  diiving  pair,  Tmt  the  chains  are 
lotherwisc  indc|}cndent     Again,  in  trains  of  mechanism  which,  as  pro- 
Iviously  remiirked  (page  135),  are  frequently  simple  chains  augmented  for 
laoD-kinematical  rou^uns,  a  nunibcr  of  such  chains  are  anunged  so  that 
'  the  working  ]>air  of  one  chain  is  the  dri\'ing  pair  of  the  next  in  succes- 
Inun.      A    train  of  wheels  or  the  mechanism  of  a  beam  engine  arc 
!  examples  already  referred  to,  in  which  one  link  is  common  to  all  the 
Ifleparate  chains,  but  cases  occur  in  which  this  is  not  so,  as,  for  exauiple, 
■  tho  wcll-kuown  Lazy  Tongs. 

The  case  here  considered  is  that  where  the  movements  of  various 

dri\-ing  [jaii-s  have  to  be  transmitted  to  various  working  iMiirs,  but  no 

new  motion  is  required  in  a  working  ]>air  other  than  could  be  produced 

t  "by  a  simple  chain.     All  such  combinations  may  be  called  Trains,  and 

ay  bo  divided  into  "converging,"  "divei'ging,"  and  "transmitting" 

aiiis. 

(2.)  If  two  closed  chains  bnve  only  one  link  common  they  are  com- 
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plaCely  indapettdflo^  like  two  machinca  sunding  on  the  tame  flooTi  but 
duconQeeted.  It  might,  therefore,  be  supposed  that  nothing  waw 
oblAittfld  kh*i  WAS  new.  In  ftel^  ho/wervr.  Urn  is  a  combination  whkh 
ii  M  eomnoD  m  the  precediiift  bedog  employed  to  give  a  motion  to  a 
working  pair  which  is  too  complex  to  be  produced  by  itjmpler  moans,  or 
which  reqairea  to  be  varied  at  pleaaore.  The  working  pair  coosiets  of 
two  elemental,  one  of  which  is  cnpptied  by  one  chain,  the  other  by  the 
other,  and  the  motion  of  the  jiair  is  thus  a  combination  of  the  motions 
of  the  two  independent  chains.  Completely  new  motions  are  obtained 
in  this  way,  and  they  may  he  varied  at  pleasure  by  alteration  of  either' 
or  both  of  the  primary  motions. 

Take,  for  example^  the  common  planing  machine.  The  working  pair 
consista  of  the  table,  upon  which  the  work  is  mounted,  and  the  too! 
To  the  first  a  reci|irocating  morement  is  communicated  by  roctans  of 
suitable  kinematic  chuin  connecrting  it  with  the  driving  shaft.  Tbi 
other  is  mounted  on  a  slide  reet,  forming  an  element  of  a  screw  chain, 
which  gives  it  a  horizontal  movement.  This  chain  bos  one  link  in 
oominon  with  the  principal  chain,  but  is  otherwise  independent.  In  the 
ordinary  working  of  the  machine  this  chain  is  locked  by  Criction, 
except  at  tbo  end  of  each  reciprocating:  movement  of  the  table  when  it 
moves  to  take  the  next  cut.  The  tool  thus  traces  out  a  complete 
surface. 

In  thiit  example  the  common  link  is  fixed,  but  this  need  not  1»o 
case,  and  in  fact  in  the  planing  machine  a  third  independent  chain  is] 
added  to  adjust  the  tool  vertically,  the  tool  being  mounted  on  a  vertical 
slide  buying  an  indetjendcnt  movement.  Also,  one  element  of  the 
working  (lair  may  be  fixed,  and  both  movcmentfi  given  to  the  other, 
which  is  common  to  both  chains.  I)ouble  and  ti*eble  chains  of  this  kind 
occur  whenever  it  is  necessary  to  move  the  clement*  of  the  working 
pair  into  all  pijssible  positions.  In  cranes  of  all  kinds  wo  find  a  treble 
movement,  one  to  raise  and  lower  the  jib^  a  second  to  swing  the  ji 
round,  and  a  third  tn  niiso  or  lower  the  Uwid.  In  tniveraing  cranes  the 
throe  movements  are  rectangular,  as  in  the  planing  machine.  In  either 
caao  we  find  the  methods  employed  hy  mathematicians  to  define  the 
position  of  a  |«ii)t  in  space  by  roctjLiigular  or  polar  co-ordinates  exactly 
imitated  by  the  mechanism. 

The  olemonts  of  the  working  pair  need  not  he  wholly  disconnected 
as  wo  have  hitherto  supposed,  they  may  form  an  incomplete  kincmatii 
pair.     Thus  if  the  axoids  be  cylindrical,  endways  motion  may  still 
possible   and    may    be   given  by  an  independent  chain.     A    commoO' 
exAtiiplc  ifl  a  drilling  machine,  the  working  pair  in  which   consists  of 
t»bje  on  whkh  the  work  is  mounted,  and  a  spindle  carrying  the  drill 
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hich  rotates  and  at  the  same  time  descends  as  the  hole  is  dnllo<l  j 

le  two  movements  may  be  quite  independent,  the  one  proceeding  from 
a  driving  8haf\.  the  other  operated  by  the  workman. 

A  similar  combination  is  employed  when  a  train  is  varied  by  shifling 
006  of  its  links.     Fig.  5,  Plate  III.  (p.  136),  represents  a  case  of  this 
kind.    The  wheel  C  is  mounted  on  a  shaft  which  can  be  shifted  endways 
by  an  iudei^endent  mechanism.     The  shifting  of  belts  (Art.  61,  p.  129 
is  another  example. 

Again,  the  movements  of  the  working  pieces  may  be  connected  by  a 
IransmitUng  train  connecting  the  chains  which  produce  them.  In  the 
■elf-acting  feeds  of  planing  and  shaping  machines  the  connection  is  inter- 
mittoiit^  but  it  may  also  be  continuous,  and  we  then  have  a  fertile 
means  of  producing  complex  movonionts  variable  at  pleasure.  In  a 
screw-cutting  lathe  the  tool  is  mounted  on  a  slido-rost  moved  by  a  screw, 
and  the  work  is  attached  to  a  rotating  mandrel.  Connecting  these 
independent  chains  by  a  train  of  *'  change  "  wheels,  the  tool  cuts  a  screw 
f  any  pitch. 

The  principle  of  all  combinations  of  this  kind  is  the  closure  of  an  in- 
complete or  disconnected  pair  by  independent  chains.  We  may 
descritw  them  as  Multiple  Chains. 

(3.)  If  two  closed  chains  have  two  or  more  pairs  common,  they  must 
bo  of  the  same  kind,  for  otherwise  the  jxLira  would  not  have  the  same 
relative  motion,  and  the  chains  would  lock  each  other.  The  difierential 
mechanisms,  examples  of  which  huve  been  alrcatly  given,  are  cases  of 
this  Und.  Thus  in  the  differential  |HtIlcy  (Fig.  62,  \i.  127),  if  A  and  C 
be  disconnectoil  wc  have  two  simple  pulley  chains  with  common  move- 
able pulley  B  and  separate  axles.  Either  of  these  might  be  operated 
independently.  In  the  actual  mechanism  A  and  C  are  united,  and  tbo 
movement  of  if  is  the  difference  of  the  movements  due  to  each  separate 
chain. 

Complex  examples  of  similar  combinations  occur  in  the  cjiicyclic 
mechanisms.  Fig.  82  (p.  170)  show^  a  combination  of  two  of  the  dilTeren- 
tial  trains  described  on  p.  1 35.  C,  (T  are  wheels  ttu7iing  about  the  same 
axis  in  the  trame-liuk  A  and  united ;  £,  E'  are  alsu  united,  but  have  a 
different  frame-link  A\  Both  gear  with  the  wheels  /J,  D,  which  are 
di.'iconnccted,  but  turn  on  an  axis  common  to  A  and  .rJ'.  On  comiiaring 
this  with  Fig.  65  it  will  be  seen  that  two  trains  have  been  com]>oundcd 
by  uniting  the  wheels  b^  i>,  which  arc  common  to  1>oth.  If  now  one  of 
the  frame-links,  say  A\  is  fixed,  and  EE  be  rotated,  the  other  frame- 
link  A  will  rotate  «*ith  a  velocity  which  can  be  found  on  the  principles 
of  the  article  rited.  For  simplicity,  EE'  have  Ixjen  supijosed  to  gear 
directly   with   £?,  />,  but  Ihey  may  also   gear  with  wUoeU  of  QV\»t\ 
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diameters  fixed  to  £,  /^,  or  the  wheels  may  be  replaced  by  it  diH'erenQ 
train  of  meehuniBin,  all  thnt  is  necessary  hoing  that  the  motions  of  the 
pairs  BA',  DA'  should  be  connected. 

Many  exaniiilm  of  tliU  mwclianism  inxy  Iw  found    «>|>«cully  lu  tbi:  ouc  wbvre  (',  CA 
are  uquwl  nud  the  tfiviii   rt^ducm  to  tliice  \k\c\  wliools  ({i.   M^).      In  tnction  etigiiivAl 
and  tricydea,  for  iiiHtdticc,  a  iiucliAnism  of  tliU  kind  fa  ■oniothnes  cmidoycd  to  faoil)tat«l 
turning.     A'  is  then  tho  frat)t«  <>f  t>>«  inaohinc,  B  auci  V  ant  ttqLial  buvrl  nbe^lv  attacltrd  J 
Uj  ihe  D^le,  which  in  tUvidcA  into  hnUn-e,  rat-h  oonucetcd  with  an<^  of  th«  driving  wtit^la. 
If  DOW  tbf  mutivf  iiuN'tr  l>c  npiiliud  tv  A,  B  and  O  will  roUtv,  hut  Hut  Dcccattrily  with 
tb«i  lame  velooiiy,  and  the  machine  may  theirfort;  he  guided  in  a  cuire  by  the  froDt 
wbi>«t  without  tlie  oliiiping  which  would  ocoar  if  the  drivitig  whc«li  were  6x«<l  to  «a 
undivided  axle. 

Combiniitions  of  this  class  are  not  essentially  different  from  multiple 
chains  in  which  the  elementary  chains  ore  connected  by  a  tniin,  hb 
described  above.  They  may  be  cuUed  Compound  Trains  ;  all  consisting 
of  simple  trnins  coni]>oinulcd  in  various  w:ty»,  cither  for  non-kincnrnticu] 
reuAons  or  to  enable  ttit>  train  to  be  vaiied  at  pleasure. 

(4.)  All  the  preceding  combinations  are  formed  of  simple  closed  chains 
united  together  in  varioiis  ways  ;  no  new  chain  is  obtaineii,  but  merely 
an  aggre{§ation  of  fonns  already  known.  Certain  methanisms,  however, 
occur  which  if  Uikvn  to  piorcs  by  sopiiration  of  united  links  arc  found  to 
contain  one  or  more  chains  which  arc  not.  clased. 

Take  fur  eimpUcity  a  common  Hiiiler-crank  mecbauiam,  and  imagiri 
tho  crank  pin,  instead  of  being  fixed  to  the  crank,  to  be  mounted  on 
slide  Ro  iiR  to  ho  free  to  move  to  and  from  the  centre.  The  chain  is  now 
augmcntcti  by  an  udditional  sliding;  pair,  nnd  is  no  longer  closed,  so  that 
it  cannot  be  used  as  a  mechanism.  II',  however,  we  introduce  a  screw, 
which  moves  the  slide,  we  may  lock  the  slidittg  [»air  in  any  [Kisition  and 
thus  obtain  a  closed  chain,  one  link  of  which  can  be  varied  at  pleastire. 
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This  mechanism  is  used  in  practice  to  obtain  a  varying  stroke  in 
aiiding  piece.     It  is  often  required  to  make  the  stroke  increase 
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diminish  m  cadi  rcrvlKMB  <£  i^  euk.  A  '«'ift«^  hzz^3>t*z  :•:  '~i'- 
Mrew  then  oaam  in  eontiics  visfc  &  ;c<:-i£esix:£  -iwmx  hzti  -m:  -r-ts  'jLr:c^ 
a  snail  qnce,  tlie  scpctt  cfaiea  beczir  >>:lw:  :a-  f:6nb:c.  frri^iT  lirf  r?s-- 
<^t]ie  rerotatioo.  'Die  mftrfarim  i&is  wiei  *£  i=.:£rr^  t^  :  vt.  l^w 
ofmotint 

Bj'  a  saiuUe  truisBihxin^  tiazn  kover^r  *  eccizB  >:o»  T^rsfci^rc  =::^v 
be [Hvdaced,  and  the  ooi&liiixuHc  ibes  f^:rrst«s  -2$  viii  ^r:  c--:irr> 
new  iDeclunisiiL  As  imporsuii  exu&|>jfr  s  :be  -^htt.  <t%z^  cLkizi  Fu- 
^\  fwmed  hj  combming  »  Bm^ile  vbee!  ckus  vrih  u:  c-;«£  cr^'-'g  chii: 
of  fire  links.  A  Dumber  of  mediuusns  miT  be  d^Tcd  &v<in  tHs  cLkin 
bf  inrenion,  but  for  partiailars  Uk  reader  is  nrferrM  lo  Be^e&ux  ? 
wwk  already  cited. 

AnoUier  example  is  sbovn  in  Fig.  6.  Plate  11.  p.  llv:.  vhich  rfpr^- 
senUs  mechanism  emfdored  in  sewing  maehine$  to  give  tvo  s:n:-kes^  :•• 
a  shding  piece  for  one  rerolutioa  of  a  ehaft.  We  have  here  a  iIciHt: 
doable  slider  chain  combined  with  a  single  slider  rvndeneij  incc>nt}t!r:( 
by  (Hniasion  of  the  crank  pin.  CiMnlMnations  of  this  cLss  are  ciallotl  1>v 
fieoleaux  "  tme  "  compound  chains  to  distinguish  them  from  tho  prt 
ceding  classes,  in  which  no  new  mechanism  results  from  the  ix'>mhiiiiition 
Perhaps  the  words  "  higher  "  and  **  lower  "  would  more  clearly  expiv** 
the  meaning. 

Note. — In  Y\%.  77,  I«ee  150,  cfae  block*  A,  ' '  rerolve  in  tb«  fame  diivctKr.  iii,.i  t:.> 
oeutrode*  are  cizdes  of  infinite  sue.  To  repttae&t  tliem  equal  cirelea  of  Suite  mio  aiv 
employed,  which  give  the  aame  motuHi  but  in  opposite  directions. 
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CHAPTER  VITI 

PRINCIPLE    OK    WORK. 
Sbction  I.— BArjiNC*n>  Forcbs  (Statues). 

88.  Prdiminary  Erphnatinm.  Lkfinili'm  of  Tf'ork,  If  the  principal 
o)>jft<"t  of  a  jiierc  of  mochani!;in  bo  to  do  some  kind  of  work  it  l>eeome«  a 
machine  Many  mochnnisms— a»  for  exampio  clockg  and  wutchoa—  are 
not,  properly  aftojikiiig.  maohiiiPH  :  for  though  work  is  done  during  their 
action,  yet  the  ohjwt  of  the  mf>ch:un'Rm  is  nnl  thn  doing  of  tlie  work  hut 
the  moaDurement  of  time  or  some  similar  operation.  F.von  in  these  caKesi, 
however,  the  forces  in  action  cannot  in  general  ho  exchided  from  ron- 
lideration,  and  therefore  in  idl  mechanism  a  study  of  tlie  manner  in 
iwhich  forces  are  transmitted  and  moflifiorl  is  eftsential.  Tliis  fiart  of  the 
Ifnibjcctt  is  called  the  l>ynamics  of  Machines. 

A  body  can  In  general  only  he  moved  into  a  different  {Kifiition  or  be 
changed  in  form  or  aiio  by  overcoming  resistances  ultich  oppose  the 
cluinge.  This  process  is  calle<3  doing  work,  and  the  amount  of  work  is 
measnred  by  the  rcsi.Htanco  multiplied  by  tliu  sjkico  througli  which  it  is 
overtronie.  If  there  l>e  many  resistances,  the  total  work  done  is  the  sum 
|-of  that  done  in  overcoming  each  resistance  separately. 

Consider  the  case  of  a  weight  raised  vertically.     Here  the  resistance 
is  due  to  the  action  of  gnivity  which  is  overcome  hy  some  external 
force,  and  the  work  done  is  simply  the  product  of  the  weight  and  the 
I  height  through  which  it  is  raised.     The  weight  is  measured  by  com- 
[puring  it  with  that  of  a  certain  qiLintity  of  matt4?r  called  a  pound,  the 
I  weight  of  which  is  Utken  as  a  unit  for  nieaannng  forces.     This  mode  of 
\  measurement  has  the  disadvantage  of  giving  a  different  luiit  for  different 
points  on  the  earth's  surface,  because  the  force  of  gravity  varies  accord- 
ing to  the  position  of  the  (mint,  and,  for  scientitic  jHirposes  therefore, 
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force  is  moasurod  by  the  velocity  vhich,  when  unbalanced,  it  jirodnces  inj 
agivoii  quantity  of  raiitter.  In  pmctical  apijlications,  however,  jfraviutioi 
measure  is  preferable,  especially  as  the  variation  is  very  small,  and  th« 
measure  may  be  made  precise  when  necessary  by  s]>ecifying  the  pluco  o 
the  earth's  surface  at  which  our  opemtioiis  are  lakini;  place.  The  unit 
of  space  is  generally  I  ft.,  so  that  the  unit  of  work  is  1  lb.  raise*!  through 
1  ft.,  or,  as  it  is  generally  callc<l,  I  foot-|>ound.  Other  units,  however, 
«ucli  ae,  for  example,  "fooMons."  may  also  bo  employed  for  special 
purposea. 


89.  Ohlitpie  Resistance. — In  the  case  just  considered,  the  resistance 
directly  opposed  to  the  movement  which  is  taking  place;  if  this  be  not 
so,  it  must  be  resolved  into  two  eom])oncnts,  one  along  and  the  other 
perpendicular  to  the  direction  of  motion.  The  second  of  those  is 
balanced  by  a  constraint  to  which  the  motion  is  Bubjoct  or  by  the  oppoei-' 
tion  which  the  inertia  of  the  body  offers  to  a  change  in  its  direction  at, 
any  finite  rate;  it  is  the  first  alone  in  overcoming  which  work  is  done. 
In  Fig.  8i  let  /f  be  a  resistance  apjilied  at  a  point  A  which  move« 
through  a  distance  .^^  in  a  diroetiou  inclined  at  an  angle  d  to  the  direc-' 
tion  of  the  resistance,  then  the  work  done  is  R.  cos  O.AR,  but  if  UN  l»8 
drawn  perjieudicuUr  to  the  direction  of  R  bo  meet  that  direction  in  iV, 

jiN=  AB.cwe, 

and  therefore  the  work  done  is  li.  AN. 

Now  AN  is  the  distance  throujzh  which  A  has  movod  in  the  direction 
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of  the  resistance,  so  we  obtain  another  rule  for  estimating  the  work  done 
against  an  oblique  resistance.  It  is  eqiiitl  to  the  product  of  the  resiRtaiice 
into  the  distance  moved  In  the  direction  of  the  resistance. 

Suppose  for  example  that  a  weight  is  raised,  but  that,  instead  of  being 
lifted  vertically,  it  is  moved  in  any  cur^'od  [wth — there  being  no  friction 
or  otlier  roaistance  than  that  due  to  gravity. 

Considering  any  smidl  portion  AB  of  the  jiath  (Fig.  85),  the  resistanci 
being  always  vertical,  the  work  done  is  ft'. AN.     So  the  total  work 
raising  the  weight  is  H^.^AN  or  /K/^,  which  is  independent  of  the  patii 
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deecribed  by  the  liHeil  weight,  but  dej^nds  siniply  on  the  height  through 
which  the  weight  is  mised. 

If  there  arc  a  nuDiber  of  weights  each  of  them  raised  through  different 
hctghu,  the  total  work  done  in  raising  all  the  weights  is  the  sum  of  the 
works  done  in  raising  eat^h  weight  separately ;  and  the  direct  method  of 
liiiding  the  total  work  is  to  a4ld  the  separate  it'sulu  for  each  weighL 
Hut  it  ntJiy  be  determined  by  another  method  thus — 

I^et  Wj,  Wy  if\  &c.  be  ft  number  of  weights  which  are  at  heights 
y,,  f/^  ^^  &c.  above  a  given  (latum  plane.  Now  suppose  they  are  raised 
so  that  they  are  at  heights  }\,  Y^  Y^  Sec,  above  the  eame  plane.  The 
total  work  done  in  ruiaing  the  weights  will  l>o  the  sum  of  the  products, 

Xow  iup]K)se  the  centres  of  gravity  g  and  G  for  t^c  initial  and  final 
positions  of  the  weightfi  to  be  at  heights  y  and  Y  above  ihe  dutum 
pUnc 

The  centres  of  gravity  g  and  G  are  such  that  if  all  the  weights  were 
collected  at  either  centre,  the  moment  of  the  collected  weights  about 
the  plane  is  equal  to  the  sum  of  the  moments  of  each  separate  weight, 
^H  before  being  collected,  about  the  same  plane.  This  is  mathematically 
^■expressed  thus 

^h  ^  ~     fi\  +  ff 'a  ^  rr^  +  &c. 

B  andr-  -"^^jfT^jf- 

^^y  I 


and  r- 
snbtracttng  we  have 


■5K  +  &0. 


fFg+AC 


-&C. 


^, 


y  -  Jr,(Y,-y,)^n\iY,-s,)-,jr,(Y,-,,,)^i 

hence  the  total  work  done  in  raising  the  weights  may  be  expressed 
^(ff'j  +  /r,+  /Kg  +  Ac)  X  (F-y) 
or2ff^(r-y). 
That  ia  to  say,  the  total  work  of  raising  a  number  of  weights  is  equal  to 
the  product  of  the  sum  of  the  weights  by  the  vertical  displacement  of 
the  centre  of  gravity  of  the  weights. 


90.  J^ariabU  Resistanf*, — Let  us  next  consider  the  work  required  to 
be  done  to  overcome  a  variable  rewstancc.  The  whole  distance  through 
which  the  resistance  is  overcome  must  then  be  divided  into  a  number  of 
{laru,  each  being  so  small  that,  for  that  small  sfjace,  the  magnitude  of 
tho  resistance  may  be  ti-eatod  as  sonsildy  uniform.  The  work  of  over- 
coming the  resistance  through  each  of  tho  small  spaces  being  thus  found, 
Uie  total  work  will  be  the  sum.  The  estimation  can  generally  be  most 
conveniently   performed  by  a   graphical   construction.     We   will,   for 
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simplicity,  tako  the  case  in  which  the  direction  of  action  of  the  iciatar 
is  that  of  the  line  of  motion.     Suppose  a  IkhIj-  moved  from  ./  to 
aj;itinst  a  rcsi8tan<:e  the  mugiiitiule  of  wliich  varies  from  [>oint  to  paint 
in  such  a  way  that  it  is  represented  by  the  ordinates  of  the  carve  ^and- 

in^  a.\xive  A B.  (Fig.  86.)  For  the 
smiUl  distance  MN  the  rc^stance 
will  %ary  slightly,  but  will  have  a 
mean  value  represented  by  SM  or 
A'A  suppose,  and  the  work  of  over- 
coming the  restetaiiee  thiough  the 
small  space  MN  is  MXxSM  or  is 
*  "  "  °   exactly  represented  by  the  artai  of 

the  curve  sluntliiig  nbove  MN ;  and  so  for  any  other  small  portion  of 
the  displaceUiont  of  the  body.  Thus  the  total  work  of  overcoming  the 
resistance  through  JH  is  represented  by  the  whole  area  ALTB  =  mctka 
resistance  E-¥  AB. 

The  curve  LST  is  calluil  a  curve  of  resistance.     Two  important  spocia 
cues  may  be  mentioned,  both  of  which  frequently  occur. 

(1)  Let  the  resistance  var)'  luiifonuly.  This  is  the  case  of  a  ]>crfeetlf 
elastic  sjiring  which  is  curapresaed,  as  will  be  further  explained  hereoiterj 
The  curve  of  resistance  is  a  straight  lino  AST  {Fig.  87a)  where  AB  is 
the  compression  of  the  spring,  BT  the  corresjKinding  comjiressing  f<H^ 
.fi|.  During  the  compression  B  is  at  firat  zero  and  giiiduaUy  increases 
to  ^f  it«  value  at  any  intermediate  i)oint  being  gmpbiddly  represented 
by  tho  ordinate  5jV  corresponding  to  the  compression  ^.V.  The  work 
done  is  the  area  of  the  triangle,  that  is  ^B^.AB,  and  the  mean  resistance 

(2)  Let  the  resistance  be  inversely  proportional  to  the  distance  of  thai 
point  of  application  from  a  given  point  0.     (Fig.  87 A.) 


Plg.87K. 


R>tR. 


riB.BTb. 


This  applies  to  many  cases  of  the  oomproBsion  of  ntr  and  other  elasiu 
fluids.     In   the  figure  NS  =  B  is  the  resistance  and  OA'.A'.S'  is  con-l 
slant,  so  that  the  curve  of  resistance  JST  is  an  hyborbuhL     Lot  tbi 
ratio  OA  :  OB  ho  called  r,  this  is  calM  the  ratio  of  compression  ;  the 
fironi  the  geometry  of  the  hyperbola  we  know  that  tho  area  of  the 
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|fi  equul  to  the  eotist^nt  rectangle  Ol^.Xfi  nuiltiplied  by  log,  r,  the 
i>gjkrithm  being  Napierian,  or  as  it  is  often  culled  "  hyperbolic  "  from 
^tbis  pro[X!irty  of  the  hyperbola.     If  O.V  bo  denoted  by  /■'this  gives  a 
formula  in  frequent  use  for  ihc  work  done  in  this  kind  of  compression. 
Work  done  «  BF  log,  r. 


^' r-^ 


.--.I 


^^' 


V 


01.  Rfiiftanu  to  liotniinn.  SiahUity  of  a  Vtntsd. — It  oiten  happens  that 
we  have  to  consider  the  reBistunce  of  a  body  to  rotAtioti  about  nii  axi». 
Let  A  (Fig.  8«)be  the  jjoint  of  applica-  fir.ss. 
tioii  of  a  force  P  which  resists  the 
rotation  of  a  body  nlwut  an  axis 
poq>endicular  to  the  plane  of  the  paper. 
If  the  resistance  at  A  be  not  in  the 
plane  of  rotation  P  must  be  sup|>osed  \ 

to  l)c  the  component  in  that  plane  ;  the 
other  component  will  be  parallel  to  the  \ 

a-tis  of  rotation  and  ncc<l  not  be  con- 
llidered.  Let  Q  be  the  angle  it  makes  with  the  direction  of  A's  motion 
R  =  i'.coa  0  is  the  effctlive  resistance,  the  other  comijonent  of  P 
ily  producing  pressure  on  the  axis.  As  the  hotly  lurus  through  an 
i  the  resistance  It  will  be  overcome  through  the  arc  AA\  and, 
amiming  in  the  first  instance  M  eotistuiit,  the  work  dono  will  be — 

Work  done  =  li.  A  A'  -  R.  CA  .  t. 
But,  dropping  a  per})endicular  (.'A'  on  7''s  direction, 

CN-^CA  .cQfiQ 
.:  Work  dcme  =  P .  CN.  i  =r  Mi, 
where  M  is  the  moment  of  the  resistance  about  the  axis  of  rotation.     If 
there  be  many  resistances  then  the  same  formula  will  hold  if  M  bo 
nnderstood  to  mean  the  total  moment  of  resistance. 

We  can  readily  extend  this  to  the  case  of  a  variable  moment  by  the 
graphical  process  already  described  for  a 
linear  rosistauce,  the  base  of  the  diagram  t 

now    represL'Uting    the    angles     turned 
through  and  the  ordinatoa  the  correspond- 
tiiig  moments     As  an  example  take  the  \       jyy 

I  of  a  heavy  pendulum  swinging  about 
axis  0  (Fig.  89u),  lot  g  be  the  centre 
of  gravity,   0^  =  /,  and  let  it  bo  swung 
through  the  angle   i  from   the   vortical,      ^^ 
then  the  luomcut  of  resistance  is 

Af=W.iriV=/r./aini. 


Nr- 
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In  Fig.  896  draw  a  curve  on  the  baae  AB  such  that  the  hoi  isonial 
ordinate  AN  at  every  point  repres«nt8  the  angle  i  on  the  same  scale 

that  AB    represents    two    right   angles^] 
wtiile  the  vertical  ordinate  reproeeuts  if. 
This  curve  will  he  the  curve  of  resistance,  j 
and  in  the  present  case  is  a  curve  of  siiirt' 
of  which  the  maximum  ordinate  LE'is  H'i 


wi 


The  angles  being  supposed  reckoned  in  circular  mea&uro  8o  that  AB^ 
the  area  of  the  diagrnm  from  A  up  to  any  point  S  will  repi-esent  the  work.; 
done.  We  can«  however,  in  his  example  find  this  work  other^'ise,  for< 
ff  rises  through  the  height  NZ^  and  therefaro  if  U  be  the  work 

i/=//7<l-coBi). 

By  use  of  the  integral  calculus  it  can  be  verified  that  this  is  also  thoj 
value  of  the  area  ASN. 

It  IB  not  necosKary  that  the  axis  of  rotation  should  be  fixed  m 
estimating  the  work  dene  during  rotation,  provided  that  the  resietaoce 
be  a  couple,  for  then  t)icre  is  no  pressure  on  the  axis.  An  important 
example  is  that  of  a  vessel  floating  in  the  water  and  steadily  heeled 
over  by  the  action  of  a  couple  M  produced  by  external  agency,  or  more 
frequently  by  shifting  the  weights  on  board  in  such  a  way  that  the 
displacement  and  trim  remain  constant.  Then  for  each  angle  of  heel 
this  conple  has  a  certain  definite  vainc  which  can  be  found  t-itlicr  by 
calculation  or  by  obser^'ation  of  the  sluft  of  the  weights.  The  niomrnt 
of  resistance  which  is  equal  and  opposite  to  M  is  called  the  Statical 
Stability  of  the  vessel,  and  the  cuno  of  resistance  drawn  us  above 
described  is  called  the  Curve  of  Stability.  The  construction  of  this 
cur\'e  is  an  important  part  of  the  design  of  the  vessel.  Such  currea, 
though  usually  unsymmetrical,  often  bear  a  general  resemblance  to  a, 
curve  of  sines  (Fig.  SD&),  the  ordinate  increases  to  a  maximum  which 
gives  the  maximum  stability  and  then  diminishes  to  zero  at  au  angle  of 
heol  called  the  "  Angle  of  Vanishing  Stability."  If  the  vewel  be  heeled 
beyond  this  angle  it  capsizes. 

Accurding  to  the  principles  of  this  article  the  area  --^A^iSof  the  curve 
represents  the  work  done  in  hcfling  the  vessel  over.  Tliia  ia  called  tho 
Dynamical  Stability,  and  as  ia  shown  elsewhere  (see  the  chapter  on 
Impact  in  Part  IV.)  represents  the  resistance  to  heeling  over  to  that 
angle  by  a  sudden  gust. 

An  important  typical  case  is  when  the  curve  of  stiibility  is  derived 
from  a  corvo  of  sines.  In  this  case  suppose  the  angle  of  vanishing 
stability  to  be  Trfk,  where  k  is  some  given  number,  then  the  ortUuate  S 
for  any  angle  t  is  given  by  the  equation 


\ 
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and  tho  Btability  is  the  same  na  that  of  a  heavy  uendulam  swinging 
through  k  timds  the  angle.  The  dynamical  stability  is  easily  shown  to 
be  1  fi^  part  of  that  of  the  pendulum,  and  is  therefore 

U=^'^Ml- COB  l-i). 

92.  Internal  ami  Exiernal  Work. — In  all  that  precedes,  the  [waition  of 
R  body  has  boon  changed  by  overcoming  external  resistances.  AW  forces, 
however,  arise  from  the  mutuul  action  Iwtweon  two  bodies  or  between 
two  parts  of  the  same  l>oiiy,  and  every  change  of  position  must  bo  with 
reference  to  some  other  body  which  is  regarded  us  tised.  Work,  then, 
consist«  in  a  change  of  reliitive  position  of  two  Iwxiies  notwithstanding 
a  mutual  action  between  the  two  which  opposes  the  change.  In  raiding 
weights  rhe  second  body  is  the  earth,  but  the  pair  of  bodies  may  ho 
such  as  occur  in  mccbnnisni,  and  the  luntnal  action  between  the  two 
may  be  due  to  springs  or  :in  elastic  ttmd,  or  to  the  resistance  of  some 
body  to  Be[ia.ratiott  into  parts.  In  acissorBi  nutcrackers,  bellows,  and 
other  similar  instnmients,  the  elements  of  the  |>air  are  exactly  alike 
and  their  existence  is  recognised  in  popular  language. 

In  reckoning  the  work  done  either  body  may  be  regarded  as  fixed, 
tbe  result  must  be  the  same  and  will  be  nnalTocted  by  iiny  movement  of 
the  pieces  common  to  both  ;  thus  wljen  air  is  compressed  in  a  cylinder 

[  tlie  work  done  depends  on  the  pressure  of  the  air  and  the  amount  of 
compression,  not  on  the  movements  of  the  cylinder  within  which  the  air 
is  contained.  In  other  wor*ls  the  motion  to  be  considered  is  the  motion 
of  the  puir  as  defined  in  Art.  46,  p.  94. 

In  every  case  where  wo  have  to  do  with  a  number  of  pieces  connected 
in  any  way,  we  may  distinguish  between  the  resistances  duo  to  the 
mutual  action  between  the  pieces  themselves  and  those  due  to  the 
mutual  action  between  tho  pier-es  and  external  bodies.  The  internal 
resistances  require  work  to  bo  done  in  changing  the  relative  position  of 
the  pieces  themselves,  while  the  external  resistances  re<iuire  work  to  bo 
done  in  changing  the  position  of  each  piece  relatively  to  external  bodies. 
Theae  two  kinds  of  work  are  called  Internal  Work  and  External  Work 
respectively  In  two  cases  we  can  at  onco  forcsoc  that  the  internal  work 
will  be  zero,  Brat  when  the  pieces  are  disconnected,  secondly  when  they 

\  are  rigidly  connected.  Thus  for  example  if  a  heavy  mass  of  matter  be 
raised,  we  need  only  consider  tho  rise  of  the  centre  of  gi-nvity  (Art.  (*9) 
if  the  maJis  be  rigid  ;  but  if  not,  any  change  of  form  which  occura  ought 

[to  be  taken  into  account.      In  raising  ordinary  solid  bodies  and  masses 

[of  earth  the  internal  work  may  usually  be  disregarded. 

93.  Energy.     Principle  of  IFtrrk, — Hitherto  wc  have  been  speaking  of 
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tbe  resistance  which  is  being  overcome  (hiring  the  process  of  doing  wori 
Uti  US  now  fix  our  attention  on  the  tj^'urt  which  overcoraes  the  rc^stanc 

The  forces  arising  from  the  mutual  action  between  a  pair  of  l^odiea^ 
when  not  pnroly  jwisaive  h'kc  the  noi-mal  pressure  between  two  surfaces 
in  contact,  are  of  two  kinds.  The  tirst  alwayn  op|K>so  the  motion  of  tho 
pair,  in  other  words  ihey  are  always  rcsistanc^w.  Friction  between  two 
surfaces  is  the  simplest  example  of  this,  and  hence  such  actions  arc 
called  Frictinnal  KesistiinfOft  The  second  on  tho  other  hand  promote 
or  oppose  the  motion  of  the  pair  according:  to  the  direction  in  which  the 
motion  is  taking  place,  8o  that  a  resistiincc  becomes  an  effort  when  the 
direction  of  motion  is  rpvcrsed.  Such  actions  are  conveniently  doscribod 
as  Reversible  ;  and  systems  of  bodies,  in  which  they  occur,  possess,  when 
the  ix»rt*  are  suitably  disposed,  tho  power  of  doing  work.  This  power  is 
called  ENKlt<;Y.  As  examples  of  bodies  jKwiseaaing  energy  may  be  t-aken 
a  raised  weight,  a  compressed  spring,  or  steam  of  high  pressure.  Change 
of  velocity  in  a  moving  body  likewise  gives  rise  to  efforts  and  resistances, 
but  this  is  u  matter  for  subsequent  consideration.  For  the  pi-csont  we 
suppose  all  bodies  with  which  wc  have  to  do  to  be  in  a  state  of  uniform 
motion,  or  to  move  so  slowly  and  steadily  that  no  sensible  action  of  this 
kind  can  arise. 

Energy  is  measiirExl  by  tho  quantity  of  work  which  it  is  capable  of 
duing,  and  the  process  called  doing  work  may  also  bo  described  as  the 
exertion  or  expenditure  of  energy,  so  that  we  write 
Energy  exerted  =  Work  dnn& 

If  tho  otfurt  which  is  being  cxerte<l  and  the  resistance  which  is  being 
overcome  be  applied  to  the  elements  of  the  same  lower  pair,  as  when  a 
weight  is  lifted  vertically  or  a  spring  wound  up,  the  effort  and  the  reaiat^ 
anco  are  equal,  and  the  equation  shows  that  the  energy  exerted  by  an 
effort  is  the  product  of  the  effort  and  the  8|>aeo  through  which  it  ts 
exerted.  Thus  all  the  examples  given  above  of  the  doing  of  work  will 
also  servo  as  examples  of  tho  exertion  of  energy  simply  by  supposing 
tho  direction  of  motion  reversed.  In  sbott  the  exertion  of  energy*  and 
tho  doing  of  work  are  merely  different  aspects  of  the  same  proce^is. 

In  this  case  the  effort  and  the  rc.sistancc  may  be  roganli^l  as  applietl  atl 
tho  same  point,  but  the  equation  h:t.M  u  much  wider u]iplication  than  this,] 
for  it  is  eqiuUy  true  if  the  points  of  application  bo  different,  providc<C| 
only  that  thoy  are  rigidly  conncctc<l.  Thus,  for  example,  if  we  dig  in 
the  ground,  tho  energy  we  exert  at  the  bundle  uf  the  spade  is — if  the] 
spade  Ih*  perfectly  rigid — exactly  equal  to  the  work  done  at  the  hbideL ] 
This  can  be  shown  to  be  a  necessary  conseijueuce  of  the  forces  wc  are 
oonsidenng  being  balanced,  and  tho  equation  may  be  re^uxled  as  a  con- 
ciH  sUttomont  of  the  conditions  of  cquilibnimi  of  forces  applied  I 
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rigid  body.  It  is  preferable,  however,  for  oht  purposes  to  regard  it  as 
the  innplest  case  of  a  Aindamental  mechanical  principle  continiiaUy 
verified  by  experience^  This  principle  may  be  called  the  Principlk  of 
Work. 
We  have  now  a  meana  of  transferring  the  power  of  doing  work,  that 
to  say  energy,  from  one  place  to  another :  oidently  we  arc  not 
restricted  to  one  piece,  as  in  the  case  of  the  spade.  We  may  make  use 
of  a  seriee  of  pieces  through  which  enci^y  may  be  transferred  fix)m 
piece  to  piece  in  succession ;  and  if  there  were  no  frictional  resistances 
to  the  relative  motion  of  the  pioces,  there  would  be  no  loss  uf  energy 
in  the  process.  Thus  the  principle  of  work  is  true  when  the  points  of 
application  of  the  effort  nnd  the  resistitncc  are  mechanically  connected 
in  any  way.     Frictional  resisUinccs  however  absorb  a  portion  of  the 

ienerjy  whenever  any  relative  motion  occiirs  which  they  tend  to  prevent, 
^d  therefore  a  certain  loss  always  accompanies  the  transmission  of 
^ergy.  Nevertheless  the  principle  of  work  still  holds  good  if  over- 
Ooming  friction  be  reckoned  as  part,  of  the  work  done. 
it  may  here  bo  remarked  that  though  frictional  resistances  are  never 
a  source  of  ener^,  yet  friction  may,  like  normiil  pressiu-e  bettveen  sur- 
&ce8,  transmit  e?iergy,  and  hence,  in  eases  where  one  only  of  the  bodies 
between  which  it  is  exerted  belong  to  the  set  of  bodies  we  are  consider- 
ing, may  be  an  effort  by  means  of  which  work  is  done  on  the  set  Thus, 
for  example,  in  the  case  of  a  sbaO.  driven  by  a  bolt,  the  whole  power  of 
the  engine  is  transmitted  by  friction  closure  between  the  belt  nnd  the 
pulleys ;  and  if  wo  consider  the  shaft,  alone  apart  from  the  rest  of  the 
mechanism,  the  fiiction  may  be  regarded  as  the  effort  which  drives  the 
shafb.  We  cannot  however  in  such  cases  properly  8i>eak  of  the  friction 
u  exerting  energy ;  the  sonivc  of  energy  is  the  st^am,  or  other 
motive  power,  aiui  the  friction  merely  transniitR  it  in  the  same  way  ns 
the  pressure  between  a  connecting  rod  bead  and  che  crank  pin  transmits 
aergy  to  the  crank  shaft.  Nevertheless  in  both  of  these  cases  the 
"  energy  exerte<l "  may  bo  used  conveniently,  though  '*  energy 
litted  "  would  bo  more  precise. 
If  n  piece  of  material  through  wbii-b  energy  is  transmitted  yield 
Budor  stress  applied  to  it,  hb  in  fact  it.  always  does,  the  energy  exerted 
ill  not  be  equal  to  the  work  done.  Kithcr  the  change  of  relative  [usi- 
'tion  of  (he  sevend  frarts  of  tho  piece  will  require  work  to  bo  done  in 
order  to  overcome  the  mutual  actions  between  the  parts  which  resist 
be  change,  or,  conversely,  those  mutual  actions  exert  energy  daring 
i  change.  In  the  first  case  the  work  is  doiio  at  the  expense  of  the 
energy  transmitted  ;  in  the  second  the  piece  of  material  is  a  source  of 
Qcrgy  which  incroases  the  energy  transmitted.    In  [wrfoctly  elostic 
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mAtcrial  the  mutual  actions  are  rerersiblc,  and  any  energy  exerted  in 
overcoming  them  ia  stored  ap  in  the  piece  and  recovered  when  the 
piece  resumes  it»  original  form,  iis  in  the  caae  of  a  watch  spring  j 
(Compare  Art.  98.) 


94-  Machines. — A  mechanism  becomes   a   machine  if  we   connc 
together  two  of  its  elements  by  a  link  capable  of  changing  its  form 
dimensions,  and  so  moving  the  mechanism,  notwithstanding  a  resistauo 
applied  by  a  similar  link  connecting  two  other  elements. 

The  elements  conncctcil  may  be  culled  the  "driving  pair"  and 
"working  pair/'  and  these  pairs  often,  though  by  no  means  alwayi^l 
have  one  element  common,  namely  the  frame-link  of  the  mechanism. 
The  driving  link  is  the  source  of  energy.  As  examples,  we  may  take 
Bteara  which  connects  the  piston  and  cylinder  which  form  the  driving 
pair  ia  a  ateam  engine,  or  gravity  which,  as  in  Art.  62,  is  to  be  con-' 
ceived  repkced  by  a  link  exerting  the  same  effort.  The  working  link 
is  gravity  in  cranes  and  other  hoisting  machines,  or  a  piece  of  material 
the  deformation  of  which  is  the  object  of  the  machine,  as  in  the  case  <rf 
machine  tools. 

In   addition  to  the  driving  and    the   working  Jinks,  the  for 
gravity  acts  on  all  the  parts  nf  the  machine,  and  frictional  resistancoa 
have  to  be  overcome  ;  but  these  are  matters  for  snbsequent  consider 
tioii. 

The  driWng  and  working  pairs  are  very  frequently  kinomatio  pouij 
of  the  lower  class.  Let  us  suppose  them  in  the  first  instance  sliding 
pairs.  Let  the  driWng  pair  move  through  a  space  j,  then  the  working^ 
pair  will  move  through  a  space  y,  which  is  in  a  certain  dcAnite  propor* 
tion  to  X  depending  on  the  nature  of  the  mechanism.  Let  /'  be  the 
driving  eflbrt,  which,  by  taking  x  small  euough.  can  be  made  as  nearly 
uniform  as  we  please ;  and  lot  R  be  the  resistance  opposing  the  motion 
of  the  working  pair,  then 

Energy  exerted  =  Px ;  Work  done  =  Rp^ 

and  these  must  bo  equal,  therefore 

P    y     VeloL-ity  of  Working  Pair 
i?***"  Velocity  of  Dri^nng  Pair' 

from  which  it  appears  that  the  ratio  of  the  effort  to  the  resistance,  i 
we  may  briefly  call  it,  the  "force  ratio"  is  the  reciprocal  of  the  velo 
ratio  of  the  driving  and  working  pairs.     In  works  on  mechanics  this  is 
also  known  as  the  Principle  of  Virtual  Vetocitiee. 

li  the  jKiirs  be  turning  instead  of  sliding  pairs,  then  the  effort  and 
rfisistance  are  moments,  an<l  the  velocities  will  bo  angular;  and  if  one 
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pair  be  sliding,  the  other  turning,  a  suitable 
must  be  selected  (p.  94)  to  compare  the 
motions  and  the  forces,  but  the  same  principle 
holds  good. 

In  the  simplest  machines,  known  frequently 
as  the  •'  mechanical  powers,"  we  have  a  2  or  3- 
linked  chain,  so  that  the  driving  pair  and  work-^ 
ijig  pair  are  identical  or  very  closely  conncctcfl. 
But  they  may  be  separated  by  a  long  train  of 
mechanism  and  have  no  common  link.  In  iitl 
cases  it  must  be  carefull}'  remembered  that  the 
effort  and  the  resistance  arise  from  the  mutuiLl 
action  between  the  elements,  each  consisting  »t' 
two  equal  and  opposite  forces,  just  aa  in  the 
straining  actions  considered  in  Chapter  TI.  and 
elsewhere.  Either  of  these  as  before  measures 
the  magnitude  of  the  action. 


"radius  of  reference" 


-«-^ 
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95.  P'ej-i/caium  of  tfu  PnndpU  of  Work  in  S^al  Ezampies.~Vfe 
Hill  now  take  some  examples  to  illustrate  and  verify  the  principle  of 
work,  neglecting  triction. 

(I.)  Take  the  common  wheel  and  axle.  Suppose  P  to  be  just 
sufficient  to  lift  the  weight  fF,  so  that  the  two  forces  exactly  balance 
one  another.  Now  let  P  descend  through  the  distance  y  (Fig.  90),  and 
W  rise  through  the  corresponding  distance  x. 

As  P  falls  it  is  said  to  exert  enorgj'.  Energy  exei-bed  =  I*y.  This  is 
employed  in  overcoming  the  resistance  to  the  rise  of  the  weight  lf\ 
Work  done  =  Wz.  The  principle  of  work  asserts  that  Energy  exerted 
=  Work  done,  that  is  Py  =  Wz. 

Suppose  the  wheel  and  axle  to  turn  through  the  angle  B,  then  p  =  b9 
and  X  =  a6.  Then  in  order  that  the  weights  P  and  fF  may  atatirnlly 
balance  one  another,  Pb  -  ft'a  ;  from  which  it  follows  that  Ptf=U\ 
verifying  the  principle  of  work. 

Also,  we  may  wiite, 

P    a    z  _   V 

wbere  v,  V  are  the  velocities  of  /',  W  respectively,  thus  showing  that 
the  force  ratio  is  the  reciprocal  of  the  velocity  ratio. 

In  this  simple  exam])]o  both  the  force  ratio  and  the  velocity  ratio 
remain  constant  throughout  the  movement.  In  general  this  will  not 
happen. 

(2.)  Take  the  case  of  the  mechanism  of  the  steam  engine  for  an  ex< 
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ample.  Jf^Ioct  friction  and  let  the  driving  pressure  on  the  piston  1m 
P.  A  thnist  which  we  will  call  S  will  be  produced  along  the  connect 
ing  i*o<l  and  transmittfid  to  the  crank  pin  as  shown  in  Fig.  91.  At  the 
cRuik  pin   this   force  <S  may  be  resolved  into  two  components,    one 


F1«.B1. 


acting  along  the  crank  arm  and  the  other,  R^  perpendicularly  to  i 
The  Lost  alone  will  tend  to  turn  the  crank,  the  other  component  pro- 
ducing only  a   pressure  on  the  shaft  immediately   balanced    by   the 
pressure  of  the  bearings  on  the  journals  of  the  shatV. 

This  component  It  which  tends  to  turn  the  shaft  in  called  the  aank 
ejfort.     If  the  turning  effort  on  the  crank  is  poifectly  balanced  at  all 
points  of  its  revultition  by  some  suitable  resistance,  then  the  resisting 
force  which  must  be  applied  at  the  crank  ]iin  at  right  angles  to  the 
crank  arm  in  order  to  balance  perfectly  the  proBsiirc  of  the  steam  on  the 
piston  must  be  eipial  and  opposite  tu  the  component   Ji  previously 
referred  to.     The  force  ratio  will  be  I\IR.    We  have,  with  the  notatioi 
employed  in  Chap.  V.,  &'  eoa  <^  =  J^  and  A'  sin  (^  +  ^)  -  72. 
^^if^sin(^  +  «j.)_sin  OBT _0T 
P         cos  </.         sin  OfB     OB' 

That  is,  the  crank  effort  is  to  the  steam  pressure  as  the  intercept  OT  i 
to  the  crank  ann  OB. 

But  we  have  previonnly  shown  (ace  p.  101)  that  this  fraction  expresso. 
the  velocity  nitio  nf  piston  to  crank  pin  ;  hence  we  have  again  found  in 
this  case  that  the  fuix'e  ratio  is  the  reciproKil  of  velocity  ratio,  and  the 
curve  which  we  previously  drew  to  represent  the  varying  velocity  of  the 
piston,  the  crank  pin  moving  uniformly,  will  represent  also  the  varying 
crank  effort,  the  pressure  of  the  steam  on  the  piston  being  unifona 
throughout  the  stroke.     So  we  may  call  it  the  Curve  of  Crank  Effort 

(3.)  The  same  thing  may  l>e  proved  to  be  true  for  over)'  mcchiknifm, 
the  forces  acting  on  which  balance  one  another.  In  some  cases  it  may  1 
easier  to  determine  the  force  nilio  than  the  velocity  ratio  or  rtce  rtrm. 
In  any  case,  either  may  be  inferred  by  taking  the  reciprocal  of  the  othetv 
Ab  an  additional  example  take  the  case  of  two  pieces  driving  oa 
another  by  simple  contact  (Fig.  92).  We  liavc  already  found  the 
velocity  ratio  by  a  direct  process  (p.  148),  but  we  may  also  dctermin* 
it  ill  the  foUowing  way.     When  A  prcues  on  B  there  is  a  resistance  B 
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which    B   opposes   to 


equal  and  opposite  to  the  pressure,  and  iiurmal  to  the  portioiiB  of  the 
■arfoces  in  contact,  if  wo  siippoao  no  friction  to  oxist.  Drop  perpen- 
diculars />j  and  pg  on  the  com-  ^...^^^ 


iDon  normal.     Then  the  moment  "^'-•■/^     \        '     Pij.««. 

of  the  driving  presauro  R  which 

A  eierte  on    B  or  tho  turning 

moment  dne    to   A  =  Jfj  =  I{jt^.  f     ■'  'VI    "  _■*]  '*". 

Similarly  the  moment  uf  the  re.  (-c^— , 

-tisting  force  which  B  exerts  on 
A   or  the    moment  of    resistance  to   turning 
A  =  .1/,=  /?;»r     Hence  it  appears  that 

Driving  moment  _  J/^    pj^ 
Resisting  moment    M^    /),' 
But  we  have  previously  proved  that  this  fraction  is  the  angular 
Telocity  ratio  of  the  piece  B  to  the  piece  J,  and  thus  we  show  that 
the  moment  ratio  is  the  reciprocal  of  the  angular  velocity  ratio. 

06.  Ptrwdie  Motion  of  MiuhiM^ — One  of  the  moat  essential  char- 

ristica  of  a  machine  is  the  jjeriodic  character  of  its  motiotu  l-^ich 
.  goes  through  a  cycle  of  changes  of  position  and  velocity  and  returns 
periodically  to  its  original  place.  When  mo^in;^  steadily  tho  periods 
are  equal  and  the  velocity  uf  each  piece  is  tho  sumo  ut  the  beginning  and 
od  of  each  period.  That  this  may  l>e  the  case  it  is  not  necessary  thnt 
lie  driving  effort  should  balance  the  working  resistance  in  ever}-  position ; 
the  contrary',  this  sehlnm  happens  ;  it  is  suihcient  if  the  mean  effort 
:  equivalent  to  tho  mean  resistance,  or  as  we  may  otherwise  express  it 
Enci^  exertwl  during  a  |>eriod  =  Work  done  in  the  period  ; 

condition  which  always  governs  the  action  of  a  machine  in  steady 
Botion.  In  reckoning  the  energy  and  work  tho  action  of  gi-avity  on  any 
iece  of  tho  machine  may  be  omitted,  for,  if  tho  piece  rise  through  any 
height  during  one  jxirt  of  the  period,  it  will  fall  through  an  equal  height 
during  another  {uirt.  The  work  dune  cunsists  partly  of  tho  ivurk  which 
the  machine  is  designed  to  do,  uud  partly  of  frictionul  resistance  to  the 
elutivc  motion  of  the  parts  of  tho  machine,  or  in  other  words  of  Useful 
k'ork  and  Wuste  Work.  The  ratio  of  the  useful  work  to  the  energy 
exert«d  is  calle*!  the  Efficiency  of  the  machine  and  ite  reciprocal  tho 
ounter-Etficiency.  The  efficiency  of  a  ntachine  dei>entlii  partly  on  the 
ind  of  machine  and  partly  on  the  speed,  as  will  be  cxjdaincd  in  the 
iipter  devoted  to  frictional  resistances  (Chap.  X.).  In  estimating  the 
ver  retpiired  to  drive  a  machine  a  valuu  is  assumed  for  the  efficiency 
ived  from  cxperienco  of  machines  of  the  same  or  nearly  the  same 
Exiunples  will  bo  given  hereafter. 
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97.  Pouser.    Sources  of  Energy. — Tho  souixes  of  energy  are — 

(1.)  Living  agent8 ; 

(2.)  Gravity  acting  usually  by  means  of  falling  water  ; 

(3.)  Springs  and  elastic  fluids  : 

(4.)  Gunpowder  and  other  explosive  agents. 

The  energy  thus  derived  may  bo  traced  fiirtber  hack  to  the  action 
heat  and  chemical  siffinity,  and  we  may  add  to  the  list  electric  and 
magnetic  forces,  but  the  foregoing  is  a  sufficient  statement  for  our  pro- 
sent  piir^iosc.  A  machine  which  employs  such  agents  directly  is  called 
a  l^rimc  Mover,  or,  more  briefly,  a  Motor,  but  a  number  of  machines 
may  be  driven  from  one  prime  mover  which  scitos  as  their  source  of 
energy.  In  general,  each  source  of  energy  has  a  motion  and  an  elVort 
peculiar  to  itsoSf  while  the  work  is  required  to  bo  done  at  a  different 
place  and  under  different  ci  re  urn  stances.  A  machine,  then,  is  a  mec 
aiiism  which  transmits  energy  and  converts  it  into  a  form  suitable  to  t! 
work  to  be  done. 

The  rate  at  which  energy  is  exerted  is  callctl  Power ;  it  is  this  which 
measures  tho  value  of  a  source  of  energy  and  the  expense  of  the  work 
which  is  being  done.  The  ordinary  unit  of  measurement  is  the  con- 
ventional horse-power  of  33,000  foot-pounds  per  minute,  or  550  per 
second,  a  quantity  much  greater  than  tho  working  power  of  an  ordinary 
draught  horse  on  the  average  of  a  day's  work.  The  unit  of  )>ower 
employed  universally  on  tho  Continent  is  somewhat  less,  being  TS 
hilogrammctres  per  second  or  32,550  foot-pounds  \>er  minute. 

In  prime  movers  the  efibrt  may  generally  be  regarded  as  applied  at  a 
point  which  moves  with  a  known  mean  velocity  ;  then  the  horse  power^ 
is  given  by  the  equation 

33,000' 

where  P  is  the  mean  value  of  the  effort  in  lbs.  and  F  the  mean  velocity 
in  feet  per  minute. 

In  machines  driven  from  a  prime  mover  the  effort  is  generally 
moment  ^f  which  exerts  tho  energy  M.2ir  in  every  revolution  of  a 
driving  shaft.     Wc  then  have 

'  33,000' 
where  M  is  the  mean  moment  and  n  the  revolutions  per  minute. 


I 
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98.  ReversibiiUy.  Conservation  and  Storage  of  Energy. — The  resislance 
overcome  at  the  working  point  may  be  either  frictional  aa  in  machine 
toots  or  reversible  as  in  machines  for  raising  weights.  In  tho  second 
case,  if  the  machine  were  stopped  and  set  in  motion  in  tho  reverse  direc- 
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lion  it  would,  if  friction  could  be  neglected,  work  equally  well,  the 
drinng  effort  and  working  rcsistjinco  would  be  interchanged,  and  con- 
structive tnodifications  might  be  required,  but  othorwiec  the  action  is 
^  unalterwl.  This  may  l-'C  dQacribtxl  by  saying  thut  the  machine  is 
^Beversible.  Many  machines  actually  occur  in  both  their  direct  and 
^Hbeir  reversed  forms ;  thus  a  pump  is  a  reversed  hydraulic  motor. 
^Hwnco  it  ap|)card  tbat  iu  reversible  machines  the  power  of  doing  work, 
P  that  la  to  say,  energy,  is  not  lost  after  being  exerted,  for  by  rovoreing 
'  the  machitie  it  may  be  employed  a  second  time.  Thus  it  is  that  we 
I  describe  the  action  of  revorBible  machines  as  a  tmnsfcr  of  energy,  and 
I  are  led  to  couceive  of  energy  as  indestructible  and  independent  of  tlic 
bodice  through  which  it  is  manifested.  Xo  machiuc,  indeed,  is  com- 
pletely rorersible,  for  in  all  caeea  frictional  resistances  occur  to  a  greater 
I  or  less  extent,  while  many  machines  arc  completely  n  on -reversible  j  but 
^wre  shall  boo  as  we  proceed  tliat  even  then  energy  is  not  lost  but  only 
^^■onverted  into  another  form,  bo  that  we  have  in  reversible  machines  the 
^Trst  and  most  simple  example  of  the  great  natural  law  called  the  Con- 
1  aervation  of  Energy.  The  imporlatice  of  reversibility  as  a  teat  of 
'      maximum  efficiency  will  be  seen  moi-e  ftdly  hereafter. 

Again,  we  can  store  uji  energy  and  use  it  as  required  when  it  is 

I     int-onvcnient  to  resort  to  any  of  the  usual  sources.     For  example,  by  a 

^Hbw  turns  of  the  watch  key  wo  store  energy  in  the  mainspring  which  ia 

^^Kippliod  at  a  regular  rate  to  the  watch  throughout  the  day.     So  the 

hydniulic  accumulator  (Part  V.)  receives  energy  from  the  pumping 

engines  and  supplies  it  at  irregular  intervals  to  the  hydraulic  machinea 

which  lift  weights  and  move  gates  in  a  dockyant  or  work  the  guntt  in  a 

ship  of  war. 

[  A  large  (xirt  of  what  follows  in  the  present  work  is  merely  a  dcvelop- 

'     ment  of  what  has  been  said  here  :  in  the  succeeding  chapters  of  the 

1      present  division  wo  consider  machines  comprising  solid  olementa  only, 

while  in  a   future   division   we   shall   consider  the  transmission   and 

ersion  of  energy  by  means  of  ([iiUh. 

EXAMPLES. 

1.  A  woggoD  weight  2  Uina  Kud  iU  drRnght  ia  ,',tli  of  iU  weight.     Find  th«  work  done 
ID  dntwiiig  it  up  a  bill  1  in  20,  tialf  a  mile  long-     Kind  alao  bow  loriK  three  horavi  will 
;e  to  do  it  KUppotung  cnch  hontc  in  work  at  the  nit<-  of  1U.O0O  foot-^ioiindp  pur  minat«. 
'Worit  don«-370  St.-tom.    Time  occupied  •  17' IV. 

A  foree  nf  10  IbH.  Htrrtcb««  ft  NjiirBl  ipring  2",  find  the  work  done  tn  Btrctching  it 

ively  1",  2-,  3",  lie,  op  to  *>".     A  nj,  2^.  10,  22^,  40,  624  ""d  %  inch-lb*. 
Find  the  It.P.  r«f)uirwd  todr«w  •  train  weighing  300  tom  at  tb«  t\Miv\\  of  40  tnilca  ui 
ir  on  •  level,  Ibr  r«»i>>tniioe  bviug  extimfttcil  ill  I'D  lt>».  per  ton.     Kind  alio  the  «pe«d  of 
tr'io  Qp  «  giadieot  u(  1  in  UN),  the  engiue  exerting  the  Mour  power.     H.K  re^uireti 
-  4M|.    Ai^  Speed  up  the  incline  -  IStt?  milei  per  hour. 
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4.  Th«r«iutaac«vf  H.M.S."Iria"atl7k&otsMettimnt«dat<«0,0001l»..  what  will  be 
tbe  n.P.  required  Biniply  to  r"^!^!  ^^^  *1''P-  Findftlao  Ininoh-tonj  tbo  tnoifnBt,«Dmel) 
of  the  tvrin  Rcrew  iLafto,  equivak'ut  ta  tliu  (lowtr,  the  revolutiorw  WiriK  80  p«r  inbittt*, 
Ant.  H.P.  icquire«I  •  2.088.     Moment  on  eatilii  shaft  -  3Q7  incli-tana. 

6.  Tho  ourre  at  %Uiki\ity  of  n  tchopI  is  a  eaminon  parahol*,  tho  ftnglo  of  v«oialiu>c 
Btftbillty  70",  and  tbc  maximum  raomciit  of  stability  4,000  ft^^tona.  Find  the-  Hatic^  and 
djrmui^ical  stabiUtio  at  30".  A  na.  station}  Attbilitj-  -  :{,918  ft.-toas.  Dynam  ioU  •tibilitjr 
-l,l'J<tft.-tonj. 

6.  Vtrify  the  princfplft  of  work,  ufgleeting  friction,  in  :—{a)  Tho  differeutial  i»ulley 
(Art.  59).     {I)  A  pair  of  S-sheave^l  llocka.     (r)  Tha  t.yrlnuUo  |>r«ai  (Art.  t>S). 

7-  Frotn  the  reaulta  in  question  (I,  i\  103,  deduce  the  enuik  effortc  for  the  gjvcD  pan- 
tioDB  of  the  piston  anil  tho  tiicuc  crank  cITort,  suppoung  tbo  effective  stcatn  preamrv  on 
tbp  piston  20  tona  and  n«^1ecting  friction. 

Crank  effort  at  /  forward  sCroko  -  18*4  tow.         Mean  -  1274  ton*. 

quarter  Btrcke  in  the       (.bnckwird     ,,     =  Ifi'O  tona. 

d.  Show  that  the  effidenoy  of  n  machine  iji  equal  to  the  velocity  ratio  maltipIieH  by  ih 
force  ratio. 

Section  II.— Unbalanced  Forces  (Kinetics). 

99.  Kiufiic  Enrrt/ff  «/"  a  Parliclr. — \Vc  now  ppoceod  to  considor  tho 
CA3CS  in  which  efforts  or  reatstEinctss  arise  frum  ihe  changes  of  vclooliy  of 
the  ports  of  &  system,  which  changes  thoB  become  a  source  of  energy  or 
require  energy  in  order  to  produce  them.  The  commoneat  observation 
is  sulBcieiit  to  show  the  importance  of  such  ca&cs :  a  cannon  ball  po»- 
sesses  a  great  power  of  doing  work,  and  a  railway  train  requires  energy 
to  be  exerted  by  the  steam  to  ohtain  tlie  ri>f{ui»ite  speed,  quite  irre^ 
spectively  of  that  necessary  to  maintain  tho  speed  when  once  p^oduc*^A 

Firstj  suppose  a  weight  under  the  action  of  gravity  onl^'.     Unless  it 
be  supported  by  a  vertical  force  exactly  equal  to  the  weight  it  will  fiill 
with  a  gradually  increasing  velocity.     Let  it  be  wholly  unresisted,  let  it 
stflxt  from  rest  and  fall  through  a  height  h,  then  wo  know  that  it  wi 
acquire  a  velocity  v  given  by  the  formula 

where  ^  is  a  number  which  for  velocities  in  feet  per  second  ranges  frum 
32*1  at  the  equator  to  3225  at  thu  jiolu,  and  having  intermediate 
values  at  other  pointsi  on  the  earth's  surface  according  to  the  intensity 
of  gravity  at  tho  point.  The  average  value  322  is  usually  adopted  for 
this  important  constant,  and  the  lieight  h  is  called  the  "  height  due  to  ^J 
the  velocity."  ^M 

During  the  whole  fall,  the  weight  M'  of  the  Iwily  has  been  exerting 
an  effort  upon  it  which  overcomes  an  equal  resistance  occasioned  by  the 
change  of  velocity  which  is  taking  ]>Iace ;  thus  au  amount  of  energy  has 
been  cxcilcd,  and  an  amount  of  work  done  equal  to  H7i.  Kesistanctr  of 
this  kind  is  of  tho  reversible  kind,  for  if  we  imagine  the  weight,  after 
reaching  tho  ground,  projected  up  again  with  the  same  velocity,  it  will, 
if  wholly  unreaistod,  attain  the  height  from  which  it  originally  felL 
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U«nce  we  describo  tbe  weight  as  po^acasiug  energyi  and  the  amount  it 
p06s«s3c9  when  moving  with  velocity  i*  is 


fn=. 


-V 


ttia 


Energy  due  to  motion  is  called  Kinetic  Encrg}-,  to  distinguish  it  from 
^that  kind  of  eiiergj'  considered  previously,  which  is  a  consequome  of 
bt!  rvlalive  position  of  the  parts  uf  a  system,  and  which  is  called 
Potential  Energy.  The  kinetic  energy  of  a  li0<ly  depends  on  ita  velocity 
bnly,  not  on  the  direction  of  its  motion  nor  on  the  way  in  which  its 
motion  has  been  produced ;  and  the  enei^y  exerted  in  changing  tbe 
motion  of  .1  body  is  alivays  represented  by  an  exactly  equivalent  increase 
of  kinetic  energj,  whether  the  etfoi't  he  uniform  or  variable,  or  whether 
itA  direction  coincide  with  the  dlrectiuii  of  motion  or  not  To  illus- 
trate this,  consider  the  following  cases. 

(1)  Let  the  l)ody  move  in  a  straight  line  under  the  action  of  a  foKe 
/\  in  tiiut  lino  let  it  start  witli  velocity  /',  and  jifter  moving  tlirough  a 
space  z  let  its  velocity  be  r,  then,  it  is  i«hown  in  works  on  elementary 
4yaaiuic«,  that  v  is  given  by  a  formula  which  may  be  written 

^Kow, 
^hcri 


2? 


Bed 

1^    / 


tCow,  the  leftrhand  side  of  the  equation  is  the  energy  exerted  by  /*,  siid 
he  right-hand  side  is  the  incresse  of  kinetic  energy  of  tbe  body. 
If  P  be  a  resistance  instead  of  an  eflbrt,  then  work  is  done  at  the 
ponsc   of  the  kinetic  energy  which  is  now  diminished.      If  P  be 
ialile  we  must  represent  it  graphically  by  a  curve  as  in  Art.  90,  and 
lonid  be  e-H(>ecially  remarked  thiit  the  ordinate  of  the  curve  of  areas 
iduced  in  Art.  31  will,  on  affixing  a  suitable  scalo  and  measuring  the 
latca  from  a  suitable  base  line,  repi-esent  the  height  due  to  the 
ty  of  the  body. 
(3)  Let  the  body  be  constrained  by  means  of  a  smooth  guiding  curve 
^to  move  along  a  given  path  by  a  force  /*  in  any  direction,  then  the 
iuerg>  exerted  by  /'  is  the  same  as  that  exerted  by  the  resolved  part  of 
P  in  tbe  direction  of  motion.     But  this  resolved  part  accelerates  the 
oiion  just  as  if  the  body  moved  in  a  straight  line,  so  that  this  case  is 
need  to  the  last. 

(3)  The  pi-esaure  on  the  guiding  curve  will  be  the  difference  l)etween 
the  normal  component  of  P  and  the  force  necessary  to  change  the 
direction  of  /^s  motion.  If  the  two  are  equal  the  guiding  curve  may 
removed,  and  we  obtain  the  case  where  llie  body  moves  &eely,  aa  in 
,e  caae  uf  a  projectile  in  vacuo. 

100.  Partially    Unbalanced  Forcu.     I*rinciple  of    Work^ — Again,  the 
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efTtxt  which  ia  changing  the  motion  of  the  body  may  he  partly  balanced 
by  an  external  resistance  to  which  the  body  is  subject.  If  this  be  the 
case  we  can  imagine  it  separated  into  two  parts,  a  part  which  is,  and  a 
part  which  is  not,  balanced.  The  energy  exerted  by  the  first  is  em- 
ployed in  overcoming  the  extental  resistance,  while  that  exerted  by 
the  second  is  employed  in  increasing  the  kinetic  energy  of  the  body. 
Or  the  reaistante  may  he  greater  than  the  effort,  then  llie  Cixcess 
overcome  at  the  expense  of  the  kinetic  energy  of  the  body,  the  velocit 
of  which  now  diminishes. 


U 


In  the  present  treatise  we  sliall  use  the  phrases  "energy  exerted  1H 


and  "  work  done  "  only  in  reference  to  ctforts  and  resistances  other  thxn 
tho3e  due  to  inertia,  subject  to  which  convention,  we  may  slate  the 
principle  of  work  as  applied  to  cases  where  the  forces  are  parliall; 

unbalanced,  as  follows — 

Energy  exerted  =  Work  done  +  Change  of  Kinetic  Energy. 

In  tliis  statement  the  work  done  may  be  greater  or  less  than  the 
energ}'  exerted.     In  the  6rst  case  the  change  of  kinetic  energy  is 
decrease,  iti  the  second  an  increase. 

Not  only  does  this  principle  apply  to  a  single  body,  hut — subject 
tiie  observations  of  the  preceding  section — to  a  set  of  bodies  tnechanicallj 
connected  in  any  way,  provided  that  one  of  them  be  fixed  to  the  earth; 
or,  in  other  wordd,  that  a  body  of  great  mass  like  the  earth  be  one  of 
the  set.  MTien  no  one  of  the  set  picdominateB  over  the  rest  it  ia 
necessary  to  consider  further  liow  the  kinetic  energy  should  be 
reckoned :  for  the  present,  however,  we  shall  suppose  this  condition 
satisfied. 

A  simple  caf^e  in  that  of  Atwood's  machine.     Let  the  descending 

weight  r  be  greater  than  the  rising  one  Q.     Keglecting  friction,  the 

excess  seta  the  two  weights  in  motion.     Let  P  descend  through  a 

distance  tf,  then  Q  rises  through  the  same  distance,  and  therefore 

Energy  exerted  =  Py. 

Work  done        =  Qif. 

Iiet  f  be  the  velocity  of  the  two  weights;  then  supiMsing  them 
start  from  rest, 

Kinetic  energy  acquired 
From  principle  of  work 


10 
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PV 


^2jy. 


3j?      '  ■"      P  +  Q 

The  law  of  increase  of  velocity  is,  therefore,  the  same  as  that  of  a 
bod/  faUing  freely,  but  the  rate  of  iucrease  is  less.     This  formula  is  tlie 
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wue  us  that  obtained  by  other  mcthrxls,  anft  we  hnve  therefore  here  a 
rerificttioD  of  the  print-iple  of  work. 

101.  Kinetu:  Knef^i/  uf  thr  Moving  htri*  of  a  MaeMnf.. — Instead  of  ft 
single  body,  suppose  wo  have  a  ByBteni  of  bmlies,  and  we  require  to 
know  the  total  kinetic  energ>'  of  the  system.  The  direct  method  i?  to 
riiii]  the  oiicrj^iy  of  eacli  separate  particle  of  the  system  and  iidd  the 
rc&ulta.  In  the  purti<^tilar  case  of  a  rotating  rigid  body  wu  are  able  to 
rK{>rciti$  the  result  of  the  summiition  in  a  convenient  and  simple  funn. 
Kirat  consider  a  ring  of  small  section  rotating  about  an  axis  in  the 
centre  perpt'ndiciilar  to  its  plane.  Kvery  |M)rtion  of  the  rinjr  will  move 
with  the  «ame  volooity,  c  say,  ani[  the  kinetic  energy  of  the  ring  may, 
a^  liefore,  be  written  //'r*/2//. 

U'f  may  express  this  another  way,  jw  follows : — Ifwlw  the  h-volu- 
liuiu  |)er  aecond,  and  "  the  radius,  c  -  Sn-fn, 


If  the  ring  is  not  complete,  but  /Kis  tlie  weight  of  a  portion  which 
I  iho  same  centre  of  rotRtion,  the  expression  will  still  bold. 
Now.  sup{K)se  we  have  a  body  coneisting  of  a  nnmber  of  partlclee 
idly  connected  tog*-*ther,  rotating  about  u  centre  O,  at  /*  revolutiona 
per  second. 
^H  Let  the  weights  of^the  particles  be  tr,,  ir^,  fi\,  fr^,  etc., 

^H  rotating  about  0  at  diMtanci-i^  Vp  y^t  ^ji  y^y  etc 

By  adding  together  the  re'^ultn  for  each  particle,  we  obtain  for  the 
inetic  rnergy  uf  the  system. 

"^  («',y,2+  w^y,-  +  tc^.^  +  etc.) 
low  Huppose  a  ib  such  a  radius  that 

w,  +  Wj+w,+elc.       * 
lii-n  substituting,  we  may  write 

■Jjr-tt" 


Kinetic  energy  = 


(ir,  -i  ir«  +  ic,  +  etcW*  =  -^—  IVny 


this  method  we  are  always  able  to  reduce  any  system  of  bodies  to 
ring,  which  ring  is  often  cnllod  the  Ei{tiiruUnt  Fly  fi^'heel^  and  the 
I  n  is  called  the  Hadivs  of  Gvnitiou.     The  qu.anlity  if'ft^i'j  is  nsnolly 
the  Moment  of  luMia,  and  denoted  by  rlie  symbol  /. 
However  numerous  the  particles  are,  the  expression  obtained  above 
rill  hold,  and  so  will  bo  true  if  they  are  suHicieiit  in  number  to  make 
Dp  ■  Mdid  body.     In  a  continuous  body,  tlie  eeparnte  weights  irj,  w^  ic^, 
:.,  must  1m)  taken  iDdefiniUdy  small  and  cloee  tc^ether  to  j£,Qt  accuTatje. 
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results,  and  the  results  of  the  sumniation  may  be  most  convenienlly 
ariived  at  by  the  use  of  the  calcuhis.  The  quantity  fr/tj  is  called  llie 
mass  of  the  body,  and  but  for  the  introduction  of  this  fa<:tor  the  symbol 
/  would  have  the  same  me^iiiiitg  as  in  Chap.  XJl.  Hence  all  the 
reeiUts  there  given  may  be  used  here  for  thin  plates  simply  by  mul- 
tiplication b^  the  mass  of  a  unit  of  area.  Ju  addition,  the  following 
simple  cases  will  be  sufticlcnt.  The  fourth  is  a  pai'ticular  case  of  the 
second. 

1.  Solid  cylinder  rotating   about   its  axis. 

RadiiiB  =  r. 

2.  Rectangular  ^lamlhdopiped  rotating  about 

an  axis.     Diagonal  of  either  end  =  2d. 

3.  Sphere  rotating  about  a  diameter.  Radius 

=  r. 

4.  God  rotating  about  an  axis  perpendicular 

to  it  through  one  end.  Length  =  /. 
Tn  other  cases  such  as  occur  in  practice,  the  body  is  generally  loo 
irregular  and  complex  in  form  to  render  mathematical  formulic  usejal ; 
we  then  apply  the  rule  given  in  Chap.  Xll.  for  plane  areas,  which  by  a 
similar  process  can  readily  be  extended  to  solids.  That  is  to  say,  if  / 
be  the  moment  of  inertia  of  a  body  about  any  axis,  I^  that  about  a 
parallel  axis  through  the  centre  of  gravity  at  a  distance  h, 

where  m  is  the  mas&  of  the  body.  In  applying  this  nde  the  body  is 
cut  ap  into  portions  to  which  the  values  just  given  apply  exactly  ur 
with  sufficient  approximation^  just  as  in  the  chapter  cited. 

In  estimating  the  kinetic  energj-  of  a  Hy-wlieel,  which  consists  of  rim, 
arms,  and  boss,  since  the  rim  is  by  far  the  most  importjuit  part  foi 
storing  energy,  it  is  generally  sufficient  to  consider  it  alone.  If  it  bfli 
desired  to  take  the  remaining  parts  into  account,  an  addition  of  aboti 
one-third  the  weight  of  the  arms  may  lie  made  to  the  weight  of  the  rim,! 
The  combined  etfcct  of  arms  and  1>osr  is  said  to  amount  to  an  addition' 
of,  on  the  average,  about  8  per  cent,  to  the  weight  of  the  rim. 

If  the  body  have  a  motion  of  translation,  combined  with  a  motion  of 
rotation  about  its  centre  of  gmvity,  it  will  be  shown  here&fler  that  its 
total  kinetic  energy  is  the  sum  of  that  due  to  the  transbtion  and  the 
rotation  taken  aeparatt'ly,  so  that  the  whole  can  be  fomid  by  precc<lin, 
rules.  As  an  example  of  tho  iisc!  of  this  principle,  consider  the  case 
a  ball  rolling  down  an  inclined  plane,  the  ball  and  plane  being  suA 
Hcicntly  rough  that  shpping  does  not  Uikc  place  between  them  ;  and 
suppose  tho  resistance  to  rolling,  called  the  rolling  friction,  is  instmsible. 
fa  this  case  the  whole  energy  due  to  the  descent  of  the  ball  is  employ 
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generating  kmetic  energy  in  the  ball,  which  will  be  storerl  in  it  by 
virtue  of  its  two  motions  of  translUion  and  rotation.  Let  F  be  the 
velocity  of  traosIiiHon,  W  the  nngnlar  velocity,  r  the  radius  of  sphere ; 
then  since  no  slipping  occurs  /'  -  //r. 

Let  the  hall  deecend  tlirough  a  vertical  height  A,  then  the  enei^ 
'^exertrtl  i«  H'h,  equating  which  to  tlie  kinetic  energj-  stored  we  obtain 

where  a  -radius  of  gyration  ia  given  by  a^i^~r^. 


h 
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Thus  the  velocity  of  thn  ball  will  ho  lees  than  if  it  simply  slid  down  the 
plane  without  roUiting  in  the  i)roportion  ^5  ;  ^'7. 

The  total  kinetic  energy  of  the  moving  parts  of  a  machine  in  any 
poeition  may  bo  found  by  drawing  a  diagram  of  velocity  for  that 
position  iu  the  manner  explained  in  Chaps.  V.  and  VI.  Each  part 
may  be  divide*]  into  a  number  of  small  portions,  and  the  centre  of  each 
portion  may  bo  laid  down  on  the  diagram,  as  explained  on  page  112. 
If  now  the  diagram  be  imaginctl  to  represent  a  set  of  particles  rigidly 
connected,  of  masses  equal  to  those  of  the  particles  in  question,  the 
moment  of  inertia  of  those  particles  about  the  polo  of  the  diagram  roust 
i>e  the  total  kinetic  energy  required ;  the  rwliua  vector  of  each  particle 
representing  the  velocity  of  tlie  corresponding  portion. 


Mr. 
08t 


102.  Cotiitrm/ion  nf  Enenjy.— The  principle  of  work  may  also  be 
stated  in  another  fonn,  which,  though  not  so  convenient  in  practical 
applications,  is  much  emploj'etl  by  scientific  writers.     It  has  already 

In  expliined  that,  when  there  are  no  frictional  resistances,  the  power 
doing  work  (energy)  exerted  in  doing  a  given  amount  of  work  is  not 
08t  but  merely  traimfbrred  fmm  one  place  to  another  (Art.  98),  while  it 
appeam  from  the  present  section  that  any  energy  exerted  iu  changing 
the  motion  of  a  body  is  represented  by  an  exactly  equivalent  amount  of 
kinetic  energy  Htored  up  in  the  moving  body ;  hence  it  follows  that  in 
any  dynamical  system,  which  receives  no  energ}'  from  without  and 
supplies  none  to  external  bodies,  the  total  amount  of  energy  is  always 
the  same  if  there  be  no  frictionul  resistances.  We  express  this  by  the 
equation 

Kinetic  Energy  +  Potential  Energy  =  Total  Energy  =  Constant^ 
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and  eall  it  the  principle  of  the  ConHcrvation  r>f  Energy.     In  a\\  actiu 
motions  frictional  resistaiicos  occur  which  grwJiwlly  alisorli  the  energy,] 
but  wo  shnit  find  hereafter  that  this  process  in  accompanied  hy  iha 
jjwieration  of  heat  which  is  e4juiviilent  to  the  energy  aUaorlKni,  a  fiic 
which  lends  118  to  condiuii-  thiit  heat  is  a  form  of  energy,  so  that 
principle  still  hoMs  gooil. 

103.  Ej-'Wip!rs. — Let  ur  now  illustrate  and  verify  the  principle 
some  examples. 

(1)  Suppose  11  weighl  siihjK'IhU*^!  hy  ;i  sli-in^  and  nscillating  under  tb^ 
action  of  gravity,  fomiiiij^  thi'  simple  petiduhini  Otj  (Fig.  i^ihi,  p.  179),  ii 
length  L 

Let  tht!  |H'n<ln!uni  stiiit  from  the  position  (fA,  und  when  it  reai-hes 
the  jKJsition  Utj  let  its  velocity  be  v.     l^ot  the  height  of  >j  ulx)vc  th^j 
tangent  at  the  lowest  point  bo  y,  «iJd  that  uf  A,  h,  then  we  know  thai 

which  may  be  written,  if  J*'  Iw  the  weight, 

Here  the  first  tenn  on  the  left  hand  side  in  the  kinetic  energy  of  thi 
weight  and  tho  second  term  Wy  the  potential  enei^y,  that  is  to  say,  t: 
power  of  doiitg  work  which  the  woifrht  poasesses,  in  virtue  of  \U  heighi 
y  ahovc  the  lowest  position  it  is  ca]mble  of  occupying.     The  sum  of  t 
two  ia  the  total  energy   U'A,  and  the  motion  consists  in  a  continiuil  inte 
change  between  the  kinetic  and  potential  enorgie«.     It  is,  of  course, 
8upiK>»cd  that  the  resistance  of  the  air  is  neglected  ;  this  is  a  reeistanre 
of  tho  frictional  kind,  and  conlinijally  uhsorbB  energy  from  the  weighl 
which  is  thus  at  last  reduced  to  rest. 

The  time  of  an  unresisted  double  oscillation  is  shown  in  works  on 
dynamics  to  be 


n        II 
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when  the  oscillations  arc   small  enough  t4)   he  sensibly    isochronou 
Larger  oscillations  are  sensibly  slower,  as  shown  by  the  approximat 
formula 


"'-'''■{'*?,)  =M'u4si]' 


where  0  is  (he  angle  of  swing  in  circular  measurei  and  n  is  the 
angle  in  degrees. 

(2)  The  jiendulum  has  lieen  here  Biipftosed  to  be  merely  a  heavy 
particle  attached  to  the  end  of  n  string  without  weight.     Let  ' 
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Bpiraee  a  rigid  body,  the  cenlro  of  j^iuvity  of  which  is  y,  oscillating 
.  a  centre  0.     Let  **  bo  the  velocity  of  //,  thou 


Kinetic  Energy  ■ 


'*'£+"'^<'''^«>' 


where  k  is  the  radius  of  gyration  about  the  centre  of  gravity,  aiid  A  the 
nguliir  velocity.  If  L  be  the  length  Off  of  the  compound  pendulum, 
bia  may  be  >rritteii 

KineticEnei^^='l!?|l+^^|. 

tie  potential  energy  is  the  eanie  m  if  the  whole  weight  were  con- 
Qtrated  ut  </ :  therefore,  assuming  the  pendulum  to  start  from  the 
sition  OAf  an  before, 


■J? 


1  + J-  }  +  Wf,=  Wh. 


Comparing  this  with  the  result  preWously  obttvincd  for  the  simple 
pendulum,  it  is  not  ditlicult  to  see  thut  the  motion  is  identical  if 


N 


^whieh  is  the  length  of  the  simple  e^^uivalent  pendulum. 

]  (3)  Take  the  caac  nf  a  projectile  unresisted  Viy  the  air.     Let  A  lie  the 

point  from  which  the  projectile  starts  with  velocity   V.     If  we  draw 

Ilbrough  A  a.  horizontal  line  AL,  from  this  set  up  an  onlinate  Af/  =  h  = 
W^i  '2*j,  and  then  draw  a  horizontal  lino  HK,  this  line  will  be  thy  dii-ectrix 
It  the  porabols  in  which  the  projectile  movofl.  When  the  projectile  has 
reached  any  point  in  its  path,  which  is  at  a  huight  u  from  the  ground 
and  at  which  it  has  the  velocity  r,  the  tutal  euergy  possessed  by  the 

ojectile=  H' (y  +      y     This   being  equal   to   that  which  it  had  at 

V"  r- 

jng  •  M'  ,j    =  l*'/i,  ^  =h-if^  and  so  the  projectile  will,  at  every 

Dint  of  its  path,  have  a  velocity  duo  to  its  having  fallen  from  the 
directrix. 

HX.VMPLES. 
kl.  The  energy  of  1  lb.  of  iwbMf  ]iom-tli>r  ia  70  foot-tutis.     Fiml  ilm  wuigfat  of  ehu:ge 
r  to  {imltioc  &n  initutl  velocity  of  1304)  (cot  jtor  aeoou<i  in  a  projcotUc  weighing 
)  lb.,  nefleoting  Iho  recoil  of  the-  giin  Mnd  tlie  rotation  of  the  shot 
Wt.  of  powiler  reiioired     117  lb». 
In  Euuiipk  I  suppose  tbo  ^ua  hrwl  at  an  riovfttion  of  90*^,  ami  recuitAiice  of  the 
aovphcN  negleetcMl.  find  tho  kinetic  anil  potential  vnergiea  of  the  thoi  at  it*  gr«at«iit 
Also  dciluoc  the  gniatvst  clcvatiou. 

KoriMiital  wlodtr  -  volocitr  at  liigtiMt  point     laOO  -  ^ 
Kinotic  inieniy  Ht  liigliut  tioiut  -  tilM  ft.-toiiit, 
I'otontiRl  ..  ..  2fk-i0 

Potential  eiierar .  ..-^^.^  ,^j    maiimmn  deraUon. 
Wt.  of  •hot 
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weiKhta  together   -  ^  {py  *  QM^  ^-^ 


8L  a  tntn  w  ruDitiiiK  at  40  biUgs  an  hour,  flod   fcba  renatiuiM  in  (wunds  per 
DMeMuy  to  atop  the  trftin  in  1000  Tarda  on  n  Itvcl.     jUjo  find  the  dtvUnco  in  which 
tnio  would  he  hrought  ap  hy  the  uinc  br«ke  power  on  n  grAdietit  of  I  In  100,  both  when 
going  up  nud  when  going  down. 

BedatAuoa  -  30-9  Ibe.  per  ton. 

Dutancc  required  to  bring  up  ibe  train  wheu  aaouoding 

the  gradient ...  ..         ...     •-  fl40  janli. 

When  dfMUKmding  -  22S0       „ 

4.  The  r«ci|irDuatiii£  pitrta  of  on  engine  running  at  75  revolutiona  per  miunt«  weigh  i 
iatm,  of  which  porta  weighing  20  tons  have  n  RtroVc  of  4  foot  and  parta  weighing  5  ioni  a  ' 
rtroke  of  2  foet     Find  the  energy  atoiwl  in  the  part«,  anumlng  a  pair  of  cnnka,  or, 
0<j  it  right  angles  aud  ueglooting  obliquity  of  ooancctiiig  rod. 

Velocity  of  parti  attached  to  emnk  P    Plf.^. 

«-«*ol.- 

Where  V  ia  the  velocity  of  the  crank  piu  and  PIf,  QM  are  i«rpendiouIars  on  the  ] 
oantna. 
AMoming  weight!  attached  to  tboae  cranks  ea«b  equol  W.    Then  energy  ■torad  in  1 

1        WT* 

ap  ■ 

In  example,  total  kiovtic  energy  =  -107  ft.<toDa. 

6.  One  weight  dntwa  up  anolbor  by  moana  of  a  oomtnoa  wheel  and  aale.     Tlie  foree 

ratio  ia  1  to  6  aixl  tbo  velocity  ratio  ia  0  to  I.     Kind  the  revolutiona  per  minute  after  10 

ooniplelL-  rvvulutioua  liave  been  (wrformcd,  ueglvctiug  friotionai   rcaiitaooea  and   the 

inertia  of  the  wheel  aod  axle.     Dixmeter  uf  axle  ti  inchee. 

Kevolutionii  [ler  accond  -  '.''It. 

6.  lu  Ex.  1  BUpitoM  the  gun  riScd  ao  that  the  projectile  makra  1  turn  in40dian 
find  the  additiotiiil  powder  charge  lujuired  to  provide  for  the  rotation  of  tho  ebot,  I 
diameter  of  ahot  being  12  inshea  and  the  radiua  of  gyrntion  -IJ  iachaa. 

Additional  powder  roquirod     '407  lb. 

7.  A  diac  of  iroct  rulU  ulong  »  horijcontel  pUuie  with  vpluoity  l.'i  feet  |i«r  twcond,  anj 
CDOicB  to  an  incline  of  I  iu  -10  ul  to  wliicli  it  [masea  without  shock.  Find  how  f^r  it  wil 
Hettend  tlie  iDoline,  neglectiug  friction. 

Distance  along  incline  it  will  nui  -  3OO'0  feet 

5.  In  Bx.  S  auppoac  tho  weight  of  who»l  ■■  weight  of  axle,  and  the  two  together  «ua 
of  weights,  obtain  the  roault,  talung  account  uf  tlie  inertia  of  the  wheel  and  axle. 

After  10  revs,  it  will  rotute  at  l-'J2  reva.  per  seound. 
U.  Aaauming  that  when  a  vetwl  rolla  her  djmamical  atability  ta  the  aanie  aa  i 
ateadily  hcelfld  over  (Art.  Ul),  and  ueftlvctLtig  that  jtart  of  her  kinrtio  ciir-rcy  which  fi  ] 
due  U^  tlie  motion  of  her  Mutre  of  gnnty  (Art.  101),  write  down  bc(  C|U4itiuit  of  energy  ' 
(Art.  1031.  If  the  curve  of  atability  be  a  tnic  curve  of  ainca.  show  that  the  vumcI  will  I 
keep  time  with  a  (wndulutn  of  length  '  awiiiging  tliranghi:  titnca  her  angle  of  bee],  when  J 

H 
!*• 
$t  being  her  angle  of  vaniahing  abahiliQr  and  r  her  radius  of  gyration,  while  irt  la  tim\ 
■Mximum  atability. 

Note.—Tbii  rolling  ia  hero  auppoeod  uurCNiatetl.  Observe  that  the  deviatiun  trtmt 
iaoehroniam  ia  much  greater  than  iu  a  ■iniple  (icuduluoi  swinging  through  the  mue 
aovla,  k  being  always  greater  than  nall^. 

KKreuKKC'i». 

Noraeroua  nlenumtary  examples  on  the  application  of  the  IVindple  of  Work 
ftMiad  in  Twisden'a  Practical  Mtekaniea. 
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DYNAMH^S  OK  THK  STEAM  ENGINE. 


104.  Ctmxtmrtuni  of  Polar  Crtn-es  of  Crank  Kffort. — One  of  the  most 
'  common  and  im)H>rbint  upplicutions  of  the  principles  of  the  preceding 
chapter  ia  to  tbo  working  of  steam  engines,  and  we  f^h^11  investigate  this 
question,  chieHy  witli  reference  to  fluctuatlotiB  of  Btroea,  energy  and 
^^>eod.     Throughout,  frictional  resisuincoa  are  neglected. 

Ill  Ch.  V.  a  eur\'e  wus  constnictod  which  shows  the  velocity  ratio  of 
piston  and  crank  pin,  and  it  has  been  proved  (p.  ISC)  that  this  curve 
must  also  give  the  ratio  of  the  oflbrt  tending  to  turn  the  crank  to  the 
pressiire  of  the  steam  on  the  piston,  so  that  it  may  also  be  called  a  Curve 
of  Crank  Effort.  If  there  are  two  or  more  cninks,  the  crank  ufl'ort  can 
be  obUiined  by  suitably  combining  the  results  for  each  taken  bcpuratcly, 
kiid  a  curve  may  then  be  drawn  representing  the  combination.  There 
I  two  kinds  of  such  curves,  the  Polar  and  the  Linear.  Kirst  su]>pDse 
cranks  at  right  angles,  steam  pressure  miifonn,  and  the  same  on 
both  pistons.     Let  us  commence  ^rith  t-he  \)o\&y  curve, 

Supi»08e  OTy'B^,  OT^li.^  (Fig.  93)  to  represent  the  polar  curve  of  crank 
feffort  for  an  engine  constnicted  as  in  Art.  49,  and  let  the  two  crunks  be 
in  tbo  positions  0^,,  OQ^  each  {Minting  towards  the  cylinder.  Add 
together  the  con'eB|H>niling  crunk  efforts  OT^^  OT^,  which  are  given  by 
the  curve,  and  set  off  their  sum  along  0Q■^,  wo  thus  obtain  a  radius  Of, 
which  represents  the  total  crank  etfort  for  the  two  engines  taken  together. 
It  may  also  be  considered  as  the  leverage  at  which  the  prcssiu*e  on  one 
piston  must  act  to  produce  the  Barae  turning  moment.  Performing  this 
constmclion  for  a  number  of  positions  oC  the  cranks,  we  obtuin  a  polar 
cuiTO  showing  the  crank  effort  in  every  positdon. 

If  the  connecting  ro<l  is  indofitiitely  long  the  single  curve  of  crank 
effort  consists  of  the  pair  of  circles  on  OB^,  OJi^  shown  dotted  in  the 
diagram.  If  wo  a<lrl  together  radii  of  these  circles,  the  combined 
curve  of  crank  effort  will  consist  of  four  portitms  of  circles  passing  the 
points  A^BiA,B^;  each  of  the  circular  arcs  if  produced  woiUd  pass 
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through  the  [joint  0.    These  arcs  are  uUo  dotted  in  tho  diagium.   Wbrii 
the  crank  is  in  a  (|uadruni  lying  towards  the  engine,  the  actual  onok 
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ofTort  is  in  excess  of  that  due  tii  a  long  connecting  rod.     Bo  for  tho 
positions  OQ^,  OQ^,  shown,  for  each  tht>  ci'unk  effort  is  in  excess,  and  Ihtit 
the  cun'o  of  combitiiMl  effort  will  for  the  <|uadmnt  ^/,/f,  lie  outside  the 
circular  arc.    When  tho  cranks  are  in  the  two  u]j{)er  quadrants  the  effort 
for  the  leading  crank  is  less  than  xrhi'n  tho  connecting  rod  is  long, 
whereas  far  the  following  crank  it  is  greater ;  and  the  diminution  uf  une  I 
is  very  approxi mutely  equal  to  the  excess  of  the  other  ;  that  is,  the  sum  i 
is  the  same  as  that  obUiinetl  by  negleciing  the  shortness  of  the  rod.    The  ' 
true  combined  cflbrt  in  then  for  tho  quadrant  B^.t.,  i'e]ireMente<l  bv  the 
circle.     In  the  next  quadrant  both  are  diminished  ;  and  tho  true  eurv^l 
will  lie  inside  the  circle  .t^B^  while  for  the  foiut>h  quadrant  it  will  again  ' 
coincide  with  the  ciit'ular  arc. 

Wo  may,  if  we  please,  lay  off  thp  sum  of  tho  radii  on  the  following  ] 
crank  inf^tcad  of  the  leading;  the  Hunio  series  of  cui'veswouhl  l>e  oljtatned,  j 
but  would  be  turned  backwaixls  through  an  angle  of  90'. 

To  add  in  this  the  circle  of  moan  crank  cffoit  wo  equate  the  workJ 
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one  on  the  twu  lustons  in  the  double  strokes  to  the  work  due  to  tbc 
DiMin  effort  }{„  oserted  thi-oiigh  a  complete  revolution. 
P  A  a  X  4«  =  /i'     X  '2wa. 


In  theae  cun-oe  the  steam  proMure  P  is  represented  Ijy  the  radius 
lof  the  crank-pin  circle,  so  the  mean  crank  effort  will  bu  represented 
on  the  diugram  by  drawing  a  circle,  shown  doited,  with  centre  0  ami 
^Mdius  =  40^/t. 

If  there  ore  three  or  more  cranks  inclined  at  uny  angles,  the  combined 
nk  effort  diagram  can  be  constnicted  by  adding  together  three  or 
Dore  milii  vcctoros  of  the  cun'e  of  single  criuik  cdurt,  unci  luying  the 
off  on  either  of  the  cranks. 


105.  Construction  of  Linmr  C'utTes  oj  Crank  Effort. — The  linear  curve 
crank  effort^  which  is  more  useful  for  most  purposes,  is  constructed! 
rollows : — 

Take  a  base  line  A^A^  -  aemi-circumference  of  the  ci-unk-pin  circle, 

llid  let  the  circle  and  this  base  line  bedi\ided  into  the  sunic  number  of 

'^equiil  [KU'ts,  and  at  the  [mintn  of  division  of  the  base  line  set  off  ordinates 

>tuch  as  SN,  VM  both  iibove  and  below  the  base  equal  to  lengths  uf  the 

common  ordimites  of  the  single  crank  effort  diiignim  such  !i»  0T\,  UT'o. 

and  so  we  construct  the  linear  crunk  effort  diagram  for  a  single  ciunk. 

Neglecting  tho  obliquity  of  the  connecting  rod,  the  diagram  will  consist 

of  two  curves  of  sines  shown  dotteil,  one  above,  the  other  below  (Kig.  94). 

To  get  the  combinetl  crank  effort  diiignim  we  have  oidy  to  :idd  together 

proiwr  ordinates  according  to  the  angle  between  the  ci-iinks,  just  us  wc 

did  in  drawing  the  ]>olar  diagram.    W  hen  the  cranks  are  at  right  angles 

^it  will  bo  seen  that  when  the  leading  cniuk  is,  for  example,  at  ^^  or  A 

he  following  crank  is  at  Q,  or  M ;  and  if  the  ordinate  Ml-'  is  laid  off  on 

'  the  top  of  oniimite  NS  we  obtain  a  iwint  //*  on  the  curve  of  combined 

cnitik  effort.     If  the  same  process  be  followe<l  thr-oughout  we  obtain  the 

^Hiagram  shown  in  Fig.  94,  consisting  of  four  eurvc>8.     If  the  connecting 

^Bod  l>c  taken  as  indefinitely  b>ng,  iinil  onlinutes  of  the  dotted  cun*c  bo 

V&dded  together  the  combined  diagiam  will  consist  of  four  cun'cs,  alsi^ 

curves  of  sines  shown  dotted  iti  the  diagnim,  all  alike  and  all  of  the  same 

bt.     Hut  taking  proper  account  of  the  shortness  of  the  rod,  we 

re  that  for  one  quadrant  of  the  i-evolutiou  when  both  rrunks  hf 

Dwarda  the  cylinder,  each  oitlinate  added  is  in  excess  of  that,  neglecting 

liquity,  and  then  wo  obtain  the  highest  euiTe.     In  the  next  t)uadiunt 

height  of  the  curve  is  less  and  is  the  same  as  if  wo  neglected  the 

shortnces  of  the  rod,    In  the  next  quadrant  when  both  cranks  are  away 
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from  the  cylinder  the  shortness  of  the  rod  maVes  the  crank  efTort  fmr 
each  engine  less,  and  wo  gut  a  very  low  cune  for  the  combination.  This 
is  followed  in  the  last  quadrant  hy  a  curve  like  the  second- 
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The  mean  crank  eflbrt  will  bo  represented  by  a  horizontal  line  at 
height  WQl^,  as  before.     Sotting  off  this  line  we  observe  that  unli 
the  connecting  rod  is  longer  than  is  usual  in  ordinary  practice,  the 
actual  crank  effort  will  be  less  than  the  mean  throughout  the  whole  of 
one  of  ttu-  qnadnuits. 

At  the  iKiintR  where  the  straight  line  HL  cuts  the  curves  the  act 
crank  effort  is  equal  to  the  mean. 

106.  Ii"tw  of  Maxivntm  and  Mimmum  Crank  F.ffvri  to  Mtan. — On« 
the  princiiwil  object*  in  the  constniction  of  curves  of  crank  effort  is  the 
determination  of  the  ratio  which  the  maximom  and  the  minimiun  values 
of  that  quantity  bear  to  its  mean  viiluo  as  detormine<l  from  the  jKiwer  of 
the  engine.  It  is  on  these  quantities  that  the  strength  required  for  the 
shaft  depends,  Wside*  which,  too  great  an  inetjuality  in  the  tumi 
moment  on  the  shaft  is  frequently  injurious  to  thu  machine  which  is  beii 
driven  by  the  engine,  or  to  the  work  which  the  machine  is  doing. 
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Approximate  mathcmAtical  tbrmiilie,  analogous  to  those  given  on 
J).  102  for  piston  velocity,  may  be  used  in  simple  cases,  but  in  general 
it  is  proferabk  to  construct  a  diagram.  The  annexed  table  gives  some 
numerical  results. 


Fldotoatsoh  or  GsAmc  Errosr  with  UHtmiuf  Steam  PnnsuBx. 

B»tlo 

t«         for 
'    Mcu 

1              ^ 

Ou«  Cmik, 

Two  C'mulu 
at  riglit  angles 

Tlirc*  CyllDclcT» 
al  ia>".drivliit: 
UwattiDoCnuik. 

OonnootJiie  Bnd. 

Mudtniiin 
Mininam. 

1-67 

I'llS 

1-047 

IndoQiiitcly  loug. 

0 

•786 

-007 

Mii«tiwii«ii- 

1-6S 

1-31 

1-077 

Four  Cranki. 

Uininiim. 

0 

*785 

•7« 

The  great  influence  which  the  length  of  thu  connecting  rod  has  on  the 
results  should  !>e  especially  notice*! ;  we  Hhall  return  to  thiH  hcre4Lfter, 
but  now  go  on  to  consider  the  motion  of  tbo  engine  under  the  action  of 
the  varying  crank  effort. 


I  107.  Fluciuatum  of  Ewrryy. — We  have  already  referred  to  the  periodic 

character  of  tbo  motion  of  a  machine,  and  explained  that  when  the  mean 
motion  is  uniform  we  have  for  a  complete  period 

Energy  exerted^ "Work  done. 
It  will  seldom  happen  however  that  this  equation  holds  good  for  a  por- 
tion of  the  period.    In  general,  during  some  part  of  the  periotl  Ito  work 
done  will  be  greater,  and  in  some  ^wirt  less,  than  the  energy  cxcrtcfl. 
MB    In  tbo  first  cose  some  |>art  of  the  kinetic  energy  of  the  moving  (rnrts 
^^$  ftbflorbed  in  doing  a  ])art  of  the  work,  and  the  sfwod  of  the  miu-hino 
Hauniniahea ;    while   in   the  second,  a    part  of  the   energy  exei'ted    is 
employed  in  increasing  the  kinetic  energy  of  the  moving  parta  and  the 
speed  of  the  machine  incroa^es.    Thus  the  kinetic  energy  of  the  moving 
{Aria  alternately  increases  and  diminishes,  the  increase  exactly  balanc- 
ing the  den-eaae.     At  some  instant  in  Its  motion,  the  energy  of  the 
mo^-iug  (Murts  will  be  a  minimum,  and  at  some  other  point  a  maximum. 
Tbu    fliffercnce    between   the   maximum   and    minimum  energies    is 
deacribod  ns  a  "fluctuation"  of  energy  of  the  machine.     In  general  a 
^Mumber  of  these  tluctuations  occnr  in  the  course  of  a  period,  and  the 
^KfeatoBl  of  them  is  called  the  Fluctuation  of  Energy.     It  is  most  con- 
veniently expressed  as  a  iraction  of  the  whole  energy  exerted  during  a 
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complete  [loriod  of  the  muchine.  uiid  this  finiction  is  cnlled  the  Co-ef!ide 
of  FluctiLition  of  Energy. 

All  thiB  will  nppty  to  luiy  machine  taken  as  a  wholo.  or  to  any  ] 
of  that  machine  ;  for  every  piece  of  the  machine  hn«  u  dri^-ing  point^ 
and  a  working  point,  and  the  equation  of  energy  may  be  applied  to  iL 

Take  now  the  case  of  the  mechanism  of  a  direct-acting  engine. 
Suppose  the  prcfisure  1'  on  the  piston  to  be  uniform.  This  thix>ugh  thBi 
eonncctifig  rod  will  produce  a  cnink  effort  5,  the  magnitude  of  which  fori 
each  (Kwitiou  of  the  crank  may  Iw  found  as  just  now  ghown.  Tu  the^ 
crank  and  shaft  S  is  the  driving  fnrre  and  furnishes  the  energy  exerte<]. 
At  every  |>oint  of  the  revolution  of  the  shaft  a  certain  reaistarice  will  ba  j 
ovei*comc,  which  resistance  will  tend  to  prevent  the  shaft  from  turningjj 
it  will  not  depend  on  the  st«ara  pressnre,  but  on  the  sort  of  work  tha 
is  being  done.  As  the  most  simple  ordinary  caw  wo  will  supiMKc  t 
resistance  overcome  to  l>e  uniform,  and  we  will  neglect  the  inertia 
the  reciprocating  |Kirt«  (Ait.  110).  We  may  represent  this  consuu% 
resistance  hy  a  constant  force  R  applied  to  the  crank  pin  Q  (Fig.  9fi),  i 
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A 
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\ 


right  augle8  lu  the  crank  arm.  rusitttiiig  ibt  tnution.     The  magniturl 

//   ifi  immediately  dutermiucd   by  the  a[iplication  of  the  prinriplo  of  J 

work  to  u  complete  [>eriod,  Hay  one  revolution.     We  have 

jr 

This  cx)nflt4int  resisting  force  is  the  same  as  the   mean  crank  effc 
Then,  so  long  as  S>R  the  speed  of  the  ciiink  shaft  will  increase,  aud 
when  S<  U  it  will  diminish. 
Uefen'mt:  to  the  linear  curve  of  ci-unk  ulTort  (Pig.  94,  pt  203)  [ 
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,.V-the  ttTo  y^^Q  (Pig.  95),  then  .V6'=  crank  effort  S  for  this  position 
of  the  crank.  If  an  onlinabo  A^K  be  set,  up  to  rcrpre»ont  the  constant 
re«iskance  or  moan  crunk  effort,  ami  a  horiKontiil  line  parallel  to  baso 
line  be  drairn,  then  -\7/  Uolng  the  representaiiori  of  li  the  resistance 
ovorconie,  the  effort  5  will  ho  gi-eatcr  for  this  [xtsition  of  the  crank,  ami 
ttie  (lifferunL'ti  US  will  Iw  fmployed  in  ancnlenitiiig  thn  motion  of  the 
machine.  From  the  conimencenicnt  uf  the  rt.'volnti(iii  up  to  this  poai- 
lion,  the  energy  exerted  is  repi-esentcd  by  the  area  .-t^NS.  whcrona  the 
work  done  is  represented  by  thf  aroji  ,-/|A7/.Y.  As  tho  crank  revolvee 
from  tho  position  J^  tho  crunk  effort  iniTeuses  until  when  ut  U^  it  is 
etjual  to  the  resistance.  Up  to  this  |)oint  the  Bpeed  of  rotiitioii  will 
hove  he«n  diminishing;.  After  p;M)8ing  the  point  T/,  tho  effort  will  bo 
^n^atcr  ihiin  the  resistance  and  the  sjieed  of  the  engine  uill  inereaao. 
Thus  i\  is  a  point  of  minimum  siwetl  at  which  tho  kinetic  energy  is  a 
miniuiuin.  When  the  crank  reaches  the  iHisition  6^^  the  effort  wJl! 
Again  Ijc  etpwl  to  the  resistance ;  and,  since  from  f/",  to  U._.  the  effort 
huB  been  greater  than  the  resistance,  durint;  the  whole  of  which  time 
the  engine  haa  been  increaaiug  its  epccd,  it  follows  that  at  the  point  U^ 
the  speed  and  the  kinetic  energy  will  have  reached  u.  maximum.  The 
energy  stored  during  this  interval  will  be  etpial  to  the  urea  C',A^V  *"*' 
this  will  Ikj  the  fluctuation  of  energy.  During  all  the  movement 
from  [f^  to  (^J^  tho  sjwed  of  the  engine  will  dinnnish,  so  that  C^  is 
another  point  of  minimum  kinetic  enei*gy.  Tho  kinetic  cnergj'  storeil 
from  L^„  to  l/^  is  negative,  and  represented  by  C^A^C.^,  which  quantity 

Maitj,,- ^^Mifi. 


FtB-M 


Miut.'t 


■     also  is  the  fluctuation  of  energy.     Again  at  U^  tho  kinetic  energy  is  u 
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magnitude  reprosonted  by  the  ordinates  of  iomo  curve  of  resistcneer 
thtiu  wbci'ti  the  curve  of  rusistuiice  intersected  the  curve  of  crank  effort 
\voul<l  be  the  poluta  where  tlie  kinctii:  eiiergie»t  would  l^e  maximiuD  and 
minimimi,  as  just  explained.  By  the  gr<i]>hicA]  coiisliiiction  of  aiicb  u 
curve  of  rcj*istance  the  fluctuation  of  energy  may  bo  estimated  br 
measuring  the  area  of  the  crank  effort  curve  cut  off  above  or  below  tio 
curve  of  resistance,  which  area  will  lie  between  consecutive  iwints  of 
maximum  and  nunimuiti  energies.  If  the  eiiorgj'  be  E,  the  tluctualioo 
of  unorgj-  may  prn]icrly  be  denotctl  by  SE.  It  is  convenient  to  cxprw» 
this  as  a  fraction  of  the  total  energy  iPa  oxortod  in  a  revolution.    Wd 

A    II* 

have  then  for  the  co-etllcient  of  fluctuation  of  encrgv-— j^  =  f:. 

The  value  of  k  does  not  depend  on  the  size  of  the  engine,  but  only  oa 
the  length  of  the  connecting  rod  and  the  way  in  which  the  staain 
pressure  and  resistance  vaiy.  If  the  connecting  rod  is  indefinitely  lon^:, 
steam  pressure  and  resistance  uniform,  i  =  -105  3.  The  shorter  the  too- 
riecting  rod  the  greater  will  be  the  value  of  k. 

An  etjuuUy  importuut  case  is  that  of  two  cniuks  at  right  angles  alio 
shown  in  Fig.  94.  Neglecting  the  shortness  of  the  connecting  rod,  then 
the  lino  of  resistance  cut*  cjich  of  the  four  curves  in  two  points,  the  fiwt 
of  which  is  a  point  of  minimum  energy  as  shown  in  Fig.  9G,  on  the 
preceding  page.  For  this  case  i  =  *OIOoS  or  ono-lenth  of  its  value  for* 
single  crank  :  eight  fluctuations  of  equal  magnitude  occur  in  each 
revolution.  When  the  connecting  rod  is  short  the  curves  of  cmnk  effort 
are  not  the  same  in  each  quadrant  (sec  Fig.  94),  and  one  of  them  lies 
wholly  l>olow  the  liiie  of  resistance.  There  are  then  six  fluctuatiuns  in 
each  revolution :  four  of  these  ore  nearly  the  same  as  before,  but  the 
other  two  are  much  greater,  the  values  of  i-  being  'OS?  and  "042,  with  a 
connecting  rod  of  four  cnuik-s.  The  annexed  table  gives  the  maximiun 
value  of  k  for  various  cases,  supposing  steam  proasure  unifonn 
resistance  uniform. 


pLccTOAnoy  or  Bkxmt. 

VftlBM  oi  t  mytpcting. 

LcngUt  i>f  Kgd. 

OneCnuik. 

Two  l.!nuiki, 
■t  right  nnitlo. 

rhrwCyllDilcrm, 
lU  iW,  ArMng 
tbo  mutK  Cnnk. 

106S 

-0U50 

•wnm 

Infloito; 

■Utt 

•an 

100B4 

aUOmnlok 

-IIBB 

-MU 

-QUA 

FofOrCnnka. 
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As  before,  the  great  infloence  of  length  of  connecting  rod  on  tho 
results  should  be  noticed.  Frictional  resistances,  which  are  here 
n^Iected,  generally  increase  the  value  of  I: 

In  genexml  the  piuMure  of  tlie  iteuo  in  the  ^Under  of  an  eocine  variM  tbroochuat  th«- 
■troke,  utd  the  oonstnietuai  of  the  enrre  of  emnk  effort  prcTioaslj  described  mut  be 
modified  on  aoooont  of  thii.  Sappoie,  instead  of  the  stcAm  being  •dmittcd  throughout 
the  stroke,  it  is  cnt  off  at  a  certain  point  and  expanded  so  that  the  expansion  curve  t* 
byperbolic.     Fot-  limpUcitr  neglect  the  ha^  preanire.    At  the  point  .V  in.  the  itrt^ke  i  Ki^>. 


97)  the  pretnm  win  han  fallen  to  P,  «Dch  that-^  .  ^ 

ri     OH 


If  we  draw  an  ordinate  /'-• 


niefa  that  the  area  of  the  rectangle  enoloaed  ia  e<iaal  to  the  urea  of  indicattir  diagram, 

then  Pm  -  Pi  ^  *  ^°^'*'  where  r  -  ^.     Up  to  the  point  K  the  crank  effort  dingram  will 

be  the  same  as  previously  described,  but  after  that  point  the  crank  effort  will  bo  1i>ph  than 
that  due  to  a  uniform  steam  itressore.  At  the  point  N  in  the  atruke,  fur  example, 
the  crank  effort  instead  of  being  NS  will  be  NS,  found  by  drawing  OS  in  the  lower 

figure,  to  cut  a  rertioal  through  the  point  K  of  cut-off  and  making  A^.V  -  KL,  ^_  -    '^ 

In  the  expanded  diagram,  the  base  of  which  ia  taken  equal  to  the  oircumfcrencc  of  the 
crank-pin  circle,  ordinatea  must  be  taken  equal  to  US',  and  a  diagram  so  constructed, 
from  which  Hie  fluctuation  of  energy  may  be  calculated.  Assuming  the  rosistHnce  to  l>e 
uniform,  it  will  have  a  value  R  auch  that 

r 

R.^P,ll}2«l*L. 

w  r 

and  drawing  a  horizontal  line  above  the  base  at  a  height  to  represent  Jt,  It  will  cut  off  Hn 

area  above  it  which  will  be  the  fluctuation  of  energy.    The  diagram  for  the  return  stroke 

is  shown  below.     It  is  not  exactly  the  same  as  that  for  the  forward  stroke,  booauso  the 
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dScot  of  ofaliqottjr  ia  ditfercnt.     A  gvnermt  tDethod  of  (trocedoK  «p]iliakb)e  wHh  ntiy  i^rea 
iiiilicAtor  itiigraiD  ii  exi>lAin«d  at  the  end  of  this  cbHptcr. 


108-  FIficttmtifin  of  Speed.  Fly-WheclA. — Fluctuation  oi  energy  in  an 
engine  or  nny  other  machine  is  necessarily  nlways  accoraiMiiiift<l  by  a 
Hiicttifitioii  of  sneerl;  but  the  lioiivier  the  moving  |KirLs  the  less  will  be 
the  Huctnatjnii  of  t^peoH.  In  moRt  cases  it  is  necessary  that  the  flnctuuli 
of  speed  shniild  not  exceoci  certain  limiis,  as  it  would  I»e  injurious 
the  working  part^  of  the  machine  and  would  sometimes  impair  t 
character  of  the  work  done  ;  so  it  is  a  ijueslion  of  some  imjiortaii 
to  inijiiirc  as  to  what  the  weight  of  the  movitig  parts  must  be 
confine  the  fluctuation  nf  ft{H!ed  mthin  a  j^'ven  limit. 

CVmsider  the  stcum  engine,  iiiul.  Hrat,  takn  the  case  of  a  (tingle  rnmk. 
We  have  already  for  tlii«  cu>ie  determined  the  points  in  the  revohitioTi 
at  which  the  energi,'  of  the  moving  parts  is  u  maximum  and  minimum. 
and  also  th*?  fluriuation  of  fiiergy.  The  cnertry  of  the  moWng  parts 
con»ist.s  iif  tlie  energy  iif  thi;  rotjitiiig  crank  shaft  and  all  its  conneelions, 
as  well  &&  that  of  the  reciiirocatitig  {Kirt-^.  If  we  imagine  n  case  in  which 
the  shaft  and  all  the  part*  which  rotate  with  it  arc  com|Hinitivety  ve: 
light,  then  the  points  rlctcrmined  will  bo  the  iKiinte  al  which  the  pist 
ami  reciprocating  parts  move  faatoet  and  slowest,  the  motion  wouM 
vory  irregular,  and,  in  fact,  the  uuginc  would  not  get  over  the  d 
jjoints.  To  avoiil  this  the  u'eight  of  the  roUiting  parts  is  made  consid 
able  as  com[)ared  with  that  of  the  reciprocating  [larts,  and  the  henrii 
they  are  the  more  luiifonn  the  motion  of  the  ongino  will  !».  To  inci 
the  unifonnity,  the  weight  must  generally  be  artificially  increasc<l 
the  addition  of  a  heavy  fly-wheel  to  the  shaft,  and  the  inertia  of  this  is 
predominant  over  that  of  the  other  moving  parts  of  the  engine.  For 
the  present  we  may  neglect  the  inertia  of  the  reciprocating  j»arts  and 
consider  the  tly-wheol  alone. 

On  this  supiMjsition  the  energy  and  fli>eed  of  the  fly  wheel  will 
greatest  and  least  at  the  points  previotisly  de8erihc<l,  viz.,  where  ti 
curve  of  crank  effort  is  cut  l>y  the  line  of  uniform  rcsistjince.     I<6t  W 
the  weight,  I'  the  velocity  of  rim  of  lly-wheel ;  then 


W4a       I 


=  Energy  of  Rim. 


The  energy  of  the  anns  and  boss  may  bo  estimated  by  the  addition' 
|)ercontagc  to  the  weight  of  the  rim,  or  Iks  considered  as  fUrnishil 
margin  in  favour  of  unifonnity.     On  aecount  of  the  dnngor  of  fractore 
the  Bi>eod  of  periphery  f'  should  not  exceed  WO  feet  i)er  second.     Thj* 
is  the  limit  of  sijooii  commonly  slated,  hut  the  liability  to  fmct«r 
fJo/wnds  very  much  on  tho  Hinu'ning  action  on  the  arms  of  the  wbc 
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due  to  JncqiuiHty  hotvrccn  the  crank  efTort  and  the  renistuiice,  and  not 
merely  on  centrifugal  forces.  (See  Ch.  XI.)  In  large  wheels  tlte  rim 
itt  in  aegmentfi,  nnd  the  speed  is  nut  mora  than  from  10  to  f>0  fc«t  per 
■eoond. 

Let  r|  and  K,  bo  the  greatest  and  least  speed  of  jHinphery  due  to 

the  fluctuation   of  speed,  then  --  {J^^-  ^^a*)i8  the  fluctuation  of  energy 

of  the  wheel.     By  th<*  ^•raphicftl  procoss  previously  descrihcti,  we  have 
been  able  to  dettM-niine  the  fluctuation  of  energy  in  terms  of  the  total 
energy  Kq  expended  in  one  rovohuion. 
Eiqtuiting  these  two  we  have 


liV,^-V^). 


'k£„ 


where  k  is  the  co-officient  previously  founH. 

Suppose  now  that  it  is  required  that  the  fluetiution  of  speed  should 
not  exceed  a  certain  amount,  then  wc  may  write 

where  F^  is  the  mean  S[>ecd  and  </  is  a  co  efficient  depending  on  the 
degree  of  uniformity  which  is  considered  desirable.  In  some  cases  g 
must  not  exceed  02  or  even  less,  whilst  in  othore  05  or  even  more  may 
be  sufficient. 

We  may  generallv  assvmie  with  sufficient  accuracy  that 

I  next  Article),  then  we  find  by  substitution  that,  at  the  mean  speed, 

KnergyofAVheel-i.J^o- 

nr a  single  crank  non-ex|NinBivc  engine  the  value  of  k  ranges,  as  we 
have  soen,  firom  1  to  1 4  when  the  resistance  is  uniform.  In  expansive 
cngiues  k  may  he  -25  eveu  with  a  uniform  resiat^inco,  and  when  an 
;ine  is  doing  very  irregular  work  fc  may  be  unity. 
■  we  have  a  pair  of  cranks  at.  right  angles,  the  kinetic  energy  of  the 
reciprocating  part«  is  the  same,  at  the  same  speed,  for  all  (lositions  of 
cranks.  (Ex.  4,  p.  198.)  Consequently  these  parts  may  be  con- 
dered  as  so  much  added  to  the  weight  of  the  tiy-wheeL  Besides  this 
the  value  of  k  is  much  less,  seldom  reaching  -I  if  the  resistance  is  a[>- 
proximately  uniform.  Hence  a  light«r  fiy-whool  m^y  Ije  used.  The 
difference  however  is  not  so  great  as  it  might  appear,  for  in  estimating 
the  weight  of  wheel  required,  it  is  important  to  couRider  not  merely  the 
change  of  speed,  but  also  the  time  in  which  the  change  takes  (ilace. 
A  small  change  taking  place  rapidly  may  be  as  injurious  as  a  much 
greater  change  taking  place  slowly.    The  values  of  the  acceleration  and 
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reUrdatioii  *t  any  insUnl  wre  proportioua]  to  th«  differenco  betweei. 
the  cnmk  effiiit  tnd  renBtanee  at  that  instant,  which  can  he  found  from 
tables  such  as  that  on  page  203,  and  somo  rc^rd  should  be  paid  to 
these  numbers  in  considering  what  ralue  of  q  should  be  omploycd. 

In  any  case  then  we  may  nrrite 

Energy  of  Wheel  ~  K.  £^ 
where  A'  is  a  co-efficient,  which  will  vary  within  much  narrower  li 
than  the  two  co-efficients  of  speed  and  energy  on  which  it  deix*nds. 
general,  in  the  very  cases  in  which  the  reinstance  is  meet  irregular 
greater  ^-ariation  in  speed  is  admissible. 

The  old  nde  for  fly-wheels,  dating  from  the  time  of  Watt,  was  t! 
the  energy  of  the  wheel  should  be  3'76  times  the  energy  exerted 
stroke.  This  corresponds  to  jr=  1*875.  and  woiild  be  satisHed  hy 
it=l,  ^  =  -267,or  by  jt=123,7  =  ^'*.  The  first  of  these  cases  would 
be  a  very  irregular  resistance  with  a  great  variation  in  speed,  and  ttie 
second  a  moderately  unifonn  resistance  with  a  uniformity  of  speed 
which  would  be  sufficient  for  most  puri>oses.  Heavier  wheels  ure  not 
unusual  in  modem  practice,  and  it  may  be  here  remarked  that  the 
minimum  weight  necessary  may  depend  partly  on  the  rigidity  of  th« 
shafting. 


Tb«re  ii  U)oth«r  tnetbod  of  obtalafaif  tb«  fittotiuitioo  of  energy  whiob,  tfioq^ 
practiaUlr  w  oDDve&irtit.  it  for  tone  porfiOM*  tdvantacMU.  A  curve  fvpr— atb^ 
enerfy  eiertotl  nuy  be  oooitructoil  in  thu  wkj  :  Suppow  th«  itc«m  proMun*  /*eonsteiC 
than  in  the  movemoDt  of  the  cnnk  pin  from  J  to  Q  tlio  [Maton  move*  from  A  to  .¥  ud 
the  eurrgy  cxcrteil  -  P  •  AJf,  which  will  be  proportioDal  to  AJf.  Now  in  Fig.  DH  i»kv  ■ 
bufl  line  AA'  eqa»l  to  the  wmi-cinnunfcronoi!.  Mid  ut  the  vsriom  points,  each  M  Q,  Kt 
upordioatea  QK-AX,  A' A"  -AA',  uidwon;  kcunrp  AKLA"  will  be  obtsined,  vhi^ 
will  refirMent  by  ite  ordiiiAtea  the  energy  whioh  luw  been  exertod  from  the  ootntnanMiMirt 
Dp  to  the  T«rio«u  poiote  in  the  Btroko.  At  the  Hune  time,  the  renttanoe  being  tmifam, 
the  work  ilone  will  bo  proportional  to  the  length  of  the  ftro  AQ,  since  work  dont-A'^iQ. 
If  from  tbo  bftM  line  AA'  we  set  up  onliuKtee  to  lepreMut  the  work  done,  e  alr^^t 
■loping  line  will  be  obtained.  If  the  work  done  -  energy  exerted  in  the  eonipUie 
atroke,  they  will  both  bo  rcpreeented  by  the  Mme  ordinate  A'A',  and  ao  the  aloping  hnr 
will  meet  the  cane  at  the  iwint  A".  Tbc  intercept  between  the  curre  and  Hq<*  AA' 
ineacared  on  the  vertical  ordinate  will  at  any  point  be  the  difTorenoe  between  the  enei|y 
exerted  and  the  work  done  reckoned  frum  the  commoueeinent  of  the  attoke  aji  to  Uiit 
jioiiit,  ftiid  what  wo  havo  called  the  fluotuatton  of  energy  ¥nl]  be  tbo  TetticAl  iDlctcqA 
between  two  taogenta  to  the  oarro  AKLA'  drawn  parallel  to  AA*. 

From  tbia  wa  oan  derire  a  our%-c  which  will  reprotCDt  the  v&rying  angular  relodty  ef 
the  enutk ;  bat,  to  order  to  ■ini|>lify  the  nieaaurement  and  deecription,  let  the  rcr^al 
intcroepta  of  the  eurre  jut  deeeribed  be  laid  off  from  a  horicontal  baae  line,  aa 
below. 

For  muppoec  we  know  the  motnrnt  of  inertia  of  the  etjuivalent  fly<wheel  of  the 
and  tbc  aogolar  velocity  of  the  crank  in  aom«  ODO  poaitiou  :  the  onliaate  of  tlie 
ALA'  at  this  point  measured  from  n  prupt-rly  teken  base  line  muat  repieont  the  enefgf 
of  the  moving  lurta.  Tbuf>,  if  the  base  line  be  drawn  In  proper  position,  all  ordiaatM 
mcAiDrwl  from  ft  will  roprcaent  the  aquare  of  the  velocity  of  revolution  of  the  txult 
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■kaft.  If  the  aiwed  of  the  moohine  U  grut,  the  base  line  vUt  be  •ome  (Ustonoe  brlow 
Uc  oarve.  Od  tlio  utbtr  Uoud,  if  tbo  Bpcod  ii  aiualJ,  tfav  hue  line  will  be  eloM  to  th« 
earrt.  Tbere  ii.  tnanifevtlj  «  minimum  iipMd  at  which  the  mMhine  can  b«  kept  revolv- 
ing; it  U  th»t  whieb  correspoiula  to  the  oMe  in  which  the  ba»e  line  touches  the  ourve. 
At  one  invbint  of  tbe  period  of  the  maohine  the  eucrj^  will  th«n  \k  wto. 


Drmwing  luoh  •  b««e  line  nil  the  ordEnktcs  meufan:<l  from  it  will  represent  tbe  wjuaro 
of  ib«  ukfoUr  vriocitr,  utd  we  cnn  from  tliu  deduce  >  curre  of  angular  veloeltj'.  It 
will  be  BotfoMi  thftt  half  the  aum  of  the  greftt«st  anil  lesnt  angnUr  vclociUea  b  not 
eautlj.  bat  onlj  spproxlnifttelr,  the  idmd  BDgular  wlocitj'.  Tbe  true  mean  may  be 
tl«tennine<l  hy  meiuia  of  the  curve  of  ^wjwl"'  Tslooity,  the  cnnatmctlon  of  which  hw»  Jtut 
been  doaoribeU. 


I        WOI 

m 


109.  Corr€cium  of  Indiathr  Dta^am  for  Inertia  of  Jieciprocaiinp 
rt*. — All  that  has  been  fi-iid  respecting  the  fluctuation  of  energy  and 
leod  of  a  machine  as  a  whole,  applies  to  each  of  the  acreral  parte  of 
which  it  is  constructod.  The  energy  supplied  by  the  driving  power  is 
trftn8mitt«<l  through  each  piece  in  BUcceAsion  from  the  driving  pair  to 
the  working  pair.  For  each  piece  the  energy  exerted  is  equal  to  the 
work  done  for  tbo  whole  [jorio*! ;  but  for  a  [lart  of  the  jieriod  the  two 
unequal,  so  that  the  kinetic  energy  of  the  piece  variea.  If  the 
>tion  of  the  piece  bo  known,  the  variation  of  its  energy  can  be  used 
lo  determine  the  diflerencc  between  the  driving  force  on  the  piece  con- 
fldered  and  on  the  piece  immwliatcly  foUuwing  it     Of  thiB  calculation 
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ai)  important  example  is  the  change  in  the  cranlc  effort  causeH  by  the 
ifiertiu  of  the  reciprocating  {arts  of  an  engine. 
In  this  calcuiatioTi  wo  neglect,  in  the  first  instance,  the  obliquity  otj 
TUtM.  the  connecting    rod,  lUid    siippoee 

crank  to  rotate  uniformly.      Let  Q  (Fig. 
99)    be    the  centre   of   the  cnuik  pin, 
describing  a  circle  ^Qj4  with    relocit{ 
y^  then  the  position  of  the  pi«ton  w~ 
represented  by  JV',  and  its  velocity  is 

r=  Ko.sin^, 

from  which  it  follows  that  the  kine 
energy  of  the  reciprocating  parts  niurt 
be  given  by 


N    N' 


Kinetic  Energy 


2? 


'0-^- 


^4 

Tip.^ 
pin^ 

'^ 

I 

lUEt       ' 

4 


where  H^  is  the  weight  of  the  piston,  piston  rod,  and  other  reciprocating 
parts,  aud  z  is  the  distimcc  of  the  piston  from  the  centre  of  its  stroke. 

Take  now  two  positions  \,  .V,  at  distances  a-,,  z^  from  the  centre  sad 
tind  by  this  foriiiula  the  change  of  kinetic  enei^  as  the  pistun  movot 
from  N  to  N\     Evidently  wo  shall  have 

Change  of  Kinetic  Energy  =  '---*'  . 

Now  this  energy  must  have  been  obtained  fVom  the  steam 
which  drives  the  piBtoii  and  accelerates  its  motion.  Let  f*  bo  the  mwiT 
value  of  thut  (»art  of  the  whole  stram  pressure  which  is  employed  in 
this  way  between  A'  and  A'',  then  /' .  A'jV  is  the  energy  exerted  in  this 
way,  so  that 


'dr. 


or  dividing  by  x,  -  jc^ 


p      WV^  x,^x^ 
'     ^    '     a»    ' 

This  formula  gives  the  mean  value  of  the  pressure  in  quostton  beiil 
any  two  [Mints  .V,  A',  and  therefore,  if  we  take  the  points  near  oaotigh 
wo  shall  obtain  the  actual  pressure  at  any  point  of  the  stroke.     Puitio 
ij  =  jj  a  a:  we  get 

ga    'a 

It    is  convunitjnt   to   express   our  result  as  a   proasuro  in   lbs.' 
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iquare  iocfa  by  diWding  by  the  area  of  the  piston  in  square  inches, 
then 

/)q  is  the  weight  of  the  reciprocating  parts  divided  hy  the  area  of 
piston,  or,  im  wc  may  call  it,  the  "  prcsstire  equivalent  to  the  weight 

the  recipruaiting  ports." 

When  X  =  a  we  get  the  pressure  at  the  commencement  of  the  stroke 
re(|uired  to  start  the  piston  :  here  the  pressure  is  greatest,  and  elsewhere 
varies  on  the  distance  from  the  centio.  At  the  centre  the  pressure  is 
zero  :  the  piston  then  for  the  moment  moves  with  uniform  velocity  and 
requires  no  force  to  change  its  motion.  When  past  the  centre  the 
pressure  is  so  much  addition  to  the  steam  jircssure  because  the  piston 
is  at  every  instant  being  stopped  :  this  i»  shown  hy  the  formula,  since 
X  is  then  negative.  All  this  is  show^n  gni])hictilly  by  drawing  a  straight 
line  LCL  tlirougb  C  such  that 

The  ordinate  of  that  straight  line  represents  the  prei^sure  duo  to  inertia 
for  each  position  of  the  piston.  After  subtracting  this  from  the  actual 
steam  pressui'e  the  etl'ective  pressure  is  founds  which  is  transmitted  to 
the  crank  pin,  Hud  furnishes  the  crank  effort. 

The  ^-alue  of  ^j^,  the  pressure  equivalent  to  the  weight  of  the  recipro- 
cating itarts,  varies  considerably  according  to  the  size  and  type  of 
engine,  but  in  ordinary  citses  ranges  from  I^  to  3  lbs.  ]>er  siiuare  inch. 
In  return  connecting  rod  engines,  and  in  some  other  ly^tca  where  the 
reciprocating  i)arts  arc  exceptionally  heavy.  />„  may  reach  \\  or  5  Iha. 
per  square  inch.  This  being  given,  the  pressure  due  to  inertia  will  vary 
invenoly  as  the  stroke  and  directly  as  the  8t|iiare  of  the  speed  ;  in  the 
short^roke  high-speed  marine  engines  common  in  the  present  day,  the 
eorrection  for  inertia  is  sometimes  very  considerable.  It  is  hanJly 
neceiksary  to  say  that  it  ia  only  the  value  of  the  crank  effort  at  par- 
ticular points  of  the  stroke  which  is  uHected.  The  mean  value  must 
remain  unaltered,  for  any  energy  employed  in  overcoming  inertia  at 
<Kie  t'^rt  of  the  stroke  must  be  given  out  again  at  another  jmrt,  bo  that 
the  total  energy  exert«d  by  the  steam  remains  the  same.  Further, 
when  there  are  a  pair  of  cranks  at  right  angles  the  total  cmnk  effort 
is  little  altere<L  The  effect  is  host  seen  by  correcting  an  indicator 
diagram  for  the  inertia  of  reciprocating  parts  in  the  following  way. 
Consider,  for  simplicity,  a  theoretical  indicator  diagnnn  (Fig,  100) 
8QZA,  in  which  BH\»  the  back-pressure  line,  QZ  the  expansion  curve, 
then,  Irtil  for  inertia,  the  ordinates  reckoned  from  TiB  of  RQZ  ^^  \,V\ft 
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effective  pressure  of  the  Hteam.     Set  up  BL  equal  to  tbe  pressure  neee 
sary  to  start  the  piston  found  above  and  draw  the  straight  Uno  LCL, 

then  the  actual  effective  pressure  will 
be  obtained  by  measuring  theordinates 
to  the  sloping  base  LCL  instea<3  of  the 
original  base  BB.  It  will  be  seen  that 
the  geneml  effect  is  to  equalise  the 
fitcam  pi-cssuro  throughout  the  stroke. 
In  engines  nuining  at  a  very  high 
speed  the  pressure  neceesaty  to  start 
the  piston  at  the  commencement  of  the 
stroke  may  be  greater  than  the  steam 
pressure  (see  Ex.  11,  p.  219),  which 
vrill  be  shown  on  the  diagram  by  the 
point  L  rising  above  &',  us  shown  by 
the  dotte<i  line  L'CV  of  the  figure. 
The  direction  of  stress  on  piston  rod 
and  connecting  rod  is  then  reversed, 
which  will  produce  a  shock  if  the 
brasses  are  at  all  loose.  This  gives  u 
limit  to  the  speed  with  M'hich  thi 
gine  can  aaftly  be  driven. 

In  obtaining  the  preceding  results  it  has  been  snjipowMl,  fir«t»  t 
cmnk  iiJtates  ntiiformly  iind,  secondly,  that  the  connecting  rod  is 
finitely  long.  To  take  account  of  the  variation  in  the  velocity  of  the 
crank,  it  would  bo  necessary  to  draw  a  curve  representing  that  velocity, 
and  deduce  from  it  a  curve  showing  the  kinetic  energy  of  the  piston  in 
eveiy  |M>6itiou.  In  general,  however,  the  inertia  of  the  rotating  parts 
will  be  sufficient  to  reduce  the  variation  in  speed  vrithin  narrow  limits, 
and  the  error  caused  by  neglecting  it  may  bo  disregarded.  The  effect 
of  obliquity  is  of  more  importance  :  to  obtain  it  we  may  either  use  the 
formula  for  i>iston  velocity  given  on  p.  102,  tnstoad  of  the  simpler 
formula  employed  above  (Ex.  13,  i>.  220),  or  wc  may  derive  a  curve  of 
kinetic  energy  from  the  known  curve  of  piston  velocity  and  take 
differences  of  equidistant  oixlinates.     For  the  sake  of  variety,  bowev< 


Ji' 
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we  will  employ  a  method  de|>endiDg  on  a  different  principle. 

Divide  Um  arank*|>Iii  circle  Into  a  number  of  tqukl  imrU,  «nd  mippodog  the  oonoi 
rada  dr»WD,  lot  tfaetn  mit  tlic  vortuml  throuttli  0  In  the  poioU  t',  Hf,  .T  iii  Fig.  101.  AIm 
find  tod  mark  olT  tlia  oormiHmdiDg  poaitionB  of  the  ]>iiitoii  1",  3".  S",  ke.  Now,  dnM 
tbe  letigthx,  01',  07,  Kt',  &c.,  rffpmwnt  the  Telooitie!)  of  the  piston  «nd  reolx>ri>eatiiig  |Vii 
whet)  in  ptwitioni  1",  2^,  H",  ^.,  tbe  difference  botweoii  any  two  eoueecutive  Icoftfae,  (<* 
»aat)ii>lc  V,  2",  will  rotirosvnt  tlic  change  of  velocity  that  liiu>  taken  idact'  in  the  oome- 
paadiDg  nioi'eiiiwt  of  tite  piiton  Y.  2".  U  i»e  tov\*o«>  the  crank  pin  to  revolve  nnifannljr 
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I  divide  the  circle  into  eqiu.1  puie,  oijahl  time*  will  be  ocoupiwl  tn  the  motioni  fron 

pint  to  iioiiit,  and  therefore  e(\ua]  tiioei  in  the  motioni  between  conaeoutive  |>ositioiu 

2",  S",  4",  kc,  of  thu  pixton.     Aocordioglj  the  differences  Of,  1':^',  ^'S,  Ac,  will 

•liriMent  the  force  required  to  chuigc  the  velocity'  of  the  reciproootinic  [Hrte ;  and  if  we 

thcra  up  u  ordliutoa  between  th^  cormnjioiiding  iioaitloiM  of  the  piston,  we  aholl 

obtain  the  ourvo  oxprcwnng  the  effect  of  inertlR.     The  or<lia»te  ihouUl  be  erected  from 

the  poeitiou  of  the  piaton  whuu  the  cniiik-|iiu  is  iit  the  iiii<]dle  of  the  intervalo  1.  '£,  '-i,  ko. 

U  will  be  seen  that  the  Krcittci  the  nuuiber  of  jwrta  into  whidi  tru  dindo  the  cniuk-pin 

I       dnile  the  IfM  will  lie  the  ordinafai  representing  the  effi.>ct  of  inertiA,  though  in  kil  the 

eurrn  the  Mine  ohftntotor  will  Im  preeerved.     Accordingly  it  it  possible  to  determine  the 

nombvr  of  {wrts  into  which  the  crank  drele  ahould  be  dtrided,  or  to  determine  the  kuglv 

I      Mmen  conaeeutiv*  ndli,  01,  02,  4o.,  such  that  tiio  ordinate*  of  tbs  Inettia  eurre  be  of 


Fig.  108. 


1  a  length  that  thejr  represent  the  praHOre  jwr  winare  IdcIi  uf  pi«toa  aroa  requireil  for 

on  the  eame  scale  that  the  indkator  dingnun  ia  drawn.     The    ordlnatee  of  the 

otting  inertia  cur\-o  may  then  be  'lircctljT  oniployvil  to  ci^rroot  the  imllontor  diagram. 

I  JV  be  thu  number  of  revolution*  |ier  minaio  :  Q,  Q'  coUMXuttvo  pointi  on  the  crank- 

d«  ;  and  tet  QOi/  -  n".     Further  guppoae  that  the  orank-pin  oinjle  it  drawn  cm  a 

%_tM  X  inehea  to  the  foot.     Then 

ohugc  of  velocity  of  piaton  _  XT' 
velocity  uf  onuik-piu  01J ' 


TV  ii  to  be  measarcO  in  feet  on  the  ncale  jc  iiuth««-t  foot 

,',  Ar-"  --   ii-,  where  7*7"  i»  to  bo  raeamrcd  in  iaohei. 
60     ^T 

Now  tbia  change  of  vdocity  takea  pUoe  in  the  time  occupied  by  the  movomeot  through 

90  ^on  by 

AfwoondB-«J.^-"l 
JV    380    «iir 


^^BlTiding  Av  by  Al  ira  get  the  rate  of  change  of  velocity, 
^K  Af    2^    {TT\  incbea    OiV 

^H  Al*   flO    '  '  1?' 


Fow  the  maas  of  the  rcdprooatiag  part*  >  ~J  will  be  tb«  tnagnitude  of  the  foree  due  to 

.-.  Force  doe  to  inertia^y^^-gj.jf'<^^""f'^">. 
1/   A*     3  10  xn* 


Divide  both  ndea  by  the  area  of  the  piaton,  and  let  p  •  preamre  per  w^narft  infiVi  d^on  Va 
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ioertU,  which  will  be  in  Ibo.  if  TTii  tikes  in  Ibii.     Abo  let  a  -  iirewure  eqntTKlenl  bi 
weight  of  re«iprcNMting  pftrtt  in  Ibt.  per  aquarf  inch. 

If  now  tbn  inHicktor  <liagr«i»  bo  ilnwo  oa  »  scale  of  p  Uw.  to  Ibe  indi,  lb«  prcBmra  p 
eqniTftlent  to  iitertU  will  Iw  repreaenteil  <in  thfi  same  acalc  by  tkkins  *  length  in  iaeliH  - 

£,___2jr    if' 

if    '^IflSfjyn" 
Now  it  t«  nquiretl  tbnt  n**  be  n  tftken  th»t  plj/  iii  iiiebu  sbaU  be  tfa«  nn>«  tliiiic  u  rr 
ill  inchw.     OontMiuoDtljr 


ATT"  iiiphw). 


.-1. 


4 


,  w«  ma  J 


If  now  wu  cinw  a  number  of  omnln  itiaUno<l  to  PMih  other  al  anui^eaf  m" 
ohtain  lu  many  |)oiat«  on  tlio  curve  of  iac>rtia  i\s  wc  pleaic. 

In  iiroctico  it  will  in  general  be  aulHciKOt  if  wc  tleU'nt-iiic  tbo  eoJ  onliiiAiei  jUT,  MS, 
and  tilt!  (toint  L  [Fig.  101 }  nml  draw  a  fair  onrve  through  tli««  imintM.  The  nnlinatca 
AK  and  Hff  will  be  detvrminiKl  jf  we  UkrIFig.  KK;)  AOQ,.  AOQ^  Rt.*Q„  POg^.  neb 
f^iml  ill*',  tluMi  tf,Og,  and  Q^OQ,  being  ea«h  e«iuHl  n**.  T,r,  will  i^iual  AK  an<) 
riTt  •  £6'.  They  arc,  howerer,  m«tt  tnmply  determined  by  uic  of  the  formula  ipvru  m 
Ek.  13,  p.  290v 

Fartber,  tb«  curve  will  croat  die  base  line  at  tlie  point  L,  «t  which  tho  piatoa  will  hare 
its  maximnm  velocity,  which  will  occur  approximately  whou  the  ctank  is  at  right  anjjlM 
to  tho  connecting  rod. 

.'.  OZt- v'foou.  nMl)'*(onuili)'~oDi)nectitig  rod. 

110.  CdWM^rurfKW  of  Cvrces  of  Crank  Effort  f<rr  any  ffiven  h 
Diagram.~\f  t\iQ  varying  magnitude  of  the  ateam  pressure  is  giv«D 
the  actual  intliciitor  rliagram  of  tho  engine  wo  may  deduce  the  true  crank 
effort  a«  follows  :— Let  Fig.  1,  Pluto  V.,  be  a  pair  of  indicator  diugranib 
The  exMmplcR  rhogen  aro  from  tho  low-pressure  cylinder  of  H.M 
•'  Nelson."  *  Before  ]»rocccding  \q  make  use  of  thorn  they  should  )«  coi 
rectcd  for  inertia,  and,  where  the  en^nes  are  vertical,  for  the  weight  o1 
the  reel (irocii ling  parts.  The  curve  of  pressure  due  to  inertia  is  KIJ^ 
in  Fig.  1,  which  haa  been  drawn,  «a  jujtt  descriUcd,  to  tho  same  scale  as 
the  indicator  dia^nim.  If  we  draw  u  line  MX  parallel  to  tho  base  line 
of  the  inertia  ciu've  to  represent  p^^  tho  pressure  due  to  the  weight  of 
tho  reciprocating  parts,  then  the  intercept  between  A/,V  and  KLS  will 
be  tho  necessary  correction  for  inertia  and  weight  corobinod.  In  apply- 
ing the  coiTection,  the  forward  pressure  in  one  of  the  jioir  of  diagrams 
should  1x5  taken  in  conjnnction  with  tho  hiick  pressure  of  the  other,  for, 
it  is  the  <liffercncc  Iwtwcin  these  which  gives  the  tnie  otlective  pressurft^ 
on  tho  pistoti.  I^t  the  ilottod  lower  cun'es  be  the  result  of  the  cor- 
rection, so  that  tho  virtual  pressure  which  is  transmitted  to  the  crank 
pin  is  to  be  measured  by  the  vertical  intercept  between  tho  upper  steam 


i 


*  The  aathor  is  indebted  to  Hi.  T.  Hewreon  for  tho  cxain|)la  here  gives,  etiil  for  tho 
irrcChod  of  dnviiig  the  curve  of  inertf^  whirh  ban  just  been  deeonlml. 
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etirvo  and  the  dotted  curve,  such  us  BC  for  cxamplo.  Immodiatcly 
below  the  diagram  draw  a  cranV-pin  circle  with  diamoter  ociual  to  the 
length  of  the  indicator  dia^ms.  Divide  the  crank-pin  cii-cle  into,  say 
20,  Ci|ual  part«,  and  suppose  the  cnuik  ])in  to  bo  successively  at  these 
|>oinbi  of  division ;  determine  the  coiTceponding  [wsitiona  of  the  piston 
in  ita  stroke.  Whilst  doing  this,  mark  the  directions  in  which  the  con- 
necting rod  lies  when  the  crank  pin  is  in  thc^c  several  jwaitions.  [<ct 
the  positions  of  the  piston  in  the  line  of  stroke  be  set  off  along  the 
diameter  0,  10.  Through  these  poinU  draw  verticals  to  intersect  the 
indicator  diagrams.  The  iiitercepta  of  these  verticals  will  give  us  the 
virtual  steam  pressure  at  each  nf  the  iwints  of  the  stroke  and  correspond- 
ing to  each  {nsition  of  the  crank  in  its  revolution.  Next,  having  in 
Fig.  2  drawn  a  number  of  radii  through  tho  points  1,  2,  3,  &c.,  lay  off 
from  the  centre  0  along  each,  the  rca|>ective  intercepts  of  the  indicator 
diagram  which  represent  the  virtual  pressures  of  the  steam  when  the 
cranks  are  in  those  positions.  Wc  thus  draw  what  we  may  call  a  polar 
ciu'vo  nf  \'irtual  ateani  pressure.  We  have  for  example  taken  OK  equal 
to  HC  in  the  tigurc,  and  sJmiUirly  for  all  other  nidij. 

Now,  referring  to  page  186,  we  observe  that  if  the  connecting 
rod  in  any  position  be  drawn  to  cut  the  veiticiU  through  0,  in  a  (mint 
r,  as  for  oxaiiiptc  in  Fig.  2  when  the  crank  is  at  7,  thou  the  length  07' 
will  represent  the  crank  clfort  on  the  same  scale  that  the  length  of  the 

fmk  arm  V7  represents  the  magnitude  of  the  steam  prcsfiuro.     If 
w  through  A'  wo  draw  KT'  parallel  to  "?',  then  by  siuiilar  triangles 

OT'      OT 

rrrr  »  a.,  ond  thiu  OR  the  same  scale  that  OK  represents  the  steam 

preasure  OT  will  represent  the  crank  effort.  Now  along  the  crank  07 
setoff  a  length  OT''^OT',  and  perform  a  similar  operation  for  each 
of  the  positions  of  the  crank.  If  through  the  iwints  so  obtained  we 
draw  a  continuous  curve  it  will  be  the  iwlar  cxvcvg  of  crank  effort  which 
wo  require,  for  it  will  represent  bv  its  radii  in  any  position  the  actual 
crank  effort  when  the  crank  is  in  that  [>08ition ;  and  wo  see  tliut,  in  the 
construction,  account  is  taken  not  only  of  the  angular  position  of  the 
crank,  but  also  of  the  steunt  jiresBUi-e  which  'ma  available  for  turning  the 
crank.  Taking  both  indicator  diiigrams  we  thus  draw  the  ciun-e  for  the 
eomplete  revolution  of  the  engine.  By  transfer  of  the  radii  of  the  puUr 
ciir\e  to  the  crank  circle  unrolled,  we  can  construct  a  linear  curve  (Art 
105),  and  thus  determine  the  tluctuution  of  energy. 

tin  Fig.  2  the  thick  cuno  has  been  drawn  to  show  the  crank  offoit  due 
the  high  and  low  pressure  cj'linders  combined,  by  adding  to  the  radii 
of  the  original  curve  the  rorres)Kmding  radii  of  the  high  pressure  curve 
{not  shown  in  the  figare)  after  correction  for  difference  of  scale.    In  this 
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«Dgind  tho  high  pressure  crank  is  90*  in  advance  of  the  low :  if  it 
been  90*  behind  tho  low  the  fluctuation  of  crank  cfibrt  would  have 
leas.    This  is  Rhowii  by  the  large  dotted  cxirve  in  the  figtire.    The  circle 
of  mean  crank  effort  is  added  to  facilitate  comparison. 
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111.  P^i'iadk  ^Totu)n  of  Machines  in  Gentral. — The  motion  of  a  si 
engine,  which  we  have  Im^ch  desrribing  in  tletail  in  this  rhiipter.  may 
taken  as  a  typical  example  of  the  transmission  of  energy  by  any  machine 
whatorer.  Neglecting  frictional  resistances  the  energy  is  transmitted 
without  aiteratjon  from  ii  driving  pair  to  a  working  («ir — when  the 
complete  period  nf  the  machine  is  considered ;  but  the  rate  of  trmns- 
mission  varies  from  instant  to  instant  during  tho  period.  The  alternate 
exceu  and  deficiency  of  energy  is  provided  for  by  the  moving  part*  of 
the  machino,  which  serve  as  a  store  of  energy  or  "  kinetic  accumulator, " 
which  can  be  drawn  upon  at  ploiifiUJ*c.  For  e<piablc  motion  it  is  nccessarj' 
that  they  should  be  sufficiently  heavy,  and  that  the  rotating  pieces 
should  greatly  predominate  over  the  reciprocating  pieces.  If  tho  speed 
be  very  great  reciprocating  pieces  are  to  be  avoided  altogether,  especially 
io  cases  of  higher  pairing  with  force  closure  (Kx.  17,  i>.  220). 

It  has  l>een  supposed  that  the  mean  resistattcc  at  the  working  ]>air  i 
exactly  equivalent  to  tho  mean  effort  at  the  driving  j^air.  If  this  be  not' 
the  case  the  machine  will  rapidly  alter  its  mean  speed,  till  the  balance 
is  restored  by  alteration  of  the  effort  or  tho  resistance  or  Ixitb.  The 
balance  seldom  exists  for  long,  and  some  means  of  controlling  tha 
machine  is  therefore  generally  indis[jen8ablct  but  tbis  is  -a  matter  f< 
subsequent  consideration. 

EXAMPLES, 

1.  In  tb«  ekM  of  ft  p*ir  of  orenkft  at  right  anglM,  draw  Uie  poUr  lUmgnun  of 
effort  when  tba  ooonooting  rorl  is  inilofinitclj  long,  and  flnt)  thf  ratio  of  mauniun) 
effort  U>  mean.     Find  alw  the  ]>o«itlon  of  tbv  orKiika  wtiea  Uie  aotual  enuic  vffort  U 
ei\vm\  to  tlie  mvan. 

MnxiiDum  crank  effort-  I'll  mean. 

2.  Draw  the  dia^nni  and  obtain  tlie  resolts  as  ]□  the  latt  quattluD,  wboii  Ui«  lenflh  of 
eonneetinc  rod  ia  i-qual  to  4  oraukt. 

Maziniaui  crack  t'fTort  -  1'907  mean. 

3.  Draw  tlie  linear  diagrMn  of  crank  effort,  aBBumisg  tvo  ocmoka  at  richt  aogla 
oonneoting  tx)d  -  -I  cnnka. 

4.  AVliftt  ia  tlifl  maximUDi  longth  of  eonnecttog  rod  for  whfch  the  etank  effort  b 
Ihao  tbc  mean  througliout  oim  quadrant? 

Conneotiiif  roil  -  7'1  oranka. 

&.  From  the  tllas'*™  of  orank  cffori  oan»truot«d  In  qooMlon  8,  del«nnine  Uie  oo* 
ofBaieut  of  fluctaation  of  energy,  l*t  Whon  tbc  oonoeotiiig  rodcaro  indafinitcljr  l|«ix| ; 
Unit  AVhtiD  the  k'ligtb  e'tunU  4  or«iik«. 

Oonocctiiig  rod  uidcfiiutcljr  long.     Co-cffietent  of  flootuatlon  of  eoecigy  =  "OH. 

Coaaeoting  rod  =  4  vranka.    Co-«fflcieaU  arc  -Oil,  "0*2,  "Oil,  DOO,  IBS,  -000. 
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B.  A  psir  of  BtigiDw  of  600  H.P.,  workloft  on  cranks  at  right  Angles  with  connecting 
itHla  —  4  enwlu,  uv  running  tt  70  revolution*  jwr  minute.  Find  tho  mftitimiiin  uiil 
niinimnm  momaots  of  crank  effort,  auil  the  ItuotUAtion  of  ouorgy  in  ft.-lbs. ;  usuiiiLii({ 
the  (teUD  pmnre  inJ  roiiituiM  ttoUonn. 

MAxiiinim  tnomimt  of  crank  affort  =  4(l,lS&  ft-Obs. 
Uiaimum  moment  of  crank  effort  =  !A>,-166  ft.-lba. 
Mean  moment  uf  eriuik  effort  =  37,600  ft.-lba. 

Finctuatiou  of  energy  =  9,900  ti.-Vf.    Co-efficient  =  -012. 
7.  In  the  ntB»  of  a  dnglo  erank  the  rteam  i»  cut  off  at  onc-fonrth  of  Che  slroko. 
XflKleeiing  baek  preMur*  and  inertia,  find  the  ratio  of  maximum  to  ramn  orank  vffurt, 
^^ui^iao  IIm  ratio  of  tho  fluotuntion  of  energy  to  the  energy  of  one  rcTolntion. 
^^^^Hb  AIoAimum  —  2*9  mean  crauk  cffoit. 

^^^^^^n  FluetUHtion  of  onerKj  ~  ^  energy  of  one  rflvoltitiou. 

^^F  ft  ConBtmet  n  diagram  of  orank  effort  for  throe  oraaki  at  angloa  of  ISU".    'Ilio  line*  of 
^^^troke  of  tlio  three  ptatona  aro  parallel,  thu  ateam  prowure  oonatiiot,  uud  the  resiatanoo 
uniform.    Find  the  rmtiu  of  iFioxjmutn  to  mean  orank  effort,  and  thu  cu-elfioiBntof  fluotua- 
^^tion  of  energy  for  a  ootinecting  rod  of  4  cninkR, 
^^b  Maximum  -  1*077  mean  crank  effort. 

^T  k=  -on:). 

r  9.  In  A  pair  of  cranks  at  ri)tht  angles,  ooQueeting  iM  4  crank*  long,  the  reciprocating 

I        parta  have  a  ttrokc  bf  4  foct  and  weigh  20  tona.     The-  sitt-am  pnaanro  is  uniform,  and 

equal  to  oO  tons  on  each  piston,  and  the  resistanoe  moment  Im  uniform.     Find  the  least 

Blunder  of  rovolution*  the  cnginea  can  make  without  the  aid  of  a  Hy-whcel,  nnd  draw  a 

oorve  of  auguhkr  vvlocity  ratio  for  this  case. 
'  Atu.  At  the  point  of  maximum  ipecd  the  le&st  nambor  of  rovolutiona  wiU  he  PiO  per 

1'.    To  obtain  the  eurve  and  the  least  numbt-r  of  rompieU  ruvoliitiona,  see  p.  211. 

10.  I'bo  preenure  eqoivaleat  to  tho  weight  of  the  riMlproeatirig  parte  of  an  engine  fa  4 

lbs.  per  itquirt;  inch,  the  stroke  is  4  feci.    Fiml  the  prcHsura  noocMary  to  atart  the  piston, 

when  the  eugineit  are  making  7&  revolution)*  ]>er  minute.      If  the  steam  preaaure  be 
I        Initially  at  JO  lbs.  above  the  attnoiphere,  and  tho  cut-off  At  ith  tho  stroke.  Hnd  the 

•ffeetive  preunru  at  each  eighth  of  the  stmke,  taking  account  of  the  Uivrtia  of  the  piaton, 

anal  aasuaiing  a  constant  bock  iiresaiire  of  3  lbs. 
Praaaurc  equivaient  to  inertia  at  commencement  of  stroke  =  Iff'II  Iba.  per  eq.  in. 
Effective  preaanro  at  oommenccment  —  26*4 


1st  eighth 

-30  J 

2nd      ., 

=  34-0 

3rd      ., 

^23' 

4th      „ 

=  ia-4 

6th      ., 

=  1*7 

0th      ., 

«.1»*R 

7tb      „ 

=  21t 

Hth      M 

=  8S-6 

^^' 


1 1.  In  tlia  last  ((uestion  tind  the  uumber  of  revrdutions  per  minute  neoesKary  to  produot] 
a  ihock  ueiir  the  commeneaniflnt  of  tli«  stroke.    If  tlte  btcnm  be  cut  off  at  ^th,  or  trarhur, 

iw  that  a  shook  oooan  alao  at  other  jiointa  uf  the  ntroke.     A  nt.  1 24. 

12.  In  «]uestion  10  construct  a  curve  showing  tho  kinetic  energy  of  the  piston  st  each 
int  of  the  stroke,  siul  deilnoe  a  eurve  showing  tbe  pressure  duo  to  iitcrtia  of  tho  piston. 
Take  tin  ourvo  of  piston  velocity  previously  const ructeil,  au<]  PX  being  any  ordinate 

ut  it,  the  kinetic  energy  of  the  piston  will  be  proportional  to  th    siiuaro  of  P2f,  w  we 
have  only  to  draw  a  curve  whose  urdioates  vary  as  [Py^- 

Uuving  drawn  the  curve  of  kinetic  energy,  take  the  differoooo  between  ooosooutive 
aquldiatant  ordioateeof  that  curve  and  set  thorn  ns  an  unlinste  from  a  new  base  lineilA 
aa  fV,  and  ao  oonstmct  a  curw  whone  ordiualea  will  be  proportioiial  to  the  itfeaaure 
equivalent  to  inertia. 
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13.  By  UM  of  tba  formuU 

r- Ycinn  0*^1.  ^1^6.  tm»\ 

({iftgc  10*2)  for  thn  Telocity  of  thfi  pinton,  {rrove  tliat  the  prcnure  ucorwry  to  i 
■top  the  pisloo  at  the  eodtt  of  tbu  stroke  is  given  by 

(Ifl    »  H' 

14.  I>ntw  •  curve  of  kiii«ti«  energy  of  ui  OBciUmtiiig  cyliniler,  uunmbig  ■  mMB  I 
of  gyr»tioo  for  the  cylinder  ind  pifttott,  »u(l  tlediiw  the  bendiDg  moment  on  the  pMM^ 
rod. 

NOTK.— The  force  of  ioertU  in  thia  case  ia  w  grmttlwttba  ipeod  of  oMilktiuf  eniciiuii 
l»  limited.  J 

IK.  tf  H  be  the  rcvoluUous  per  minute  of  a  fly>wh«ol  uid  d  H»  diftmeter  :  vbow  thmi  ibil 
weight  of  whwel  upoeuary  for  •  given  n*guUrity  iii  an  engiitc  of  given  indicated  power  U 

wbom  C  U  oooatsnt. 

Note.  -The  fliAtneter  U  genertlty  about  S^  titneit  the  utrolce  {S),  and  aeoordiBg  toa 
well-known  empiricHl  rule  for  piston  •pceil  ( I')  employed  in  catoulnting  m>niin«l  hurwe- 
power  F*  at  ,V.  If  thin  bo  »B«unied  h^  in  oooBtnnt,  and  the  weiKbt  of  wheel  i«  then  |«nv 
portbn&l  to  the  hidic»teil  honw-jiower,  a  rule  M»netiinea  employed,  100  tba.  being  ellowcd 
fur  eaob  horse-]K)Wcr. 

U't.  The  ductuntiou  of  eiiurgy  of  an  engin«  of  IfiO  I.H.P.  U  13  per  oent  of  ilie  energy 
exerted  in  one  revolution.  The  revolutionii  arc  Xi  yttr  minute,  Hod  the  weight  of  k  fly- 
wheel 20  feet  in  diameter,  thnt  the  lluctuation  iu  tpfvil  m«y  not  moeed  on«-forti«th. 
A  irjt.  8  tana. 

17.  In  the  cam  morement  aboim  in  Fig.  1,  Plat*  IV'.,  [lage  IMfBUpjiose  Uia  oun  aetr* 
culsr  tlitik  of  nuliuii  ei|ual  to  the  atroke  of  the  aliding  pifce,  Suppoaing  the  fotve  of  tba 
ipriutc  twice  the  w«:it;lit  of  sliditiij  pirce  :  dud  tbc  greaumt  number  of  revolntiooa  per  1' 
the  in(-cbani»m  can  inakv  wbeo  the  cam  rotate*  uniformly. 

Am.   tf  N  be  the  stroke  in  inchc«,  h  the  revoliitionii, 

1&.  In  a  3-oylin<lfir  Brulberhooi]  engine,  the  stroke  ia  A'  iaohea,  tbc  rerolutiotta  »  perl 
tlie  total  pfeaaurc  oa  one  piston  J';  abow  that,  to  avoid  rctcraal  of  the  atreaa  on  tht 
piaton  rod,  the  weight  of  a  pietou  and  rod  must  not  exceed 

H'-70,.»0-^. 

Nom. —In  a  double  aotint;  engine  tliereia  neoesaarily  reveraal  at  the  endaof  Iheatrokatl 
in  the  Brotherhood!  this  i*  aroidotl  b^  the  use  of  ^  cylindera  at  I'iO",  the  Inner  ends  of^ 
which  communioatc  coastantJy  with  a  central  chamber  containing  at«Mu  at  full  praaaurvk  ' 
l')iew  engiaoa  tltorefore  may  ran  at  a  very  high  speed  if  the  cut  off  at  the  outer  end  be 
■uffident. 


CHAPTER  X. 


FRICfTIONAL  RESISTANCES. 


H2.  Prefiminary  Urtiiorh. — The  action  of  a  machine  consists,  lu)  we 
ftve  secu,  in  a  trausmUsion  of  energy  from  a  driving  pair  to  a  working 
pair,  through  a  niimher  of  int<'ninediate  pairs,  which  change  in  a  given 
way  the  motions  proper  to  the  source  of  energy.  In  the  absence  of 
friction,  the  energy  transmitted  from  piece  to  piece  in  a  complete 
period  would  be  the  same  for  all  the  pairs,  but,  in  consc^^uence  of 
frictional  resistances,  a  certain  part  of  the  energy  is  lost  &t  each 
transmission.  These  frictional  resistancee  &ro  of  two  kinds,  one  due  to 
be  relative  motion  of  the  elfmenu  of  the  {)air6  one  upon  another,  the 
iher  to  the  changes  of  foim  which  the  flexible  parts  of  the  niachitio 
undergo,  for  example  to  the  bending  of  ropes  and  belts.  It  is  to  tbe 
first  kind  that  the  wortl  ''friction"  is  specially  appropriated,  although 
it  is  not  essentially  diflcrcnt  from  the  second  kind,  which  in  some  cases 
is  also  called  "  stiffness." 

EWe  commence  with  the  case  of  linkwork  mechanisms  in  which  tlie 
priction  is  due  simply  to  the  sliding  of  one  surface  upou  anottier.  The 
pairing  is  in  this  case  of  the  lower  class. 


Skctton  I.— Efticirnct  of  Lower  Pairing. 


113.  Ordinary  Laves  of  Sliding  Friclion.—^lf  one  body  reste  on  another 
(Fig.  102)  and  is  pressed  against  it  with  Finoa. 

a  force  A",  a  mutual  action  lakes  place  jX  a 

between   llie  two  which   resists  sliding.  'i^. 

The  magnitude  of  tliis  mutual  action  or 
tuugential  streas  (Ch.  XII.)  is  nicat>iircd 
by   the   force   F  which   is  necessary    to 


tx 


produce  sliding,  and  the  ratio  F/X  is  called,  the  co-cfllicient  of  friction 

and  will  be  denoted  by/.     T}ie  value  of/  depends  on  the  nature  and 

condition  of  the  surfaces  in  contact,  whether  rough  or  emooth,  dry  or 

ibricated.     Under  certain  circumstances  and  within  certain  limita  it  is 
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irulopeDdeDt  of  the  area  of  the  fnirfaci's  in  contact  and  of  the  velocity 
of  sliding.  These  statements  nmy  he  calli'd  tho  *'  oriUiiarj- "  lawe  of 
friction.  Tho  evidence  on  which  they  i-eet  and  the  limitations  to  their 
truth  will  be  cuusidered  hereafter ;  for  the  present  we  assume  tli«in  a* 
applicable  to  all  tho  cases  we  consider. 

The  work  done  in  overcoming  friction  may  be  estimated  just  as  in  j 
the  case  of  any  other  resistance.  If  the  body  more  through  a  8pu«i 
■c  the  work  done  is  Fx  or  J.Xx  if  X  be  uniform,  and  if  it  be  not,  a  cune 
is  constructed  giving  A'  at  every  point,  then  the  area  under  that  curve ' 
roultipliiHl  by  the  co  efficient  /  is  the  work  done  (see  Ex.  2).  If  Abe 
the  reaction  of  the  surface  upon  which  the  body  wo  arc  considcringj 
rests,  ^  the  angle  its  diroctioii  makes  with  the  normal  to  the  plane, 

.*.  tan  i>=f, 

an  equation  which  shows,  that  the  totnl  mutual  action  between  two 
plane  surfaces,  wliicb  slide  over  one  another,  makes  an  angle  with 
normal  to  the  pkne,  the  tangent  of  which  is  the  coefficient  of  fricdoik^ 
Tlie  ma|!nitu<le  of  this  angle  then  is  fixed,  but  ita  direction  varua 
according  to  the  direction  of  the  sliding.  It  may  therefore  be  called 
the  "  friction  angle,"  but  it  ie  also  often  called  the  "  angle  of  repose," 
because  it  is  the  greatest  inclination  of  a  plane  on  which  the  body  can 
rest  under  tho  action  of  gravity  without  slipping.  In  the  solution  of 
questions  respecting  friction,  graphically  or  otherwise,  it  is  often 
convenient  to  suppose  it  known. 

114.  Friction  of  Hearings. —"Sf^xt  suppose  the  surfaces  in  contact! 
cylindrical.      In  Ftg.  103  ^tBA  repreaents  a  cylinder  pressed  dowa 


riR.ios. 


'into  a  semicircular  bearing  by  a  force  S,  thf  direction  of  which 
through  the  point  0,  which  is  the  intersection  of  tho  axis  of 
cylinder  witli  tho  plane  of  the  pa|>er.     We  may  take  this  to  rcpresen 
the  ordinary  case  of  a  shall  and  it«  bearing  from  which  the  cap  ba 


.S.  ART. 

been  reiDOved,  S  bciug  the  resultanl  of  all  the  forcoa  acting  on  the 
shaft  which,  for  tho  moment  arc  supposed  to  have  no  leudeiicy  lo  turn 
the  shaft.  The  force  S  is  balanced  by  tho  reaction  of  the  bearing 
which,  whtii  the  bearing  is  in  good  condition,  consists  of  a  pressure 
distributed  over  the  whole  semi-ejlindrical  surface.  Let  i'A'  be  a 
BniAll  element  of  the  surface,  p  the  pressure,  9  the  angle  the  radios 
r  D£  maketi  with  the  direction  of  S,  then  we  must  have 

i.>ZV&'co8^  =  6'. 
If  now  we  knew  the  law  accoitling  to  wlucli  j>  varies  from  point  to 
oint,  wo  could  hy  use  of  this  er|nation  find  tho  actual  value  of  j;  and 
find  the  total  amount  of  the  distribute<l  pressure,  that  is  to  say, 
Sj>,  D£  which  we  will  call  X     Evidently  then  we  shall  have 

X^k.S, 
where  k  le  a  co-efficient  depending  on  the  law  of  distribution  and 
ibereforc  to  some  extent  uncertain.     When  a  li^aring  is  well  worn  and 
uperfectly  lubricated  it  is  probable  that  (see  Art.  \\^*)  if  ^^^  be  the 
Bure  at  B 

\'Uj  that  tho  intensity  of  tho  pressure  at  any  point  varies  as  OX  the 
distance  of  the  point  below  the  centre.     This  is  the  same  law  as  that 
which  the  pi*cssim:  of  a  heavy  fluid  follows,  supposed  occupying  the 
semicylindcr  ABA,  and  it  is  shown  in  hooks  on  hydrostatics  that 
ToUil  pressiu-o     ^  4 


-'-^^k. 


Kesultant  pressure 
Next  siipiKMe  the  shaft  to  bo  turned  by  the  action  of  a  couple  Af 
^jipplied  to  it.  then  if  a  Imj  tho  radius 
H^  M^^f.p.DE.a-f.Xa^jk.Sa. 

^H  In  this  formula  wc  have  some  doubt  as  to  the  value  of  ^,  and  we  tro 
^^)ot  sure  that  the  co-ellicient  /  would  be  the  same  for  a  cun'ed  as  for  a 
I  plane  surface  ;  we  therefore  replace  fk  by  /,  where  /*  is  a  special  co- 
t  efficient  of  axle  friction  determined  hy  experiment.  If  there  is  a  cap  on 
'  the  hearing,  which  is  screwed  down,  the  value  of  S  is  increased  by  an 
amount  about  equal  to  the  tension  of  the  bolts. 
The  loss  of  energy  per  revolution  in  overcoming  axle  friction  is 
^^e^Tdontly  M .  Sir,  or  if  d  be  the  diameter, 
H  Work  lost  =  i^fSd. 

The  reaction  of  the  bearing  surfai^e  on  the  shaft  is  partly  nonnal  and 
portly  tangential     Tho  normut  {jort  balances  H  and  the  tangential  port 
ImlRncea  J/,  hence  the  two  parts  may  be  corabine^l  into  a  single  force 
opjM>8ite  and  {tanillel  to  £^  at  such  a  distance  s  from  0  that 
&  -  if,  or  2:  =  ///, 
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that  is  to  say,  tlie  line  of  action  of  the  mutual  action  belweeti  the  shaft 
and  its  bearing  always  touches  a  circle,  the  diameter  of  which  hj'  times 
the  diameter  of  the  shaft  This  circle  is  called  the  Friction  Circle  of 
the  shaft  or  [lin  considered.  When  the  bearing  has  :t  cap  on,  the  force 
S  must  l>e  increased  by  the  tension  of  the  holts  in  calculating  M,  but 
not  for  any  other  pur|H)«e,  and  the  diameter  of  the  friction  circle  is 
consequently  increased,  it  may  be  very  considerably.  The  utility  ^^M 
this  rule  will  be  seen  presently.  ^H 

The  real  pressure  between  a  shaft  and  its  bearing  varies  from  point 
to  point,  as  wc  have  seen.     What  is  conventionally  called  the  "  pre-ssiire 
on  the  bearing  "  is  something  different,     Let  /  be  the  length  of 
bcarijig,  then  W  is  the  nrea  of  the  diametml  section,  and 

S 

is  the  quantity  in  question.  It  is  a  sort  of  mean  value  of  the  actual 
pressure,  and  will  bear  some  definite  relation  to  it  de{iending  on  the  law 
of  pressure.     For  tlie  paiiicular  law  of  pressure  given  aliove 


sure 


The  work  lost  by  friction  ])cr  square  inch  of  bearing  surface  per  T  « 
evidently  prnpurtional  to  pi,  where  r  is  the  rubbing  velcMMty  in  feet  |>er 
minute.  An  equivalent  amount  of  heat  is  generated  as  we  shall  see 
hercatler,  and  it  h  upon  the  rate  at  which  this  heat  can  bo  abstractMl 
by  the  cooling  influences  to  which  the  l>earing  is  exposed  that  the 
amount  of  bearing  surface  required  depends.  In  marine  engine  Warings 
the  value  of  pv  is  sometimes  as  much  as  60,000,  though  at  the  exiiense 
of  a  considerable  liability  to  heating,  and  in  railway  machinery  it  is  not 
lesa.  At  lower  speeds  the  value  is  smaller.  According  to  a  rule  given 
by  Rankino, 

p(t  +  20)  -  44,800. 

115.  Friftion  of  Pirotf. — In  pivots  and  other  examples  in  which  thi 
revolving  shaft  is  subject  to  an  endways 
force  the  surfaces  in  contact  arc  fre- 
quently conical.  In  Fig.  104  n  conical 
surface  AH  is  pressed  against  a  cor- 
responding conical  seating  by  a  force  //, 
and  revolves  at  a  given  rate.  If  the 
surface  be  diridetl  into  rings,  one  of 
which  is  seen  in  aeclion  at  />A',  the 
pressure  on  those  rings  may  be  resolved  vertically  upwarda,  and   miu 
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then  hftUoce  ff.    HeoM  Up  be  tb«  |muiih  oa  DEm  ring  Uie  mdioi  of 
which  u  ft 

:>.£(£.  ^ay  «»«  =  i/, 

where  a  a  the  angk  a  nonskl  to  Uw  oonka]  smfrce  wakm  with  ibe 
ftxii. 

AMien  the  bearing  is  wewfau  worn  the  cooicml  mr6u«  will  hftV9 
(iMCeDdfid  throu^  a  certain  q»ce^  and  h  maj  be  avitmcd  that  all  poinU 
null  as  D£  will  deeeead  tiuoiigh  an  eqaal  ■pacci»  so  that  th«  wear  of 
the  mifiu^  meMOred  nonaa)  to  hsdf  ii  proportional  to  coe  4  But  if  r 
^  the  Telocity  of  nibbing  of  tbe  ru^  OK,  the  wear  will  tie  proportinnal 
U>7)F,  that  is  tojijr :  hence 

fj  (X  cot*. 
^  Iirindple  determines  the  uoet  probable  distribution  of  the  presfure 
<^i  vom  rar&OM  in  any  ease,  and  has  already  been  used  altove  for  the 
^•e  ofa  journal     In  tbe  present  caae  a  i*  oooitaiit,  and  we  have 
pf  =  constant  -  /J^y,  «  pjf^, 

*^  the  Boffixee  1  and  2  refer  to  the  ujipcr  and  lower  edge ;  hence,  by 
nliBtitution,  if  /  be  the  length  Ah  of  the  conical  surface, 

pff .  2W .  cos  a  =  H, 
*  foroiiila  which  <leterminca  the  pressure  at  every  point.     The  moment 
^  friction  is  evidently 

if  =  flpDE-Imf' 

COS  a 
*^  It/  is  written  for  the  projection  of  DE  on  the  transverse  pUni. 
^f  11K  of  tbe  int^ral  calculos  this  is  rciidily  seen  to  bo 

or  if  =  /.fi.aJLi!3, 

'  2  cos  o' 

•formula  which  shows  that  the  friction  is  tlie  some  ae  that  of  a  ring  of 
'^  breailtli,  of  diameter  equal  to  the  mean  of  the  gn'tttt^il  iinil  lount 
'^^UQeters  of  the  portion  of  a  cone  considered.  In  tlio  case  of  a  nluiple 
'**t^ded  [rivot  the  equivalent  ring  ia  liftlf  the  ilinmolor  of  tlio  pivot. 
'Ctlte  pressure  were  uniform  throughoul,  the  diameter  of  tho  equivalent 
"^  would  be  5  instead  of  J  the  diameter  of  tin;  pivot,  and  tho  actual 
■^eler  in  practice  will  probably  vary  between  tlieBe  limila. 

Hvote  are  sometimes  used  in  which  the  surfaces  in  contnot  are  not 
•(•oes,  but  are  curvcil,  no  that  in  wearing  tho  pressure  and  wear  are  tho 
*«ae  tliroughiiuL  (Schiele's  pivots).  That  this  may  be  the  case  wti 
^"m  have,  since  p  ia  constant, 

y  a  coA  a, 
P 
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that  ia  to  say,  if  we  draw  a  tangent  DET  to  meet  the  axis  in  T,  ET 
must  bo  constant.     The  curve  which  pnggessca  this  geometric  |iro|ier 
is  calL'ti  the  "tractrix."     It  is  tmced  readily  by  stepping  from  [mint 
point,  keeping  the  tangent  always  of  the  same  length.     Pivota  of 
kind  are  very  suitable  fur  higb  speeds,  as  the  wear  is  very  smooth. 


I 


i^-. 
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116-   Fridhn  and  Efftcienct/  of  Sertictt. — In  any  caae  of  a  machine  in 
steady  motion  the  principle  of  work  takes  the  form  (Art.  9fi) 

Energy  exorto<i  I  _  f  Usefid  work  dune  +  Work  wasted 
in  a  period      }  "  |  in  overcoming  friutional  realstaiice. 

The  simplest  case  is  that  of  a  screw  which  wo  will  suppose  to  I»e  square 
bhrmiiiod  and  applied  tu  a  press,  or  to  some  .similar  pnri)05*i.  The 
pressure  between  the  nut  and  the  thread  is  distributed  imiformly  along 
the  thread,  if  the  screw  be  accurately  constmctcd  and  slightly  worn. 
Ab  sbonTi  in  the  last  article  in  tlie  aimilur  case  of  a  ]Hvot,  tlie  friction 
may  be  reganled  as  concentrated  on  a  s[iiral  traced  on  a  cylinder  the 
diameter  uf  which  may  \ie  expeclod  to  be  about  the  mean  of  the 
external  and  internal  diameter  of  the  screw.      Fig.    105  shows  one 

convolution  of  this  spiral  unrolled.     JB 

is  the  thread,  BN  |HiraIIt'I  to  the  axis  of 

the  screw,  is  the  pitch  p,  and  yIN  is  the 

circumference  ird.     H  is  the  tlirust  of  the 

screw,  being  the  force  which  the  Btttyr  ia 

overcoming  by  moans  of  a  couple  applied 

to  itirn  it  about  its  axis.     11  is  the  action 

^  of  the   screw    thread    which   (Art.    113) 

makes  an  angle  <^  with  the  normal,  where  ^  is  the  angle  of  repose. 

The  normal  it«elf  makes  an  angle  a  with  the  axis  of  the  screw,  where  a 

is  the  pitch  angle  given  by  the  formula 

tanas^ 

This  force  li  arises  from  the  turning  forces  applied  to  the  screw,  a 
must  have  the  same  moment  M  about  the  axis  of  the   screw ;    v 
vertical  com[)oncnt  therefore  must  be  //  and  its  transverse  component 
a  force  S  such  that 


"■U 


Henco  the  equations 


M 
H 


!  i? .  eoa  (a  +  ^). 
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>  ooosidering  a  complete  revolution  of  the  screw, 

Energy  exerted  =  i/.  2*  «  Bird,  an  (a  ^-  ^), 
Useful  work  done  =  H.p~Iip.conia  +  <fi), 
rom  which  it  foUowa  that  the  efficiency  of  the  screw  ie 

Efficiency  =-i?L^. 
tau  («  +  ff>) 

ft  is  not  difficult  to  show  that  this  fraction  is  greatest  when  u  =  45"  —  h<t>, 

and  its  value  ia  then 

Maximum  efficiency  =  (  t^^H  )  approximately. 

For  ordinary  values  of/  then,  the  best  pitch  angle  is  approximately  45* 
and  the  efficiency  ia  considerable. 

In  pi-actice,  however,  the  pitch  angle  is  much  smaHer,  its  value  in 
Its  and  tlio  screws  used  in  presses  ranging  from  OSft  in  largo  screws 
•07  iu  smaller  ones;  the  efficiency  is  then  less,  often  much  lees,  than 
ono  thirii,  the  object  aimed  at  being  not  efficiency  but  a  great 
mechanical  advantage. 

If  tho  pitch  be  sufficiently  coarse,  it  will  be  [KiRaible  to  reverse  the 
action,  the  driving  force  being  then  //  and  the  n-sistance  a  moment 
opposing  the  rotation  of  the  screw.  In  a  well  known  kind  of  hand 
drill  and  a  few  other  cases  this  occurs  in  practice  ;  the  force  R  is  then 
inclined  on  the  other  side  of  the  noiTnal,  and  tho  efficiency  is  in  the 
Mime  way  as  before  found  to  l>o 

Efficiency  ^^-Ei^'r:^). 
tana 

Ti  most  cases,  however,  a  is  less  than  4*,  and   the  Hcrew  is  then 

capable  of  being  revereed.     Non-rcvensibility  is  often  a  most  valuable 

iroperty  in  practical  applications,  tho  friction  then  serving  to  hold 

together  ports  which  require  to  be  united  or  to  lock  a  machine  in  any 

given  position. 

In  eslimatiug  the  efficiency  of  screw  mechanisms  the  friction  of  tho 

end  of  the  screw  acting  like  a  pivot  or  of  tho  nut  upou  its  seat  must  be 

include<l ;  in  screw  Ixilta  this  item  is  generally  as  great  as  ihe  friction 

of  tho  threada.     The  friction  due  to  lateral  pressure  of  the  scri^w  an  its 

nut  may  usually  be  neglected,  but  when  necessary  it  may  he  estimated 

by  tho  samo  formula  b»  is  u»ed  for  shafts.     The  above  iiivcstigatiuQ, 

strictly    speaking,   applies  only   to    square- threaded    screws ;    it  has, 

however,  been  showu  that  the  efficiency  is  only  slightly  diminisbml  by 

the  trjangular  or  other  form  of  thread  usually  a<lopted  for  tho  sake  of 

strength.*     Tho  formnls  here  given  for  screws  may  l>e  applied  to  any 
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case  of  a  sliding  pair  in  which  the  driving  effort  is  at  right  aoglei  I" 
the  useful  resistance.  A  simpler  case  is  that  in  which  the  driving 
effort  is  parallel  to  the  direction  of  sliding.  This  is  given  in  Kxao^iU 
1,  page  244.  In  all  coses  ol>scn'C  that  the  efficiency  diminifihes  rapiiHf 
when  the  velocity-ratio  ia  increased.  This,  which  is  common  to  ni'>' 
mechanisms,  limits  the  mechanical  advantage  practically  attainnVli'. 
Tlie  hydraulic  press  is  an  exception,  as  vilj  bo  seen  hereafter. 


117.  E^HfHcy   of  Meetutnwii  iy  E3:act  Method, — In   the   procodiifl 
cues  the  efficiency  is  the  same  for  any   motion  of  the   mcchaniiai 
whether  Ijirgo  or  small.    Generally,  however,  it  will  he  different  in  ewh 
|Kjsition  of  the  niechanisni,  and  by  the  "efficiency  of  the  meclumism 
is  then  to  be  understood  the  mtio  of  the  useful  work  done  in  a  jioio 
to  the  energy  exerted  in  the  period. 

The  exact  calculation  of  the  loss  of  work  by  frictional  resistances  in 
mechanism  is  generally  very  coraplicatQ<l,  so  that  it  ia  beet  to  prooooi 
by  approximations  the  nature  of  which  will  ho  nnderstoml  on  consi^lc^J 
ing  an  example  with  some  degree  of  thoroughness.  The  caae  we  seir' 
is  that  of  the  mechanism  of  the  direct-acting  vertical  steam  engine  sud 
as  is  represented  in  Plate  I.,  p.  108. 

The  losses  by  friction  are  (1)  the  loss  by  piston  friction*  (3)  frictiosl 
of  guide  bars,  (3)  friction  of  crosshead  pin,  (4)  friction  of  crank  pin,  (S) 
friction  of  crank-shaft  bearings.     Of  these,  the  first  two  are  considewl 
separately  {Ex.  2,  \x  24 1),  and  for  the  present  neglected,  while  the  last 
three  are  treatod  by  a  graphical  method  as  follows. 

In  Fig.  106  CQA  are  the  friction  circles  of  the  three  parts  in  question,! 


Flg-.lM. 


which  for  the  sake  of  clearness  are  draMm  on  a  verj^  exaggenitwl 
while  the  bearings  themRelvee  are  omitted.    AVewill  neglect  ihc  weigh 
of  the  connecting  rod  and  ita  inortta;  of  these  the  first  is  gencrall 
relatively  inconsiderable,  but  in  high  fi{)eed  engines  the  last  is  of 
very  large  and  makes  the  friction  very  different  at  high  speeds  and 
Bpeetls  (see  Cb.  XI.).     The  weight  of  the  crank  shaft  and  all  the 
connecti^  with  it  is  supposed  to  act  through  the  centre  of  the  shafts 
for  simplicity  wo  vn\\  call  it  T.     The  pressure  on  the  piston  after 
forrecfcion  for  piston  and  guide-bar  friction  is  denoted  by  P.     Then, 


Then,  !■ 
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the  absence  of  firiction,  the  tine  of  action  of  the  thnist  on  the  connecting 
rod  ia  the  line  joining  the  centres  of  the  fiiction  circles,  and  the  moment 
of  ci-ank  effort  ia  /'.CT^  where  Jq  is  the  intersection  of  that  line  with 
the  vertical  through  C.  lint  the  line  of  action  in  question  nuiat  now 
tcnicli  the  friction  circles  (Art.  114),  and  the  tnie  moment  of  crank 
effort  on  the  some  principle  must  be  /*.  CT,  where  7'  is  the  intersection 
of  this  common  Uingent  with  the  vertical  CT.  Thus  P.  TT^  is  the  cor- 
rection for  friction  of  the  crosahead  and  cmnk  jiius.  Next  obaen'e  that 
the  forcofl  acting  on  the  crank  shaR.  arc  ff'  the  weight  and  S  the  thrust 
of  the  connecting  rod ;  the^e  may  be  compounded  into  one  foi^e  H 
passing  through  T  aa  shoM'n  in  the  diugnuu.  The  reaction  of  the 
crank-shaft  bearing  19  an  equal  and  opfX>site  force  R  which  must  touch 
the  firiction  circle  and  cut  VT  in  a  ccitain  ^wint  A".  Now  the  horizontal 
eomponcnt  of  H  ia  the  sumo  as  that  of  S.  namely  /' ;  therefore  the  true 
moment  of  crank  effort  after  allowing  for  friction  is  P.  TK. 

By  i>erforming  this  construction  for  a  number  of  positions,  as  in  the 
last  chapterj  we  obtain  a  diagram  of  cmnk  effort  corrected  for  friction. 
The  area  of  this  curve  will  give  us  the  useful  work  done  in  a  revQlution, 
the  ratio  of  which  to  the  energy  exerted  is  the  efficiency  of  the 
banism  :  and  its  intersections  with  the  lino  of  mean  resistance  will 
e  the  jxiints  of  maximum  and  minimum  energy  and  the  ductuatiou 
energy  us  corrected  for  friction.  Wlion  the  crunk  makes  a  certain 
;te  with  the  line  of  centres  TK  vanishes.  Within  this  an>;Ie  no 
pressure,  however  great,  wilt  move  the  crank,  as  is  well  ktiown 
practice.  It  may  bo  catted  the  "dood  angle,"  all  ]>oint8  within  it 
ng  dead  points. 

118.  Efficiency  of  Mechanism  by  ApjmfxivMk  Method, — The  process 
just  described  is  not  too  complic-utod  for  nctiml  use  in  the  foregoing 
example,  but  in  many  cases  it  would  be  otherwise,  and  it  may  there- 

^e  be  frequcutly  replaced  u-ith  advantage  by  a  calculation  of  the 
cieucy  of  each  of  the  several  pairs  of  which  the  mechanism  is  made 
up  taken  by  itself. 

Each  (tair  consists  of  two  elements,  one  of  which  imnsmits  energy  to 
the  other,  with  a  certain  deduction  caused  by  the  friction  between  the 
elements.    The  ratio  of  the  energy  ti'nnsmitted  lo  the  energy  received 

»y  l>e  cAllod  the  efficiency  of  the  pair.    If  f|,  Cj,  Cg...  be  the  ethcioncics 
all  the  pairs  in  the  mechanism  it  is  evident  from  the  definition  that 
the  efficiency  of  the  whole  mechanism  must  be 

Bin  some  cases  the  efficiency  of  each  pair  will  1>e  independent  of  the 
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In  gonoml  this  is  approximntely,  but  not  exactly,  true,  a  point  whi^ 
will  be  best  understood  by  a  consideration  of  the  foregoing  diugnia. 
For  example,  the  friction  of  the  giude  bare  is  diminished  in  consequence 
of  the  friction  of  the  cmnk  pin,  because  the  obliquity  of  the  connect' 
ing  rod  is  virtually  dimini»hed.  The  supposition  ia,  however,  often 
snffiiieiuly  nearly  true  to  eiiuble  u  rough  estimate  to  be  made  of  the 
L'llicieiicy  of  the  mechnnism  by  finding  the  efficiencieB  of  the  Bcveral 
{juirs  taken  alone,  all  the  others  being  supjKMied  smooth.  In  doing  thii 
mean  values  are  taken  for  variable  forces,  if  the  amount  of  variation  be 
not  considorviblc.  The  uncertainly  and  variability  of  the  co-effictenU 
on  which  frictional  efficiency  depends  are  such  as  to  render  refined  cal- 
culations of  little  prat'tical  value. 

119-  Expiriinenis  on  Slidinij  Frktum  {Mvrin). — The  onliuary  Utts  of 
ftnction,  which  may  be  comprised  in  the  single  statement  that  the 
co-efficient  of  friction  depends  on  the  nature  of  the  surfaces  alone,  antl 
not  on  the  intensity  of  the  prcsaiirc  or  on  the  velocity  of  nibbing,  were 
originally  given  by  Coulomb  in  n  memoir,  published  in  17So,  olthougli 
some  facts  of  a  similar  kind  wore  previously  known.  They  are  tlicre- 
fore  often  called  Coulomb's  laws.  Yet  Coulomb's  ox]>criments  were 
scarcely  sufiicient  to  establish  them,  and  the  subject  was  rcinvc^stigated 
by  others,  especially  by  the  late  General  Morin,  whose  memoirs  wore 
presented  to  the  FreTieh  Academy  in  1831-4.  Morin's experiments  wer«^ 
so  elaborate  and  exact  that  they  may  be  considered  as  conclusively  V 
]iroving  the  tnith  of  Coulomb's  laws  within  certain  limits  of  pressure 
and  velocity,  and  under  the  circuuistuncfifi  in  which  they  were  made: 
it  will  therefore  be  advisable  to  explain  them  briefly. 

A  sledge  loadorl  with  a  given  weight  was  caused  to  slidu  aJoitg  i 
horizontal  bed  ^B  more  than  12  feet  long  (Fig.  107),  the  nibbing 
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surfaces  being  formed  of  the  materials  to  be  exix»rimentcd  on.     IV 
ae€9UBry  force  wss  supplied  by  a  cord  imssing  over  a  pulley  al  iT  to  s 
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cending  woiKbt  Q.  Tho  tenaon  of  the  conl  T  wm  nicaflurccl  by  a 
spring  dynamometer,  ami  could  likewise  be  inferrcwl  from  tho  magni- 
tude of  the  vpcigbt  after  com^ction  for  tho  stifFnoss  of  the  cord  and  tho 
friction  of  the  pulley.  In  oiio  form  of  eiperiraeiit  tho  weights  were  so 
nrranged  that  tho  slcrlge  moved  nearly  unifomdy  :  the  eorrespomliiig 
friction  was  measured  and  found  to  be  constimt.  In  a  second  forai,  tho 
Limcj!  occupied  by  the  sliKlge  in  rcaehinjr  given  |M)ints  were  autouiatically 

rifturo4l  and  compared  with  the  s}»iic-e8  traversed,  by  setting  them  up 
ordin^tes  of  the  curve  CZ  shown  l»elow.  The  uurve  proved  to  be  a 
panilK'hi,  showing  thiil  the  8|»ace  varied  as  the  square  of  the  time,  from 
wliieh  it  was  inferred  that  the  acceleration  of  the  slwlgc  was  ctmstant. 

^Frum  both  metbuds  it  appeareil  that  the  co  efficient  of  friction  was 
acily  tho  same,  whatever  the  pressure  and  whatever  tho  velocity, 
provided  the  nature  and  condition  of  tho  tnufacOB  were  llie  same.  A 
few  iiu{}ortant  results  are  given  in  the  annexed  table  ;  they  aro  tAken 
from  Morin's  latest  memoir,*  containing,  beaidcs  many  new  experiment*, 
tablee  of  the  re-snlts  of  the  whole  scries.  The  limits  to  their  application 
,  be  considered  presently. 


Nati-kb 

»r  SrRr.\cB.s. 


Wood  OQ  Wood, 


Metal  or  Wood  on 
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do., 
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Co-KrnciBNT  or 
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■25  to  -5 

■Ifl 

07  t-j  its 
-116 
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nil  tables  of  Moriu'a  results  will  bo  found  in  Moseley's  work  cited  on 
pBge  241.     The  friction  Iwtwccn  surfaces  at  rest  is  often  greater  thnn 
en  they  aro  in  motion,  especially  when  the  flurfaccs  have  beon  some 
uo  in  contact :  the  excess,  however,  cannot  be  relied  on,  as  it  is  liable 
I  bo  overcome  by  any  slight  vibration. 

120-   Ex(.rptions  to  fh«  Oniiwtnj  Laics  in  PUinc  Surfacti. — From  tho 

jyactitudo  with  which  Coulomb's  laws  were  vcritiod  by  Morin's  cx|>ori- 

plenty  tho  iufciviicc  was  natumlly  drawn  that  they  woro  universally  true, 

but  this  is  proUibly  erroneous.     Although  no  complete  and  thorough 

vivstigiition  has  been  made,  it  can  hardly  now  be  a  matter  of  doubt 

nt  there  are  cases  in  which  the  laws  of  friction  arc  ividely  diiferont. 

*  Nouv«Um  KxperienoM Utc«  fc  Meti  vd  1834.     Page  99. 


232 


DYNAMICS  OF  MAC'HINES. 


[r^&T  uv 


/ 


( 


The  known  cases  of  exception  for  plane  aurfucea  may  be  grouped 
follows  ; — 

(1)  At  low  pffSfiurcR  tho  co-cfiicient  of  friction  increases  when  tboj 
pressure  dirainiahca.  This  has  been  shown  by  various  cxperimentalistd^l 
!i8,  for  example,  by  Dr.  Biill.*  Tho  lowest  prt'ssure  employed  by  Morial 
was  about  three  fourths  of  a  lb.  per  square  inch,  and  this  is  alwut  tb«| 
{Hvssure  at  which  the  deviation  noticed  by  Gall  becomes  inseii)sihle.i 
This  ciTect  m:iy  br  <liie  to  n.  slight  adhesion  between  the  aurfiicas 
independent  of  friction  pixiper. 

(2)  At  hi^h  pressures,  according  to  certain  exporimeDts  by  Reiuuu,t  I 
tbc  co-efficient  increases  greatly  with  the  pressure.  The  ui>ijer  limit ! 
of  pressure  in  Morin'a  exi»orimcnt«  was  from  114  to  128  lbs.  |>orBquaro 
inch.  At  32'5  lbs.  per  square  inch  Itennie  found  for  metallic  surf&ce<ui| 
rest  14  to  'IT,  nearly  agreeing  with  Morin  ;  but  on  incre:ising  tli*l 
pressure  the  coefficient  became  gradually  ^reat^r,  ranging  from  '35  to  f 
*4  at  pressures  exceeding  500  Ibe.  |>er  square  inch.  The  metala  tried  J 
were  wrought  iron  on  wrought  and  cast  iron,  and  steel  on  cast  iroaj 
Tin  on  cast  iron  showed  only  a  slight  increase  in  the  co-efficient.  In  ] 
fully  lubricated  surfaces  in  motion  we  shall  see  presently  tho  roaulta  ars 
exactly  opposite.  This  increased  friction  at  high  preaaiu'ea  may  be  duftj 
to  abrasion  of  the  surfaces. 

(3)  At  high  velocities  tho  co-oflicient  of  friction,  instead  of  being  in- 
dependent of  tho  velocity,  diminishes  greatly  as  the  velocity  incroaaec 
ITiis^was  shown  by  M.  Bocbet  in   1858.      Simihir  result*  have   b©«D 

I  obtained  by  others,  especially  by  Capt    flalton   in    some    imiwrtant 
exiierimenLs  on   railway  brakes.  }     The  limit  of  velocity  in    Moriiis  , 
experiments  wa.s  10  feet  per  1",  and  at  somewhat  greater  velocitic«'( 
than  this  the  diminution  Wcomes  perceptible.     Morin's  residt^  have 
been  shown  to  be  applicable  at  the  very  lowest  velocities  by  Pi-ofessor 
F.  Jonkin  and  Mr.  Ewing.  g 

It  appears  didicuU  to  explain  the  diminution  at  high  speeds  meroly  ' 
by  a  change  in  the  condition  of  the  suifactw  ;  it  shoidd,  probably,  b« 
remitted  as  pait  of  tho  law  of  friction.     Professor  Franke  in  the  CVn/ 
IngemeMT  for  May,  1882,  has  proposed  tho  fomiida 

where  /„  is  about  -29,  ikkI  a  (for  velocities  in  metres  per  1")  ranget 
from  '02  to  04,  acconling  to  the  nature  and  state  of  the  surfaoes. 


*  HxptriintuuU  Atedutnien,  by  R.  S.  Ball,  p&ge  78. 

t  l*hil.  rmw.  fur  I82«. 

;  8oe  Ewjitucriiuj,  vol.  25,  pttgca  469-47'-i. 

S  i*kU.  TraMo^tioMM,  vol.ltt7.  purt  II. 


MacmilUa.  1871. 
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121.  A^c  FruAffn. — It  has  already  been  pointed  out  that  the  co- 
■pUcient  of  axle  friction  is  not  necessarily  tbt;  surae  as  that  for  plane 
ftttrfacys  sliding  on  one  another,  and,  besides,  the  continuous  contact  of 
a  shaft  u,nd  its  bearing  is  very  different  from  the  brief  contact  occurring 
in  sledge  experiments.  Morin  however  mode  special  ox]>criment8  on 
the  friction  of  axlca  and  showed  that  the  coetiicienta  were  constant  and 
noiirly  the  same  in  the  two  cases.  The  diameters  employed  however 
were  4  inches  and  under,  while  the  revolutions  did  not  exceed  30  jjer 
minute,  so  thut  the  rubbing  velocity  was  not  more  than  30  feet  {>cr 
uinuK^  The  pressures  were  not  great,  the  value  of  pv  not  exceeding 
5,000. 

Much  greater  values  of /t  than  this  occur  in  moilorn  machinery,  and 
then  it  is  toloruhly  certain  that  the  value  of  the  co-ctticient  is  much  less 
and  diminishes  with  the  pressure.  Already  in  1^55  M.  Hirn  had  ma<le 
a  long  series  of  cxpeiimentfl  on  friction,  especially  of  lubncated  siu-faces. 
The  following  summary  of  bis  results  is  given  by  M.  Rrctz,  editor  of 
the  third  edition  of  the  Mdcaniqiu  Intiustridle* 

(fi)  That  a  lubricant  may  give  a  regular  and  miiumum  value  to  the  ' 
friction  it  must  be  "  triturated  "  for  some  time  between  the  rubbing 
■nrfaces. 

(b)  The  friction  of  lubricated  surfaces  diminishes  when  the  temporor- 
ture  is  raised,  other  things  being  ec^ual. 

{<:)  With  abundant  lubrication  and  unifonn  temperature  friction  varies 
directly  as  the  velocity.  When  the  temperature  is  not  mainUinetl 
oiiiform,  the  relation  between  friction  and  velocity  det)end5  on  the  law 
of  cooling  of  the  special  machine  considered.  In  ortlinary  muchiuei'y 
fiiction  varies  as  the  square  root  of  the  velocity. 

|(«/)  The  friction  of  lubricated  surfncea  is  nearly  proportional  to  the 
c  HHJt  of  the  area  and  the  pressure. 

The  last  result  is  equivalent  to  saving  that  the  co-oflicicnt  of  friction 
Yaries  inversely  as  the  square  root  of  the  procure  per  unit  of  ai'ea.  It 
11  remarkable  that  this  law  has  also  been  deduced  by  Pi'ofessor  Thm- 
Bton  from  experiments  made  apparently  without  any  knowledge  of 
what  Uirn  had  donel  with  pi-essm-ee  from  100  to  750  lbs.  per  square 

«ch  and  a  velocity  of  150  feet  i>er  1'. 
Pft  may  be  open  to  question  whether  Hirn's  ox[>criment8  arc  sufficient 
establish  all  the  ulmve  statements,  but  it  cannot  bo  doubted  that  for 
values  of  ^  exceeding  5,000  the  co-eiEcient  of  friction  of  well-lubricaltid 
hearings  of  good  construction  diminishes  with  the  pressure,  and  may  be 

tlatroduetion  n  M  Mfcanutut  iHduairieiUf  par  J.  V.  Poncelet.    Trobii6ine  i^li- 
.    Paris.  1870.     Page  616. 
_  t  Friclwn  and  Lvbtvatiott,  by  R  H.  Thurston.     Now  York,  1879. 
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much  le«8  than  the  value  at  low  speeds  as  dctermiiiod  by  Morin.    Son 
further  renmrks  on  this  f|ue8tion  will  be  found  in  the  Appendix. 

Srotion  IL— Ekpicikscy  op  Hk.her  Pairinu. 

We  now  proceed  to  consider  higher  jmiring,  corameticing  with  Uie 
case  of  rolling  contact.  The  friction  is  then  described  as  "  rolling 
friction." 

122.  Rciling  Friction. — When  a  wheel  rolls  on  soft  ground  the  resis- 
tance to  rolling  is  duo  to  the  fact  that  the  wheel  inaVes  a  ntt  an 
deprcs&y-s  the  groimd  as  it  advances  over  it.  Thus  the  i^esisUincv 
motion  is  proportioned  to  the  product  of  the  weight  ntovod  into  tb 
depth  of  the  depression-  The  depth  of  the  rut  dcpenils  on  the  nub'u 
as  well  as  the  brc:ulth  of  the  wheel.  It  is  found  that  the  rcsistaufl 
may  be  eic  pressed  by 

where  ff^=  weight,  r  =  radius  of  wheel,  and  b  is  approximately  a 
constant  length.  This  might  have  boon  anticipateil,  since  the  depth  of 
the  rut  is  the  versed  sine  of  the  arc  of  contact,  and  therefore  for  a 
given  small  arc  is  inversely  as  the  radius.  If  the  wheel  roll  on  hani 
ground  over  a  succession  of  obstacles  of  small  liniglit  the  law  of  resis- 
tance will  be  expressed  by  the  same  formula. 

AMien  the  surface  rolled  over  is  clastic,  and  the  pressure  on  it  is  not 
sut&cient  tu  produce  a  permanent  rut,  the  resistance  to  rolling  is  not 
easily  explained.  If  we  consider  an  extreme  ease,  as  for  iiisULnt-o 
heavy  roller  rolling  on  india  rubber,  we  shall  Iw  able  to  see  to  what 
action  tho  resisUince  is  duo.  The  wheel  will  sink  into  the  nibl-wr, 
which  will  close  up  around  it  both  in  advance  and  behind,  as  shown  in 
Fig.  lOH.     At  C  the  rubber  will  be  most  comprcssod.     As  tho  wheel 


Firioa. 


lOt 

L..(  I 


advances  and  commences  to  crush  the  rubber  in  advance  of  it 
rubber  moves  away  to  avoid  the  comi»re88ion,  heaping  itself  up 
tiriually  in  advance  of  the  wheel      In  this  movement  it  nilw  itself  ovi<r 


CB.  X.  ART.  123.] 


FRICTIONAL  RESISTANCES. 


235 


^e  surface  Ca  of  the  wheel,  exerting  on  it  a  Jrictional  force  in  the 
cction  shown  by  the  arrow  F,  which  opposes  the  onward  motion  of 
be  wheel.  Again,  the  niliher  in  the  rcjir  is  continually  tending  to 
cover  its  normal  position  and  form  of  Hntncsa,  and  in  doing  so  nihs 
self  over  the  surface  hC  of  the  wheel  in  the  direction  shown  hy  the 
nw  F',  which  also  tends  to  oppose  the  onward  motion  of  the  wheel. 
The  effect  of  this  creeping  action  of  tlie  nibher  over  the  surface  of  the 
wheel  is  to  caiisc  the  onward  advance  of  the  centre  of  the  wheel  to  bo 
lifforent  from  that  due  to  the  circumference  roiled  out.*  Moreover  the 
terticul  component  of  the  reaction  of  the  surfiice  no  longer  passes 
throngh  the  centre  of  the  wheel  as  it  must  do  in  the  absence  of  friction, 
but  is  in  advance  by  a  small  quantity  b  such  that  H'i  is  the  moment  of 
resist:incu  to  rolling. 

>Ixi)eriments  on  rolling  resistance  present  considerable  discrcpjuicies, 
but  within  the  limits  of  dimension  of  rollci-s  which  have  been  tried  it 
appears  that  b  is  independent  of  the  radius ;  this  leads  to  a  foimnla  of 
the  same  form  as  before  for  the  force  necessary  to  draw  the  roller, 


^jamoly 


mJH!, 


where  fr  is  a  constant  which  for  ilimcnsions  in  inches  is  from  '02  to  '09 
according  to  the  nature  of  the  surfaces.  With  very  hard  and  smooth 
surfaces  of  wood  or  metal,  the  lower  value  -02  may  bo  employed. 
Hotting  friction  is  not  sensibly  diminished  by  lubricants,  but  depends 
mainly  on  smoothncas  and  hardness  of  the  surfaces.  It  is  probably 
influenced  by  the  sjjeed  of  rolling,  but  this  does  not  apjiear  to  have 
been  proved  by  e.x|K'riment  unless  in  cases  where  the  resistance  of  the 
atmosphere  and  other  causes  make  the  question  more  compUcatod. 

In  many  cases  of  rolling  the  surfaces  are  partly  elastic  and  partly 
soft^  BO  that  the  resistance  to  rolling  is  juirily  due  to  surface  friction 
and  jKiilIy  to  jwnnnnent  deformation.  The  value  of  the  t'OTi^tiint  b  is 
then  much  increased.  For  wagon  wheels  on  macadamized  roads  in 
good  cunditiou  the  value  of  ^  is  about  -5",  and  on  soft  groimd  four  to 
times  greater.  The  draught  of  carts  is  said  to  be  increased  by  the 
cuce  of  springs. 


123.  Ffictitm   of  Hopes  and  i/f/fa.^Frictional   rcsisttmces  are  also 
Kinced  by  the  changes  of  form  and  dimension  of  llie  [jarts  of  a 
uchine  occasioned  either  by  the  stresses  necessarily  accompanying 
Transmiasiou  of  energ}'  or  by  shocks.      In   the   present  chapter  we 

'  Ste  »  pnpe-r  >iy  ProfpiMior  Onlmme  Rcynoldii,  Phil.  Tram.,  vol.  IC<i,  to  whom 
!  true  expluiintiun  uf  nwintauce  to  ruLliiijj  in  iwrlectly  elautk  bodies  Is  due. 
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consider   tension   olemente  only,   that   is   to  say,   chiefly   ropee  and 
baltfl. 

In  Fig.  109  jtl!  in  n  pulley,  the  centre  of  which  is  0,  over  which  s| 
rope  iKisse«  ttnilimcing  iho  arc  ^tKIi  and  acted  on  by  forces  7,7'^  at  itij 
ends.     If  there  be  sufficient  difierence  between  1\  and  T^  the  rope 
slip  over  the  pulley  notnnthstitiiding  the  friction  which  tends  to  preventi 
it.     I>fit  the  ro\)C  he  just  on  the  point  of  slipping,  then  its  tension  wiUI 
gnuhially  diminish  from  'J\  at ,/  to  7'^  at  R.     Let  7',  7"  1)C  the  icnsioml 
al  the  intuiTuediute  points  A',  L,  then  the  portion  KL  of  the  rope  is  keji 
in  eqnilibrimn  by  the  forces  7',  T'  at  its  ends,  and  a  third  force  5  due  ! 
the  reaction  of  the  pulley,  the  three  forces  meeting  in  a  point  £.    Ool 
OL  set  off  to  W  to  reprt>gent  7",  and  draw  li-  perpendicular  to  5  to  meet 
OK  in  i:,  then  the  sides  and  the  triangle  Oki  will  be  proportioned  by  the 

three  forces,  so  that  Ok  representc 
T'  and  Ik  S.  The  angle  S  make* 
with  the  radiujt  ^nll  be  the  saute 
for  ail  arc«  of  the  same  length,  and 
11' AX  be  taken  f^mall  enough  will 
be  the  angle  of  friction  (Art.  1 13). 
ITiis  construction  can,  if  we 
please,  be  commeuced  at  A  and 
repeated  for  a  number  of  sm; 
portions  of  the  rope  till  ve  ani 
at  flj  we  shall  obtain  a 
cnrve  aikh,  the  last  radius  Ob 
which  represents  T^  on  tlie 
scale  as  the  first  Ou  represents  1\,  It  is  convenient  however  to  have 
algebraical  foimula  to  calculate  3\.  Let  the  angle  KOL  l>e  i  and  the 
angle  S  makes  with  the  radius  «/>,  then 

I^g^  =  !i!ii^^'^M'-^)^eos»>sinitant^ 
r    Ok    sin  Ofk        coB^ 

If  now  the  angle  i  be  diminished  indefinitely  wo  may  write  cos  i  =.  1 
fliii  i  ^  i,  so  that 


rig-.tw. 


M 


r-r 


=  i .  ton  4>- 


Replacing  i  by  A^,  7'-  7"  by  AT*,  and  proceeding  to  the  limit 
which  being  integrated  gives 

r.    /« 

where /is  the  co-cliicieut  of  friction,  &  the  angle  aubtonded  by  the  [jurt  j 
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f  tbe  pulley  embracotl  by  the  rope,  and  c  the  number  2*718  being  the 
^  of  the  Napierian  syatcm  of  lo^irithms.  The  formula  is  applicable 
if  the  pulley  be  not  circukr.  For  a  circular  iniUcy  the  spiral 
curve,  representing  graphically  the  tension  at  every  point,  h  the 
etiuiangular  or  logarithmic  spiral  of  which  the  formula  may  be  reganlocl 
as  the  equation.  In  constructing  it  graphically,  the  value  of  ^,  for  a 
snmll  yet  finite  angle  i,  is  found  by  i-eplaciiig  T/T  by  t/i  and  expanding 
the  ex])onentifd  :  we  thus  got  apitroximatuly 

1  +fi  —  cos  i  +  Bin  i .  tan  */i  =  1  -  J  i^  +  f .  tan  "^, 
.-.  tan  <^=/4  ^i. 

Tiih  small  values  of  the  co-eflicient  2/  may  be  a  sufficiently  small 
ngular  interval,  but  in  general  it  will  be  adWsablo  to  take  the  angular 
crval  oqiuU  to  the  angle  of  friction,  theu  the  value  of  0  is  1 1  timee 
bat  angia  Tlie  construction  being  one  ui  which  errors  aecumulate, 
be  formula  is  preferable  when  great  acciuucy  is  desired. 


,      Aawi 

Knd 
^Pkensii 


124.  Driving  Bdls, — When  a  belt  is  stretched  over  a  pulley  by  oi^Uiil 
weights,  the  tension  of  the  belt  is  not  nouessai'ily  the  same  everywhere 
in  the  first  instance;  but  if  the  pulley  l  ris-iio. 

move  steadily  and  the  stitTncss  of  the 
belt   be  disregarded,    it  must    be  so. 
ABSuming  this,  let  one  of  the  woighu 
increased  by  a  certain  quantity  Q 
the  pulley  be  held  fast,  then  the  u  ^  ■  a     o  ""  ^'^.  " 

jon  of  ihat  mde  of  tlie  lielt  will  l)e 
increased  by  an  amount  equal  to  Q  at 
A,  but  diminishing  to  zero  at  Li,  a  q' 
point  determined  by  the  intersection  j 
of  the  friction  spiral  Oj  /j  (Fig.  110) 
with  the  circle  alb,  the  radius  of  which 
represents  the  weight  fF.  Similarly,  [w} 
if  the  other  weight  be  diminished  by  (/,  the  tension  will  be  diminished 
hy  an  amount  eipud  to  (/  at  B,  but  diminishing  to  xero  at  L.^.  The 
portion  L^L^  will  remain  at  the  original  tension  fF.  If  QQ  be  in- 
creased suffuicntly,  ip  Lt  will  coincide  iii  one  point  l^  the  position 
of  which  will  depend  on  the  projx>rtion  Iwtween  Q  and  Q'.  ^^'hilft  these 
changes  take  place  in  tension,  corresponding  changes  of  length  mttst 
(Hcur  in  the  parts  of  the  Ijelt  exposed  to  them,  AL  increases  and  BL.j 
fliminishes  in  length.  Hence  both  these  parts  slip  over  the  piUley  and 
work  ii  lost  by  friction,  while  L^Lj  remains  fixed.     If  now,  instead  of 
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altering  the  weights  ^,  we  imagino  these  weights  held  fast  aod  thfli 
pulley  forcibly  rotatod  so  as  t-o  increase  ji's  tension  by  Q,  and  dimiiiis 
fl'a  tension  hy  Q,  L^L.,  will  rotite  witb  the  pulley,  and  the  total  increoael 
of  length  of  the  one  side  must  be  equal  to  the  total  diminutioti  on 
other,  from  which  consideration  it  is  possible  to  calculate  the  ratio  < 
bom's  to  Q'.     In  pructical  cases,  however,  the  diJTerence  between  Q  anj^ 
Q'  ii  »o  small  that  it  niny  be  ncg1cct«d  Mithout  sensiMi}  error,  and  tberv- 
fore,  in  all  t|ue«tions  relating  to  the  working  of  bolts,  it  may  ho  assumed 
lh:Lt  the  mean  tension  of  the  two  sides  of  the  belt  is  iudcj>endent  of  thoj 
power  which  is  being  trunsmitted.    The  difference  of  tensions,  however,] 
is  directly  proportional  to  the  power,  and  may  at  once  bo  catctdated 
the  speed  be  known,  while  the  ratio  of  tensions  may  Ijo  determined, 
that  the  belt  shall  just  not  slip,  by  means  of  the  formtda  above  obtainc 
The  value  of  the  co-efficient  of  friction  of  leather  on  iron  ranges  from " 
•15  to  '46  according  to  the  degree  of  lubrication :  under  ordinary  cir- 
enmstancoa  *25  may  be  considered  an  average  valne.    This,  however,  ill 
often  greatly  exceeded  in  practice,  and  one  reason  why  large  values  arBj 
admissible  is  said  by  some  to  bo  the  effect  of  atmospheric  pressure.    Thft^ 
sectional  area  of  belts  is  fixed  by  consideration  of  strengths,  and  as 
their  thiekncaa  varies  little,  this  is  equivalent  to  saying  that  a  certain^ 
breadth  of  belt  is  required  for  each  horse-power  transmitted.     (See  Ki 
11,  page  245.) 

125.  Slip  of  BfiU. — When  a  belt  is  stretched  over  a  pair  of  pnllcyi 
one  of  which  drives  the  other,  not unth standing  a  resistance  not  so  gr< 
as  to  causu  slipping  of  the  belt  as  a  whole,  it  aj>i>ears  from  what  haa 
said  thut  a  certain  arc  exists  on  each  pulley  on  which  the  belt  does  ni 
slip.  The  length  of  these  arcs  has  already  been  found,  but  in  the  pn>sent 
cases  the  movement  of  the  pulleys  causes  them  to  pLice  thcmsolvc* 
where  the  t>elt  winds  on  to  the  pulleys,  so  that  the  driving  pulley  has 
the  spcDil  of  the  tight  side  of  the  belt  and  the  driven  pulley  that  of  the 
slack  side.  The  two  sides  have  dilfcrent  siKtods,  because  the  same 
weight  of  belt  must  pass  a  given  [toint  in  a  unit  of  lime,  wherever 
that  point  be  situated,  and  therefore  the  fi|jeed  must  be  greater  tli« 
greater  the  elongation,  that  is  to  say  the  greater  the  tension.  Uonct 
the  driving  pulley  moves  quicker  than  the  driven  pulley  by  an  amount 
which  can  be  calculated  when  the  tensions  and  the  ehisticity  of  tim 
leather  are  known,  and  this  "  slip  "  measures  the  loss  of  work  due  to  the 
creeping  of  the  bolt  over  the  pulleys  described  above.  In  ordinar}' 
bolting  this  loss  is  small,  not  exceeding  2  per  cent.  The  length  of  belts, 
however,  must  not  be  too  great,  or  its  extensibility  will  bo  incon 
vemmt,  especially  if  the  motion  of  the  machine  be  not  sufficieutly 
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unifomu*  Within  nioderaU  limite  axteitsibilily  is  favourable  to  sntooth 
vorking. 

126-  Siijftirss  of  Hnpe». — WTien  a  rope  is  bent  it  is  fouml  that  a  cer- 
tain  mumont  \s  required  to  do  it  depending  on  tlie  dimeDeions  of  tbc 
rojM!  uiid,  besides,  on  its  tension.  The  reason  of  this  is  beet  understood 
by  referring  to  the  correBponding  cnsc  in  a  chain  with  flat  links  united 
by  pin  joints.  If  d  be  tlie  dlamuter  of  the  pin,  T  the  tension  of  the 
chain,  there  will  lie  a  cci-Uiiu  uioment  of  friction  resisting  bending 
wbicb,  if  the  pin  bo  an  cnsy  fit,  will  V*  «iniply  ^  JTd,  but  if  it  be  tight 
will  be 

.1/  =  UTd  +  yT^, 

where  Tg  is  a  constant  depending  on  the  tightness.  If  the  chain  |kie« 
over  a  rotating  piUley  without  Blip])ing,  thi8  frictional  moment  has  to  be 
overcome  Imth  when  bending  on  and  when  bending  off  the  jiuUey.  Tlie 
vfToct  shows  itself  by  n  shift  outwards  on  the  advancing  and  inwards  on 
the  retiring  side  of  the  cbain,  so  as  to  increase  the  levenige  of  ibc  re- 
sistaiice  and  diminish  that  of  the  ciTorL  In  the  present  cuse  the  two 
shifts  arc  equal,  being  each  given  by  the  formula 

The  CASC  of  a  rope  differs  from  this  only  in  being  more  comjilex  :  in  tho 
act  of  bending,  the  fibres  move  over  e4ich  other,  and  the  relative  motion 
is  rcsist<?d  by  friction  due  to  pressures  which  are  jwrtly  constant  and 
partly  proi>ortionaI  to  the  tension.  The  shift,  of  the  centre  line  of  the 
rope  is  visible  on  the  aide  of  the  resist.iuco,  but  hardly  perceptible  on 
the  .^dc  of  the  hauling  force,  showing  that  most  of  the  loss  of  work  is 
duti  to  the  liending  on  the  pulley.  The  magnitude  of  the  shifl  varies  so 
much  according  to  the  mode  of  muiiufacturc  and  the  condition  of  tho 
rope  that  it  is  useless  to  attempt  more  than  a  very  rough  estimate. 
According  to  a  formula  given  by  Kytelwein,  If  rf  be  the  diameter  of  the 
rope, 

a;  «  c .  (P, 

where  r  is  a  conHla.nt,  which  fur  dimeiutionH  in  inches  is  taken  as  -47  for 
hemp  ro{>es;  but  this  value  is  too  lai-gc,  except  fur  light  loads,  and  small 
diameters  of  pulley.  The  loss  of  work  per  revolution  is  T,  2irT,  and  if 
'  be  tho  ofloctivc  diameter  of  tho  piUloy, 

Efficiency  -   ,.    „  . 
bere  is  a  loss  of  work  by  the  stiffness  of  belts  of  a  similar  kind,  but  of 


"  See  ■  fuotouU  hy  M.  Kretx,  Cotirt  rf«  M€cani^v4  A/it>/i'/»ie  aux  Afackmoi  far 
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uncertain  amount.      By  mo«t  authorities  it  i»  cotiRidered  so  email  as  Ui 
be  negligible. 

The  shift  of  thy  line  of  action  of  the  tonaion  of  a  rope  duo  to  iU  \ 
nc88  has  the  ofiecL  ofdiniiniBhitig  iu  ati'eiigth. 

127-  Friction  of  T\toifml  Wh^eh  and  Cnvis. — The  friction  of  toolhe 
wheels  is  partly  rolling  and  partly  sliding,  but  the  firRt  is  rolaiivoli 
sntuU  and  may  be  neglected.  To  determine  tiic  eliding  friction, 
PT  -  z  {see  Fig.  71,  page  144),  then  ()>age  149)  the  velocity  of  nibhirtj 
is  given  by  the  foi-mula 

t.  ^  (^  +  Ay, 

which  may  be  written,  if  K  bo  the  »}ieed  of  periphery  of  tho  pit 
circles,  /?,  It'  the  nidii, 

If,  tfaoreforo,  the  wheels  be  supposed  to  turn  through  a  small  iqtaco  < 
measured  on  the  pitch  circles,  the  \mv  of  t^etb  will  slide  on  one  anotJier" 
through  the  small  apace  i^y,  given  hy  the  formula 


V. 


^=a 


V^x. 


This  enables  us  to  find  tho  work  done  in  overcoming  friction,  for  if  j 
be  the  pressure  between  tho  paii-s  of  teoth, 

Work  done  -  f^Pdy  -  /•  (j^  +  Jt)i^'^ 

The  preaanre  between  the  teeth  will  vary  as  the  wheeU  turn  according 
to  some  unknown  law,  do]>ending  on  the  way  tho  teeth  wear,  but  the 
variation  is  proliably  nut  great.  Assuming  it  constant,  and  further, 
supposing  that  the  chord  /T(I^g.  71)  is  equal  to  the  arc  PT,  and  there- 
fore to  X  the  arc  turned  through  by  tho  wheels  after  the  teeth  pus  the 
line  of  centres, 

Work  done  =/./'7^.  +  ^\^. 

The  same  formula  applies  before  the  line  of  centres,  and  if  we  ussiuuo^ 
the  arcs  of  approach  and  recess  each  e<jiial  to  Ihc  pitch  ;»,  we  shall  huva 
for  the  whole  work  lost  by  the  friction  of  a  pair  of  toeth, 


Whole  Work  lost 


=^a^)^>^ 


'The  energy  transmitted  during  the  action  of  a  pair  of  teeth  is  2  PpA 
therefore  the  counter  efficiency  is 


!  +  «-=!  + 


<i 


>(^^> 
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t  n'  aro  the  numbers  of  teeth  lu  the  vrheela.  A  smaller  arc  of 
action  is  ftomettmos  employed  in  practice,  and  the  friction  will  then  be 
lees.  This  is  also  the  case  in  bevel  gear.  The  fomiuin  shows  that  the 
fhctiou  ie  diminished  by  increasing  the  numbitr  of  toeth. 
A  more  exact  solution  of  this  question  *  can  be  obtained  on  the 
iimption  that,  /*  varies  as  it  wouM  do  if  there  were  only  one  i>air  of 
tectb  ;  but  ns  this  is  unccrtiun  it  is  not  practically  useful. 

I  III  all  cam  and  wheel  mechanismK  the  efficiency  for  a  KnialL  niovoniont 
in  any  position  can  be  determiued  exactly  by  a  graphical  or  other  pro- 
cess. For  the  velocity-ratio  can  be  found,  as  shown  in  Part  II.,  and  tho 
force-ratio  is  determinate  by  the  principies  of  statics,  therefore  the 
quotient  which  gives  the  efficiency  can  also  bo  found.  In  tho  case  of 
toothed  wheels  this  method  shows  at  oiico  f  that  the  friction  of  the  teeth 
before  the  lino  of  centres  is  greater  than  the  friction  after  the  line  of 
centres.     The  difference  appears  insufficient  to  account  for  the  injurious 

■  effbcts  generally  ascribed  to  friction  before  tho  line  of  centres,  which 
however  may  be  due  to  other  causes.  In  cam  mechanisms  the  efficiency 
in  one  position  is  little  guide  to  the  efficiency  in  a  complete  period, 

[     which  can  only  bo  found  by  a  process  too  intricate  to  bo  useful,  or  by 

'  making  some  supposition  as  the  mean  \'alue  of  the  pressure  )>ctween  tbo 
rubbing  Burfaces. 

j         The  counter  efficiency  of  u  train  of  m  equal  pairs  of  wheels  is 

U  1  +  .  =  1  +  ./x(i  +  i,). 

'  Assume  now  that  a  given  velocity-ratio  is  to  lie  provided  by  tho  train, 
and  that  the  niunber  of  teeth  in  one  wheel  is  given,  then  it  is  possible 
to  find  the  value  of  m  that  the  friction  may  be  least  The  solution  of 
this  problem  is  the  same  as  that  of  finding  the  least  possible  number  of 
teeth,  and  it  was  shown  by  Young  that,  for  this,  we  ought  (o  take  m, 
so  that  the  velocity  ratio  for  each  pair  of  wheels  is,  as  nearly  as  possible, 
3-59.  For  example,  if  the  train  is  to  give  a  total  velocity -ratio  of  46, 
there  should  be  three  pair  of  wheels.  Tho  gain  over  a  single  pair  in 
this  case  is  one  third,  hut  will  be  much  greater  for  higher  velocity-ratios. 
TTie   solution    (fii"8t  given  by  Mr.  Gilbert)  takes  nu  account  of  axle 

^iriction,  a  ciieumstanco  which  would  greatly  modify  the  result. 

^^  Sbction  in. — Frictionai.  Resistances  in  General 

128.  Effidmey  of  Medtanism  in  general. — It  appears  from  what  has 
been  a&id  that  an  exact  calculation  of  the  frictional  resistances  is  im- 
practicable, partly  hccauso  the  process  is  too  complex  to  t>e  useful,  but 

•  See  ^Ifiseley's  jI/ccAohiVW  Prmcif/tts  of  tSn^naering. 
t  Ibid.  ya^9  280. 
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chiefly  because  the  coefficients  to  be  employed  are  variable  according 
to  circumstances,  and  within  limits,  which  are  not  prociaely  known,  j 
Uouco  when  possible  the  efficiency  of  a  machine  is  estimated,  not  br 
coneideiiiig  each  particular  element,  but  by  <iirect  expei-iment  on  the 
machine  as  a  whole,  and  we  conclude  this  chapter  with  some  general 
principles  which  hear  on  this  question.  ^J 

The  efturt  employed  to  drive  a  machine  may  be  greatci*  or  1cs8,^| 
according  to  the  resialaiice  which  is  bring  overcome,  and  therefore  the  ^ 
8trc«8  between  each  element  will  also  vary  according  to  this  effort.  Ai, 
howerer,  these  stresses  depend  also  on  other  forces,  such  as  weight  and 
elasticity,  which  have  no  connection  nnth  the  effort,  but  are  always  the 
same,  they  will  not  increase  so  fust,  and  the  frictional  reeistanoes  will 
accordingly  be  proportionally  less  the  greater  the  effort.  Some  rosiit- 
ances  are  absolutely  constant,  for  example,  the  friction  of  bearings  the 
load  on  which  is  simply  the  weight  of  a  fly  ivheel  or  other  mo^-ing  part: 
or  the  friction  of  a  piston  rod  in  its  stufling  box.  Others  are  sensibly 
proportional  to  the  driving  effort  or  the  useful  resistance,  in  which  case, 
when  the  ordinary  laws  of  friction  apply,  the  loss  of  work  intTCasea  in 
direct  pro{H>rtion  to  these  quantities.  The  greater  number  depend  on 
both  variable  and  constant  forces,  but  these  may  be  in  great  meiutinr 
separated  into  two  [tarts,  one  of  which  is  ap]iix)ximately  constant  and 
the  other  approximately  proportional  either  to  the  driving  effort  or  to 
the  usefiU  resistance.  Hence,  if  U  )>e  the  useful  work  done  and  E  < 
energy  exerted  in  a  period  of  the  machine, 

where  k\  H  are  numerical  co-efficients  and   Ji  the  work  done  in 
coming  the  constant  resistances.     In  hydi'aulic  and  other  machine^ 
whore   Huid  rcsifltances  occur,  torms  depending  on  the  spce^l  of  the 
machine  must  be  added,  indeed  tliis  is  so  in  all  machines  when  drive 
at  a  high  speed  ;  because  forces  due  to  inertia  increase  the  friction,  an 
besides  shocks  and  the  resistance  of  the  atmosphere  have  to  bo  i 
eidered.     Such  cases,  however,  arc  not  considered  here. 

If  we  transfer  the  term  )^  E  to  the  other  side  of  the  equation 
divide  by  1  -^'',  we  get 

E'{\Ji-e)U*E^ 
where  e,  E^  are  two  now  constants  derived  from  the  f(»nser  oo 
which  A'ois  the  work  ilone  in  driving  the  machine  when  uiiloadodt  i 
I  +  f  the  counter-efficiency  when  the  load  is  very  great. 

The  same  formula  may  also  be  written  in  a  way  which  is  soma 
times  more  convenient.  Let  P  be  the  mean  value  of  the  drivir 
effort  and  Jt  that  of  the  uscfid  resisunre  during  a  complete  perior1,t 
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'the  mettn  value  of  the  volocity-ratio  of  the  working  and  driving  pairs, 

where  i',,  ia  now  the  eflbrt  rei{uired  to  dnro  the  machine  when  unloaded. 
In  hoisting  machines  A'  is  the  weight  Utled  and  /'  the  hauling  force 
tuually  called  the  power,  IfjF  ia  the  niechaiiical  advantage  or  purcbaae. 
In  the  steam  engine,  if  p^  he  the  actual  mean  effective  preesnre,  p'^ 
the  part  of  that  proBSiiru  employed  in  overcoming  the  uaefnl  resistance, 
^^,  the  pressure  necessary  to  diivu  the  engine  when  mitaaded* 

P*  /-.  =  (!+«)/''- +i'o- 

The  value  of  e  may  be  taken  aa  -15  or  in  large  engines  somewhat  less. 
The  constant  Po,  often  called  the  "  friction  pressure,"  is  fi-om  I  to  U  lbs. 
or  in  marine  engines  2  lbs.  or  more  [jer  square  inch.  At  high  spcorU 
and  preRSures  the  onlinary  laws  of  friction  fail  and  e  is  diminished,  the 

■.constant  friction  is  then  relative!}'  of  more  imfiortanco. 
\    If  the  direction  of  motion  of  the  machine  1>q  reversed  so  that  the 
original  resistance  becomes  the  driritig  effort  uml  the  effort  the  resistance, 

I  the  same  general  formula  is  a  ppi-oxi  mutely  true,  but  the  constants  Jl%  Jk* 
^"e  interchanged.  Unless  under  special  conditions  the  efficiency  is  QOt 
[he  same  in  the  two  cases,  and  in  fact  is  generally  very  different.  I,ot 
bs  aappoee  that  in  a  machine  working  againet  a  known  reversible 
resistance,  the  driving  effort  is  gradually  diminished  until  the  machine 
reverses,  and  let  E'  be  the  work  done  when  reversing,  wo  have  the 
txiuatiuus 

»L  E-^U^kU-^k'E  +  h, 

t/=E'  +  k'E-  +  kU-^B, 
from  which  by  subtraction  and  dividing  by  U  wo  find 

Wk  E  ^-   LiK    ^ 

^  ir^i+k-'i+k' '  If 

a  formula  which  gives  the  efficiency  when  reversing.  H  the  original 
efficiency  be  less  than  ^  (1  - k),  the  machine  will  not  reverse  even  when 
till?  driving  force  in  entirely  removed.  In  most  forms  of  hoisting 
machines  h!  is  small  enough  to  be  neglected,  and  we  have  the  important 
principle  that  a  machine  will  not  reverse  if  it-s  efficiency  is  less  than  -S. 
It  will  not  reverse  under  any  circumstances  if  k>\.  As  previously 
explained  in  the  case  of  a  screw,  non  reversibility  is  a  i>roperty  »o 
valuable  in  practical  applications  as  to  Ijc  worth  obtaining  ut  the 
sacriHco  of  elliciency.  The  differential  pulley  block  is  a  common 
example. 

^t    129.  FtieHon  Brnkts. — Frictionat  resistances  are  not  only  a  source  of 
loss,  they  are  also  usefully  employotl  in  machines  for  various  purposes 
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In  screws  ami  driving  belts  we  have  already  found  them  employed  tor 
the  purpose  of  locking  a  pair  or  closing  a  kiueniatic  chain,  and  mac; 
instances  of  the  same  Mud  might  l>e  referred  to.  Another  applicatioD 
of  equal  importance  is  for  the  purpose  of  absorbing  surplus  eaagy, 
which  might  otherwise  produce  dangerous  effects,  or  which  requires  to 
be  disposed  of  in  order  to  stop  a  machine.  An  appitratus  for  this  pur- 
pose is  called  a  "brake." 

The  most  ])owerful  brakes  are  thoao  in  which  fluid  rosistanceji  uro 
used,  but  when  the  amount  of  energy  is  small  as  coniiwred  with  ihfi 
smfaces  available,  the  friction  of  solids  inay  be  employed.  The 
energy  thus  absorbed  is  converted  into  heat,  and  is  dissipated  hy 
radiation  and  condnction.  Sulhciont  surface  must  be  proWded  to  fsc- 
vent  the  temperature  rising  too  high. 

A  brake  is  generally  applied  to  a  rotating  wheel  or  dnira,  ami  con-' 
sists  either  of  a  solid  block  of  wood  or  metal  pressod  against  the  wheel 
by  some  suitable  mechanism ;  or  eUo  of  a  strap  of  metal,  often  lined 
with  small  blocks  of  wood,  embracing  the  drum  and  tightened  by  a 
lever  or  otherwise.  Three  common  fomaa  are  shown  in  Plate  \T\. : 
two  of  these  (Figs.  I  and  2)  are  used  as  dynamometers,  and  will  Iw 
refeiTed  to  as  such  in  the  next  chapter. 


I 
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BXAilFLES. 


1.  A  Weight  in  moretl  up  ft  plane  iaclinctl  At  1  v«itioaI  to  ri  bonzontit]  by  ui 
pftnllel  to  the  pliuie  :  Htow  tMt  the  coutitcr*«ffioi«nay  is  1  *  n/,  whert  /  \»  ihe  oo-«i 
of  friction.     Find  the  vtlue  of  n  for  R  mecbaniciO  advantage  of  10 : 1  and  a  eo-cSafant 
•OS,     Ant.  n  =  20, 

2.  Shuw  tbftt  the  preMure  oa  the  ({uide  bara  of  a  direct-acting  eogioe  ii  approximatclr 
pro|K>rlional  to  the  ordinatea  of  an  ellipse,  :ind  deilocu  tbo  work  loat  per  etivke. 

Referring  to  Fig.  91  let  X  b«  that  preanin,  then  | 

X  -  S.  tin  ^  -^  P.  tan  0  -  ^n  6  approximatvly. 

n 

II  tfao  TsdiuB  of  the  cnuik  circle  represent  P,  and  an  cUipw  be  drawn  with  the  «iaw 
major  axis,  and  minor  axii  -  P/n,  X  will  be  kbit  onlinata  of  the  alllpae  at  a  point  rept*- 
MBting  potitioQ  of  pitton. 

Low  of  work  per  iitrako  -  /  «  Area  of  iKini-flllipeo 

wb«re  I  U  the  stroke  and  /  the  oo-effieient  of  frictioo. 

3.  A  bearing  16"  diameter  if  actod  on  by  a  horizontal  force  of  50  toiu  and  •  vertii 
foroe  of  10  torn.     Find  the  work  lo«t  by  friction  per  revolution,  uiiug  a  co-effident 
ODO-ei(litecnth.     Find  mUo  the  hoisc-powor  lost  by  friction  at  70  rerolutiooa  per  misata. 
AnM.  Loea  of  work  -  11-87  fuot-tonit.     H.r.-M-4. 

A.  Tlic  thniit  of  a  ncrow  propeller  ia  20  tona.  the  pitch  SO  foci.  The  tbront  block  is 
W  diameter  at  the  centre  of  tlie  ringi.  Find  tbe  efficiency  with  a  co-t*ffioient  of  friotioa 
of  -06.     Avr.  Etiicionoy  -  JfSO. 

&.   Find  the  efficiency  of  «  Doinnion  lorew  and  DQt  wlih^tch  aD(le  46'  aad 
•;a     J>u.  Bffiof«iirr     72. 


I  rep»- 
rei^SH 
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A.  A  acr«w  boll  ii  ("  dluncter  ootiide  ttnd  '.'fOS"  at  tb«  hue  of  Ihe  tl)rea<l.    The 
cffcvtive  diamiiUir  of  tlic  nut  u  1",  tbc  pibili  aDgle  '07,  noil  the  co-etSciont  of  fricUim  '111 ; 
■oppociag  it  ■er«w«4i  iiji  by  a  xjiAnnPr  two  faot  long,  Ami  ttie  inecbanienl  HitvknUigp. 
^B  TeoBtoQ  of  bolt  ='.'18 « {<ull  on  •pantior. 

^^M  7-  Fin<l  t}ie  eflieicnc;  at  a  jiftlr  of  wbcola,  tbc  numben  at  teolb  beiD(  10  and  lH,  «nil  th« 
^H»-tffiQieDt  of  friotioD   IK.     Ant,  "dM 

^P  8.  The  itroke  nf  a  direot-Rcting  engln*  ii  4  feot,  piiton  low!  .10  ton*,  load  OD  cnnk- 
ib&ft  beariiiga  10  to&s,  counectiikg  rod  4  omukB :  trac«  the  curve  at  ennk  effort  wbni 
friction  18  taken  into  account,  KMuming  ull  bearings  Id"  dutniet«T  and  oo-eflleioat  on«- 
tigbteentb.     Kind  tbc  "dead  angle." 
9.  In  tbe  lavt  que«lion,  if  tho  engine  drlva  the  Hcrew  [iroiieller  of  iin«atioti  4,  find  the 
Ictency  of  the  mcciianivm,  includiug  tlirust  block,  by  tbc  Approximate  method.    The 
ttiog  rod  may  1>e  «nppOftcd  indefinitely  long  except  fur  tho  purp<M«  of  tMtimating 
elSeianey  of  the  gnido  bam. 

Efficiency  -  -069  -  ( -O?)'  •  lieB  -  W. 
KX  A  rope  la  wound  thrice  ronnd  a  l>oat>  and  anc  end  U  held  tight  by  a  force  not 
etooeding  10  Iba.     \^1iat  pull  at  the  other  end  would  be  ocoeuary  (o  make  the  rfi|te  tlip. 
tin  oo-eRioieat  of  friction  being  luppoaed  *.S(M>  *    Ans.  10.000  Iba. 

II.  Find  the  noccaiary  width  of  bflt  three  Bixtecncbs  Inch  thick  to  transmit  IH.P.,  tbe 
belt  pmbraciag  40  p«r  cent,  of  thv  oircumfrrcncv  of  tbe  mnallrr  piilEny  and  running  at 
:I00  feet  [x-r  l'.     Co-otfioicut  -  "'.'.'».     Strengtli  2Ji5  lbs.  per  8<|.  iuth.     Aug.  Breodth^-t^". 

kl2.  In  qucition  10  oonatruct  the  friction  iinralabowiug  tbii  t«naionuf  the  rape  at  every 
lint, 
13.  Tb«  axle*  of  ii  tramway  car  are  2^"  diameter,  and  the  wbe«U  2"  G" :  Bud  tbw 
KUtenoe,  being  given,  that  tbo  co-cffidont  of  axlo  frintioD  u  "OH  and  that  for  rolling  'W, 
M.  ReBtttance  *  28|  Iba.  per  ton. 
14.  Find  the  elllcicncy  of  a  pulley  0"  diameter,  over  which  a  rope  )*  diameter  panca, 
the  axia  of  th«  pulley  being  ^''  diatnottr,  nud  the  load  on  it  twtce  the  tenaion  of  the 
Co-cfficicnt  of  axle  friction   "OS.    Co^ffideat  for  atiffneu  of  rope  '47.    Ant. 
leieney-IM  per  cenL 

1.5.  From  the  result  of  tbe  prooediiig  qtieBtion  deduce  tbo  wlCtdency  of  a  jnir  of  tbre^ 
'avwd  blocka.    Atu.  BfRriency  ~  71  per  cent 

16.  A  wheel  weighing  30  Iba.,  rvdius  of  gyration  1',  is  revolving  at  I  revolution  |>ot 
'coud  OB  axka  1"  diameter.     It  i»  olntcrved  to  make  40  rcvolutiona  before  atopi>ing  :  Hnd 
tbe  co-cfSclent  of  axle  frlcUiio.     A  n/.  Co-etfioient  -  "099. 

1'.  In  a  pair  of  tbree>aht-aved  blcckti  it  ia  found  by  exp«ntn«ut  that  a  weight  of  40  Iba. 
eau  be  rMsed  by  a  force  of  lOlba.,  and  n  wrtgUt  of  ^00  Ibi.  by  a  force  of  40  Iba.     Find  the 

Wtl  rabtiou  beCweco  P  and  ir,  and  tbe  ellloieucy  when  raising  100  Ihs. 
I  ^  '  w  >^  ^  4-     KtBeiency=  7tM  when  raiting  100  Jbe.     c  -  (. 

Titid  tbi'  diitaiic«  to  which  power  eaii  bo  trnueniitted  by  shafting  (rf  aaiform 
diameter,  with  a  Iom  by  friction  due  to  ita  weight  of  ji  ptr  cent,  auiitning  that  the  angle 
ttf  tonion  ia  immaterial,  and  co  etli<ncDt  for  atrrngtli  9.000  Iba.  iwr  rniuare  inch. 


If  /  be  co-etBoieni  of  friction,  then  tlic  length  of  ahaftiiig  ii  1^ .  ^. 


KiraBB»CB9. 


It  On  tbe  graphical  dttwmination  of  tbo  effiotenoy  of  meobanlam  tbe  reader  fa  r«ferr«d 
to  two  ]iapeni  tiy  frof.  F.  Jenkin  in  the  Tran/iactiopg  of  the  Royal  tiodiety  of  E<llnburgb. 
On  tbe  atiJTncaa  of  ro|>c»,  sue  WeisbAch,  Itti/atuur'XtfckanHI:,  vol.  I.,  3rd  German  edition, 
p.  300, 


CHAPTER  XI. 


1>XDMPLETE  CONSTRAINT.     STBAININO  ACTIONS 
ON   MACHINES. 

130.  treliiMmtry  Iietnarht.—ln  tho  motion  of  a  uiiichine  the  relative 
movemGnt^  of  the  several  jwirts  are  completely  tlefincd  hy  the  niiture  of 
tho  machine,  uiul  the  principal  iiction  coiisistg  in  a  tiuusmission  and  con- 
version of  energy.  Hence  it  is  that  thu  pnnciplo  of  work  is  of  such 
importauce  in  all  mechanical  operations  that  it  is  desirable  to  consider 
it  as  au  inilcpLMidcnt  fuiidamcntiil  law  verified  liy  daily  experience. 
Even  in  applied  mechanics,  however,  we  have  somctimet)  to  do  with  set* 
of  hodies,  the  relative  movcmente  of  which  arc  not  completely  defined 
by  tho  constraint  to  which  they  are  suhject,  hut  partly  depend  on  given 
mutual  actions  Iwtween  them.  When  this  is  the  case,  the  principle  of 
work,  thongh  still  «f  grpjit  importance,  is  not  by  itself  BiifBcieot  to 
tlcterminti  the  motiunu. 

Again,  if  we  wish  to  study  the  forces  which  aiise  when  the  direction 
of  a  Ijody's  motion  is  changed,  the  i<rincii>le  of  work  does  not  hclji  us, 
for  no  work  is  done  by  such  forces.  For  example,  the  position  of  the 
arms  of  a  governor,  revolving  at  a  given  s|)God,  vnnnot  Ijo  found,  except, 
I»erhap8,  indirectly,  by  tho  methods  hitherto  employed.  Wo  then  reeort 
to  the  ordinary  laws  connecting  matter  and  motion,  which  form  tho  hasc 
of  the  science  of  mechanics,  and  of  which  the  principle  of  work  itself  it  J 
often  considered  as  a  consC'r|ucnce.  ' 

The  present  chapter  will  bo  duvoted  in  tho  first  place  to  a  luief  sum- 
mary of  elementary  dynamical  principles,  and  afterwards  to  various 
questions  relating  to  machines  and  the  forces  to  which  they  are  auhjocU 

Section  t— Eusmentakv  Principlks  of  DYNAMrtu* 

131.  Jmyulsf  and  Mommium. — The  effect  of  lui  iinbuhinced  force  /*, 
acting  during  a  certain  time  /,  on  a  piece  of  matter,  is  to  generate  a 

*  Tho  lirief  itatement  hore  iniMle  of  prlooijileii  assaiiicd  in  ftobaeqaent  orttclM  of 
thlt  ti'CAtiic  ij  not  latenderi  m  n  Bulniitut«  for  a  tmatiiie  r>n  elcmrntiiry  tlynMnioL 
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velocity  r,  which  is  proportional  to  P  anti  /  directly  and  the  quantity  of 
matter  inversely.  When  the  force  P  is  equal  to  the  weight  /r,  as  in  the 
cEJte  of  a  body  falling  (roely,  the  velority  generated  in  l"  is  known  lobe 
jr,  where  <;  is  a  numher  which  varies  slightly  for  different  (xnitions  on 
the  earth's  surface  (Art.  99),  but  is  prociaely  the  same  for  all  sorts  of 
mtter.     We  may  express  this  by  the  equation 


Pi  = 


/T 


L     nu 

^"  In  this  formula  we  may  take  }V  to  mean  the  weight  of  the  piece  of 
matter  as  compared  with  that  of  u  unit  piece  at  u  given  point  on  the 
earth's  aurface.  As  formerly  sUtod  (Art.  88)  this  is  called  "gravitation 
measure,"  and  has  the  defect  of  giving  ii  varying  unit  of  force,  so  that 
considerations  of  convenience  alone  induce  us  to  employ  it.  If,  instead 
of  measuring  li'  in  units  of  weight,  wo  compare  it  with  the  force  P, 

^_irbich  produces  unit  velocity  in  unit  time,  we  have 

■  /A^  =  />, 

^ihat  18,  the  weight  of  the  unit  piece  of  matter  ir  <j  units  of  force.  Such 
imits  dc(>end  only  on  the  unit  piece  of  matter,  and  are  hence  called 
"absolute"  imite.  For  scientific  purposes,  and  especially  in  electrical 
meuuremeuts,  they  are  nuich  employed. 

Quantity  of  matter  is  called  Mass,  and,  irhon  absolute  measiu^  is  used, 
18  simply  measured  by  comparing  it  with  that  of  a  standard  piece,  for 
example,  in  Rritain,  with  a  certain  piece  of  platiuum  called  a  pound. 
The  unit  of  foire  is  then  that  which  is  necessary  to  produce  in  each 
second  a  velocity  of  1  foot  per  1"  in  this  piece,  a  quantity  for  which  the 
name  "  Poundal  "  was  suggested  by  the  Lite  Professor  Clerk  Maxwell ; 
the  weight  of  a  piece  is  then  y  poundak,  so  that  what  is  called  a  poiind- 
woight  in  the  common  gravitation  measure  is  about  32'2  of  these  units. 
WTien  a))soluto  measure  is  used,  however,  the  Continental  system  of 
uniu  deiwndiug  on  the  m^tre  and  gramme  is  likely  to  bo  vuiiversally 
employed.  No  more  need  be  said  on  this  [loirit,  as  gravitation  measm-e 
is  exclusively  usetl  in  this  treatise. 

Milien  gravitation  mettsiu'c  is  used  the  terra  "miLss"  becomes  simply 
.H  name  for  the  ratio  ffjg  and  varies  according  to  the  place.  If  m  be 
the  mass,  //'  the  weight. 

where  y  is  taken  eipuil  to  322. 
^^    This  explanation  being  premised  we  have 

■  Pi  ^  mv. 

^^  The  product*!  Pi,  me  arc  called  lUPUtiSB  and  MOMENTUM  respectively, 
^^ud  the  equation  may  l>e  written 
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A  unit  of  impulse  is  unit  force  exerted  for  unit  time,  usually  1  lb.  for 
1",  a  quantity  for  which  the  expression  "second-pound"  may  conveniently 
he  \wed.  If  P  he  variahle,  then  impulse  is  calculated  in  the  &ume  way 
as  the  energy  exerted  hy  a  variahle  foree  (Art.  90),  the  abacisftie  o^ 
diagram  now  representing  time  instead  of  space. 

The  body  we  are  considering  raay  have  a  velocity  at  the  commcncem 
of  the  time  t,  and  the  force  may  l>e  jjartially  I>alanced ;  if  so,  r  must  be  under- 
stood to  be  the  r-A<mj«  of  velocity,  and  /*the  unbalanced  partof  the  force. 


etnetn 


»y. 

1 


132.  Cenin/fiffol  Firrce. — So  far,  the  epilation  of  momentuiu  is  analogous 
to  the  equation  of  work,  impulse  representing  the  timo-cfioct  of  force  or 
energy  represents  its  space-elfcet.     There  are,  however,  two  importaotn 
differences.  ^ 

Change  of  kinetic  energy  arises  from  a  change  in  the  magnitude  of 
the  velocity  irrespoctivoly  of  direction,  whereas  change  of  momentum 
must  be  estimated  in  the  direction  of  the  force  producing  it,  and  includes 
change  of  direction.  Hence  the  equation  is  applicable  when  the  direction 
of  the  force  is  porpcndicnlar  to  the  direction  of  motion,  so  that  the  only 
effect  produced  is  change  of  direction.  The  rate  of  change  of  velocity, 
taken  in  the  most  general  sense,  is  called  Acceleration,  and  the  «qUAtid 
of  momentum  may  also  be  written 

where/  is  the  acceleration  estimated  in  the  direction  of  the  force.  By 
taking  the  force  perpendicular  to  the  diicction  of  motion  we  get  the^ 
equation  which  connects  the  curvature  of  the  path  of  u  moving  body  wit4^| 
the  force  H,  which  compels  it  to  deviate  from  the  straight  line,  namely, 

H-—. 

where  r  is  the  velocity  and  r  the  radius  of  the  circle  in  which  it  is  mov- 
ing at  the  instant  coneidorod.     Like  other  forces  this  arises  from  the 
mutual  action  between  two  bodies  :  one  of  these  is  the  moving  body; 
the  other,  the  fixed  body  which  furnishes  the  necessary  constrainU     If 
we  are  thinking  of  the  fixed  body  instead  of  the  mo\'ing  body,  we  call 
the  force  li  the  Centrifugal  Force,  being  the  equal  and  opposite  force 
witli  which  the  moving  body  acts  on  the  body  which  constrains  it.     The 
twoforcos  together  CO  ustltnte  what  wu  have  already  calletl  a  StreB8(Art.  1). 
To  dcteiTninc  a  atre&s  of  this  kind  it  is  necessary  to  refer  the  dfrectioDj 
of  motion  to  some  body  which  we  know  may  be  reganled  as  fixed,  ani 
we  are  not  at  liberty  to  choose  any  body  we  please  for  this  purpiisc, 
in  kinemalical  questions.     What  constitutes  a  fixed  body  is  a  question 
of  abstract  dynamics,  into  which  we  need  not  enter.     For  practical 
purposes  the  earth  is  taken  at,  fixed. 


1). 

i 
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If  a  body  roUte  about  a  fixed  axis  the  centrifugal  forces,  arising  from 
le  motion  of  each  particle,  will  not  balance  one  another  unless  the  axis 
one  of  three  lines,  pasaing  tiirough  the  centre  of  gravity,  which  are 
c&llcd  the  "princi|ml  axeji  of  inortia"  at  that  point.  In  most  cases 
occurring  in  practical  applications  the  position  of  these  lines  can  bo  at 
once  foreseen  as  being  axes  of  symmetry.  This  i»  the  case,  for  example, 
in  homogeucoui}  elhpsoids  and  parallclopipeila  lu  the  common  coue  of 
liomogeneona  solid  of  revolution,  the  axis  of  revohition,  and  any  line 
right  angles  to  it  through  the  centre  of  gravity,  are  principal  axes. 
If  the  axis  of  rotation  be  parallel  to  one  of  these  axes,  but  do  not  pass 
through  the  centre  of  gravity,  the  centrifugal  forceis  reduce  to  a  single 
rce,  which  is  the  same  ad  if  the  whole  mass  were  concentrated  at  the 
intre  of  gravity.  In  all  other  cases  there  is  a  couple  depending  on  the 
ilircctioD  of  the  axis  of  rotation,  as  well  as  the  force  just  mentioned. 
;x.  IG,  p.  267.) 


If 
tb 

w 

i^roiUi 
^■anii 
^ttiidc 


133.  PrindpU  of  Afomentum. — Again,  every  force  arises  from  the 
tUnal  action  between  two  bodies,  consisting  in  an  action  on  one  accom- 
ied  by  an  equal  and  opposite  reaction  on  the  other.  Hence,  if  we 
tindei'stand  by  tlie  total  momentum  of  two  bodies  in  any  direction,  the 
sum  or  the  difference  of  the  momenta  of  each,  according  as  the  bodies 
j  move  in  the  same  or  in  the  opposite  direction,  it  appears  that  the  total 
inomenttim  will  not  be  affected  by  the  mutual  atlion  Ix-tween  the  two. 
^  And  more  generally,  if  there  be  any  number  of  bodies  we  shall  have 
^^^^fe  Total  impulse  exert«d  =  Change  of  total  momentum. 
F  -where,  in  reckoning  the  impulse,  we  arc  to  take  into  account  external 
I  forces  alone,  and  not  the  internal  forces  arising  from  the  mutual  action 
of  the  parts  of  the  set  of  bodies  we  are  considering.  This  equation 
expresses  one  form  of  what  we  ni.iy  rail  the  Principle  of  Momentum ; 
|^j)ther  forms  will  be  explained  hereafter  in  connection  with  rjuestions 
^Belating  to  Huid  motion  (Part  V.). 

^^    The  total  momentum  of  a  nuitiber  of  bodies  may  be  reckoned  by  direct 
^sommation,  with  due  regard  to  sign,  but  it  may  also  be  expressed  in 
s  of  the  velocity  of  the  centre  of  gravity  ;  for,  let  m  be  tho  mass  of 
any  particle  of  the  system,  the  ordinate  of  which,  reckoned  from  a  given 
origin  parallel  to  a  given  line,  is  x;  also,  let  -»;.«  deuott;  the  sum  of  all 
c  separate  prodacta  mx,  for  all  the  particles  of  tho  system,  and  let  ilf 
the  total  mass,  then  we  know  that  the  ordinate  of  the  centre  of 
ivity*  is  given  by  the  formula 

"^^   M- 
*  CftUcd  more  correctly  by  modem  writeni  n\\  mecliAnics  the  "  ccntr*  of  i 
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Let  the  velocity  of  a  [mnicle  parallel  to  the  given  line  be  u,  then 
Zj,  Zp  be  the  onlinateB  at  the  beginning  and  end  of  1'  we  shall  have 

Hence,  if  u  be  the  velocity  of  the  centre  of  gravity  pamUel  to  the  samo 
line, 

.    _    _     Sm(ar,  -  X.)    ^mu 

—«,-».» — k-^-ig-- 

which  liquation  may  bo  written 

Ala  =  :^inu, 
showing  that  the  total  momentum  of  the  system  is  the  same  aa  i 
total  mass  were  concentrated  in  its  centre  of  gravity.  Wo  conclude 
from  this  that  the  motion  of  the  centre  of  gravity  can  only  he  influenced 
by  external  forces  and  not  by  any  action  between  the  parte  of  the 
system. 


134.  InUrmd  and  Exter-nai  Kinetic  Enmji/. — If  we  multiply  the  e<[uar] 
tion  just  obtained  by  2u  and  ivmcmbcr  that  u  being  constant  may 
placed  within  the  sign  of  summation,  we  obtain 

which,  adding  ^mu^  to  each  sido  and  re-arranging  the  Ufrms,  maj^ 
nrritten 

This  is  true  in  whatever  direction  the  velocities  are  estimated,  and  we 
can  therefore  write  down  two  similar  equations  for  the  velocities  in  twol 
directions  at  right  angles  to  the  first.     Now  the  resultant  of  three 
velocities  at  right  angles  is  the  square  root  of  the  sum  of  the  sqnurce  ofj 
the  componenUi,  also  n  -  u  is  the  velocity  parallel  to  x  relatively  to  thd 
centre  of  grH\*ity  ;  hence  if  £^  be  the  resultant  velocity  of  tlio  centre  oH 
gravity,  r,  r  the  velocities  of  any  particle  relatively  to  the  body  regarded 
as  fixed  and  relatively  to  the  centre  of  gravitj-  respectively,  we  have, 
adding  the  three  equations  together,  and  dividing  by  2, 

The  first  term  on  the  left-hand  side  of  this  equation  is  what  the  energy] 
would  be,  if  the  whole  mass  were  concentrated  at  its  centre  of  gravity,] 
a  quantity  which  may  be  described  as  the  External  Energy,  or  otherwise 
ais  the  Energy  of  TransJation  of  the  system.  The  second  term  is  the 
energy  relatively  to  the  centre  of  gravity  considered  as  tixcd,  which  may 
be  called  the  Internal  Energ}-.  The  right-hand  aide  is  the  total  eneiig; 
of  motion,  and  we  see  therefore  that  this  is  the  sum  of  the  iotemat  and 
externa)  euerffeii-     In  the  ease  of  a  single  rigid  body  the  motion  rela- 
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lively  to  the  ceuire  of  gravity  is  always  a  rotation  about  somu  axi»,  aiid 
iherefore 

Energy  of  Motion  =  Energj-  of  Translation  +  Energj'  of  Rotation, 
a  principle  alrentty  empluytid  in  a  preceding  chapter  (p.  195). 

In  the  case  of  a  set  of  rigid  bodies  the  internal  encrg\-  is  the  ^um  of 
he  energies  of  rotation  of  each  together  with  the  inti;mal  energy  of  a 
et  of  particles  of  the  name  mass  occupying  the  centres  of  gravity  of  the 
bodies  and  moving  in  the  same  way. 

135.  Exampioi  of  Jno>mpl€k  Cww/cut/t/.-  In  the  cases  which  occur  in 
pplications  to  machines  and  structures  we  ueually  have  to  consider  two 
bodies  moving  in  straight  Unrs  nnthout  rotation. 

Case  L  Hfcoil  of  a  Cun.^Wheu  a  cannon  is  tired  the  shot  is  pro- 
jected and  the  cannon  recoiltt  with  volocitie«  dependent  on  the  rehitive 
[ireighta  of  the  shot,  the  cannon,  and  the  charge  of  [>owder. 

Here,  the  motion  is  due  to  the  pressure  of  the  gases  generated  by 
be  combustion  of  the  powder  one  way  on  the  shot^  the  other  way  on 
(the  cannon.  If  the  inertia  of  these  gases  could  be  neglected  these 
cs  would  bo  exactly  cfpml  at  cjich  insUint  ami  would  cease  as 
as  the  shot  left  the  bore.  The  impulse  exerted  on  shot  and 
niuion  would  then  be  eqiiul.  In  fact,  the  inertia  of  the  powder  gases 
liuses  the  pressure  to  be  greater  and  to  last  longer  on  the  cannon  than 
on  the  shot,  so  that  the  impulses  on  the  two  arc  not  nearly  e<jual.  For 
the  present  we  shall  neglect  this,  and  shall  further  suppose  that  the 
material  of  both  shot  and  gun  is  sensibly  rigid. 

In  genera],  recoil  is  checked  by  an  appamtiis  caLIe<l  a  "  compressor," 
rhich  supplies  a  gradually  increasing  resistance  to  the  backward  move- 
Tnient  of  the  gun,  while  friction  and  the  resistance  to  rota.tion  of  the 
shot  resist  the  forward  movement  of  the  shot.  Li  the  tirst  instance 
suppose  there  are  no  such  resistances,  let  /'  be  the  velocity  of  recoil 
and  M  the  mass  of  the  gun,  v  the  velocity  and  m  the  mass  of  the  shot ; 
then,  since  the  impulse  exeited  is  the  same  for  tH>th, 

Further,  if  the  weight  of  the  charge  and  the  amount  of  work  1  lb.  of 
it  is  capable  of  doing  be  known,  the  explosion  will  develop  a  detinite 
amount  of  energy  {K)  which  will  be  all  spent  in  giving  motion  to  the 
shot  and  the  caiuion. 

Energy  of  Explosion  ^^MJ'^  +  i[mvK 
\  Here  JS  is  the  sum  of  two  parts— 

M 


^ 


Energy  of  Shot  =  ,-y E, 


Energy  of  Kecoil  = 


M  +  ni 


■E, 
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The  energy  of  recoil  hoe  to  bo  absorbed  by  the  compreesor.  usually  aa 
hydraulic  brake,  which  will  bo  considered  hereafter  (see  Part  V.).  afl 

Case  II.  Collmon  of  resseh. — When  two  vessels  come  into  collision^' 
aa  amount  of  damugo  is  <loDe  depending  on  the  size  and  velooitioB  of 
the  veeaels. 

Here  we  may  suppose  the  vessels  moving  in  given  directions  viii 
given  velocities  ;  let  the  velocities  parallel  to  a  given  line  be  «,,  w^  i 
the  nuuises  m,,  vi^,  then,  as  in  Ait.   133,  the  velocity  of  the  centre 
gravity  parallel  to  the  »ame  line  is 

fflj  +  ffij 
and  therefore  the  velocities  of  the  vessels  relatively  to  their  common 
centre  of  gravity  must  be 

Two  similar  t^i^uutions  may  be  written  down  for  the  velocitje*  in  tl 
direction  at  right  angles  to  the  first.     Square  and  add  corresponding  j 
equations,  multiply  by  Jm^,  ^m,,  and  add  the  pair  of  products,  then 
(Art.  134) 

Interna]  Enerin'^  =  k  .  -_L_l_f^ 

where   V  is  the  velocity  of  either  vessul  relatively   to  the  other, 
quantity  found  immediately  fVom  the  given  velocities  of  the  vessels  b]r| 
meatLS  of  a  triangle  of  velocities. 

The  total  kinetic  energy  of  the  vessels  is  found  by  adding  the  energy 
of  translation.  As,  however,  this  quantity  cannot  be  altered  by  the 
collision,  it  is  clear  that  the  amount  of  work  done  must  depend  on  the 
internal  energy  alone  :  wo  nmy  pro]>erly  cull  It  therefore  the  **  eneT;gy 
of  collision."  If  the  dispkccmcTits  in  tons  of  the  vessels  be  IF^,  Wp 
we  shall  have,  in  foot-tons, 

tjiergy  of  Collision  -  fy\  ^  ■  -^  • 

Ii  is  not^  however,  to  be  supposed  that  the  whole  of  this  ia  uacessarill 
expended  in  dumagc  to  the  vessels ;  if  the  circumstances  of  the  coQina 
be  such  that  the  vessels,  even  though  completely  devoid  of  elasticity,] 
would  have  a  motion  of  rotation  ur  ii  velocity  of  separation  of  theic 
centres  of  gravity,  then  the  correeponding  internal   energy   must  U 
deducted.     Also  the  influence  of  the  water  surrounding  the  veasels  I 
been  left  out  of  account :  this  somewhat  augments  the  affect  by  tncr 
ing  the  virtual  mass  of  the  vessels. 

The  same  formula  may  be  used  for  other  caeee  of  impact,  but  tii4 
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effects  of  impact  depend  so  much  on  the  strength  und  Btiffneu  of  the 
colliding  bodioa  that  the  subject  must !«  postponed  (Ch.  XVL). 

SiBcnoN  II.— Ckntkikihjal  Recji/lators. 

136-  Preliminary  Hemarh. — Centrifugal  forces  may  be  employed  in 
miichines  to  do  the  work  which  is  the  object  of  the  muctiine,  as  in  certain 
drying  machines  where  the  substance  to  be  drie<l  is  caum^l  to  rotate 
with  great  rapidity  so  that  the  fluid  is  expelled  at  the  outer  lircum- 
ference:  or,  partiully,  in  ccntrifu^l  puratw.  More  frequently  they 
sen'o  to  move  a  kiuerautic  chain  connected  with  a  shifting  piece  which 
nguljites  the  speed  of  the  machine.  Such  mechanisms  are  called 
Centrifagal  Regulators  or,  more  briefly,  Goveniorft. 

137.  Simplf  Heiolving  Pnuiulum. — In  } 

Fi^.  112  V  is  a  heavy  pstrticle  attached 
by  a  Btriug  to  a  fixed  point  0  and 
revoUing  in  a  horizont^tl  circle  the 
centre  of  which  is  A'  vertically  Iwlow  0. 
This  will  be  possible  if  the  centrifugal 
force  due  to  the  motion  of  the  particle 
just  balances  the  horizontal  comjwnent 
of  the  tension  of  the  string.  Let  S  be 
that  tension,  fV  the  weight  of  the 
particle,  and  let  the  string  make  an 
angle  6  with  the  vertical,  then  the  horizontal  and  vortical  components 

JSr-5.8in5;   W=S.co6$. 
et  //  bo  the  angular  velocity  of  the  revolving  particle,  then  it  is  shown 
works  on  elementary  dyimmics  that  the  centrifugal  force  is 

fr 

9 
quatiug  these  values  of  X  and  eliminating  S, 

_  9 

Since  QN=  ON.  tan  0,  this  reduces  to  the  simple  fonnula 

which  shows  that  the  vertical  distance  of  Q  below  the  point  of  suspen- 
sion depends  on  the  speed,  not  on  the  length  of  the  string  or  the 
magnitude  of  the  weight. 
This  distance  is  called  the  "  height "  of  the  revohing  pendulum,  and  will 
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be  dunotetl  by  /t.     If  /  bo  the  poriodr  that  ia  the  time  of  a  complete 
revobuion,  wo  find,  since  At  =  2r, 

showing  that  the  period  is  tbe  same  as  ihut  of  ii  double  oscillation 

aimpic  peiKluUim  of  length  A  (see  Art.  103).     The  height  of  a  simple  ^j 

revolving  pendulum  may  often  be  conveniently  adopted  as  a  moasuru  of  ^H 

ft  speed  of  rovohition,  and  will  then  be  8}>okcn  of  as  the  "  height  due  to  ^* 

the  revolutions."    Its  value  in  inchcR  for  n  revolutions  per  minute  i« 

given  by  the  formula 

««A  =  35,232. 

Instead  of  supposing  the  string  attached  to  a  fwint  O  in  the  axis  of  | 
revolution,  we  may  $up|x>so  it  attachc<l  to  a  point  AT,  rigidly  connected 
by  ft  cross-piece  KE,  with  a  revolving  spiiKlle  oy.  The  same  reasoning 
applies,  0  being  now  an  ideal  {X)int,  found  by  prolonging  the  string  to 
meet  the  axis.  The  height  of  the  [tondulum  is  still  ON,  and  is  fotuid 
by  the  same  formula. 


138.  Speed  of  a  Oovernor  to  over(vm^  tfirra  Fridionai  Hesixtnnr^s. 
LottUed  Governors. — In  the  simplest  centrifugal  governors  two  heavy 
balls  are  attached  to  annti,  which  are  jointed  eitlier  directly  to  a 
revolving  spindle,  or  to  the  ends  of  a  cross-piece  attacheil  to  a  spindle. 
Motion  is  communicated  by  links  from  the  anus  tea  piece  sliding  on  the 
spindle,  the  movement  of  which  is  commiuucuted  by  a  train  of  liukwork, 
either  to  a  throttle  valve  directly  controlling  the  supply  of  steam,  or  to  ' 
an  expansion  vulve  which  reflates  the  eut-otf.  In  either  case  an 
iipwanl  movement  of  the  arms  has  the  effect  of  diminishing  the  mean 
effective  pressure,  and  a  downward  movement  of  increasing  it.  Two 
forms  of  this  mechanism  are  shown  in  the  figures  of  Plate  VI. :  in  one 
of  these  (Fig.  1)  the  weight  of  the  sliding  piece  is  increased  by  a  Urge 
additional  weight,  the  governor  is  then  said  to  be  loaded  :  while  in  the 
other  (Fig.  2)  the  arms  cross  each  other,  the  spindle  being  slotted,  or 
the  arms  bent  to  permit  this.  The  object  of  theee  arrangement*  we 
shall  ace  presently. 

If  now  the  speed  of  revolution  be  increased  or  diminished,  the  arms 
move  outwards  or  inwards,  and  bo  adapt  the  mean  effective  pressure  to 
the  work  which  is  being  dotie.  If  there  wore  no  frictional  resistances 
the  smallest  variation  of  speed  would  produce  a  corresponding  motion 
in  the  arms ;  hut,  as  the  Unkwork  mechanism  necessarily  offers  a  certaiD 
resistance,  motion  cainiut  take  place  until  the  change  of  speed  has 
reached  a  certain  magnitude,  Mhich  is  smaller  the  more  sensitive  the  I 
^venior  is.     Those   frictional  rtisistances  are  measured  by  a  certain 
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addition  to,  or  subtraction  from,  the  weight  of  the  aLiding-piece,  which 

might  be  determined  exporimontally,  and  therefore  will  bo  sup^nsod  u 

known  quantity  F.     We  first  investigate  what  change  olBjieod  will  be 

necessary  to  ovcrconio  them. 

In  Fig.  113  AQIi  is  a  triangle  revolving  about  AB^  which  ia  vertical, 

a  heavy  particle  is  placed  at  Q^  and  the  weights  of     a 

the  bars  AQ,  liQ  »re  small  enough  to  be  neglected. 

If  the  triangle  revolve  at  a  apeed  correspondijig  to 

the  height  //A' of  a  simple  revolving  i)endulum  AQ, 

there  will  be  no  stresa  on  BQ,  but  if  it  be  greater  or 
Icua  there  will  be  u  pull  or  tbruHt,  the  magnitude  of 
which  18  detemiinwl  thus : — 
■  Set  up  NO  6i|ual  to  the  height  due  bo  the  revolu- 
tions, and  join  ^0.  Then  it  appears  from  what  was 
said  in  the  last  article  that  if  XO  be  taken  to  represent 
the  weight  W  of  the  particle,  S'Q  will  represent  -V  the  centrifiigal  force, 
and  therefore  the  resultant  force  on  Q  must  be  rejiresented  by  QO. 
Through  0  draw  OZ  parallel  to  BQ,  then  QOH  is  a  triangle  of  forces  for 
the  joint  Q  of  the  triangular  frame  AQB^  30  that  QZ^  OZ  must  represent 
the  stresses  on  AQ,  BQ  respectively.  For  our  puriwaea  we  require  the 
vertical  comi)oncnt  of  the  stress  on  the  link  BQ,  which  is  obtained  by 
drawing  ZL  horizontal :  OL  must  be  the  force  in  rjuestion  which  we  call 
T.  In  the  figure  7* is  an  upward  force,  0  being  below  A,  and  the  speed  of 
revolution  therefore  great  In  this  construction  the  links  need  not  be 
actually  jointed  to  the  spindle  Ali\  they  nuiy,  as  in  the  simple  pendu- 
lum, be  attached  to  the  extremities  of  cross  pieces  fixed  to  AB.  A  and 
B  are  then  ideal  points  of  iutorsectton  of  the  links  with  the  axis  of 
rotation. 

In  general  AQ  and  BQ  are  equidj  wc  may  then  obtaiu  a  simple 
formula  for  T.  Lot  NO  =  h,  a  quantity  given  by  the  same  formula  as 
Wfore  for  a  given  speed,  and  let  AX,  the  actual  height  of  tho  governor, 
be  denoted  by  U,  then  OA  ~  II  -  h;  but  in  the  case  supposed,  OA  = 
261/!*,  therefore 


2T=  W. 


H. 


h     '  fr  A   2T- 

formulw  which  give  the  pull  for  any  speed,  and  conversely  the  speed  for 
which  the  pidl  will  have  a  given  value.  In  practical  applications  there 
are  always  two  halls,  so  that  if  Ifho  the  weight  of  one,  27*  will  Ik*  the 
pull  duo  to  both. 

We  can  now  hnd  within  what  liniiu  uf  Kjieed  the  niochani.sni  can  lie 
in  equilibrium.  Let  ic  be  the  weight  of  the  sliding-piece  B,  inclusive  of 
any  load  which  may  be  added  to  it,  h  the  height  due  to  the  siwed  at 
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which  there  is  no  tendency  to  move  the  arms,  h^^  h^  the  heights  due  to 
the  speeds  at  which  they  are  on  the  point  of  moving  upwards  or  down^ 
wards  respectively,  then 

^  =  ^urZ.  V'  *  =  bJ^, ;  K  =  v  +  ^-r 

u?t  and  then  we  bsva 


^JF  +  w  ■*■  F'      ~      fV  +  w' 
In  general  F  will  be  small  oomparod  with  tV 
very  approximately, 


K— -X- 


*  ^::-. 


/r  +  IT 

These  results  show  that  loading  »l 
governor  gives  it  a  power  of  overcora-i 
ing  frictioiial  resistances,  which  would 
otherwise  require  a  weight  of  ball 
equal  to  the  siun  of  the  load  and  the 
actual  weight.  Light  balls  may  there- 
fore be  used  as  in  the  figure  (IMate 
VI.)  without  sacrificing  power,  as  the 
lead  may  be  madu  great  without  iu- 
conveuience.  The  speed  of  a  loaded 
governor  is  greater  than  that  of  a  rim* 
plo  governor  of  the  same  actual  height, 
as  appears  from  the  formula  for  h.  It 
may  bo  altered  at  pleasure  by  altering 
the  load.  This  arrangement  is  known 
as  Porter's  governor,  from  the  name  • 
the  inventor. 


rH-Zi-l 


139.  ramiion  of  If  eight  of  a  Penda 
turn  UovtTnor  by  a  Change  of  Posiiiuu  i 
the  Arms. — Next  suppose  the  speed  to 
alter  so  much  that  the  arms  actually 
change  their  position,  then  if  £f  re- 
mained the  same,  the  tendency  to  man 
would  also  be  the  same,  and  the  move- 
ment must  tltorcforo  continue  uniil  lite 
speed  is  brought  hack  ivithin  the  limits 
for  which  rest  is  i>o«sibltf.  In  the  or- 
dinary pendulum  governor,  however, 
H  altera  in  a  way  which  depends  on 
the  mode  of  attachment  and  arrangv- 
mont  of  the  arms,  as  will  appear  from 


the  annexed  diagram  (Fig.  lU)  which  shows  three  cases. 
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[n  the  ccDb%  figure  the  arms  aro  jointed  to  the  spindle  so  that 

their  centree  of  rotation  are  in  tho  axis,  in  the  two  otherB  they  are 

jointed  to  a  cross-piece  KK^  hut  ditt'orently  arranged  in  the  two  cases. 

all  three,  as  explained  in  the  preceding  aiticle,  tho  height  //  is 
to  A,  the  real  or  ideal  intersection  of  the  arms  with  the  axis 
ation. 

Suppose  the  arms  to  move  from  position  1  to  position  2  in  the 
^gnre ;  II  diminishes  to  //',  but  the  amount  of  diminution  is  diftercnt 
in  the  three  cases  ;  in  tho  right-hand  figiu'C  it  is  greatest,  and  in  tho 
left-hand  least.  Indeed  in  tho  latter  case  where  the  arms  are  crossed  it 
is  possible,  by  making  A'A'  long  enough,  to  change  the  diminution  into 
an  increase.  (Ex.  4,  p.  266. J  If  then,  by  an  increase  in  the  sjioed, 
tho  arms  move  into  a  new  position,  the  speed  required  for  equilibrium 
doe«  not  remain  the  same  but  increases,  .so  that-,  when  the  adjustment 
has  been  effected  between  the  energy  and  tho  work,  the  speed  is  in- 
crofised,  instnul  of  being  the  same  aa  before.  Conversely,  after  adjust- 
ment to  suit  a  dimimahotl  speed,  the  flpee<l  actually  attainetl  is  dimin- 
ished. Thus  the  eft'ect  of  the  variation  in  H  is  to  widen  the  limits 
within  which  tho  speed  can  vary. 

140.  Parnl/oiic  Goremors. — A  governor  may  he  constructed  in  which 
H  does  not  varj*  at  all. 

In  Fig.  115  Q  is  a  bull  resting  on  a  curve  CC  attached  to  a  vertiwil 
spindle.    'Ilie  curve  lies  in  a  vertical  plane, 
and  0  is  the  lowest  jroint.    Allien  at  rest  the         Fiffiio.       / 
ball  can  only  be  in  equilibrium  at  If,  hut,  if 
tho  spindle  revolve,  it  may  re«t  at  another 
point,  the  position  nf  which  depends  on  the  ^ 
spuLMi  of  revolution.     If  the  ciure  be  a  circle  ^  q  / 
wo  have  only  the  j>endulum  governor  in  a 

RfTerent  form,  for,  drawing  the  normal  (JA 
td  the  pcr[>cndicular  QN,  A  will  he  a  j)oint 
which  Q  might  be  attached  by  a  strijig  and  tho  curve  removcil. 
euce,  AN  must  be  equal  to  h,  the  height  due  to  tho  speed  of  revolution. 
But  if  the  cui-ve  be  not  a  circle  the  same  thing  must  l»e  ti-ue.  only  A  is 
now  not  a  fixed  |X)int;  hence  in  every  case  the  sul^nonnal  AN  of  the 
curve  at  the  point  of  e(|uilibrium  roust  be  equal  to  A.  In  general  this 
geometrical  condition  determines  one,  and  only  one,  position  for  a  given 
speed ;  but  if  tho  ciuttc  1«'  a  [nrabola  with  vertex  at  A  AN  will  Ite 
constant,  and  therefore  Q  will  rest  in  any  (nsition  for  one  partindai* 
8pce<l,  but  for  lower  siweds  will  roll  down  to  Z>,  and  for  higher  speeds 
will  move  upwanls  indefinitely.     We  have  here  a  governor  for  which, 
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neglecting  frictional  resistances,  only  one  speed  is  possible, 
governor  is  said  to  bo  "isochronous." 

Tlie  ciuTe  airangement  is  inconvenient  for  constructive  reasons,  but 
if  it  be  replaced  by  a  linkwork  mechanism  the  hall  still  mores  in  a  pan- 
bola.  An  iflochronons  governor  is  therefore  often  said  to  be  "  parabolic." 
Tbc  term  is  prcfcmhlc,  for  no  governor  is  actually  isochronous  on  account 
of  frictional  resistances.  A  pendulum  governor  is  much  more  uearl] 
pai-abolic  w  hen  the  arms  are  crossed,  and  by  properly  taking  the  lenjr 
of  the  crosa-piecft  (Kx.  4,  p.  266)  it  may  ho  maile  exactly  parabolic  fi 
small  displacements.  This  arrangement  is  called  Farcot's  governor  fi 
the  name  of  the  inventor, 

141-  AVrtW/iVy  (}/  6Ver«ors.^If  the  cun'O  CC  bo  not  a  parabola  ff  ■will 
diminish  or  increase  as  the  ball  Q  moves  outwardb.  Take  the  first  caM 
and  8upix>8e  Q  in  equilibrium  at  a  certain  point  when  the  singed  of  re- 
volution has  a  given  value.  Lot  Q  now  be  moved  up  or  down,  then,  if 
rclcascrl,  it  will  not  n-raain  at  rest,  but  will  return  towitrds  its  original 
position  and  oscillate  alwul  it,  or  in  other  words  the  equilibrium  o(Qis 
stable.  A  governor  possessing  this  pro|jerty  is  described  aa  "stable," 
and  its  stability  is  greater  the  quicker  //  diminishes.  Similarly  when 
li  increases  for  an  outward  movement  of  the  ImUIs  the  governor  is 
"unstable,"  and  a  parabolic  governor  may  properly  bo  deecribetl  a« 
"  noutnJ." 

A  certain  degree  of  stability  is  necessary  for  the  proper  working  of  a 
governor,  and  the  amoiiut  required  is  greater  the  greater  the  friction; 
resistances.  For  assuming  the  revolutions  at  which  the  machine  ia  i: 
tended  to  work  to  be  n,  tho  balls  conimonce  to  move  outward  at  the 
speed  n  +  X,  where  j:  is  a  small  quantity  depending  on  the  frictional  rej 
sistauco.  After  stJirting,  the  frictional  resistances  are  not  increased,  h 
on  tho  contrary  will  eomowhat  diminish  ;  and,  in  a  neutral  govcnior,  t 
balls  therefore  move  outwards  with  increasing  speed  until  by  alteruti 
of  the  regtilating  valve  the  supply  of  energy  is  diminished  and  the  8pced< 
of  tho  machine  lessoned.  This  change  however  requires  time,  and 
beeides  tho  balls  are  in  motion  and  have  to  be  stopped.  The  con- 
sequence  is  that  they  move  outwards  too  far,  and  the  supply  of  enrrgj 
being  too  small  the  revolutions  dimini.Hh  to  h  -  x,  the  speed  neceoury 
to  move  tho  Ixilts  inwards,  notwithstanding  the  frictional  resistaiicft. 
Thua  the  motion  is  unsteady,  the  balls  oscillating,  and  the  speed  fluotii 
aling,  Ixjtweon  limits  vridor  than  a  ±  je  without  ever  settling  down  to 
permanent  regime. 

The  oscillation  of  the  halls  may  be  chocked  by  a  suitable  brake,  but 
it  is  preferable  to  employ  n  governor  poesessing  a  moderate  degree  of 
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stabili^ ;  tho  tondency  to  move  the  biUls  then  diminisbcs  as  soon  as  the 
balls  moro,  and  they  stop  before  moving  fur.  The  greater  the  ftictiona) 
resistances  the  greater  is  the  change  required  to  enable  the  bulls  to  return 
at  once  if  they  have  moved  too  far  for  eqitilihrinm.  An  important 
characteristic  therefore  of  a  good  ccntrifugiil  governor  is  that  tho  stability 
be  capable  of  adjustment  to  suit  the  frictional  rcsiBtaitces.  Certain 
forms  of  compound  governors,  as  for  ex;imple  that  known  as  the  "cosine," 
fulfil  this  condition  and  can,  probably,  be  made  more  perfect  than  the 
simple  pendulimi  governor 

All  such  mechanisma  are  however  imperfect  in  principle,  for  they  can- 
not come  into  operation  till  u  certain  chan;^'e  of  speed  has  actually  existed 
for  a  [Mircoptiblo  length  of  time.  Where  the  changes  of  resistance  are 
sudden  and  violent  the  best  governor  will  scarcely  prevent  violent 
flnctuationa  in  speed.  In  screw  vessels,  where  this  difficulty  is  much 
felt,  it  has  been  proposed  to  employ  an  auxiliary  engine  rotating  against 
a  uniform  resistance ;  any  ditferenec  of  speed  of  which  and  the  screw 
shaft  iramodiately  shifts  the  rcgidating  valve. 

In  the  "cup  governor,"  Invented  by  Dr.  Siemens,*  a  regulator  and  an 
hydraulic  brake  arc  combined.  A  cup  containing  water  rotates  within 
a  cylindrical  casing:  at  low  speetls  the  water  remains  within  the  cup, 
but  as  soon  as  the  speed  exceeds  a  certain  limit  centrifugal  action  causes 
it  to  pour  over  tho  orlge  of  the  cup  into  the  space  Ivetweon  the  cup  and 
the  casing.  A  set  of  vnncs  attachcnl  to  the  cup  rotate  hctween  fixed 
vanes  attached  to  the  casing,  and  break  up  the  descending  water,  which 
re-enters  the  cup  by  an  orifice  in  tbo  bottom.  There  is  then  a  great 
resistance  to  tho  motion  of  the  cup  which  absorbs  surplus  energy.  Some 
other  forms  of  governor  will  be  considered  hereafter. 


^ 


Section  III. — Strainino  Actions  on  the  Parts  of  a  Machine. 

142.  3'ransmmkm  of  SfTfM  in  Maehims. — We  have  seen  {Art  94, 
pi  184)  that  a  mechanism  becomes  n  machine  if  certain  links  are  added 
Mpftble  of  changing  their  form  or  size,  and  so  pro<liicing  forces  which 
tend  to  move  the  mechanism  combined  with  otlier  forces  which  resist 
the  motion.    Each  link  so  addcti  oxcrt«  equal  and  opiwsile  forces  on  the 

^elements  it  connects,  and  for  tho  pair  of  forces  the  general  wonl  "Strcas." 

^Bttiy  be  used,  which  has  heen  alrea<ly  employed  in  Article  I  in  the  case 

^^f  tho  bars  of  a  framework  stnicture. 

I  When  the  miichino  is  at  rest  the  forces,  l>eing  all  in  pairs,  balance 
each  other,  and  have  no  tendency  to  move  the  machine  as  a  whole.  For 
example  in  tho  direct-acting  vertiml  engine  represented  in  P'ig.  1,  Plate 
I.,  p.  108,  the  driving  link  is  the  stciim,  pressing  with  equal  force,  one 
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way  on  the  cylinder  cover,  and  the  other  way  on  the  piston;  the  worldng 
link  is  the  resistance  to  turning  of  the  crank  Bhaft,  which  exerts  equal 
and  opposite  forces,  one  way  on  tho  cmnk,  the  other  w;iy  ou  the  frame 
which  carries  the  craiik-shnil  i>cnrings.  The  steam  prcssnre  and  ihc 
woi'king  resistance  may  each  He  descrihe*!  as  a  "StresR."  The  forces 
which  make  up  the  stress  are  transmitted  from  the  piston  through  the 
connecting  rod  to  the  crank,  and,  in  the  opposite  directioUi  from  the 
cylinder  cover  through  the  frame  to  the  crank  shafL  The  horizontal 
pressure  of  the  cross-head  on  the  guide  Iwrs  is  in  like  manner  balanced  i 
by  the  equal  horizontal  thrust  of  the  connecting  rod  on  tho  cmnk  pin,^| 
combined  with  the  moment  of  the  working  rcsisUiiicc.  ^^ 

St)  in  every  machine,  when  at  rest,  or  moving  slowly  and  stoadily,  the 
stress  is  transmitted  from  tho  driving  pju'r  to  the  working  pair,  not  only 
through  the  moveable  |sirt«  of  the  machine,  hut  in  the  opposite  direc- 
tion, through  the  framing  ;  and  this  is  a  circumstance  which  must  be 
always  bonic  in  mind  in  desigrnng  the  framing.  Thns,  in  our  example,  ,. 
the  steam  cylinder  and  crank-shaft  bearing  must  be  rigidly  connected 
by  a  tramo  strong  enough  to  withstund  the  total  steam  pressure,  and,  in 
addition,  th(^  liending  due  to  the  lateral  pressure  on  the  guide  bars.        ^H 

We  have  here  one  of  tho  simplest  examples  of  the  transmission  tslf'^ 
stress  ;  whether  in  a  machine  or  in  a  stntcture  it  always  takes  place  in 
a  closed  circuit.  ^M 

If  the  driving  pair  and  the  worldng  pair  are  the  same,  and.  acted  oiAH 
by  the  same  stresa,  the  whole  state  of  stress  is  the  same  for  all  the 
mechanisms  which  are  derived  by  inversion  from  tho  same  kineniatii 
chain.     All  such  mechanisms  arc  thoretbro  statically  as  well  as  kin 
muticaUy  identical ;  it  is  only  when  wo  consider  machines  in  motion, 
the  straining  actions  duo  to  gra\'ity,  that  it  is  necessary  to  consid 
which  link  (if  any)  is  fixeil  to  tho  earth.     For  example,  the  only  differ-^ 
enco  between  tho  direct-acting  engine  of  Fig.  1,  and  the  oscillating 
engine  of  Fig.  4,  Plate  I.,  is  that  the  working  pair  is  //./  in  the  first  and 
BC  in  the  second.     So  again,  in  Plato  III.,  the  only  dilTcroncc  between 
the  water  wheel  of  Fig.  2  and  tho  horse  gear  of  Fig.  3  ia  in  the  nat 
of  the  driving  link,  which  in  tho  tirst  case  ia  gravity  acting  ou 
falling  water,  and  in  the  second  a  living  agont. 

A  striking  example  of  the  balance  of  forces  in  a  machine  occurs  in  thfi 
hydraulic   rivctting   machines.      Here   the   working    pair  is  a  siiuU 
hydraulic  cylinder  ami  its  ram,  l>etwei'n  which  the  rivet  is  compMMMd. 
This  cylinder  is  suspended  from  a  crane  by  chains,  and  can  be  movi 
into  any  position,  as  it  communicates  with  tho  accumulator  (I^art  V.) 
a  flexible  pipe.     Any  [wrtablo  machine,  however,  is  an  example  of 
same  kind  :    machines  which  requtro  foumlations  hare   no  complete 
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fixim  the   solid  ground    which   connects   their  parts  to- 


143-  DyMiTnoTUfitrs. — It  Is  often  a  question  of  great  practical  im|X)rt- 
ance  to  determine  by  direct  exjieriment  the  power  which  is  being 
expended  in  dnving  a  uiachine.  IiJ6truiucnt«  for  oQbcting  this  are 
called  Dynamometers  ;  they  are  of  very  variouH  constniction,  and  only  a 
few  simple  caaca  can  be  mentioned  here.  The  most  common  are  those  in 
which  the  instrument  measures  the  d  living  efl'ort,  while  the  speed  is 
independently  determined,  and  the  |iower  thence  obtained,  as  in  Art. 
97,  page  166. 
^L  (1)  In  Fig.  4,  Plate  III.,  a  common  "transmission  dynumumeter"  is 
Vrrepreeented.  A  shall  transmitting  the  power  ia  divided  into  parte,  and 
bevel  wheels  H,  D  attached  to  each.  A  lever  j-i,  turning  aliont  an  aatia 
concentric  with  the  shaft,  has  a  weight  suspended  fron:  it,  which  is 
foimd  by  trial  just  to  balance  the  driving  couple,  ti-ansmitted  through 
H  the  bevel  wheels  C  attached  to  y/  and  geiu'iiig  with  JSJ).  The  whole 
forma  the  tmin  dcacribcd  on  {mgc  137.  Hero  the  driving  couple  is 
measured  in  the  act  of  transmission,  and  the  revolutions  of  the  shaft 
being  knowu  the  power  can  be  found. 

(2)  In  Fig.  I,  Plate  Vll.,  a  "friction  dynamometer"  ts  represented 
in  one  of  the  various  foniis  in  which  it  is  applied,  yf  is  u  lever  from 
which  a  weight  ib  suspended  ;  //  is  a  block  fixed  to  //,  which  renta  on  a 
revolving  drum.  A  strap  passes  below  the  dnim,  and  is  tightened  by 
the  nuts  N,  I^,  till  the  friction  just  balances  the  weight,  which  by  trial 
is  made  to  Iwlance  the  driving  coujile  tending  to  turn  the  shaft     Here 

»tho  drixing  couple  and,  consequently,  the  power  are  determined  as  in 
the  preceding  case,  from  which  it  only  diticrs  in  the  wa}'  in  which  the 
power  is  employed.     Instead  of  being  transmitted  to  the  machiim  it  is 
^^1  absorbed  by  a  friction  brake  which  replaces  it  for  the  lime  behig. 
^HA.  modification  is  shown  iu  ilg.  2,  in  which  the  strap  passDs  over  a 
^^  wheel  and  is  tightened  by  a  suspended  weight,  the  difrcrence  between 
which  and  the  tension  of  a  spring  balance  measures  the  driring  couple. 
{See  Appendix.) 

(3)  In  both  the  preceding  cases  the  driving  effort  and  the  speed  of 
the  driving  pair  arc  constant,  but  In  the  indicator  universally  employed 

>lo  measure  the  power  of  steam  and  other  heat  engines,  we  find  an 
•xample  in  which  both  vary.  The  driving  eflbrt  is  now  measured  for 
each  jXMition  of  the  piston  and  a  cune  drawn  which  reprc5ent«  it ;  the 
area  of  this  curve  will  be  the  work  done  per  stroke,  and  divided  by  the 
length  of  the  stroke  will  give  the  moan  driving  effort  This  will  1>e 
f\irther  exi>luincd  in  Vnri  \. 
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(4)  Instead  of  meaauring  the  effort  and  the  &p«ed  indoi>endently,  a.D 
performing  a  calculaliou  to  obtain  the  jwwer,  an  inBtrumciit  tnaj 
conatnicted  which  iwrlomis  the  operation  aiitomuticnlly.  Such  instru- 
ments arc  called  "integrating  dynamotiiuters,"  or  sometinice  "power 
meters."  Thoy  arc  a  8|>ecial  variety  of  integrating  Apparatus,  on  the 
construction  of  which  the  reader  ie  referred  to  jiajiers  by  Mr.  Boys,  u| 
the  Proceedings  of  Mr  PhysiaU  Suddy,  vols,  iv.,  y. 


144-  SUihUiUj  of  Maehinen.  Balandny.—ht  a  machine  with  rocipi 
eating  parts  the  Ijalance  of  forces  (Art.  143)  is  destroyed  by  their  incrti*' 
when  the  machine  is  in  motion,  and,  in  consequence,  the  machine  must 
be  attached  to  the  eai'th  or  some  massive  slnicture  by  fastenings  of 
sufficient  strength.  The  straining  actions  on  these  fastenings  wiU  noir 
be  briefly  considered. 

Taking  the  ease  of  a  direct-acting  horizontal  steam  engine,  let 
the  total  prcesiu^  of  the  steam  on  the  cylin  ler  cover,  then  ibe  pr 
(/")  transmitted  to  the  crank  )>in  is  not  equal  to  P^  but  there 
difference  (S),  given  by  the  formula  (Art    109    p  212:  see  ako 
13,  p.  220). 

8=P-P'  = 


This  difference  will  be  a  force  acting  on  the  engina  as  a  whole,  ami 
straining  the  fastenings.  The  direction  of  this  force  is  reversed  twice 
every  revolution,  and  it^  maximum  value  is  obtained  by  putting  x=a  in 
the  above  formula.  In  slow-moving  engines  the  value  of  S  is  small,  but 
at  high  piston  speeds  it  becomes  very  groat,  and  most  be  carefully  pro- 
vided against,  especially  when,  as  iu  locomotives,  the  engiim  cannot  be 
attached  to  the  ground. 

In  most  coses  there  are  two  cranks  at  right  angles,  and  therefore  two 
forces  Sf  S  given  by  the  equations 


A'« 


IJ27- 


cos  0;  S"' 


.  ff"^.' 


sin  6, 


tjit  yu 

where  &  is  the  angle  the  tirst  crank  nmkes  with  the  line  of  ccntnw. 
These  two  forces  arc  equivalent  to  a  single  force  (Fig.  1 16), 

acting  midway  between  them,  and  a  couple 

L-(S'-5>:-  ^Zl .  dcoB  »-Bio  &), 
pa 

where  c  is  the  distance  apart  of  the  centre  lines  of  the  oylindera.    The 

total  effect  therefore  is  the  tame  as  that  of  a  single  alternating  force 
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combined  with  nn  altermidng  couple,  whicb  tends  to  turn  the  engine 
as  a  whole  about  a  vertical  axis.     The  maximum  values  are 


Q. 


^^/j,,L,=^jrc^ 


5w    '  ■    "     m 

and  they  are  each  reversed  twice  in  every  revolution. 

-x' 


1 


— .p 


*^.--e 


Piff.n?.  /R 


46  . 
/4fi'"2 


In  locomotives  this  action  proctuLus  dangerous  oscillations  at  high 
luid  must  therefore  bo  couuteracted   by   the  introduction  of 
"mutably  placed  balance  weights,  so  as  to 
_  neutralize  both  the  force  and  the  couple. 

Pig.  117  shows  a  projection  on  a  ver- 
tical plane  of  the  two  driving  wheels 
and  their  cranks.  On  euch  wheel  a 
balance  weight  is  placed,  occupjing  a 
segment  between  two  or  more  8[X)kes. 
The  centre  of  gravity  of  each  weight  is  in 
IR  radius  nearly,  but  not  exactly,  opposite 
the  nearer  crank,  the  anglu  of  inclination 
to  the  bisector  being  an  angle  i  somewhat  less  than  45'.  If  J^  be  the 
f^weight,  r  the  radius  of  the  circle  in  which  its  centre  of  gi-avity  liee, 

lis  its  centrifugal  force ;  and  by  rightly  taking  the  v&Iqob  of  H  and  i  the 
rhorizontal  components  of  these  forces  derivetl  from  the  two  balance 
weights,  znay  be  made  to  counteract  both  the  force  and  the  couple 
(Ex.  10,  p.  266).  In  practice  the  weights  are  fixed  approximately  by 
a  formula  derived  in  this  way,  and  the  final  adjustment  is  iKsrfonnod  by 
trial.  The  engine  is  suspended  by  chains,  and  its  oscillations,  when  per- 
fectly adjusted,  are  very  small  even  at  verj'  high  speeds.  (See 
Appendix.) 

In  high  spocd  marine  engines  similar  forces  arise,  of  great  magnitude, 
'  whioh  miLst  add  considerably  to  the  stmiu  on  the  fastenings,  but  no 
attempt  is  commotdy  made  to  }>alauco  them. 


264 


D^^«AMlos  or  machines. 


[pAht  in 


When  the  8i>eod  of  a  machine  is  oxceasire,  roversal  of  Btre«e  mutt 
avoided  (soo  Ekb.  17,  18,  p.  220),  and  the  greatest  care  is  n 
ihut  the  axis  of  rotation  of  each  rotating  piece  passes  through  its  cent 
of  gravity,  and  coincides  with  one  of  the  axes  of  inertia  of  the  pi 
(Art.  132).     Tho  magnitude  of  the  forces  which  arise,  in  case  of  un; 
error,  may  he  judged  of  from  the  results  of  Exs.  13,  16,  page  267. 
The  vibiutions  due  to  these  forces  will,  however,  in  some  cases  be 
greatest  at  some  particular  speed-^de  [Ending  on  the  natural  period  ofj 
^-ibration  of  the  fmmu  of  the  machine — which  could  only  be  deter- 
mined by  triij.].     (Oh.  XVI.  J 

In  similar  machines  the  forces  due  to  iuertia  will  be  in  a  fixed  p: 
portion  to  the  weight  of  the  pieces,  when  the  revolutions  vary  uiverwl 
as  the  square  root  of  the  linear  dimensions  of  the  machine. 


n 


145.  Stramiut;  .idioHS  on  the  Fmts  of  a  Atadtiite  dw  to  Omr  Inertia 
— Another  importjint  effect  of  the  inertia  of  a  piece  is  to  produce 
straining  actions  U[ion  it^     An   important  example  is  that  of  a  ring 
rotating  ubout  ita  centre :  the  contnfiigal  force  produces  a  tension  on! 
the  ring  which  may  l>c  thus  determined. 

Sujipose  Fig.  \'2\,  p.  278,  to  represent  the  ring.  Let  the  velocity  of  | 
periphery  be  /',  tho  weight  /r,  and  the  radius  r,  thou  the  centrihigall 
force  on  the  small  portion  BB  of  length  z  is 

z    y^ 

Hesolre  this  in   a  given  direction  aud  sum  the  resolved  p&rta,  aa 
the  article  to  which  this  ligure  refers,  theu  the  total  is 

2jn- '  gr        irr'  g' 
The  stress  to  which  this  gives  rise  is  evidently 


^       2irrJ 


yi  yt 

~  =  (r._, 

9  9 


t 


where  A  is  the  sectional  area  of  the  ring  aud  tt  is  the  weight  of  unit 
volume.  The  result  here  obtained  is  of  great  im]K>rtanco ;  it  shows 
that  the  "  centrifugal  tension  "  of  a  revolving  ring  is  indepeudt-ut  of 
the  radius  for  a  given  speed  of  pcriphor}'.  Hence  the  result  also 
applies  to  every  point  of  a  flexible  element,  such  as  a  bolt,  whatever 
bo  the  form  of  the  surfaces  over  which  it  is  stretclied.  In  high-speed 
belts  the  tension  is  considerably  increasetl  by  this  cause,  and  additiDRaEj 
strength  has  to  Im;  provided  (Ex.  12,  p.  267). 

Another  example  uf  the  straining  actions  due  to  inertia  occurs  in 
the  motion  of  a  rod,  the  ends   of   which    describe   given  ciu'vei.l 
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PBbearing  and  beudiog  are  produced,  and  al  high  speeds  the  magnitude 
Sof  the  stress  thus  arising  is  very  great.     Two  common  examples  are 
given  on  luiges  266,  267,  but  the  limits  of  this  work  do  not  pennil 
Qs  to  pursue  the  subject. 

In  similar  machines  the  intensity  of  the  stress  occasioned  by  the 
[Blrnining  actions  wc  are  here  considering  will   bo   the  same  if  the 
evolutions  vary  inversely  as  the  linear  dimensions  of  the  machine. 


146.  Firtiud  AfachinGi, — It  has  already  been  pointed  out  (Art,  94) 
that  a  machine  may  he  regarded  as  a  mccliauisui  with  two  additional 
links  applied  as  straining  links,  or,  what  is  the  same  thing,  a  frame 
with  one  straining  link  (Art.  43).  Further,  as  also  rt-markt'd  in  the 
article  cited,  the  external  forces  on  any  structure  may  he  regarded  as 
a  set  of  straining  links.  It  follows  then  that  if  in  any  framework  or 
otlicr  stnictnro  one  of  its  part.^  suffer  a  change  of  form  or  size  of  any 
kind,  Uie  rest  remaining  rigid,  we  sliall  have  a  machine  in  which  the 
driving  links  exert  a  known  sti'ess  and  the  working  link  is  the  bar  in 
question.  The  principle  of  work  then  enables  us  to  determine  the 
stress  on  the  bar,  for  the  stress  ratio  must  be  the  reciprocal  of  the  velocity 
ratio.  A  machine  thus  formed  may  be  called  a  "  virtual  machine,"  its 
movements  being  only  suppoHed  for  thu  purpose  of  the  calculation, 

tnot  actually  existing.  It  is  especially  in  applying  thi-->  method  that 
ve  tind  in  treatises  on  statics  the  principle  of  work  employed  under 
the  title  *'  principle  of  virtual  velocities." 
We  must  content  our»olveR  with  a  single  example  of  this  method. 
AB  (Fig.  lit*)  is  a  beam  supported  at  the  ends  and  loaded  uuifonuly. 
Imagine  the  beaui  broken  at  K,  and  pif.iia. 

the   pieces   united    by  a    stitf    hinge,      a^..^^^. N ,^^^B 

tlie  friction  of  which  is  exactly  equal        ^ATTTT^TTkTTT* 
to  the   bending   moment  M,    then    if  ^ 

the  hinge  be  sup[)osed  gradually  to  vield  under  the  weight,  so  that  the 
joint  A"  descends  through  the  small  spuce  KN{  =  if), 
Energy  exerted  =  yu>i^AK  +  UK). 

Work  done         =  Jlf(i,  +  »,)  =  ^{^  +  ^-), 

K,  are  tlie  angles  //A",  UK  make  with  the  horizontal. 
Equating  the  two 

^which  gives  tho  known  value  (p.  39), 

Jf  =  \w,AK.BK. 
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Tbe  advantage  of  this  method  is  that  it  leads  directly  to  tlie  re<iuii«d 
result,  without  the  introthiction  of  unknown  quantitiL-s  which  require 
to  be  afterwunls  eliminated. 


BXAMl'LES. 

1.  Id  £s.  1,  p&gO  197,  sQpitoK-  tbc  £ud  to  wcigb  35  toDS,  what  K^lititioBttl  jK»wd«r  i 
bo  rcqutrtid  to  proviilr  for  recoil  T    Atu.  1  lb.  Dcarly. 

2.  Two  vessels  of  (tui)lac«metit«  6,000  and  5,090  totu  kr«  aoring  tt  B  ksoU  uhI  4  knoti ' 
rei|>ective)y.     One  ia  going  north  and  the  other  aoutL-weit ;  ftnd  the  vutrgj  of  ooUitioti. 
Am.  11,700  foot-tona. 

5.  Find  tlie  Ueight  ut  t,  gowruur  revolvbig  at  7&  rcvolutiuiu  i>er  1'.     Aim.  6*34". 
■1.  Tliid  tlio  (limpDiiunn  of  a  Fnroot  governor  to  rcTolTo  at  -10  Tflvotiitioiw  per  1',  vith 

tlto  ftrms  inelined  at  SO'  to  the  vurtlcnl,  nnd  to  be  parabolic  for  ■mall  dia)iU«eiDeiit*. 
Am.  Height  ot  guvornor  -  'Ji'.    Length  of  anns  -  H".     Length  of  oiYPM-ptece  to  whid 
■rma  Kn  attached  -  8^".     More  generally,  if  9  bo  the  inclination,  I  tba  length  <4  I 
artoe,  the  length  of  the  (irora-|i)ece  U  2/ .  eltt^f. 

0.  Ill  a  kicnple  governor  revolving  at  40  revolutiDUii  per  1'  find  the  liiu.'  of  the  hall*  k 
oooaequenoe  of  an  inoteoue  of  speed  to  -11  revolntiona.  Alw  find  tbe  weight  of  ball 
iMoeMar7  to  OFeroome  a  friotioniU  reftintftiico  of  1  lb. .  the  link-work  being  arranged  m 
tltat  tbe  slider  ribes  at  the  urns  rate  on  the  bolU.  An:  Riee  of  balla  =•  1*1".  Welghlof 
each  bnll-  Ti  lbs. 

6.  The  ba1lH  nf  n  governor  weigh  r>  Ibe.  euh  and  It  is  loaded  with  90  Ibt.  Tbe  Hak* 
wetk  in  ftuob  ihat  the  slider  riiw*)  and  faUit  twice  aa  faat  lU  tbe  balli.  Find  th«  bdghkfar 
n  vpee'l  of  200  revolutions  ikt  l',  ami,  if  the  iiiieed  be  altered  2  per  cent.,  find  the  ten- 
dency to  move  the  regulating  apparatus.  How  much  Is  this  tcndo&ey  inn  nasi  il  by  tka 
loading  T  If  tbe  eagiue  is  required  to  work  Mt  three  fourths  its  origUAl  Bp«»e<l.  hj  bov 
niiioh  abonld  the  toad  on  the  goremor  bo  diminuihedt  Am.  Height  -  9"'7.  TvndaiKj- 
2'2  Ibe.  (iuorcascd  11  tuuua). 

7.  A  uoifonn  rod  Is  hinged  to  a  vertical  fi]>ii^illa  and  revolves  at  a  given  Qtunbaref 
revolutiona ;  ftnii  ita  position.    Deduce  the  effect  of  the  weight  of  the  anus  of  a  governor  ^m 
on  its  height.     Ans.  Height  of  rod  -  |  .y/A'.     Height  of  goveraor  is  increased  in  thfl^f 
raliu  1  *  J(i :  1  •  &»  whcrt  »  is  theratloof  tbc  weight  of  the  arm  to  the  weight  of  tbe  hall. 

6,  In  Fx.  G,  p.  120,  tind  the  ratio  in  which  the  bending  moment  at  OBcb  point  >■ 
affeotetl  by  tlio  inertia  of  the  roil. 

Every  puiut  of  the  rod  dceoribea  relatively  to  tbe  engiAe  a  cirde  and  the  ovntrifugil 
foros  ot  any  portion  of  the  rod  -  18'll  timva  tb«  weight.  In  the  lowcit  |K»itioii  tbe  csnSri- 
foglkl  force  acts  with  gravity,  and  so  in  tliis  poaitian  the  heodiog  telion  la  the  sauio  as  it 
the  weight  of  the  raateri*!  of  the  rod  wore  19*0  times  its  true  weight. 

}t.  Iq  a  borUoatal  nMioe  engine  with  two  unnks  at  right  angles  distant  D  feet  fran 
oiie  another,  weight  of  reciprocating  parts  utuchcd  to  each  crank  10  tons,  revolulioos  7Q| 
per  minute,  stroke  4  ftet     Kind  the  altAniating  force  and  oonple  due  to  inertia.     At> 
Alternating  force  -  54*2  tons.     Alternating  couple  -  216'8  foot  tons. 

10.  An  insidu  oylindiT  locomotive  ia  ruiiiiiiig  at  50  milei  i>er  hoar.  Bud  the  alteraatim| 
fono  awl  couplet,    AUo  6nd  the  magnitude  and  {wsltion  of  suitable  balance  weight*,  i 
«BaBMt«r  of  driving  wheels  being  (i  feet,  the  diiitiuicc   betwe«n  centre  Unca  of  eyliudcil 
3*  11",  Btroko  2*,  weight  of  one  piston  and  rods  300  lbs.     Horizontal  distance  apaft  i 
balance  weights  4'  0".     Diameter  of  weight  circle  4'  B".     Atu.  Alternating  force  •  7;E 
lbs.     Alternating  couple  ~  9.H39  fooMbe.     Jt  -  lOCfi  lbs.     i  -  27i*. 

11.  A  fly-wheel  20  feet  dtaiutltir  revulves  st  SO  m volutions  per  1'.    Asatnning  weight  tf 4 
Iran  4A0  lbs.  per  cubic  foot,  find  the  intensity  of  the  stress  on  tbc  tranBverae  aecttoB  d 
tbc  rim,  AMluniiig  it  ujialleoleil  by  tliu  »nnti.     A  «#.  IK)  lbs.  per  sq.  inch. 
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\.  Ic«th«r  belt  runt  mi  2,400  f««t  |>er  V,  tin^  how  much  iu  tension  la  InereaMd  by 
oeutrifugsl  action,  tht  weight  of  lrath«r  bsing  t«ken  u  00  lbs.  per  cubic  foot.  Ant. 
SO'5  Ibi.  per  BfiiiAre  inch. 

13.  If  r  be  tbo  radiuB  of  the  circio  dosoribcxl  by  tlie  centre  of  grarity  of  a  rotating  body. 

tbo  height  ilae  to  the  ruvolutlonn  (i>age  254),  show  that  the  cvntrifugal  tvnu  is 


n-w.  {. 

n 


Obtuo  th«  numerioat  r«»ult  (I)  for  «  wbeol  weiKbiog  100  ibt.  with  oentre  of  gnrity  one 
■Ixleeuth  of  &q  inch  out  of  cecitre,  revolTing  it  1000  revolutions  i»er  minute,  (2)  for  ■ 
pieee  weighing  10  lbs.  r«volviug  at  300  revolutiooi  per  minute  in  a  circle  1  foot  duunetar. 
Am.  (l)1781b«.     (2)  154  Ibk 
Non.— The  forrimLv  of  Art  1+4  can  oil  bo  cxprvaxKl  uioit  dtnply  in  term*  of  ft. 
14.  In  i^HtlQD  S  luppoM  tba  connecting  rod  of  uniforni  tranivene  wstioit,  flnd  how 
much  the  bending  munKint  upon  it  dup  to  itii  weight  t*  inoreiued  by  the  efToct  of  inertiR. 
H«ro  the  bending  motiieui  U  ^rcntvitt  (very  apprunimiiti'ly)  when  the  oraiik  is  lit  right 
angle*  to  the  ooimecting  rod,  and  the  forces  rtue  to  inertia  then  consitit  (alfto  very  kpproxi- 
mately)  of  a  let  of  forcM  periHtKlicular  to  the  rml,  and  varjiiig  a«  the  distance  From  tbe 
croahflad  pin.     At  Die  o-Rok  pin  we  havo  oiiaply  thu  contrifugsl  furee  duo  to  the  re%-olu- 
tiotia  and  lenijth  of  crank.      Thui  tbe  curve  of  loada  ii  a  straight  line  [p.  fil)  whence, 
proceeding  by  the  laetliodji  of  Chap.  HI.,  we  fin<)  for  the  tnaximuiii  moment 

H7      .. 
9v3'  A' 
,        where  I  i%  the  leogth  of  lod,  <i  ibe  length  of  crauk,  h  the  height  due  to  Uie  rcvolutioui. 
^^a  the  numerical  example  the  effect  of  luurtia  ia  about  Sj  timeji  that  uf  the  w«igbt  W. 
^^K    l.*}.  A  body  roUt«a  atfoat  an  axi»  OK,  lyuu  iu  a  prinoipal  plaae  through  its  centre  of 
^^■MTity  O,  and  inclined  to  a  princiiu.1  nx'w  Oi/  at  an  angle  d.     Show  that  the  moment  of 
^^■be  centrifugal  forcea  about  O  ia 

^^•ho 


^K 


AT- 


.  tin  0  .  ooa  tf, 


I        OO. 


ahoir  A  U  the  height  due  to  thu  revolutiona.  and  If,  k  arc  the  radii  of  gyration  about 
^OO,  anil  a  line  through  O,  perjwnilioular  to  OG  ia  the  plane  OOS,  respectively.    Deduce 
t  height  of  a  compound  revolving  jiciiduluni. 

16.  Adiao  rutatc-Babvutan  iixis  thtuui;h  its  ocuti-c  at  1000  revi>luUt>&a  per  minute. 
The  dtao  ia  iutrndr<l  to  be  ]wrp«ndiculat  to  the  Bkis,  but  In  out  uf  truth  by  ^  Jg'''  uf  the 
^^_iydius :  find  theocuttifngal  ooople.  Ans,  If  >'  h«  the  radiua  in  indiea  the  coupla  iu 
^Kel|.llM.ii 

ingn 


U  1 


17.  In  quration  10  find  the  alternate  inareasa  and  diminution  of  the  presauroaf  theilriv- 
ing  wheel  on  the  rail  due  to  the  inertia  of  the  balanoe  weight.     A  n*.  5,UO0  lbs. 

NtniL— This  foroo  of  more  tban  2^  toua  produce*  great  stmiuing  aotlona  oo  both  tbe 
wheel  and  ib«  raiU. 

18.  The  power  of  a  portable  engine  ia  teatcd  by  passing  a  strap  over  the  Uy-whonlt 
whioh  ta  4  feet  6  inches  diameter,  fixing  one  end  ajid  iiia|)«nding  a  weight  frotri  tlie  other. 
Tbo  weight  is  :t00  lbs.,  and  the  tension  of  tbe  died  end  is  found  by  a  apring  balance  to 
be  ISTr  Iba. :  wh«t  ia  the  |>ower  when  running  at  ICOrorolutions  per  minute.  ^ns.7'8U.P. 
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PART  IV.^STIFFNESS  AND  STRENGTH  OF 

t  MATERIALS. 

147.  Jnirodwion/  Jiemarh.  The  straining  actions  which  tend  to 
use  A  body  or  a  stnictiiro  to  separate  into  parts  yi  mid  B  in  the  man- 
ner explained  tn  Part  I.  are  counteracted  by  the  mutual  action  between 
tlie  parts  ai  each  i>oint  of  the  rt-al  or  ideal  surface  which  divides  them. 
In  other  words  (see  Art.  I ),  a  Strkss  oxists  at  each  point  of  the  snrfaco, 
the  elements  of  which  are  A'a  action  on  li  and  ^s  action  on  A.  U  we 
consider  the  total  amount  of  the  stress,  these  elements  each  form  one 
eU'ment  of  the  straining  actions  on  j4  and  B  respectively  ;  but  for  our 
pret^enl  piir))Ose  It  is  needful  to  consider,  not  the  total  amount,  but  the 
JntenBity  of  the  stresB.  This  in  general  varies  from  point  to  point,  and 
at  each  point  is  measured  by  tlic  stress  [>er  unit  of  area  on  any  small 
area  enclosing  the  point 

Either  element  (say  A)  may  be  regarded  either  ns  A's  action  on  ii,  or 

!  as  the  resistauce  whicli  A  oflers  to  the  action  of  By  iu  other  words  stress 
may  be  regarded  in  two  aspects,  eitlier  as  the  cause  tending  to  produce 
Hepuation  into  parts,  or  as  the  resistance  to  such  separation.  It  is 
under  the  Brst  aspect  tliat  we  shall  chiefly  regard  stress,  generally 
employing  the  word  resistance  when  we  wish  to  express  the  second  idea. 
Stress  thou  may  be  de8cribt-<.t  as  the  str^iuing  action  on  the  ultimate 
particles  of  a  body.  Conversely  a  straining  action  as  defined  in  Cfa.  II. 
may  also  be  described  as  the  "  resultant  stress"  on  the  section  we  ore 

^^considering. 

^p  If  the  stress  exceeds  a  certain  limit,  separation  into  parts  occurs,  and 

^^his  limiting  intensity  of  stress  varies  for  different  material  and  measures 

Nthe  Strength  of  the  material. 
I  Accompanying  the  tendency  to  separation  into  parts  we  invariably 
and  changes  of  dimonsiou  in  the  body  and  t^ach  of  its  parts,  for  uo  body 
in  nature  is  absolutely  rigid.  Such  changes  are  called  JjTitAlxs,  and  ore 
'  of  two  kinds,  changes  of  volume  and  changes  of  figure,  or,  in  other 
words,  changes  of  size  and  changes  of  shape.     Changes  of  size  in  any 
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dimension  are  incft«ared  by  the  ratio  of  the  cliauge  to  tb 
diroenRion  cnnsidered  ;  changes  nf  shape  consist  in  the  alteration  of 
relative  angular  [wsitioa  or  distortion  of  the  parts  considered,  and  ai 
measured  by  the  absohite  mitgnitude  of  the  alterations  in  question. 
most  cases  which  concern  ue,  both  kinds  of  change  take  place  together 
and  are  of  exceeding  smnllncsa. 

The  stniiiiH  produced  in  solid  bodies  by  the  action  of  forces  de{>end 
on  the  nature  of  the  material  and  on  the  kind  of  stress. 

Bodic!}  arc  either  solid  or  fluid.     A  fluid  may  be  defined  as  mate 
which  offers  no  resistance  to  change  of  shape,  bnt  only  to  change 
volume,  especially  diminution  of  volume,  so  that  any  distorting  stn 
however  sraall,  will  cause  indefinite  change  of  shape  if  sufficient  time  1 
allowed.     On  the  other  hand  a  solid  body  will  resist  a  distorting  si 
for  an  indefinite  time,  provide*!  that  stress  bo  not  too  great.     In  a  fluid 
body  at  rest  only  one  kind  of  stress  can  exist,  namely,  a  pressure  ei^ual 
in  nil  directions ;  hence  often  called  "  fluid  "  stress. 

There  are  two  extreme  conditions  in  which  a  solid  body  may  o: 
the  Elastic  state  and  the  Plastic  state.     Elasticity  is  the  [wwer  a  Iwd 
possesses  of  retuniing  to  its  original  shape  and  dimentuons  aher  the 
forces  which  have  been  applied  to  it  are  removed.     All  bodies  possen 
this  property  to  a  greater  or  less  extent,  and  most  (perhaps  all)  po68«M 
it  to  a  great  degree  of  jjerfection  if  the  strains  to  which  it  has  been  ex- 
posed are  not  too  great.     Even  so  unlikely  a  material  as  soft,  clay  is 
el'istic  if  the  force  applied  to  it  is  very  small.     This  may  be  shown  by 
suspending  a  long  filament,  formed  by  forcing  clay  through  a  sm 
orifice,  by  one  enrl  and  twisting  the  other,  to  which  an  index  is  attnrheil 
on  release  the  index  rptums  to  its  original   position.*     In  i)erfocli 
elastic  raateri.il  the  recovery  of  size  and  shape  on  removal  of  the  fore 
is  complete,  unless  the  temperature  has  mcanwhilo  varied  :  and  the 
materials  of  construction  may  bo  regarded  as  approximately  satisfying 
this  condition,  provided  a  certain  limit  stress  be  not  overpasaed.     This 
is  called  the  Elastic  Strength  nf  the  material.     It  is  also  descri 
the  "  limit  of  elasticity." 

When,  on  the  other  hand,  the  forces  applied  to  the  body  are 
ativfly  great,  the  material  in  many  cases  approaches  the  otlior 
condition,  the  plastic  state.     In  this  state  any  forces  causing  a  disiortinj 
stress  beyond  a  certain  Hmit,  and  so  applied  that  disruption  does  not' 
occur,  will  produce  indefinite  distortion,  so  that  the  material  behavet 
like  a  fluid.    Thus  soft  clay,  lead,  copper,  or  even  mallcAble  iron  may 

•S«e  Robiaon's  JVffhnttimi  f'kHomphy,  vol.  I.,  pagfr  S75.     ThenriyJual  ntiw-rv 
Uon  ia  Baltl  to  havo  hc«n  inatle  liy  Coultrmh.    Tlioagb  freqaently  i^uoted  it  Horn 
appear  to  har«  b«an  vfriflfd. 


ler      ' 


ART.  147.] 


rNTRODUCTORY  REMARKS. 


273 


be  moulded  into  different  <;ha[ie8  or  drawn  out  into  wire.     In  inte^ 
lie<liaie  cbbcs  a  body  mtiy  exhibit  the  pro[>ertie8  of  the  elastic  and  the 
Stic  sUites  combiued. 

Wc  conimencu  by  studying  matter  in  the  perfectly  elastic  state. 
There  are  two  difTerent  kinds  of  elasticity, — Elasticity  of  Volunn;  and 
Elasticity  of  Fi^pire.  A  Huid  poB8e«»es  the  first  kind  onEy,  since  by 
detinition  it  has  no  power  of  resisting  change  of  shape  :  the  uecond  is 
charHctGristic  of  solidii.  In  general  a  change  of  dinieusious  involves  both 
u  change  of  size  and  a  change  of  shape,  so  that  both  kinds  of  elasticity 
are  calte<l  into  play  together.  In  perfectly  clastic  material  the  strain 
produced  by  a  given  strew  is  always  proportional  to  the  stress,  \mng 
ibund  by  diviiling  tlie  stress  by  a  co-efliciint  or  "  modulus  "  of  elasticity, 
ejwnding  on  the  kind  of  stress  and  the  nature  of  the  material.  Thi« 
I'ropt'ity  having  been  discovered  by  Robert  Hooke  is  known  as  Hooke's 
I*aw.  Fui-thcr,  if  the  stress  be  relaxed  in  the  slightest  degree  the  strain 
diminishes,  that  is,  in  perfectly  elastic  material,  the  elastic  forces  arc 
completely  "  reversible  "  (p.  1 82). 

The  magnitude  of  the  stress  pixxluceil  by  the  action  of  given  forces 
upon  a  body  depends  very  ranch  on  whether  they  are  applied  all  at  once 
or  are  supposed  to  be  at  first  vciy  small  and  graduntly  to  increase  to 
their  actual  amounts.  The  next  fuur  eiiapters  will  be  limited  to  the 
ction  of  a  gradually  applied  toad  on  perlectiy  clastic  material.  The 
Kpcrimcntal  jmrt  of  the  subject  is  placed  in  the  bat  chapter  (Ch. 
XV^Ul.),  but  should  be  inferred  to  constantly  as  re(piired. 


CHAPTER  XII. 

SIMPLE    TENSION,    COMPRESSION,    AND    BKNDINO    OF 
PERFECTLY    EI.ASTIC    MATERIAL. 

Sbct[on  L — Tension  and  Comphbssion. 


«(.!» 


148.  Simple  Totitmu — The  effect  of  forces  acting  on  a  bar  has  i 
been  explained  in  Cha})ter  H.  to  consist  in  the  pi-uduclion  of  certaQ 
straining  actions  which  wc  called  Tension,   Compression,    Uondir 
Sheiiring,  nnd  Twisting,  and  we  now  go  on  to  consider  the  chaDgeaoT 
form  and  size  which  the  h:ir  undergoes  and  the  stress  [irofhiced  at  eaeb 

^}loint  on  the  8U]}]>ositton  that  the  material  of  the  Inr 
IPS  perfectly  elastic- 
Let  AB  (Fig.  1 19)  be  a  bar  subjected  to  the  action 
of  equal  and  opposite  forces  applied  at  thu  ends  in 
the  same  straight  line.  At  any  tranavcrAc  sectio 
KK  there  will  be  a  t«mlency  to  separate  into  m 
jaila  --/,  B,  which  is  counteracted  by  a  mutu 
action  between  the  parts  at  each  point  of  the  sectio 
which,  in  accoixlance  with  our  previous  definition 
is  called  the  Tensile  Stress  at  the  ix)int-  The  total 
amount  of  the  stress  will  be  /* ;  bnl  the  intensity 
will  do[)eud  on  the  area  of  the  section  (jY),  so  thai 
1^1  J  is  the  mean  intensity  of  stress  or  the  streas  jicr 
unit  of  urea.  Tlie  stress  may  be  the  same  at  all 
poJnt«  of  the  section.  Wo  then  say  tt  is  uniformly  distributed,  and  the 
intensity  at  all  tx>)nts  ^-  PiA,  ^m 

In  order  that  the  intensity  of  the  stress  may  be  the  same  at  evei^H 
point  of  every  transverse  section  of  the  bar,  it  is  theoreiicalljf  necessary 
that  the  load  P  should  bo  a]>plie4l  in  a  uniformly  distributed  msiDDer  all 
over  the  end  H.  Then  if  the?  material  is  perfectly  homogeneoos  ncfa 
elementary  portion  of  hili  will  l>c  strained  uliku,  and  the  unifonnl| 
distributed  luiid  at  //  will  bo  balanced  by  a  uniformly  distributetl  at 
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over  any  section  A'A'.  In  such  a  case  the  line  of  action  of  the  resultant 
of  the  applied  load  /'  imssee  ttrough  the  centre  of  gra>nty  or  centre  of 
position  of  the  tranflvcrae  section  A'A'.  Unless  it  does  so  the  equililiniun 
of  the  portion  Kli  ia  not  poraiblr.  by  means  of  a  uniformly  dietributed 
stress  over  the  section.  But  from  oxjierience  it  np[*ear8  that  for 
uniformity  of  stress  it  is  not  absolutely  necessar}'  for  the  load  to  be 
applied  in  this  distributed  manner.  It  may  be  up|)Iiod  for  instance  by 
prosBurc  on  a  i)rojecting  collar ;  and  yet  (/  tfte  Ivie  of  appiirathn  of  the 
toad  irarenrs  the  ventre  of  ffnivity  of  the  secHonal  nreu^  the  muteiial,  if 
homogeneous,  will  so  yield  na  jfradiatil^  to  produce  at  a  section  a  little 
distant  from  the  place  of  application  of  the  load  a  streas  of  uniform 
intensity.  This  is  a  particiUar  case  of  a  principle  which  will  be  further 
referre*!  to  hereafter. 

If  the  applied  luul  is  incfcaecd,  the  stress  on  the  section  is  projwr- 
tionately  increased,  until  at  last  the  material  yields  under  it  and  the  bar 
breaks.  If  H'  ^  breaking  load,  the  corresponding  stress  measured  by 
If'i^-i  is  a  quantity  which  depends  on  the  nature  of  the  material.  If  we 
call  it/,  then  the  breaking  or  ultimate  load  =  .'//. 

Accom|mnying  the  application  of  the  load  producing  a  tensile  stress, 
an  incrcaKc  of  length  and  diminution  of  tnuisvcrse  dimension  is  observed. 
In  metallic  bociies  the  alterations  are  excewlingly  small  if  the  limit  of 

Psticity  is  not  exceeded  (see  Table  H.,  Oh.  XVHL),  and  therefore  in 
inuitiug  the  stress  on  the  section  it  is  not  worth  while  to  take  accoimt 
the  slight  alteration  in  the  urea  of  the  transvei'se  section.  Under  the 
same  lowj  the  change  of  length  is  proportional  to  the  length.  Ifxbe 
the  total  change  of  length,  and  t  the  origiiiid  lenj.'th,  then  the  extension 
per  unit  of  length  i^ 

■ 


On  account  of  the  smallneeB  of  «  it  is  immaterial  uhetfaer  I  is  taken  as 
the  original  or  altered  length  of  a  metallic  bar. 

As  already  stated  (Art  \i7),  it  is  usual  to  restrict  the  word  strain  to 
mean  the  alteration  of  the  dimension  and  form  which  bwlies  undergo 
and  to  use  the  word  stress  when  referring  to  the  elastic  forces  which 
aecomjutny  the  strain.  Thus  «^  is  a  measure  of  the  tensile  strain  pro- 
duced in  the  bur,  whilst  ;;  is  a  measure  of  the  accompanying  tensile 
stress.  Since  by  Hooko's  law  the  extension  of  the  bar  is  proportional 
to  the  force  producing  it,  it  folloM's  that  the  strain  is  proiK>rtional  to  the 
accompanying  stress.  Thus />  and  *•  may  be  connected  by  some  constant 
the  value  of  which  depends  on  the  nature  of  the  material.     We  may 


p  =  Bf, 
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iu  n-faicb  E  is  culled  the  moduIuB  of  elasticity  of  the  iDat«na1,  wliicli,, 
vhen  the  stress  p  is  expressed  in  pounds  per  square  inch,  has  for  wrongfa 
iron  a  value  of  about  28,000,000. 

Putting  for  f  its  value  xji,  we  have  the  general  relation. 


'K-p-t 


The  transverse  strain,  that  is,  the  contraction  per  unit  of  trans 
dimension,  is  from  one  third  to  one  fourth  the  longitudinal  strain. 

140-  ff^ork  done  in  Slretdiing  a  /?*/.— Having  foiutd    the  relatioi 
between  the  tensile  stroas  and  strain,  we  will  now  consitler  how  nv 
work  nmat  he  donn  in  order  to  strotcb  it. 

Let  a  load  of  gradually  increasing  amount  be  applied  to  the  bar,  the 
bar  will  stretch  equal  amounts  for  ei^ual  increments  of  toad: 
or  the  elongatiun  of  the  bar  will  for  all  loads  be  proportio: 
to  tlie  load.    This  m;iy  be  rcprcscntod  giuphically.    Sup] 
I  "'•'*'     the  load  P   produces  the  extension  shown,  greatly  e 

geratod,  by  B^B'  (Fig.  120j,  and  we  sot  off  an  ordinate  IT} 
to  represent  F  on  some  scale,  and  do  that  for  any  nunil 
of  loa<lK,  tJiking,  for  exarajito,  BS  to  re[TPe5ent  P^  which  [iro- 
duces  the  cxteiisirtn  h(,li^x;  then  all  the  {loints  X  will  lie 
on  the  sloping  line  passing  through  B^.  Ua\'ing  done  thia, 
the  area  of  the  triangle  HJ'X  will  represent  the  ijuantity  of  work  done 
on  the  bar  in  stretching  it  the  amount  lif,/i   -  a     Thus 

Work  done  =  ^Px. 
The  energy  thus  exerted  is  stored  up  in  the  stretched  lar,  and  may 
recovered  if  the  bar  is  idlowed  under  a  gradually  diminished  load 
coiitiuct.  In  the  peifettly  elastic  Imr  the  contraction  will  bo  ex; 
the  same  as  the  cxten.siQii,  and  there  will  be  no  loss  of  energy  in 
stretching  it.  In  other  words  the  elastic  forces  are  *'  revorsible."  But 
if  the  elasticity  is  imperfect,  some  of  the  energy  expended  in  stretching 
the  bar  is  emjtloyed  in  producing  molecular  changes,  as  for  exam) 
change  of  temperature.  On  contraction  this  amount  of  energy  will 
be  restored. 

We  can  express  the  work  done  in  stretching  the  bar  otherwise     For 
/'  put  its  value  =  p,!,  and  for  r  its  value  =  pij£.     The  aubBtiUition 
these  values  of  P  and  z  will  give 

Work  done  =  J;,^  .^^  =  ?'  -^^  =  ^  x  J  volume. 

Thus  the  work  require<l  to  produce  a  given  stress  p  is  proportionftl  to 
the  volume,  or,  what  is  the  same  thing,  to  the  weight,  of  the  bar. 
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If  the  stroM  procluctxl  u  increased  up  to  the  elastic  Umit,  or,  as  it  is 
oHoii  called,  the  proof  stress,  so  that  p  =/,  then-y  .  -  ^  "°^°  expresses 


he  greatest  amount  of  work  which  can  bo  done  on,  and  stored  in  the 
bar  without  injuring  it  or  impairing  Ws,  elasticity. 

This  is  callwl  the  re.niieiux  of  the  bar.  The  quantity /*/£',  the  value 
of  which  depends  on  the  imtui'e  of  tho  matcriitl,  is  called  the  vMiulus  of 
rmiunn\  and,  as  we  shall  see  hereafter,  furnishes  a  niciisure  of  the 
reeistance  of  the  material  to  impact  in  those  cases  in  which  the  limits  of 

t elasticity  are  not  exceeded  (Chap.  XVI.)  A  table  of  co-etiicionts  of 
strength  and  elasticity  for  materials  commonly  used  in  construction  will 
[be  found  at  the  end  of  Chapter  XVTII 

150.  7ViiH  PipM  ami  Splieres  ttmltr  Iniermil  Fiu'ul  Pressiirt-.—We  now 
|uiKs  on  to  consider  an  important  case  of  simple  tonsioii :  that  of  a  thin 
cylindrical  shell  subjected  to  iiitenial  Huid  pressiu'e.  A  cylinder  with 
rigid  ends  and  a  sphere  arc  cases  of  a  vessel  luidcr  internal  fluid  pressure 
which  t«nd8  to  prest^rvo  its  form.  The  equilibrium  in  these  two  cases 
is  stable,  for  if  the  vessel  suffers  deformation  the  internal  pressure  tends 
to  make  it  recover  its  original  true  form.  VesseU,  tho  sides  of  which 
lire  flat,  tend,  by  bulging,  to  a.<tsume  these  forms,  and  tho  tendency  must 
be  resisted  by  staying  the  surfaces  in  some  way.  If,  as  generally 
happens,  there  is  acting  also  an  external  lliiid  jiressurc  less  than  the 
internal,  then,  in  what  follows,  the  intensity  of  tho  internal  pressure 
must  be  taken  to  be  the  excess  of  the  internal  over  the  external  pressure. 
Lct^  be  the  intensity  of  tho  fluid  pressure  in  jxjunds  per  yqunre  inch, 
the  diameter,  /  the  thickness  of  the  shell,  and  /  the  lonj^th  of  the 
tinder.  Suppose  in  some  way  that  the  ends  are  maintained  perfectly 
tigid,  and  for  convenience  lot  them  be  flat.  There  are  two  princi|>al 
ways  iu  which  the  strength  of  the  shell  can  be  estimated. 
I  First,  consider  the  tendency  to  tc;ir  asunder  longitudinally,  [wrallol 
'to  tho  axis  of  the  cylinder.  Imagine  the  cylinderdividctl  into  two  pait* 
by  a  plane  [Kiaaing  through  the  iixis  of  the  cylinder.  On  each  half 
cylinder  there  is  a  pressure  P  duo  to  tho  rosidtant  fluid  i>res3ure  on  that 
half  which  tends  to  produce  a  seimration  at  the  section  imagined.  The 
aaparation  is  prevented  by  the  resistance  to  tearing  which  the  metal  of 
the  shell  offers,  calling  into  action  a  uniform  tensile  stress  at  the 
two  sections  made  by  the  imaginary  plane  through  the  axis  of  the 
lindor. 

IjCt  q  =  intensity  of  tensile  stress  produced ;  then  the  area  over  which 
the  stress  acts  being  211,  the  total  resistance  to  tearing  is  ry  x  2//,  which 
must  also  be  the  tendency  to  tear*  /*.     In  a  transverse  aecUow  U.kc:V«Q 
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points  By  if  (Fig.  121)  near  together.     The  aurfoceof  tho  shell,  SB' x 

is  acted  upon  by  a  nomuU 
p  per  unit  of  area.  Tho  presBun 
p .  hh .  I  may  \ie  taken  to  act  in 
radius  drawn  to  the  middle  {wint 
BR,  making  an  angle  0  with  the 
direction  of  the  resultant  force  P. 
The  resolved  |jart  of  this  pressure  in 
the  direction  of  P 

^i^l.BB'.cwe^pl.iVN*, 
NN'  l>eing  the  projection  of  BH  on 
;  tho  plane  of  section.      Summing  up 

the  pressures  on  oU  the  small  arcs  BB",  composing  tho  semicitule,  to 

obtain  the  total  separating  force, 

:.  2ttU=pU, 
or  7-^; 

thus  the  tensile  stress  is  directly  prf>i>ortional   to  the  diamot«r,  and 
inversely  proportional  to  the  thickness  of  tho  cylindrical  shell, 
greatest  accuracy  d  should  be  taken  as  the  mean  of  the  internal 
external  diameters.     The  fomuda  just  obtained  is  true  only  when 
thickncRB  is  small  compared  with  the  diameter.     If  I  is  largo,  the  8tre« 
is  not  luiiform  over  tho  section  ;  the  formula  will  then  give  the  mean 
Btrosa  if  d  be  understood  to  mean  the  internal  dl.imcter. 

We  next  consider  tho  tendency  for  tho  cylinder  to  tear  acro«s  a 
':  ranavcrso  section.  The  total  prossiu-e  on  each  end  of  the  cylindrical 
shell  is  tho  Bei)arating  force,  and  the  resistance  to  sejKinition  is  doe 
the  tensile  stress,  i/  supixtso,  called  into  action  over  the  annular 
ird .  t  of  the  transverse  section. 

This  is  just  half  tho  stress  on  the  longitudinal  section.     If  the 
is  spherical  in  form,  the  stress  produced  on  all  sections  of  tho  spher 
through  the  centiv  is  the  same  as  at  the  truiave»o  section  of  < 
cylinder.     It  should  bo  obeerved  that  wo  have  here  asBumcd  that  th 
transverse  stress  has  no  inlluenco  on  the  resistance  to  longitudinal ' 
ing  (Art.  222),  and  that  the  pre«8urc  on  the  ends  is  not  provided  : 
by  longitudinal  stays. 

The  formula  just  obtained  is  uReil  to  estimate  the  strength  of  a  boild 
which  is  more  or  less  cylindrical ;  but  since  tho  Iniler  ia  made  i 
phties  overlapping  each  other,  connected  together  at  the  edges  by  rii 
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and  since  also  a  line  of  rivets  in  a  longitudinal  soctiou  is  generally  found 
only  for  a  portion  of  the  length  of  the  boiler,  the  question  of  strength 
18  complicated.  But  a  longitudinal  section  through  the  greatest  number 
if  rivet  holes  is  the  w<'iikeat  section,  and  if  for  q  we  write/,  where/  is 
co-efficiont  of  strength  to  l>e  detenuined  from  experience,  the  value  of 
it  depending,  amongst  other  things,  on  the  form  of  joint,  then  the 
formula 

^^P^  be  used  as  a  Bemi-empirical  formula  to  determine  the  greatest 
'  pressure  which  can  be  employed  in  a  given  Ixjiler,  or  the  thickness  of 
metal  reiiuired  to  sustain  a  given  pressure.  The  valtie  of  the  co-otticient 
for  iron  Ixiilers  with  single  rivotted  joints  is  about  4:,U00  Ibe.  per  square 
inch,  or,  when  double  rivetted,  as  is  usiuil  in  large  boilers,  5,500.  With 
steel  the  value  is  about  one-third  greater.  In  large  l>oi]erB  at  high 
pressure  these  values,  however,  have  of  late  been  considerably  exceeded. 
(See  Note.) 


k 


161.  Hfttutrh  on  Tetuion. — The  results  obtained  in  the  present  section 
arc,  strictly  speaking,  only  applicable  when  the  piece  of  material  con- 
sidered is  of  uniform  transverse  section,  but  they  noverthelesa  may  bo 
used  when  the  transverse  section  is  variable,  provided  the  rate  of 
variation  be  not  too  great  and  the  other  conditions  mentioned  arc 
strictly  fulfilled.  The  intensity  of  the  stress  is  then  diffcrt'iit  at 
diflbrent  |mrts  of  the  bar,  varying  inversely  as  the  transverse  section, 
anfl  in  determining  the  elongation  this  must  be  taken  into  account. 

In  many  cases  of  tension  the  offecl  of  tlie  weight  of  the  tie  and  other 
iBtances  introduces  an  additional  stress,  the  amount  of  which  is 
n  imperfectly  known.  This  ia  allowed  for  either  by  making  a  cer- 
tain addition  to  the  theoretical  diameter  or  by  the  use  of  a  factor  of 
safety  adapted  to  the  particular  case.  On  the  other  liand  it  also  often 
happens,  as  in  the  caj^  of  ro]>cs  for  example,  that  the  strength  of  the 
material  is  greater  in  Bmatl  sizes  than  lai^o  ones  for  reasons  connected 
with  the  mode  of  manufucturc. 


I  In  n 

^brcumi 
^^ften  ii 


l&Z  Simple  Comirression. — When  the  forces  appliwl  to  the  ends  of  a 
bar  act  in  a  direction  towards  one  another  the  bar  is  in  a  ^tate  of  cot**- 
fmtgicn.  If  the  bar  is  long  conijiared  with  its  transverse  dimensions,  then 
any  slight  disturbance  from  uniformity  will  cause  it  to  band  sideways 
under  the  compressive  force,  and  we  have  then,  iu4  simple  compression, 
but  rnnipression  corai»ounded  with  bending,  an  important  aisc  to  be  con 
eidepcd  liereafter.     To  obtain  simple  compression  the  ratio  of  lewv^K  Vcj 
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smallest  breadth  should  not  exceed  certain  liniite  which  depend  on  ihe^ 
nature  of  the  mutcrial,  vis.,  cast  iron  5  to  1,  wrought  iron  10  to  1,  eb 
7  to  1.     Further,  it  is  necessary  that  the  material  be  jterfectly  hen 
geneous  and  that  the  line  of  action  of  the  load  ahould  he  in  the  axis  of" 
the  bar.    Then  the  I'eaults  we  have  obtained  for  simple  tension  apply  ui 
this  i:ase  of  simple  compression 

/' 

and  the  strength  of  the  column  is  given  by  P  =  Af,  where  /  is  the  < 
efficient  of  strength.     The  cum]>reiu(i»n  x  which  the  colamn  undei)$oatJ 

is  connected  with  the  stress  by  the  equatiou 


The  modulus  of  elasticity  E  would,  in  a  perfectly  elastic  Ixxly,  be  thai 
same  as  for  tension.  In  actiul  materiak  it  sometimes  api>ear8  to  be  IobsiJ 
but  within  the  elastic  limit  only  slightly  less. 


RXAMPLRS. 

I.  A  rod  of  iran  1  incli  in  •jiamctoi  and  6  feet  long  U  fouiitl  to  sttetcli  ooe  lUtcculb^ 
iDcL  anilcr  k  Io«u1  of  TJ  tons.     Kind  the  intensi^  of  Ktresn  on  the  tnuisvone  Motaoa  muI 
tlio  Dioduliu  of  clnstlcit;  ia  Iba.  uitl  totu  pur  s'lOftre  tnub. 

Streu-2I,S821>M.  -  9-.Vi  toB*- 
Mo-lulus  of  ttlMtlfllty     24.tl31,855  Iba.     lOtiM  1  U>ruk 

3.  WIiMt  wliouM  Im  tlitf  (liiuneterof  the  xtays  of  a  huiWrin  which  th«  preuiire  U  30llaL 
)>er  B]iiHre  inch,  allowing  one  aX».j  to  e&oh  1^  Hi|uarfl  feet  af  aurfae*  uid  A  itrcMof  3,300 
Ibfi.  per  ik(uaro  iiieh  of  section  of  the  IronY    AniL  I^  inoliuo. 

8.  In  KsftiDfle  1  tind  the  work  Htored  up  in  the  rod  in  foDt-i>oufiila.     Am$.  43f. 

4.  If  in  the  lust  i|unti«in  the  rocl  were  originaUy  2'  diameter  ami  half  its  length  •mwt 
tamed  ilown  to  a  diameter  c»f  1  ",  Compare  the  work  stored  in  the  rod  with  the  rMult 
of  the  iireviouB  ([ucetion. 

ItAtlo     g, 
ft.  Id   Kxaniple  1  aMume  the  i;it  en  load  of  7.^  tvui  to  b«  the  proof  load ;   ftnd 
moduliu  of  reoilieneo.     Afu.  18'56  in  inch-lh.  uuits. 

6.  Find  the  thickiieMof  platMof  Bcyllndrioftl  hoilrr  4'^diauieter  toimlaiu  api^Mur* 
of  50lb!i.  per iiquare inch,  taking theoo-ettiolentof  stmiglhof  pUtest4,0IK)lhK.    Ana.  ^\'. 

7.  A  gphorioftl  shell  i'  (llanictor  }"  thick  is  iindcr  internal  fluid  |ire«uinr«  of  1,000  Ola 
per  Bquare  tnob.  Find  the  iuteoaity  of  atrou  on  a  scctiou  of  the  sphere  t^cn  thr^agih 
tfao  ooate*.     Ant,  4H,000  Iba.  per  square  inob. 

8.  Find  the  neceuary  thieknvia  of  a  eop|ior  steam  pt|«  4' diameter  for  a  Mt«ain  piuwuio 
of  100  lb*,  above  the  atmosphere,  the  safe  stress  for  copper  being  taken  ai  1,000  lb*,  per 
Mjuaninch.     A  km.  '2'- 

9.  A  oirotilnr  iron  tank,  diunctvr  IIJ  feet,  with  vcrtiua)  iddes  ^"  thick,  la  llUad  «ii 
iraler  to  a  depth  of  12  feet :  find  the  streM*  on  the  aide*  at  the  bottom.    How  sbonJd 
thicknesa  rarj  for  uniform  atrongth  ihrougbont?    Ant.  I.03-I  IIm.  per  w|uar«  itwJi. 

10.  M'hat  length  of  iron  luspBOsioti  rod  will  juat  carry  it*  own  weight,  the  stnaa 
liiniled  to  4  toua  per  Bi|uare  ineli,  and  what  will  he  the  cxtenaiou  under  this  load? 
2,700  feet. 

II,  The  end  of  a  beam  10 "  broad  nwta  on  a  wall  of  maaonr;  ;  If  it  ho  loaded  with 
tons  what  length  of  bearing  surface  ia  necessary,  the  nafe  orualilug  rtrow  for  tUmw 
ISO  lbs.  pfT  a<iuar«  inch.     Ant.  W. 
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_  12.  Fintl  tbe  flumetet  ut  bearing  imfwio  ftl  the  buM  for  a  oolutnu  nrrying  20  tons,  the 
«tre«i  Allowed  being  u  in  tbt^  UU  queatinn.     A  u».  20"  nearly. 

13.  Obmi>ft.re  the  w«t|i;ht  of  tbe  Bhelt  of  a  oylindrieal  boiler  with  the  weight  of  wator  it 
oontains  when  full.     An$,  Ratio  -  lfi'iV>'/- 

^L  8KCTI0N  II. — ijiupLK  Bending. 

^B    163.   /'ruo/  IhiU  the  Streas  tit  each  Point  varies  m  Ug  l)i^tan€i  from  the 
^^fcutnil  Arifi. — The  nature  of  the  etminirig  iiction  proiluciiig  bending 
^Bm  been  fiufficieiitly  oxpluined  in  the  thirr]  section  of  Chapter  11.,  and 
^Wo  shall  now  consider  the  kind  of  stress  which  rcstUts  on  the  ultimate 
I      iJiuticlc*  of  a  solid  Ixir  of  uniform  tmnsvcree  section  and  of  perfectly 
elastic  niatei*ial.    The  Imr  ia  8U[p])oscd  8ymmetncal  aliout  a  plane  through 
it«  geometrical  axis,  and  the  bending  is  sui>]>ascd  to  tuko  place  in  this 
plane  which  may  he  callcxl  the  Plane  of  Bending.     In  the  first  instance 
the  l)ending  is  sup]K)Scd  to  I>o  "  simple,"  that  is,  it  is  not  combined  with 
shearing  lu  is  most  often  the  ciuie  in  practice,  bnt  is  due  to  a  niiiform 
bending  monieut  (uco  Art.  21).    The  curvatui-e  of  the  beam  is  then  uni- 
form, that  is  to  Bay,  it  is  bent  into  a  circular  arc.     The  investigation 
^consists  of  three  parts. 

^H  l^g.  122  shows  a  longitudinal  section  AB  and  a  transverse  section  LL 
^T,hi-ougli  the  centre  of  iho  beam  ;  by  symmetry  it  follows  that  if  the 
bending  moment  l>e  applied  to  both  ends  in  exactly  the  same  way,  that 
transverse  section,  if  piano  before  bending,  will  be  still  plane  after  bend- 
ing, for  there  ia  no  reason  for  dcviutiuii  in  one  direction  rather  than 
another.  It  will  be  seen  presently  that  if  the  bending  moment  be 
applied  to  the  ends  of  the  beam  in  a  particular  way  all  transverse  sections 
uill  bo  in  the  same  condition,  and  we  may  llierefore  assume  that  not 
only  the  central  section,  but  any  other  sections  A'A'  we  please  to  take, 
will  renuiin  plane  notwithstanding  the  bending  of  thu  beam.  All  such 
sections,  if  produced,  will  meet  in  a  line  the  inter»ection  of  which  by  the 
plane  of  bending  will  be  a  [KJint  0  which  is  the  common  centre  of  the 
■Urcular  arcs  KL,  PI\  A'A',  A:e.,  formed  by  the  intersection  of  tbe  same 
p^hine  with  originally  plane  longitudinal  layers.  I'hoeo  layers  aAcr  bund- 
ing have  a  double  ciu^'aturc,  one  in  the  phine  of  bending,  the  other  in 
the  transverse  plane  ;  the  transverse  bending  however  need  not  be  con- 

f'dcred  at  present,  and  the  transverse  section  of  the  layers  may  >>e  treated 
i  stmight  lines.  Before  Ijending  tbe  hiyors  were  all  of  the  same  length, 
eing  cut  off  by  parullol  planes,  but  now  they  will  vary  in  length  since 
ley  lie  between  jilanes  radiating  from  an  axis  0.  Wc  shall  find  presently 
that  some  layers  mu^t  be  lengthened  and  some  shorteneil,  an  uiter- 
mediate  layer,  AA'  in  the  figure,  being  unaltered  in  length,  lliis  layer 
is  called  the  Neutral  tiurfacc  and  the  tranarerse  section  of  that  layer  SiS 
i«  called  the  Neutral  Axis,  the  hist  expression  being  always  used,  in 
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reference  to  a  imimverg*  section,  wit  a  longitudinal  section.     Let  the 
radius  of  the  neutral  surface  be  R.     The  more  the  beam  is  b«nt,  that  ii 


Fir.18". 


■^ 


■i^  '• 


the  less  R  ia,  the  greater  will  be  the  stress  |»Y>docet1  by  the  bendin 

action  ;  and  tbc  first  step  in  the  investigation  is  to  obtain  the  rclatio 

between  the  stress  produced  iit  any  ptoiiit  of  a  transverse  section  and  i 

radius  of  cun-ature  R.     If  wc  bif^ct  SS  in  N  and  draw  LNL  at  right 

angles  to  SSS,  it  is  iicccRsary  that  the  section  of  the  beam  sbould  be 

symmetrical  on  each  side  of  LNL ;  with  this  restriction  the  section  nirty 

be  any  shaiMt  we  please. 

Now  consider  any  layer  FP  of  the  beam  between  tbc  planes  LL  and] 

KK  which  is  at  the  distance  y  from  the  neutral  surface  NN  or  neutnti 

axis  SNS.     This  layer  will  be  curved  to  a  circle  whose  radius  is  7?  +  y, 

and  it  must  undergo  an  Alteration  of  length  from  A\V  which  it  hadj 

Iwfore   bending,   to  PV  which   it  now   has.     Thus  the   altt'tatinn 

PP-NN 
per  unit  of  length,  that  is,  the  strain  «> — \r\f — »  but 


PP 


NN 


proportional  to  radii   vf^ 


.'.  the  strain  f  = 


PP-NN 
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IF  tbe  layer  we  are  considering  is  taken  below  the  neutral  surface, 
in,  which  will  then  l>e  compression,  will  be  given  hy  the  same 
iression  e  =  y/^,  c  and  ij  both  being  negative. 

Accompanying  the  longitudinal  strain  just  estimated  there  mnst  be 
a  longitudinal  stress  proportional  to  the  strain.  Let;^  be  the  intensity 
of  that  stress,  then 

where  E  is  a  modulus  of  elaaticity.  If  we  Imagine  the  beam  divided 
into  elementary  longiithiinal  bars,  and  if  we  imagine  each  of  those 
bars  independent  of  the  others,  it  will  follow  that  A'  is  the  sjime 
modulus  of  elasticity  as  we  have  previously  employed  in  Section  1. 
of  this  chapter.  This,  however,  implies  that  the  bar  can  fn*ely  con- 
tract and  expanil  laterally  when  stretched  and  comprcRscd,  and  we 
therefore  couKl  not  be  sure  a  piioii  that  the  union  of  the  bars  into  u 
solid  mass  wouM  not  cause  the  value  of  ^  to  he  tlifferent  from  that 
for  simple  stretching,  and  lo  vai-y  for  different  layers  of  the  beam. 
It  will  be  seen  hereafter,  however,  that  there  are  good  reasons  for  the 

umption. 

Accordingly  we  write 


W 


where  K  is  the  urdiuary  (also  called  Vuung's)  modulus  of  elasticity. 
If  y  is  taken  below  the  neutral  axis  tlien^'  is  ucgative^  signifying  that 
tbe  stress  is  now  compressive.  In  perfectly  elastic  material  t]ju  value 
of  £  is  the  same  for  compression  as  for  tension,  and  so,  within  tbe 
limits  of  elasticity,  the  same  equatiuu  will  apply  fur  all  parts  of  the 
transverse  section. 

Thus  the  stress  at  any  point  of  the  transverse  section  of  tlie  bar  is 
>ro|>ortioaal  to  its  distance  from  the  neutral  axis. 


164.  DdermimUion  of  fosition  of  Xeuintl  ./j-w.— The  second  step  in 
liie  investigation  is  to  hnd  the  position  of  the  neutral  axis,  which  may 
be  done  by  dividing  the  beam  into  two  ])ortions,  A  and  ^,  by  a  section 
LL,  and  considering  the  horizontal  oquiHhrium  of  cither  portion,  say  B. 
Tbe  external  forces,  being  vortical,  liuve  no  liorizont4U  component,  and 
we  have  therefore  only  to  take  account  of  the  intenml  molecular  forces 
which  act  at  the  section  LL.  Above  the  neutral  axis  the  action  of 
LA  is  a  tendency  to  pull  B  to  the  left ;  but  below  the  neutral  axis, 
the  tendency  is  to  thrust  B  to  the  right  In  order  that  it  may  remain 
equilibrium,  and  not  move  horizontally,  it  is  necessary  that  tlie 
tal  pull  should  equal  the  total  thrust;  or  tlie  total  horizontal  force 

tbe  section  nmsi  be  zero.     To  estimate  the  horizontal  force,  consider 
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the  force  acting  on  &  thin  stri])  of  the  transverse  section,  of  breadth  h, 
and  thickDcss  t,  distant  //  from  the  neutral  axis.  The  thnut  or  pull 
on  this  elementary  strip  =  p.h  .t. 

Summing  the  forces  on  oJ]  the  strips  composiDg  the  sectional  &rvt, 
we  roust  have 

lp.bt  =  0; 

but  /)  -  SyfH  whore  E  and  H  are  the  same  for  all  strips  of  th» 
soctiou. 

Thai  is  to  say,  the  sum  of  the  products  of  each  elementary  area 
it«  (liatauce  from  the  neutrttl  axis  must  be  zero. 

This  can  he  true  only  if  the  axis  passes  through  the  ceutre  of 
gravity  of  the  section  ;  for  it  is  the  iiame  thing  as  saying  that  the 
mumcut  of  the  area  about  the  noutral  axis  is  to  be  zero. 


155.  DeUmUtiatwfi  of  the  Moment  of  Resisk\ncc.~^^\i&  ihird  and  la 
step   in    the   investigation   tit  to  obtain   the  connection   between  th 
bending  moment  applied,   and   the  stress  which  is  proiluccd  by  iul 
Again,  considering  either  portion,  JL  or  UL,  of  the  beam,  aay  Al^* 
the  external  forces  on   .'/   produce  a  bending  moment  or  couple,  J/, 
which  has  to  be  resisted  by  the  internal  stresses  called  into  action  at 
tho  section  K  \  so  that  the  total  moment  of  these  streuKes   tziust  boj 
equal  to  M.     The  moment  of  the  resisting  stresses,  being  a  couple 
may  be  estimated  about  any  axis  with  the  same  result.     For  couven 
ience  wo  will  estimate  it  about  the  neutral  axis  of  the  section. 

Let  us  again  consider  the  elementary  strip  of  area  U,  distant  y  fron 
neutral  axis,  on  which  the  intensity  of  stress  is/),  the  force,  pull,  or 
thrust,  on  this  strip  being  ;>/>/.     The  moment  of  tlie  force  =  jj.W.y, 
Seeing  that  forces  on  all  elementary  strips,  whether  pull  or  thrust,  alll 
tend  to  turn  the  piece  AL  the  snnie  way,  the  total  moment  of  tb«| 
streeses  will  be  found  by  summing  nil  terms,  yt.  U^,  for  the  whole  i 
of  the  section. 

Since  p=EyjR,  substitute,  and  remember  that  EjH  ia  tho  ume  foi 
all  strips,  then 

In  this  fonnula  the  area  of  each  strip  has  to  be  multiplied  by  the 
square  of  its  distance  from  the  neutral  axis  and  the  sum  of  the  prti- 
ducta  taken.  This,  or  au  analogous  biuu,  is  of  constant  occurreuce  in 
mechanics,  and  has  a  name  assigned  to  it.     ^(y  is  the  simple  moment 
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of  an  are&  sbont  an  axis.  'Sili/'  may  he  called  ihe  momeDt  of  tfao 
Recond  degree,  Init  tho  common  name  is  the  Momnit  of  hfrtia  ;  bc- 
canse  a  similar  aura  (difTfriiij;  only  from  this  in  involving  the  mass) 
occurs  in  dynamics  under  that  name.  To  distinguisli  tbe  two  cases 
areik-iDoincnt  and  mafls-momont,  tbe  fonnep  is  sometimes  called  tli*» 
geometrical  moment  of  inertia. 

Let  /  denote  the  moment  of  incitia,  so  that  I  =  "^01;/^,  the  value 
of  which  for  any  form  of  section  can  he  ohtalued  by  geometry,  then 


3/: 


tbns  connecting  tho  carvatnre  of  the  l«ara  with  the  momtnt  producing 
it.  Having  iireviously  found  jflft^/CjR,  we  can  now  connect  the 
moment  with  tlie  stress  by  writing 

This  pqnation  may  Im*  employed  to  determinp  the  strength  of  a  beam 
to  resist  bending.  The  limit  of  strength  is  reached  when  either  the 
greatest  sdfe  tensile  stres.^  on  one  side  of  tho  neutral  axi»,  or  the 
greatest  safe  compressive  stress  on  the  other  side  of  the  iiciiiral  axis  is 
called  into  action.  Thus  in  the  equation  piy^MjI  we  must  put 
y»=/j,  the  co-efficient  of  strength  iiinler  tension,  or  f=f^  tlio  co- 
efficient of  strength  under  conijiression ;  and  for  //,  either  y,,  the 
distance  of  tho  moRt  remott;  point  on  tho  sti^tched  side,  or  tf.,,  the 
distance  of  the  most  n-mote  point  on  the  compresged  side,  so  that 

The  strength  of  the  bea^Uf  or  maximum  moment  of  resistance  to 
bending,  is  measured  by  the  least  of  these  tjuantitios. 

y,  or  y^  is  readily  determined  from  geometry,  the  fonn  of  the  section 
of  tbe  beam  being  given.  It  may  be  most  conveniently  expressed  as  a 
fraction  of  the  depth  of  the  beam.  Thus  y,  or  y^  tnny  Ix?  put  =  jA, 
where  the  co-efiicient  7  has  different  values.  lu  a  rectangular  section 
'/  =  |i  in  a  triangular  section  5  =  i  or  |,  and  so  on. 

Next  to  express  the  value  of /.  It  will  be  found  that  whatever  be 
tho  form  of  tho  section,  /  may  always  hu  written  =  n.7A-,  J  bring  the 
area  of  the  section  of  the  beam,  h  the  depth  in  the  direction  of  bending; 
and  M  ft  numerical  co-efficient,  the  value  of  which  depends  on  the  form 
of  tho  section. 

For  a  rectangular  section, 

n  =  -^a,  so  that  /  =  -^jAh^ 
„      elliptical  or  circidar    „ 


«=iV 


I-^\Ah\ 
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For  a  triangular^ 

ti  -  ^,  so  that  I^-^jjAU', 
and  so  on. 
TUi^reforc  assuming  q  and  n  known,  we  can  write 

M=Liyih''^f.Ak, 

a  formula  which  shows  that  for  sections  in  which  n/q  is  the  same,  i\» 
moment  of  resistance  to  bending  is  proportional  to  the  pi-odnct  of  tbr 
area  and  depth  of  the  beam.  .ScctioD?  with  the  same  u  and  q  are  said 
to  be  of  the  sovtf  type.    They  arc  often,  but  not  correctly,  said  to  b« 

In  estimating  the  numerical  value  of  M,  care  must  he  takeia  with 
the  units.     It  is  generally  advisable  to  use  the  inch  unit  throughout, 

166.  Rtifvtrl's  on  Theory  of  Bending. — In  the  foregoing  thcorj*  <»f 
simple  bending  it  is  supposed 

(1)  That  the  bar  is  homogeneous  and  of  uniform  transverse  aection 
and  |«;rfectly  eliistic ; 

(2)  That  sections  plane  before  bending  are  plane  afUr  bending,  fi>r 
which  it  is  theoretically  necessary  that  the  bending  moment  should  U* 
uniform,  and  u)>]>1ictl  at  the  ends  of  the  Iwir  in  ii  particular  way; 

(3)  That  longitudinal  layers  of  the  beam  expand  and  contract  latcrully 
in  the  same  way,  as  if  they  were  disconnected  from  each  other  (see 
208). 

These  as8um])tinns  are  not  obvious  a  priori,  and  rc<inire  justiticatioi 
whicli  at  the  present  st^ge  of  the  subject  ive  are  not  in  position  to  gi 
for  the  present  it  may  Ije  stated  tliat  if  the  material  be  homogeii' 
and  perfectly  elastic,  the  equations  hold  good  even  though  the  tmn»* 
verse  sections  and  the  ain'ature  vary  and  however  the  bending  moment 
iK  apph'ed.     The  sirm</th  of  the  material,  however,  is  not  gcnemlly  t] 
name,  as  if  the  layers  were  diflconnected,  and  eo  offirient-s  of  stron; 
re<|uire  therefore  to  bo  determined  by  H|>ecial  exjieriment  on  tram 
strength  (Art.  217). 

157.  CalcnJaiion  of  MomenU  of  Inertia. — We  have  frequently  to  d«aJ 
with  beams  of  complex  section,  in  which  caac  to  determine  /  it  is  con 
vunicnt  to  divide  the  section  up  into  simple  areas,  the  1  of  each 
which  is  known,  and  the  total  moment  of  inertia  of  the  section  will 
the  sum  of  these  fe.     In  employing  this  process  wo  require  to  knof 
the  relation  Iwtween  the  moments  of  inertia  of  an  area  about  two  axfl 
luirallcl  to  one  another,  one  l>eing  the  neutral  axis.     We  make 
of  a  goncnd  theorem  which  may  he  thus  provwl. 
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^P     Let  j4  be  an  area  of  which  we  know  the  moment  of  inertia  about 
the  neutral  axis,  SS  (Fig.  123),  and  we  re<^uire  to  know  the  moment  of 
inortiu  about  any  parallel  axis,  A'.V,  distant  y^  from 
SS.     Dividing  the  area  into  strips  of  bre:ulth  A,  and 
tbickuess  /. 

I  Momont  of  Inertia  required  /  =  Si> .  / .  (y + ^p)*. 

I  =  :ibif  +  2y^W .  y  +  y^^rft .  (. 

Now  ^(v2  =  moment  of  inertia  about  neutral  axis, 
^6/ .  .V  «  0,  because  the  neutnd  axis  [msseti  through      -Ji t ^ 

'      the  centre  of  granty  of  the  bocIiou,  and  -ht  -  Area  A. 

P  The  moment  of  inertia  of  an  area  alwjut  any  axis  is,  therefore,  detor- 
minod  by  adding  to  the  momont  of  inertia  of  the  area  about  a  parallel 
axis  through  the  centre  of  giavity  thepixxluctof  the  area  into  the  square 
of  the  distance  between  the  two  axes. 

I  This  theorem,  together  with   previously  quoted  values  of  /„,  will 

enable  us  to  determine  the  following  results,  which  will  be  useful  in 
application  to  beams — 

Rectangle  about  its  base,  . .  /=  J-4y-, 

W         Triangle        „  /-^y^. 

^1         Triangle  :d>out  a  purallol  to  its  l»ase  through  vertex,  /=  i-^y^' 

^1     Many  other  forms  will  divide  up  into  rectangles  or  triangles,  or  both ; 

^^for  example,  the  moment  of  Inertia  of  a  trapezoid  about  the  neutral  axis 
may  Ije  readily  determined  by  taking,  for  the  area  above  the  neutral  axis, 
the  /  for  a  rectangle  about  one  end,  and  triangles  about  the  base.  For 
the  area  lielnw,  a  rectangle  about  one  end  and  triangles  about  the  vertex, 
and  add  the  results. 

158.  Seams  vf  /  <S>/i«m  urith  uptal  Flantjeji. —The  case  of  a  beam  of  ] 
section  is  very  important 

First,  supiKise  the  Hanges  of  etjual  breadth  and  thickness,  and  the 

web  of  unifomi  thickness  h\  the  depth  bein*;       h^ 

t{,  b  being  the  brcailth  of  the  flange,  and  A  thr 
whole  depth  of  the  beanu     The  moment  of 
inertia  of  the  section  may  be  t^ikeri   as  the  f'S'^^*! 
difference  of  the  momenta  of  inertia  of  two 
rectangles  (see  Fig.  124). 

This  is  the  accurate  value  of  /,  and  when  the  flanges  are  thick  this  ex 
pression  for  /  must  bo  used ;  but  If  the  flanges  are  thin  comparml  with 
the  depth,  a  vcr}*  close  approximation  can  be  obUiinetl  with  less  trouble 
by  supposing  each  flange  to  he  concentrated  in  its  centre  line,  and  taking 


::^-^' 
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for  tbe  depth  of  the  boam  the  distance  Ag  to  the  centro  of  flongM. 
If  y/  =  area  of  each  flange  and  6'— area  of  web, 

"■<  A  2         A  "^  h  2/         0\ 

thcM.  y  =  ./V  +  ./^  +^cv-^(^  +  ^) 

Putting  p  =/  and  t/  ~  iA^,  in  tho  formula  "  -  -tj 

Since  tho  totiii  aren  of  the  Hanges  is  2.'/  it  upivjiirs  thut,  area  for  area,  the 
web  1ms  only  one-third  the  resistance  tfl  l)ending  of  ihe  flange*. 

We  previonsly  deducwl  an  upproximato  cxjireagion  for  the  strength 
of  an  I  l>cani,  viz., 

M^Wi  =fhA  (see  Art.  27). 
in  which  the  effect  of  tho  web  in  reGisting  bonding  vras  neglected,  the  j 
whole  of  the  Imnding  ucticin  being  supposed  to  be  taken  by  the  flanges. 
The  present  fonnula  shows  the  amount  of  the  un'or  irivolvei]  in  that  i 
assumption.  In  using  this  approximation  when  h  the  ofToctiTe  depth  isj 
reckoned  from  centre  to  centre  of  the  Hangea,  two  errors  are  made,  one' 
in  supposing  tbu  resistance  to  l>erKling  of  tho  web  neglected,  and  the  ] 
other,  often  much  greater,  in  8up|>oeing  the  mean  stress  on  the  flange] 
eqnal  to  the  maximum,  hence  it  is  better  to  take  for  the  efl'ecdve  depth 

A" 
where  K  is  the  outside  depth  and  /<g  the  depth  from  centre  lo  centre  < 
flanges. 

159.  /?a/i*» '[/"  D^pth  to  Span  in  T  Beams. — The  formula  Just  obtaine 
for  tho  mciment  of  resistance  of  a  boam  of  1  section  shows  that  thai 
greater  the  depth  of  the  beam  and  the  thinner  the  web  tho  stronger  will 
the  I>eam  be  for  the  same  weight  of  material,  or  in  other  wonts  that  the 
best  distribution  of  material  is  uk  fur  away  from  t)ic  neutral  axis  as 
possible.  The  pi-actical  limitation  to  this  is  that  a  certain  thickness  o^fl 
web  is  necessary  to  bold  the  flanges  together  and  give  sufBcicnt  power 
of  resistance  to  lateral  forces  and  to  the  direct  action  of  any  part  of  the 
load  which  may  rest  on  the  upper  flange.  Hence  the  weight  of  web 
nipidly  increases  as  the  depth  increases,  and  a  cerUiin  ratio  of  depth  to 
Hpiin  is  best  as  regards  economy  of  material  (see  Kx.  17,  {nge  30fi). 
This  is  C8|>ecially  important  in  large  girders  in  which  economy  of 
material  is  the  primary  consideration.  In  smallor  beams  the  proper 
ratio  of  depth  U>  span  is  generally  in  great  measure  a  iiuestJon  of  stifl*- 
nesa,  a  part  of  the  subject  to  be  coniridered  in  Chapter  XltL     Th4 
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moment  of  resistance  of  1  sections  of  practical  proportions  is  goacrally 
about  double  tbat  of  a  rectangular  section  of  eqim!  area.  The  straining 
ictions  on  the  web  will  be  coiuiderod  in  Ch.  XV. 


160.  Proporthiu  of  I  Btams/or  Bqnal  Strength. — Materials  in  general 
are  not  equally  strong  under  tension  and  compreseioii,  »u  that  a  l^eam 
whose  section  is  Hymnictrical  al)ove  and  below  t  ho  neutral  jixik  will  yield 
on  one  aide  before  the  material  on  the  other  side  of  the  neutral  axix  has 
reached  its  limiting  stress.  Accordingly  we  might  obtain  a  more 
economical  distribution  of  material  if  we  were  to  take  some  from  the 
stronger  side  und  put  it  on  the  wenkor,  so  that  the  limiting  tensile  on 
one  side  and  the  limiting  compressive  stress  on  the  other  may  be  pro- 
duced simultaneously.  The  section  of  the  beam  will  bo  difl'eront  above 
and  below  the  neutral  axis,  which  will  uot  now  l»e  at  the  centre  of  depth 
of  tho  beam,  but  in  such  a  jxisition  that  the  distances  to  the  top  and 
bottom  of  the  beam  arc  in  the  jiroportion  of  tho  greatest  allowed  stresses 
to  one  another.  The  neutral  axis  in  all  cases  must  pass  thi-ough  the 
centre  of  granty  of  the  section. 

L*t  /ai  /*  ^  the  co-efficients  of  strength  under  compression  and 
tension  respectively,  y^,  y,  distances  of  the  most  strained  layer  froni 

Etral  axis,  then  tho  beam  will  be  strongest  when 
'or  simplicity  of  calculation  we  will  consider  a  beam  ^ Fig.  125)  in 
which  the  web  is  of  uniform  thickness  thi-ough- 
out  the  depth,  and  so  of  rectaugidar  section, 
and  each  flange  idso  of  rectangular  section, 
and  dotormiue  tho  relation  which  should  hold 
Iwtween  the  areas  of  flanges  and  web  for  maxi- 
mum strength   of  bejim,  and   the  moment  of 
resistance  to  bending  where  this  condition  is 
satiefied.     We  ivill  fiulher  sup)x)8e  each  flange  to  bo  concenirato<l  in  it« 
centre  line. 

Let  A  ^area  of  coniiiressotl  flange.  U  =  area  of  stretched  flange,  C'  = 
area  of  web.  >Since  the  nentml  axis  is  at  the  rcntro  of  granty  of  the 
section,  we  obtain,  by  tuking  moments  abvut  that  axis, 

or,  substituting  the  previously  given  values  of  j)ij  and  y*, 


Ah^C 


^h'h 


^BU 


Supposing/,  and  J,  known.  A,  B,  and  C  must  be  such  as  to  satisfy  tbia 

T 
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relation.     We  have  some  Hlierty  of  choice  between  these  quantitiw,  tnd 
frequently  find  one  of  the  flanges  omitted,  bo  producinj:  n  beam  of  T( 
_j_  acrtinn. 

Til  u  cast-iron  beara»  where  the  re^istonce  to  compreBSion  is  greats 
than  for  tension,  the  compresBcd  flange  A  may  be  omitted. 

y/  =  Ovre  getC=,-^V  ^'  »"^  8uppoPing-J-'  =  i;  (^  =  \B,  or  B=\\i 

In  »  wroui;ht-iron  beam  on  the  olher  hand  /j//*  is  aboat  ,.  and  tJw 
Btretched  flange  li  is  the  nreii  to  1>e  omitted.    Putting  5  =  0,  we  6iid^ 

Otherwise  we  may  assume  the  depth  and  thickness  of  the  web  to 
given  (Art.  159),  then  the  equation 

Ah^oJ^=Bfu 

fbrniflfaes  a  relation  between  the  areas  of  the  flanges.     For  example,  i 
cast  iron,  if  we  assume  /,  =  4/^  we  find 

Having  decided  on  the  proportions  between  the  ports  of  the  sectia 
we  can  now  cakiitate  the  moments  of  inertia  and  resistance.     Still 
sidering  the  flanges  concentrated  in  their  centre  lines, 

a  result  which  admits  of  ready  calculation.     Further 
whence  we  obtain 

^= a. +/.)(• 

The  calculation  just  now  made  is  one  which  has  been  frequently  gjiva 
in  dealing  vith  beams  of  I  section,^  hut  in  applying  it  to  ftctOftl 
examples  it  should  be  remembered  that  the  results  are  obtained  on  tiie 
supposition  that  the  flunges  ure  concentrated  in  their  centre  lines,  and 
are  consequently  only  approximate  when  the  co-efficients /j, /a  mean 
the  intcnsiticB  of  the  stTCRS  at  those  centre  lines,  not  at  the  surface  of 
the  beam  whore  the  stress  is  gruatost.  If,  for  example,  Fj  be  the 
maximum  stress  on  the  flange  A 

F  «/    ^AlM* 
9a 
*  S«e  Rnnkint-'x  Oii'U  Emgi-Mtrimg,  page  Sft?* 
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where  /^  is  tbe  thickness  of  the  flange.  The  difforonce  is  especially 
great  in  the  cose  of  the  larger  flange  of  cast-iron  beums,  and  the  true 
ratio  of  niaxiinum  compressive  and  tenRile  stresn  is  lauch  le^H  than  it 
ttjipears  iu  the  preceding  article.  On  the  other  hiuid,  in  extreme  i-asea, 
such  as  we  are  now  uousidering,  the  ittrefw  raay  not  be  uniformly  dis- 
tributed along  a  line  jNirallel  to  the  neiitntl  axis. 

Kxtonsire  experiment*  were  made  on  cjiat^iron  beams  by  Hodglrinsori, 
tn'th  the  object  of  determining  the  best  ]iro|>ortion8  between  the  tlangea, 
with  the  result  th^t  rupture  always  took  place  by  tearing  asunder  of 
the  lower  flange,  ludess  it  was  at  lea«t  six  times  the  size  of  the  com- 
pre88<'<l  R;iiige.  This  jiroivortion  is  rarely  ndoi)ted  in  pnieticp,  fi-om  the 
difliculticH  of  obtaining  a  sound  cafitiiig,  and  tbu  necessity  of  having 
sufficient  lateral  strength.  Nor  is  it  certain  that  the  proportions  which 
are  best  for  resisting  the  ultimate  load  are  also  best  in  the  case  of  the 
working  loud ;  it  is,  in  fact,  probable  tbut  a  smaller  proportion  is 
better  evou  on  the  score  of  strength.     If  we  take  /^  =  2A/„  instead  of 

which  agrees  more  closely  with  practice.  The  ratio  of  maximum  com- 
pressive and  tjiiisile  strength  is  in  this  caso  aliout  2,  wbieb,  according 
(p  •ome  authorities,  is  the  ratio  of  flojUie  strengths  in  the  two  ca-ies. 
In  wrought-iron  beams  the  areas  of  the  flanges  are  usually  ef^nal,  and 
is  correct  if  the  elastic  strength,  and  not  the  ultimate  strength,  is 
regarded  as  flxing  the  proper  pro]M>rtton8,  and  if  there  ho  sufliciont 
provision  against  the  yielding  of  the  top  ilnngc  by  lateral  flexure. 
Small-sized  l)eamR  of  this  kind  are  rolled  in  one  piece,  wliile  large 
girders  are  constructed  of  iron  or  steel  plates  and  angle  irons, 
rivctted  together.     Some  of  the  forms  they  assume  are  shown  in  Plate 

viii..  ch.  xvin. 

In  making  ealculations  res]Kcting  girders,  approximate  methods  may 
be  used  for  preliminary  tentative  calculations,  hut  should  I>c  checked  by 
a  subsequent  accurate  determination  of  the  neutral  axis  and  moment  of 
inertia.  A  previous  reduction  of  the  section  to  an  ci^uivalont  solid 
section  is  nxjuirefi  when,  as  is  often  the  case,  all  \invis  of  the  sfction  do 
not  offer  the  same  elastic  resistance  to  the  stress  app]ic<l  to  thoni,  either 
because  they  ore  not  suSiciently  rigidly  connected  or  from  the  material 
being  different.  This  is  eRpecially  the  case  in  determining  the  reslstanoo 
the  longitudinal  l»cndingot'a  vessel  occasione<l  by  the  unequal  distri- 
[tion  of  weight  and  buoyaucy  already  considered  in  Chapter  III.  On 
is  imjwrtant  question  the  reader  is  referred  to  a  treatise  on  Naval 
chitecturo  by  Mr.  W.  H.  White.  In  many  cases  of  built-up  girderp 
le  shearing  action  which  generally  exists  has  considerable  iniluervcei  * 
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matter  for  subaequent  consideration  (Ch.  XV.).  The  effect  of  the  weight 
of  the  girder  itself  has  Iwen  considered  in  Ch.  IV.  (See  also  Ex.  13,  pi 
294,  and  Ex.  11,  p.  338.) 


161.  Beams  <*/  Uniform  Slrmgih. — A  beam  of  aniform  streogtfa  is  OM 
in  wliicb  the  maximnm  stress  is  the  siuiio  on  uU  sections.  For  becai 
of  the  same  transverse  section  throughout  thi»  can  rtnly  be  the  caM 
when  the  bending  moment  is  uniform,  but,  by  proi>erly  var>-ing  th« 
section,  it  is  possible  to  satisfy  the  condition  however  the  bending 
moment  vary.     For  this  purpose  we  liave  only  to  consider  the  equaiion 

M^f.'t.Ah, 
9 

whicii  must  now  be  satisfied  at  nil  sections.     Suppose 

v/  =  m, 

where  jb  is  a  numerical  factor  de[>endiiig  ou  the  type  of  soction,  then 

All  sections  of  the  beam  being  supposed  of  the  same  type  we  bftre  on 
to  moke  Ah  or  hh^  vary  as  ^f,  that  is  as  the  urdinates  of  the  curve  { 
bending  raotnentfi.     The  principal  cases  arc — 

(1)  Depth  uniform.  Here  the  hrcjidth  must  vary  as  the  l>eDdia 
moment,  whence  it  is  clear  that  the  ettrve  of  momenta  may  be  taken  i 
representing  the  half  plan  of  the  beam. 

(2)  Sectional  Area  uniform.     Here  the  depth  must  vary  as  the  ben 
ing  moment,  that  is,  the  curve  of  moments  may  be  taken  to  represent 
the  elevation  or  half  elevation  of  tlie  beam. 

(3)  Breadth  uniform.  Here  the  elevation  or  half  elevation  of  the 
beam  mu&t  be  a  curve,  the  co-ordiuates  of  which  are  the  square  roots  of 
the  co-ordinates  of  the  curve  of  moments. 

(4)  Ratio  of  breadth  to  depth  constant.  Hero  the  half  plan  and  half 
elevation  are  each  cun'cs,  the  urdinatce  of  which  are  the  cube  roots  of 
the  ordiuated  of  the  uun^e  uf  moments. 

The  first,  thii-d,  and  fourth  of  these  cases  are  common  in  practice  with 
some  modifications  occasioned  by  the  necessity  of  providing  etrength  at 
sections  of  the  beam  where  the  bending  moment  vanishes,  as  it 
docs  at  one  or  both  ends. 


wjl^ 


162.  Vnnymnxetrioil  Hending. — U  occasionally  happens  that  the  plane 
of  the  bending  moment  is  not  a  principal  plane  of  the  beam,  as  for  exam- 
ple when  a  vessel  licols  over,  the  plane  of  longitudinal  bending  will  not 
coincide  w^ith  the  piano  of  symmetry  of  the  vessel  which  is  obviously 
the  plane  of  the  masts.     The  neutral  axis  does  not  now  ooiuotde  wiUi 
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the  &xis  of  the  bending  couple,  though  in  other  rcBpecta  the  theory  of 
bending  stiU  boMs  good. 


ytrwc. 


.* i_ 


^^^7 


In  Fig.  126  let  ^f^{  be  the  axis  of  the  bending  moment  At,  inclined 
at  an  angle  6  to  the  principal  axis  of  inertia  OX,  QY  of  the  plane 
section.  Then  the  roupic  M  may  be  resolved  into  two  rompi)nenta 
if  cos  B  and  M  ain  f/,  each  of  which  will  profluce  stress  at  any  point  /'  as 
if  the  other  did  not  exist.     Let  p  be  the  stress,  £,  y  the  co-ordinates  of 

I      P  referred  to  the  axes  GX,  GV,  the  momonU  of  inertia  about  which  are 

^l^then 

The  position  of  the  neutral  axis  NN  is  found  by  putting  p  =  0, 
then  the  angle  4»  wbich  it  makes  with  GX  is  given  by 


_  Af .  Cits  0.  tf     M . sin  0 .  x 

^ T — -"■ Z — • 


tan  <^ 


-  -v  =  A 


.  tiuia 


This  equation  shows  that  the  netitnil  axis  is  |itu-»UeI  to  u  line  joining 
the  centrea  of  the  circles  into  which  the  hcnm  would  be  bent  by  the 
component  couples  suppose^l  each  to  act  alone. 

The  neutral  axis  1>eing  thus  determined  and  laid  down  on  the  diagram 
the  point£  can  bo  found  which  lie  at  the  greatest  distance  from  that 
axis.  At  these  pointa  the  stress  will  bo  greatest,  and  if  X,  Y  be  their 
coordinates,  still  referred  to  the  axes  GX,  GY,  the  moment  of  resistance 
will  be  determined  by  the  equation 


|/=Af. 


K.cos^    .V .  ain  & 


}• 


For  a  different  method  of  expressing  the  moment  of  resistance  see 
TtanJdne's  Applied  Merhanics,  p,  314. 
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BXAMPLRS. 

1.  AIat  of  iron  2^  <IiaiDet«riH  bvDl  into  theu-cof  a  cii«l«373'diuiMter.  Fiixl  U  i«w 
per  square  inch,  tut,  the  grratmt  itrrui  at  auy  |»oint  uf  tlie  tnotvorm  Motion  ;  Snd,  tk 
Btreu  on  a  linv  iiarallol  to  tlio  neutral  oxU  hnlf  an  inch  from  the  ciaitr«,  £beU)g  tokea* 
29,000,000.     A)>s.  Jlaxiiiium  itreM-o'S.    Strew  at  i"  from  <xaVrt  -2*0. 

2.  Find  tltc  diauivter  of  the  saiallest  drcle  Into  wklch  tbn  bar  of  the  last  quntloa  on 
be  fauat ;  the  atrcta  bciiig  limlUnl  to  4  toas  per  tquare  inch.     Ant,  Diamtitt  -  MO  feet 

J.  Find  tho  poiiitioii  of  thu  tLCutrni  axia  of  a  trapezoiilal  w»tiou  ;  Lbe  top  nA»  b«tl(  3*. 
bottom  U",  aud  depth  S".  Also  flml  the  ratio  of  maximum  t«n«it«  and  oompi iwin 
■tnoBi.     Ann.  Xeutral  nxu  'A'l^  inclioa  from  bottom,     liiittu  uf  itresoca  5  to  4. 

■I.  A  coat -iron  beam  in  of  1  section  with  top  flange  3*'  brood  and  l"  tbktk  and  bottoM 
fiangu  8"  broad  and  'H'  thick  ;  the  vreb  ii  trapexoidal  in  orotion  ^"  thick  at  top  and  I"  at 
bottom  ;  total  outatdc  depth  of  beam  16".  Find  the  pccitiou  of  tbo  neutral  oxu  and  the 
ratio  of  maxiioum  tFiutUe  imd  ctimi)ri-»8ivf  btreMcv.  At>$.  N^ntml  axia  i'£l  inchcg  from 
bottom.     Ratio  of  ttrciisca  3  to  7. 

i>.  A  wrought  iron  iteom  of  rectangular  neotion  ui  V  deep,  3^  brand,  and  10  fe«t  lane. 
Find  bow  luueli  it  will  carry  loaded  it»  tbo  o«^lr4^,  allowing  s  oo-eflicient  uf  3  loM  | 
iquatv  inch.      Alto  deduce  the  load  tbo  voroe  boirn  will  bear  wb«n  Mt  flatwayo,      Um 
When  uptight  load  -  4  Or>  tons.     When  let  llfttM-ays  load  -  I'S.*)  tooa. 

ti.  A  piece  of  oak  of  umform  clroulur  eeetioii  \»  16"  diumoter  and  13  foot  long.  It  I 
supported  at  tbo  two  endi  and  loaded  at  a  point  h  feet  from  one  Mid.  ITow  gr««t  ad 
the  load  be.  allowing  a  »treMi  of  }  ton  per  square  inch  T    Ant.  Load  may  be  't'7i  t4Mu. 

7.  In  Example  5  duppoae  half  tho  weight  of  metal  fonned  into  a  beam  of  I  oeotion,  dl 
the  same  d«!ptb,  cnrh  flange  being  equal  to  tbeweb;  wbftt  loud  will  the  beam  carry! 
^fiji.   Looil  may  then  bo  -Ij  tonti. 

8.  Find  tho  moment  of  reaistoncu  to  bumling  o(  thu  aootion  given  to  Eiampte  -I,  Um 
co-efficient  for  teodon  being  1  ton  ]>pr  M|Q»re  Inch.  Anti.A  ^  796  inob  unito.  Mumeot 
uf  ruaiftanM  to  bending    l(>t>'4  inch-ton*. 

0.  SupjKMo  till!  ikin  and  plate  duok  of  ao  iron  veasel  to  have  the  following  dlm«ivioi» 
at  the  uiidshiit  fectinn,  measured  at  the  middle  of  the  tbiakueu  of  the  plateo.  Find  the 
IHMitlon  of  the  neutral  axis  and  momvnt  of  resistance  to  bending.  Bre»dth  48'  and  total 
depth  1!4',  the-  bilged  being  (]iukdniiit«  of  12'  radius.  Ttiiokneu  of  plate  g"  all  round,  iwl 
cD-effit.4cDt  of  strength  4  torn  iu  compmmion. 

Am.  Neutral  axis  13"  above  centre  of  depth,  ilomeut  of  reeiataaee  to  bofglog' 
32,&00  ft.-tons.    To  WKging  39,000. 

10.  What  shouM  be  the  u>etional  area  of  a  T  beam  of  wrought  iron  to  oony  4  tou 
nniformly  distributed  ?  Span  i'O',  depth  of  beau  10^.  Co-effidoatforoompreaiioaS  toii% 
and  for  tennion  .S  tonsT    Ann,  Area-  137  eqtiare  inobeo, 

11.  If,  in  tho  laot  qtMatkm,  the  flange  is  made  equal  to  the  web  imitesf)  of  being  pro. 
jwrtioned  for  equal  atrengtb,  ibow  tlwt  to  oorry  the  sanie  looil  the  beam  moat  bt  about 
oiu-  <|  carter  heavier. 

12.  In  Example  8  find  the  momenta  of  inertia  and  reaistancv  on  the  auppodtjon  that 
tbu  flange*  are  conoentrated  at  th»  centre  lineti.  and  thiu  by  Dompari«on  with  (rrvrioua 
reaulta  show  the  amount  of  the  error  iuvoWed  in  the  awuinptioti.  Ant.  Moment  af 
loortia-fi<tt''>  inch  unlbi     Moment  of  rcnita&o«-2Z7  inch-tons. 

\i.  Show  that  tbe  limitiiiK  ipon  [Atc.  41)  of  a  beam  of  uniform  troDSvetw  uoiiaa  , 

8n 


£-X. 


W 


where  N  \a  the  ratio  of  span  to  depth,  and  the  reet  of  the  notafcioa  ia  the  naw  oa  on  (x 
82  And  ^A.    Obtain  tho  nomerical  result  for  a  wrought  iron  beam  of  reofauifutar  ■ 
taUiig  X  from  Table  L,  Ch.  XV'IU.,  and  aupposing  JV  -  13. 

Ant,  £  -.186  ft.  ;  In  ao  ordinary  1  teetioii  the  teiult  would  bo  doubled.      For  the  i 
of  large  gird  en*  eee  page  .339. 
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li.  U  /  be  the  longth  of  ui  iron  to^  in  foot,  ti  ita  diumotor  in  inohoi,  jwt  to  cwry  it» 
own  weight  when  supported  ftt  tbc  ends,  >bo«  that  wbeu  tbe  ■treu  allowetl  U  4  toan  per 
HIQArti  inch  /  -  v/224rf. 

15.  If  /(,  /,  b«  thu  EDomentR  of  inertU  of  two  plane  arens  ^i,  A2,  about  ih«{r  neutnl 
axes  whicb  are  8uppoM!i]  parallvl  at  (listHne«  apart  t,  liiow  that  the  ntomoDt  of  tiiertia  of 

their  mm  or  differcoee  about  their  common  ncutiul  axii  ii  /  -  /)  ±  /j  ■*  i* .  ■     '    * 


J,  ±  a; 

Ap[>l7  tbk  (onDula  to  tho  trapexoi4lal  aoetioti  of  (^nrition  3.     Aiu.  /- 185  jnoh  iintta 
oearlj. 

16.  Find  the  momeut  of  reaistance  to  bending  of  n  beam  of  I  aection,  eaoli  Unnge  con- 
natiag  of  a  pair  of  anglo  irons  34 "  ■  4"  ri*ott<d  to  a  web  ■37"  thick  and  IC"  deep  bctwc<'n 
them.  AitDiiniing  it  24  fe«t  nj.'sn,  find  the  load  it  would  can-}'  in  tho  middle,  using  a  oo- 
■fBuicnt  of  3  tons  iwr  H|uare  lueb.     Att^  At  •  286  fnch-toos,     If  -  i  tons. 

17.  If  It  ht  nnumud  that  for  conatructtTC  rcaaana  the  tljickncia  of  web  of  an  I  beam 
:tb  equal  flanges  mn«t  be  a  given  fraction  of  the  d^pth,  iiliow  that  for  greatest  eeonomy 

of  material  tho  Motional  area  of  the  web  iliould  be  equal  to  the  joint  teoUoDal  area  of  the 
dARgoa.     ProTO  that  in  thi«  caao  M  -  j^/.  >Sfr. 

IS.  Id  b  caat-iroQ  Iwam  of  I  aeotion  of  »inal  strength  for  which /^  •!/;,:  'f  it  ho 
Mfluued  that  for  cofistruotive  reaaona  the  thiekoeea  of  the  web  should  be  a  given  fraction 
of  the  depth,  nbow  that  for  gTcat«at  economy  of  material  the  large  flange,  the  web, 
and  the  small  duigc  nhouM  be  in  the  proportion  25.  30.  4.  Prove  also  that  tJie  moment 
of  reaixtance  ii  giveo  by  the  saoie  formula  aa  in  Question  17  auppoaitig  2//-  Iff    *  1// 

19.  A  beam  of  rectangular  aectioTi  of  breadth  one  half  the  depth  ia  bent  hj  a  couple 
the  plane  of  which  is  inclined  at  4^'  to  tho  axes  of  the  section.  Find  the  neutral  axis, 
^^-ud  eompare  the  momvnt  of  rvaistanoc  to  bunding  with  that  about  either  aiia.  Anf. 
^^Batio '  2  v'SyS  aod  V%^ 

^^m  30.  If  a  beam  h«  originally  enrved  in  the  form  of  a  oiroiilAr  arc  of  radiua  ft„  instead  of 
^^■•ing  straight,  show  that  the  ncutriit  axis  does  not  paas  through  the  centre  of  gravity  of 
^^^the  acction.  In  a  rectangular  •rction  of  depth  h  show  that  the  deviation  i*,  approki- 
natety, 


''  SI.  In  the  preoeding  qncatiou  if  Ba  is  largo  ahow  that  the  equations  of  bending  arc 

Refbbbkck. 

Vot  tbo  graphical  rtetennination  of  momenta  of  inertia  tba  iniltr  It  nferred  to  tho 
'  treaklaaa  citod  on  ]>age  73. 


CHAPTER  XIII. 


DEFLECTION  AND  SLOPE  OF  BEAMS. 

163.  Dejlfctioti  dm  to  the  Maximum  Bf tiding  Afomeni. — It  i«  not  ooiv 
necessary  that  a  bcnm  should  he  strong  enough  to  support  the  load  tij 
which  it  is  HuhJQcted,  it  is  also  ncrossary  that  its  changes  of  fomi  ahouk) 
not  be  too  great,  or  in  other  words,  that  it  should  bo  suffidently  stifll 

:nid  wc  next  ]}rocced  to  deter* 
mine  nndcr  what  conditions 
this  will  he  the  cose. 

The  quejstion    \&    simplest 
',       when  the  beam  is  bent  into  an 
arc  of  a  circle,  we  have  then 

i  ^=''"    ^.constant. 

I     Two  cnsea  may  be  cspociallr 
/      montioiiod — 

(1)  Depth     uniform.      We 

then  have  p  constant,  that  the 

beam  is  of  uniform  strength. 

<Sce  Case  1  of  Art  161.) 

We  tlien  have,  since 


(2)  Sectional  area  uniform. 


.f=f/=. 


A' 


A' 


'..Ah\ 


the  depth  ol'  ibe  beam  \arying  us  the  stjuare  root  of  the  Iwndinp 
moment,  u»  in  Case  3  of  the  Hamc  article.  Let  /  be  the  length  of  the* 
beam,  i  the  angle  it«  two  ends  make  with  one  another,  then  since  %  ig 
also  the  angle  subtended  by  the  beam  at  the  centre 

._  /     Mi 

If  the  beam  be  swpiwrted  at  the  ends  i  ia  twice  the  angle  which 
ends  make  with  the  horizontal,  an  angle  called  the  Slope  at  the  ends. 
Let  AlihQ  the  beam  (Fig.  1 27),  O  the  centre  of  the  circle  into  which  it 


ads,  ■ 
hit 

4 
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.  is  bont,  KL  the  diameter  of  the  circle  through  K  the  middle  point  of 
^he  beam.  Then  A'A'  is  the  HeHection  which  ifi  given  by  a  known  pro- 
^Boaition  of  Euclid 

^Hence  remembering  that  the  diameter  of  the  circle  ia  very  large*  wc 
^wbaTO,  if  S  be  tho  deflection, 

■  -      /^     MP 

This  formula  gives  the  de6ection  in  any  ca«6  where  the  curvature  is 
uniform. 

When  the  tmnsversc  section  is  unifomi  the  ciu'vature  varies.  Unless 
be  bonding  moment  bo  likewise  unifonn,  the  deflection  curve  ia  not 
hen  a  circle  AKH^  but  for  the  same  maximum  bending  moment  u 
■  rur^-e  A'K^.  Thus  the  deflection  is  less  than  that  cfdculated 
he  above  formula,  which  may  be  described  as  the  "  dellection  due 
to  the  maximum  moment"  The  actual  deflection  may  conveniently 
be  expressed  as  a  fraction  of  that  duo  to  the  maximum  raomenU  It 
is  possible  to  construct  the  deflection  curve  gr:ii)liically  by  obseniug 
^■hat  the  curvature  at  every  point  is  proportiorml  to  the  bending 
moment.  We  have  then  only  to  strike  a  succession  of  arcs  with 
nuiii  inversely  proi>ortioiial  to  the  ordinates  of  the  t-ur^'e  of  bending 
moment.  It  is  however  more  convenient  to  proceed  by  an  analytical 
method- +  The  fraction  is  least  when  the  beam  is  least  curved,  which 
J8  evidently  the  case  when  it  is  baderl  in  the  middle,  and  we  shall  show 

I  presently  that  it  is  then  two-thirds,  while,  when  uniformly  loaded,  it  in 
Sve-fiixths. 


164. 


Otnmti  Eqmtim  of  DfJUttim  Curve. — It  was  shown  above  that 

m 

If  the  benduig  moment  vary,  then  wc  must  replace  /  by  an  element  of 
the  length  th  and  t  by  the  corresponding  element  of  the  angle ;  wo 
shall  then  have  an  equation 

rfi_Af 

<Li~El' 
which  by  integi-ation  will  furnish  i.     It  will  generally  be  convenient  to 
reckon  I  from  it  horizontal  tangent  and  it  then  means  the  tilope  of  the 
[beam  at  the  fioint  considered.    To  perform  the  integration  it  is  in  most 
cases  necessary  to  suppose  the  slope  of  the  beam  small,  as  it  actually  in 

*  For  ctcarnoHs  it  is  miulc  Bmnll  in  the  ftgnre. 
Readers  who  luve  uo  knou-liiilgc:  of  the  CaIciiUis  umy  piuw  o^-er  ttio  next  [our 
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,  approximately, 


in  raoBt  iDiportdiit  cuses  in  practice,  unci  wc  may  then  replace  d* 
element  of  arc;  Ity  dj-^  the  rorrespoTMlinj;  element  of  a  horijcontal  tacgentl 

-(^iV(Fig.  128)  taken  its  axis  of  x,  whence 
di    M 

on  equation  which  can  generally-  be  integrated  because  il/  is  usual!}  a 
functiou  of  X.  ■ 

The  deviation  V  of  any  point  Q  of  the  beam  from  the  straight  line 
AN  can  now-  be  found  since  rfy,V^  =  i,  from  which  wo  further  obtain  the 
fundamental  equation 

^i/     M 

which  applies  to  all  cases  where  the  bending  of  the  beam  is  occaaioiMd 
by  a  trans^'erso  load.  Wo  shall  first  give  some  elementary  example*  of 
tho  determination  uf  the  deflection  and  slope  of  a  beam  and  then  con- 
sider the  question  more  generally. 

t?  #w  TV 


le 

I 


a: 


a 


SupjKisc  a 


166.  Elettteniarif  Cases  of  Dejleetion  and  Sfope. — Com  I. 
beam  supported  at  the  ends  and  loaded  in  the  middle. 

In  Fig.  128  CD  is  the  beam  resting  on  supports  at  C,  I),  and  loaded^ 
in  the  middle  with  a  weight  //'.     Take  the  centre  .4  as  origin  and 
horizontal  tangent  at  ^  as  axis  of  .r,  then  if  /  bo  tho  whole  length 

^^  EI ^g7~ 


--I 


EI 


is  the  slope  of  the  beam  at  Q,  no  constant  being  require<l  since  i  is  itero 
when  z  c  0. 

J£x-  1/2  we  get  the  alo^je  at  the  ends  of  the  beam 

HT- 

'•  "  16A7" 
Int^nting  a  Beoond  time 


_  » K — • 

As  before  no  constant  is  required  because  y  -  0  when  x  =  0. 
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If  now  we  put  x  =  //2  we  get  tho  ulevution  of  />  ulmve  v/iV  or,  what  Is 
ihe  same  thing,  the  depresaion  .-4'/  of  .-/  below  the  Uivel  of  the  support*?. 
This  is  calicii  tho  Deflettioii  of  Iho  beam  ;  if  we  denote  it  by  5, 


ir. 


(A^  -  A^) 


8^ 


"g/ 


48A7' 


a  result  which  we  may  also  write 

2 


8  = 


where  /!/„  ib  the  maxitnum  moment  and  5,,  the  deflection  due  to  it. 

t'tmn  If.  Let  tho  beam  be  supijorted  at  the  ends  and  loaded  uniformly 
with  w  pounds  per  foot  nin.  It  will  he  sufficient  to  give  the  results, 
which  are  obtained  in  precisely  the  sAme  way,  rcmomhcring  that  the 
bending  moment  is  now  jH'(rt^  -  z^)  where  a  is  the  half  sjMin.     We  have 

.  ^  w^  _  /r/* .  ,  ^  5^  ffvi*  ^   5     ;r/3 

'*      SE/  ~  2iKt'  24*  EI       384"  EI' 

Tlie  value  of  8  may  be  expressed  as  in  the  previous  case  in  terms  of  the 
deHection  duo  to  the  muxinmni  moment     We  have  8=  «  .  fi(,. 

166.  Bmm  jmtppfd  in  thf.  J/iVW/f.^When  a  beam  is  acted  on  by 
several  loads  the  deflection  and  s1o|H!  due  to  the  whole  is  the  sum  of 
those  due  to  each  load  taken  sejuirately.     An  im|K)rtant  example  is 

Cagr  III.  Beam  snpixtrted  at  the  ends  and  pi-opjwl  in  the  middle, 
uniformly  loaded.     (Pig.  129.) 

Here  the  dcllcction  of  tho  beam  is  the  diflcroncc  between  the  down- 
,  ward  deflection  duo  to  tho  luufonu  loud  and  the  upward  dellection  due 


the  thrust  Q  of  the  prop. 
ctioii  at  the  t-untre. 


Hence  we  write  down  at  once  for  the 


384  '  EI       iSEl 


iBn  c4|uation  which  may  be  used  to  determine  the  load  carriwi  by  the 
Iprop  when  its  lettj^th  is  given,  and  conversely. 
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I 


First  suppose  the  ceutre  of  the  beam  propped  at  the  same  level  a«  the 
supporta,  then  8  =  0,  and 

^  384  ^    ' 

BO  that  the  prop  in  i\\i»  case  carries  five-eighths  of  the  weight  of  the  beam, 
the  RHpports  C,  D  only  caiTyiiig  thi-ee-eighthH.  Each  supportiug  force 
is  '^lel,  I  being  as  before  the  whole  length  of  the  beam ;  hence  the  bond- 
ing moment  at  a  point  distant  x  from  C  is  given  by  the  forranlii 

M  =  ^%wlx  -  luKc^  «  iif/(|/  -  a:). 
from  which  it  appears  that  the  beam  is  bent  do^^Tiwards  until  a  point  Z 
is  reached,  such  that 

CZ  =  §/  =  iAC. 
Here  the  1>endiiig  moment  is  zero,  that  ia,  ^  is  a  "  point  of  contrary 
flexure"  or  "  virtual  joint."     (Compare  Art.  38.) 

Beyond  Z  the  beam  is  bent  upwards,  and  at  the  centre  A  we  get,  by 
putting  x=  U, 

The  caao  here  dimcusKed  in  also  that  i>f  a  beam  uue  end  of  which  is 
fixed  horizontally  and  the  other  supported  at  exactly  the  Hame  level. 

Let  us  next  inquire  what  will  be  the  effect  of  supposing  the  centre 
of  the  beam  propped  someu  hat  out  of  the  horizontal  line  through  the 
supporta  at  the  ends.  Let  us  suppose  5  to  be  l/n'"  the  deflection  of 
the  beam  when  the  prop  is  removed,  then 

1  J   'r?=:A  5^__^ 

n'384*  EI     384'  EI     iBEf 
that  ia 


Q' 


"K-l> 


'V 


a  formiUa  which  gives  the  load  on  the  prop.  If,  for  example,  n^b, 
Q=h^^>  or  if  n=  -5,  C  =  J/^j  thus  if  the  centre  of  tlie  Iwam  be  out 
of  level,  by  as  much  as  one  fifth  the  deflection  when  the  prop  is  wholly 
removed,  the  load  on  the  prop  will  vary  between  J  Wand  fJF,  a  result 
which  shows  the  care  necessary  in  adjustment  to  obtain  a  definite 
resiilt. 


167-  Bfttra  fixid  at  tkt  Ends.— Case  JF.  Uniformly  loaded  beam, 
witli  ends  fiird  at  a  given  slope. 

In  Fig.  130  AB  is  a  uniformly  loaded  beam,  with  the  ends  A,  B 
fixed  not  horizontally  but  for  greater  generality  at  a  slope  i.  Here 
the  central  part  of  the  beam  will  be  bent  downwards  and  the  end 
parts  upwards;   at   Z,   Z  there  will   he   virtuid   joints;   let   OZ~r, 


cm.  xm,  AWT.  i«r.]       nsFLGcnoK  or  bea^is. 


then  **Vnj>  0 
OMdZ  is 


fldgiB  the  bwHing  inoment  at  toy  pumt  between 


a  farmula  which  will  also  hold  for  points  beyond  Z,  as  can  be  leen  , 

kfrom  Art.  38,  or  proved  independently.     We  have  then 
Ko  constant  is  required,  because  i  is  zero  at  0.     Let  a  be  the  half  span 
Oj4,  or  OH,  then  putting  :cs=fl,  we  get  for  the  slope  at  the  ends 

''     — il^' 

a  formula  from  which  r  can  be  dett-rinined  if  t'l  be  given.  If  r— <i>  ve 
^  tho  case  where  the  ends  are  free ;  let  the  slope  then  be  i^  wi*  have 

io  =  5^»«Wore(p.  298). 
Kow,  assume  the  actual  slope  to  be  l/n*^  of  this,  wo  get 

that  ist 

,..-5<..(i.?). 

If  the  ends  are  fixed  exactly  horizontal,  then 

and  by  substitution  we  find  for  the  bending  moment  at  the  centre  and 
the  ends 

If  the  ends  wore  free,  the  bendinp  momt-nt  at  the  iiontre  would  Imvo 
been  Itm'^,  so  that  the  beam  will  be  strengtliencd  in  the  proportion 
3 :  2.  The  formula  obtuined  above,  however,  shows  that  a  auiall  error 
in  adjustment  of  the  enils  will  make  a  great  ditlcrctice  in  tlie  rusulU. 

It  is  theoretically  possible  so  to  adjust  the  en^U  that  tbu  bt-nding 
momenta  at  the  centre  and  the  eiidn  shall  bo  equal,  in  which  case  tfao 
beam  will  be  strongest.     For  this  we  have  only  to  put 


I 
I 


that  is 


...» 
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whence  by  substitution  we  get 

n  =  4; 

that  is,  the  ends  should  be  fixod  ut  one  fourth  the  slope  which  they  bare 

when  free,  and  the  strength  of  the  heam  will  then  bo  doublod. 

By  proceeding  to  a  second  integrdtion  the  deOection  of  the  beam  cui 
be  foimd.  In  particular  when  the  ends  of  the  beam  are  horizonU]  it 
can  he  shouii  that  the  deflection  is  only  one  fifth  of  its  value  when  the 
ends  are  free. 

The  gi-aphical  representation  of  the  bending  moments  iu  Cua«s  UL, 
IV.,  is  easily  cffecUd,  as  in  Fig.  42,  p.  76. 

168.  Stiffness  of  a  Beam, — The  stiffness  of  a  f>cam  is  measured  by  the 
ratio  of  the  deflection  to  the  span.  In  practice,  the  deflection  is  limited 
to  L  or  2  inches  per  100  feet  of  span  when  under  the  working  load; 
that  is,  the  ratio  iu  quostioik  is  ^^q"*  to  -rnn"''  ^^  apjiears  from  what 
w  been  said  that  if  Mf,  be  the  maximum  moment  the  deflection  is 
given  by 

where  ^  is  a  fraction,  which,  in  beams  of  uniform  section,  varies  from 
two-thirda  to  luiity,  depending  on  the  way  in  which  the  boam  is  loaded* 
Hence  the  great^t  moment  which  the  beam  will  bear  consistently  with 
its  being  sufficiently  stiST  is 

If  we  expi*CB3  /  as  usual  in  terms  of  the  sectional  area  and  depth, 
we  get 


r 


where  s  isa.  co-efficiont  depending  on  the  materiul  and  on  the  admiasihio 
deflection  which  may  be  called  the  "  Co-efficient  of  Stiffineas." 

We  thus  obtiiin  a  value  for  the  moment  of  resistance  of  a  beam  which 
depends  on  tt«  stiffncAS,  not  on  il-s  strength,  and  if  that  value  be  leas 
than  that  previously  obtained  for  strength  (p.  286),  wo  muBt  evidently 
employ  the  new  fonnula  in  calcuUting  dimensions.  On  com|)aring  the 
two,  wo  find  tbat  they  will  give  the  same  result  if 

that  is  to  say,  for  a  certain  definite  ratio  of  depth  to  span,  and  if  there 
is  no  other  reason  for  fixing  on  this  ratio,  it  will  be  best  to  choose  the 

*  \VheD  the  tmiuveraa  uotion  U  not  uniform  the  oo^fficieat  k  may  b«  giM(«r 
UiAQ  unity. 


I 

I 

I 

I 
I 
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1  thus  determined.  The  two  formulce  then  give  the  same  result 
Tn  large  girders  a  greater  depth  h  generally  desirable,  then  the  strength 
formula  must  be  used  ;  while  in  small  hpjims  it  may  often  be  convenient 
or  iieceiwyiry  to  have  a  smaller  depth,  and  then  the  stifTncss  formula 
must  be  employed. 

^P  169.  Ornerai  Graphical  Mrlhod.—  The  foregoing  simple  examples  of 
the  determination  of  the  deflection  and  slope  of  a  beam  aro  perhaps 
those  of  most  practical  use,  but,  by  the  aid  of  jrraphical  processes,  there 
is  no  difficulty  in  generalizing  the  results  which  are  of  considerable 
theoretical  interest.  We  can,  however,  aifonl  space  only  for  a  hasty 
sketch. 

The  general  equations  given  in  Art.  164  show  t^t  the  angle  (i) 
between  two  tangents  to  the  deflection  curve  of  a  beiuu  is  pi-oportional 
to  the  area  of  the  c\u"vc  of  bending  moments  inteixcptcd  between  two 
ordinates  at  the  points  considered.  Starting  from  the  lowest  point  of 
the  deflfction  ciunx',  let  us  now  imagine  a  curve  drawn,  the  oi-dinato  of 
which  reprcsouts  that  area  reckoned  fi'om  the  staiting  point,  then  that 
curve  will  represent  the  slope  of  the  beam  at  every  point,  and  may 
therefore  ]>roporly  be  callnd  the  "  Curve  of  Sloiic."  Bui  referring  again 
to  the  general  equations  we  see  that  the  ordinate  of  the  deflection  curve 
reckoned  upw:ird8  from  the  horizontal  tangent  at  the  lowest  jwint,  is 
connected  with  the  slojje  in  the  fiiimc  way  as  the  slope  with  the  bending 
moment^  and  is  consequently  proportional  to  the  area  of  the  cun'e  of 
slojM).  Thus  it  appears,  on  reference  to  Chapter  III.,  that  the  cun-es  of 
DeHectioii,  Slope,  and  Bending  Moment  are  related  to  each  other  in 
the  same  way  as  the  curves  of  Bending  Moment,  Shearing  Force,  and 
Load.  The  five  curves,  in  fact-,  form  a  continuous  series  each  derived 
firoro  the  next  succeeding  by  a  process  of  graphical  integration. 

We  now  sec  that  any  projwrty  connecting  together  the  second  three 
quantities  must  also  lie  true  for  the  first  three.  For  example,  we  know, 
from  the  properties  of  the  ftitiicidur  polygon,  that  two  tangents  in  the 
icurvc  of  moments  intersect  in  a  point  vertically  below  the  centre  of 
gravity  of  the  area  of  the  corresponding  cur\'e  of  loads  (see  Arts.  HI,  35), 
It  must  therefore  be  true  that  two  taugcnta  to  the  detlectiun  curve 
intersect  vertically  below  the  centre  of  gravity  of  the  corresjwnding 
area  of  the  curve  of  moments,  a  useful  property,  which  can  be  proved 

•directly  without  much  ditljculty. 
The  deSection  curve  of  a  beam  may  therefore  be  constnicted  in  the 
Mme  way  that  the  funictilar  polygon  is  constructed  in  Art.  35,  the 
perpendicular  distance  (//)  of  the  {)ole  from  the  load  line  in  the  diagram 
of  forces  being  made  cqiul  to  KI.     To  do  this  we  have  only  to  divide 
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the  moment  curve  into  convenient  vortical  stripe  and  regard  each  n 
representing  a  weight.  Set  down  these  ideal  weights  as  a  vertical  Urn 
und  choose  a  pole  at  a  distance  irom  the  lino  equal  to  EI,  measured  (on 
account  of  the  largeness  of  E)  on  a  scale  less  tn  a  given  ratio.  Sow, 
construct  the  polygon  and  flraw  its  closing  line,  the  intercept  mtUtipU«i 
by  the  acaJe  ratio  is  the  deflection  of  the  beam.  A  parallel  to  th* 
closing  line  in  the  diiigraui  of  forces  gives  the  slopes  at  the  extr«ioitiet 
of  the  beam  which  corresjionfl  to  the  supjiorting  forces  of  the  loaded 
beam  in  the  original  case. 

We  huvo  hitherto  8up])0sed  the  1>eam  to  lie  of  uuiform  stiflbea 
ihrougliout ;  if  not,  let  the  quantity  EI,  which  is  now  variable,  he  E^, 
at  sumo  datum  section.  Reduce  the  ordinates  of  the  curve  of  momenU 
in  the  proijortion  E^f^  to  A7,  then  the  reduced  curve  is  to  be  oniployed 
in  the  way  just  described  for  the  original  curve, 

170.  Eiampks  of  Qraphictii  Method.  Theorem  of  Threr  MomenU,— 
Let  UB  DOW  take  some  examples. 

Cit»e  I. — Symmetrically  loaded  beam,  of  tiexibility  also  ajrmmetrical 
about  the  centre.  Let  ACB 
(Fig.  131)  be  the  curve  of 
moments,  reduced  if  neces- 
sary, A  OB  the  deflection 
curve  J  both  cnr\'C8,  of  course, 
will  be  aymmetrical  about 
the  centre  vertical,  then  from 
what  has  been  said,  tangents 
at  A,   H  to    the    deflection 

curve  intersect  the  tangent  at  0  in  pointa  T  vertically  below  the  centres] 
of  gravity  of  the  two  equal  areas  ACQ,  Bt'O.     Hence  if  S  be  the 
of  the  whole  curve  of  moments,  z  the  horizontal  distance  of  either  point  J 
T  from  the  nearer  end, 

■  _    S      >_     •       S'i 
**"  227'  *«  ■*   2^ 

must  be  the  slope  of  the  ends  of  the  beam  and  its  deflection. 

Oue  II.  Beam  continuous  over  several,  spans  loa<led  in  any  way- 
(Fig.  132.)  Let  ACO,  BVO  be  the  moment  curves  due  to  the  load 
on  two  spans  Aff ,  BO'  of  a  Iwam  AOH,  continuous  over  three  8up[iorti 
//,  t>,  B,  of  which  the  centre  0  is  Roraewliat  below  the  level  of  A,  ft. 
Being  continuous,  there  will  be  bending  momenta  at  At  0,  B,  which  I 
are  represented  in  the  diagram  by  AEy  (/L,  BF.  Joining  EL>  FU\ 
the  actual  bending  moment  at  each  point  of  the  beam  will  be  repre- 
sented by  the  intercept  between  the  line  ELF  and  the  curves  of  j 
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.      niomenU  due  to  the  load  and  correspouding  supporting  forceB.     (See 
H^rt  SH.)     The  curve  AOB  U  the  deflection  cune,  AT,  BT  are  the 


piff^sa. 


N 


intB  at  Ay  B  and  7*0?'  is  the  tangent  at  0,  intersecting  AT,  BT  in 
lints  7'. 
Now,  let  I,,  bo  the  anglt-  between  the  tangeuLs  at  0  and  A,  then,  as 
before, 

S 


t^  = 


EV 


where  S  is  the  area  of  a  curve  representing  the  actual  bending  moment 
at  each  potnU  In  llie  prwent  case  A  is  the  difference  of  two  areas, 
one  the  noment  curve  for  the  load,  the  other  the  trap<*zoid  KO'  for 


the  moments  Mj,^  M„. 
^  ...S  =  A  -  Ma^o  .  I,, 

where  A  is  the  area  of  the  moment  cune  AC(/  and  Ij  is  the  span  AO'. 
Let  the  iiorizontal  distance  from  A  of  the  common  centre  of  gravity  of 
tie  two  carves  be  / ;  then,  as  Iwfore,  £  is  al&o  tlie  horizontal  distance 
|f  rfrom  A,  and 

y^  =  pj .  as  before. 

To  find  X,  let  Zj  be  the  horizontal  distance  of  tlio  centre  of  gravity  of 
iCS  from  A,  then 

Sx^Az,^MJ,.'j-^Ld!L.t„.ll,; 

'Az,.^M,J,^-\Af^.l/. 

We  hiive  thus  found  ;/,  the  distance  of  A  from  the  tangent  through  0; 
and  If  a  the  corresponding  distance  of  B,  is  written  down  by  change  of 
letters, 
^ft    .fVssuming  now  the  depression  of  O,  the  centre  of  the  beam,  below  the 

U 
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or 


level  of  the  two  other  supporUi  to  be  £,  it  appears  from  the  geometrjr  of 
the  diagnun  thai 

hence  dividing  the  values  of  y^,  y«  by  I^,  /j  reRpectively,  and  addinjj^ 

This  equation  connects  the  bending  moments  at  three  points  of  support 
of  a  continuous  beam,  the  centre  au])port  being  below  the  end  supporu 
by  the  small  quantity  5.  It  can  readily  !»  extended  to  the  case  where 
the  flexibility  of  the  beam  is  variable  by  reducing  the  moment  curves  as 
previously  explained,  then  the  moments  J/,  which  are  the  reauU^  of  the  fl 
caluulaiion,  will,  in  the  first  instance,  be  reduced,  and  can  aftvnrarda  be 
increased  tn  thrir  trite  values. 

The  above  equation  is  the  most  general  form  of  the  famous  Theomn 
of  Tliroe  Moments,  originally  discovered  by  Clapcyron,  which  is  much 
employed  in  questions  relating  to  continuous  beams — a  somewhat  largv 
subject,  on  which  we  have  not  space  to  enter. 

171.  ItfjiUirnrf  of  a  Bmi  BMtn. — The  work  done  in  bending  a  beam 
by  a  uniform  bemling  moment  M  is  evidently  ][J/t,  where  i  is  the  at^jle 
which  the  two  ends  of  the  beam  make  with  each  other,  as  in  Art.  163; 
hence  by  substitution  for  i  we  find  for  the  work  U, 

2Ef      ' 
and  if  the  bemliug  moment  varv. 

An  important  ease  is  when  the  beam  is  of  uniform  sti^ugth,  then  wr 
have 

>=^^  constant  =  :^ 
where  the  sufRx  0  rt^fors  to  a  datum  section.    Then 


■2BlJ/„- 


yids. 


Assuming  now  the  section  (^),  though  varying,  to  remain  of  the  same 
typo, 


h    ^oy. 
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If,  therefore,  we  call  F  the  volume  of  the  beaiu, 


fl^ 


2£!L 


1  =  /?    J^V. 


L „.„ 

m  £'2f 

^Kor  the  rcsilipnco  we  have  only  to  chnngc  j)  into/,  the  proof  strength. 

It  thus  ap|)ears  that  iu  beams  uf  uniform  strength  with  transverse  sec- 

^■tious  of  the  Baine  ty[>e  the  resilience  is  propurtioual  to  the  volume,  and 

^leaa  than  that  of  a  stretched  or  comprcftscd  bar,  as  uii^Iit  have  been 

foreseen  from  general  cousideratious.     The  ratio  of  rc<£uction  h  q^:n, 

ling  3  : 1  in  rectangular  sections,  4  : 1  in  elliptic  sections.     AVhen  the 

leam  is  not  of  uniform  strength  the  ratio  of  reduction  must  bo  greater 

for  the  same  tyjio  of  acction.     The  rwluction  is  of  course  leuat  in  /  st-c 

lions  of  anifomi  strength. 

The  function  f/"  is  of  great  importance  in  the  theory  of  continuous 
beams  and  other  similar  structures,  tlie  relative  yielding  of  the  several 
puts  of  the  structure  being  always  such  that  this  function  is  less  than 
it  would  I>e  for  any  other  distribution  of  stress  and  strain.  It  may  be 
called  the  Elastic  Potential,  and  when  known  all  the  equations  necessary 
to  determine  the  distribution  of  stress  may  be  found  by  simple  diffor- 
itiation.     (See  Appendix.) 


r 


EXAMPLKH, 


» 


1.  If  /  be  tlic  tengtb  of  bo  iron  rod  in  fevt,  <l  its  diameter  in  inoliMi,  JDtt  to  eany  it« 
Qvn  wtriebt  with  *  Jellotilion  of  1  inch  per  100  fc«t  of  iip«ii,  sbow  that 

Compare  Ihi*  rDfvlt  with  that  of  Ex.  14.  p.  39A,  and  state  wbat  r<H-mula  u  to  be  uaod 
when  botfa  vtiffneai  DUil  BtrenKth  arc  rcqaired. 

%  Flsd  the  imtia  of  depth  to  apati  in  a  beam  of  reetaognlar  Motion  loaded  in  the 
middle,  aMumiDR  atress  -  8,000.  E  -  28,000^000,  deOeotion  -  ^^. 


An,,  jyrj- 


X  A.  beam  li  lupportod  at  the  ends  and  loaded  at  ft  point  dUtant  »,  b  from  the  sup* 
with  a  weiftht  W,  ehoir  that  the  deprcsajoa  of  the  weight  below  the  points  of 

fc^.  I&  the  last  qtieRtion  deiluoe  the  work  done  in  bending  the  buaui,  and  verify  the 
rait  hj  direct  ealeulation.  (See  Art.  30.) 
&.  A  dam  is  sapported  by  a  row  of  uprights  which  tnkc  the  whole  horizontal  presmre 
Mm  water.  The  aprigbts  may  be  regarded  as  fixed  at  their  base  at  the  bottom  of  the 
\%UT,  while  Iheir  upper  ends  at  the  water  level  are  retAJiied  in  the  vortical  by  suitable 
■fanito  sloping  at  45*.  tlic  intermediate  (>art  remaining  uoHupportcd.  Find  the  bending 
BOcneDt  st  any  point  of  the  upright,  and  show  that  the  tbruit  ou  tbe  strata  la  about 
two  nrvenths  the  hoHxootal  pccttnire  of  the  water. 
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6.  A  timber  balk  20  feet  long  of  square  teotioD  lupports  160  iqaftre  feet  of  a  floor, 
find  the  dimensioQB  tbet  the  deflection  of  the  floor,  when  loatled  with  fiO  )h«.  (ler  tqwt 
foot,  may  not  exceed  ^  inch.     Answer,  122". 

7.  A  shaft  carries  a  load  equal  to  tn  times  its  weight  (1)  diatribnted  nniformly,  (2)  coti- 
centrsted  in  the  middle.     Considering  it  aa  a  beam  fixed  at  the  ends,  find  the  distanee 

Hpart  of  bearings  for  a  stiffnesa  of  —  j.^,,.     Ant.  If  /  be  the  diatance  apart  in  feet,  d 

diameter  in  inches,  then  for  a  wrought  iron  or  steel  shaft 

(l);^10-5'/-^    :  (2)1-8-3'/-^. 

\/  m  +  1  V  w  +  i 

8.  A  beam  originally  curved,  as  in  Ex.  21,  p.  295,  is  fixed  at  one  end  and  loaded  in 
any  way.  If  i  be  the  change  of  slope  at  any  point  and  X,  Y  the  diaplaoementa  parallel 
to  axes  of  x,  y  of  the  point  consequent  on  any  load,  prove  that 

di    M_,dX     _.    dY    . 

di' EI'  dy"       '  di^  ' 
Apply  these  formube  to  find  the  straining  actiona  at  any  point  of  one  of  the  rings  of  a 
chain  of  circular  links. 


CHAPTER  XIV. 


BN9ION  OR  CX)AfPEESSION  COMPOUNDED  WITH   BKNDINa 
CRUSHING  BY   BENDING. 


el72.  Qrneral  Fi/rtnuht  fw  thr  Stress  diie  U>  it  Thrwit  w  Pull  in  ewnbination 
Ivi/A  a  Bending  Moment. — The  bars  of  n  frame  and  the  parts  of  other 
Btrnctures  are  often  eicposed,  not  only  to  a  pull  or  thnist  nlone.  or  to  n 
bending  action  alone,  but  to  the  two  together ;  and  the  total  stress  at 
jiuiy  point  of  a  tninsver»c  section  is  then  the  siini  of  that  due  to  each 
taken  separately.  That  is  to  say,  if  //  he  the  thnisl,  reckoned  negative 
if  a.  pull,  M  the  bonding  moment,  the  sti-ess  at  any  i>oint  distant  y  from 
the  neutral  axis  of  the  bending  (see  Art  1A&),  reckoned  positive  on  the 

Ieompressed  side,  must  be  given  by 

the  notAtion  being  as  in  the  aiiicle  cited. 

This  formula  shows  how  the  effect  of  a  thrust  or  pull  is  increased  by 
u  bending  action :  it  has  many  imjwrtAnt  applications,  some  of  which  we 
shall  now  briefly  indicate. 


173-  Strut  or  Tit'  under  the  Actirm  of  a  Force  pnmliel  to  its  Avis  in  cases 
^  where  Laieral  Fierure  matj  ht  nrglccitd. — Case.  I.  Bar  under  the  action  of 
.  forco  in  a  pnnci])al  plane  parallel  to  its  axis. 
Let  z  be  the  distance  from  the  axis  of  the  line  of  action  of  the  force. 


M=  Hz;p 


fO-M> 


fen 
For  example,  let  tho  section  be  circular,  then  n  =  ^^^  q  =  ^,  and  we  find 

&om  whence  it  appears  that  a  deviation  from  the  axis  of  .j^^^"'  the  diameter 
of  a  rod  incrcaaca  the  effect  of  a  thrust  or  pull  50  jier  cent.  Siniikrly 
-it  can  bo  shown  that  if  the  line  of  action  of  the  force  lie  outside  the 


I 


!Flff.l33 


V 
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midfUe  fourth  of  the  riiainet«r  of  a  circular  scctiou,  or  the  middle  thirf 
of  a  rectangulai*  section,  the  muximum  Bliesa  will  be  more  than  double 
the  mean,  and  a.1  ceiliiiu  points  the  stress  will  be  reversed.  In  designing 
a  structure,  then,  the  gi-CHtest  care  must  be  exercised  that  the  line  fd 
action  of  a  thrust  or  pidl  lies  in  the  axis  of  the  piece  which  is  subjected 
to  it ;  to  oUccl  which,  the  joints,  through  which  such  straining  ictiDODs 
are  exerted,  must  be  so  designed  that  the  resultant  stress  at  the  joint  is 
applied  at  the  centre  of  gravity  of  the  section  of  the  piece.  This  a  a 
condition  which  cannot  always  l>e  witisfied,  and  allowance  in  any  case 
nnist  be  made  for  erroi's  in  workmanship.  In  pnutjcal  construction  ii 
is  the  joints  which  require  most  attention,  being  most  often  the  cause  of 
&ilure.  In  frames  which  are  incompletely  bmced  the  friction  of  pin 
joints  causes  the  line  of  action  of  the  stress  to  deviate  from  the  axis. 
(SeeCh.  XVIU.) 

The  effect  is  increased  in  the  case  of  a  thrust  and  diminished  in  the 
case   of  a  pidl   by   the  curvature  of  the  piece,  which   increases  or 
diuiiuishes  ;:.     Fig.  133  shows  the  axis  of  u  column^  under 
the  action  of  a  weight  fFt  siispcudcd  from  a  short  crosfi 
piece  of  length  a.     The  column  bends  laterally,  a«  showu 
in  an  exaggerated  way  in  the  figure.    The  inclination  of  _ 
.iB    to  the   horizontal   is  so  small   that  the  difler^^H 
between  the  actual  and  the  projected  length  of  AB  a^P 
be  tlinrcganli'il  ;  the  betiding  moment  at  0  w  therefore  tf 
(fl  +  6),  where  B  is  the  lateral  deviation  -7.Vof  the  top  of 
the  pillar.     This  duviation  we  will  in  the  6r8t  instance 
i  suppose  email  compared  with  u,  and  then  determine  the  condition  that 
this  may  actimlly  be  the  cjise.     Neglecting  it,  the  axis  of  the  pillar  is 
bent  by  the  uniibi'm  bending  moment  fi^'a  into  a  circular  arc  of  radius 

lit  and  as  in  Art-  163 

5.2//  =  ^', 

substituting  for  Ji  its  value  (Art.  155)  we  get 
whence  we  find 

6   fyp 

The  condition,  then,  that  the  lateral  deviation  should  be  small  is  thst 
//'should  lie  much  less  than  S/:.'///^,  and  If  this  condition  he  satisfied 
the  stress  will  not  be  much  increaaed  beyond  that  indioitod  by  the 
formula  given  above.  The  very  imfiortant  cases  in  which  //'  is  large 
will  be  treated  presently. 

In  the  CAse  of  a  pidl  tliis  restriction  on  the  use  of  the  foimub  need 
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lot  be  attended  to,  the  effect  of  the  deviation  being  to  diminish  the 
stress. 


174.  Effect  of  a  Thrust  on  a  Loaded  JiMtn. — Case  II.  Uniformly  loaded 
beam  supixjitod  at  the  ends  and  subject  to  comproasion. 
^H      IjCt  the  lowl  Ik!  W  und  the  thrust  //,  thnii 

H  ^     A\        n     Hh  ) 

^H    For  example, let  the  section  be  rectangular,  then  q  =  \^n- ^^^  and  we 

r 

Vwhi( 


1  + 


Let  us  further  8Upi)oae  the  ratio  of  de})th  to  eihiii  one  sixteenth  then 


-f(-<)=f(- 


hich   shows  how  greatly   the  effect  of  a  thi-ust  is  increased  by  u 
moderate  bending  moment. 

If  the  deflection  be  8up[>08cd  I  incb  in  100  feet  then  U  will  in  con- 
B0(|uence  jiroduce  an  additional  bending  action  at  the  centre  etpul  to 
IIl/\200,  which  will  be  equivalent  to  an  addition  to  f^  of  ///ISO.  For 
safety  H  ought  not  to  exceed  ^fK  and  the  stress  due  to  the  bending 
action  of  the  uniform  load  on  the  bt>am  will  then  be  increased  aljoiit  25 
per  cent,  by  the  effect  of  the  thinisL  Tliis  calcuUition  shows  why  it  is 
often  uecetwary  to  support  a  beuui  at  itoints  not  too  fur  apart  by  suitable 
trussing  even  when  support  is  not  required  to  give  aultiuient  stiffness. 
Theoretically  a  proper  "camber"  given  to  the  beam  mil  counteract 
the  bending  action,  and,  conversely,  a  small  accidental  deflection  will 
increase  it. 

175.  Remarh  on  the  ApplioitioH  oj  Ou  General  Formula, — The  formula 

g;iven  above  in  Art   172  is  much  used  in  questions  relating  to  the 

■lability  of  chimneys,  piorp,  and  other  structures  in  masonry  and  brick- 

rork.     The   stress   on    horizontal   sections   of  such    structures  vuiies 

tnifonuly  or  nearly  so,  and  the  formula  then  shows  where  the  stress  is 

st  und  also  where  it  becomes  zero,  tension  usttally  nut  being 

ssiblc.     It  must  t>e  boma  in  mind  however  that  the  bending  is 

frequently  unsymmetrical,  so  that  the  axis  of  the  bending  momi^nt  wilt 

not  coincide  with  the  neutral  axis  of  the  bending  stress  on  the  section 

(Art.  162).     The  sudtility  of  blockwork  and  earthwork  structures  is  a 

lUflrgc  subjcet  which  will  not  bo  considered  in  this  tivatise. 
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176.    Siraininff  Actions  dm  tit  F&iCf»  Normal  io   the  SfcHon.—Tht 
reasoniiiji  of  this  Rectioii  shows  that  when  a  structure  is  uct«cl  on  by 
forces  some  or  all  of  which  have  componentA  normal  to  u  given  BecUoa, 
the  straining  actions  due  to  the  normal  com(x>nents  uill  in  general  tl^ 
I>end  on  the  relative  yielding  of  the  several  parts  of  the  section  (Art.  42). 
These  noi-mal  compouont«  however  can  nlways  be  reduced  to  a  sin^v 
force,  acting  through  any  i)ro[>osed  point  in  the  section,  and  a  couple, 
and  if  the  jminl  be  properly  chosen  according  tci  the  riftture  of  the 
fitructure  at  the  section  thai  single  force  will  be  a  simple  thrust  or  pull: 
thus  in  the  cases  wo  have  mentioned  the  point  is  the  centre  of  gm\-ily 
of  the  section.     Having  done  this  the  couple  will  l>e  so  much  addition 
to  thf.  bending  action.     An  important  example  of  this  is  the  wlsc  of  » 
vessel  floating  in  the  water  in  which  the  horizontnl  lonptudinal  com- 
ixinent  of  the  Huid  prc5.sure  generally  produces  bending,  the  arm  of  the 
bending  couple  Ijeinj;  the  distance  of  the  interaection  of  the  line  of  i 
action  of  the  reeuLtunt  with  the  section  considered,  from  the  neutnd^ 
jixis  of  the  "  equivalent  ginler." 


177-  ^fa.rim^^m  Vnishin<j  Load  of  a  JHllar. — When  the  corajiressing] 
force  is  sufficiently  great  it  produces  a  strong  tendency  to  bend  the 
pillar  even  though  there  be  no  lateral  foi-ce.  \A'e  have  already  seen  that 
the  condition  that  this  shall  not  bu  the  ease  is  that  //'  shall  be  small 
ccmiiarcd  with  the  quantity  '2EI/t',  and  wc  now  proceed  to  iminiro  the 
effect  produced  when  /F  has  a  larger  value.  AJI  these  cases  ctitnc  iindcrfl 
the  head  of  wliat  is  called  Cnishing  by  hcnding,  and  are  very  common 
and  imiK)rtjint  in  practice. 

As  in  the  caf^e  of  the  deflection  of  a  beam  the  question  is  much  mo 
simple  when  the  pillar  bends  into  an  arc  of  a  circle,  winch  it  will  do  in 
various  cases  explainer!  in  Art.  IC-I.     The  ca.^  which  we  select  is  timl 
in  which  the  sectional  area  remains  constant  and  the  thickneJt8  \'ari« 
Such  u  pillnr  ia  of  uniform  strength  when  very  slightly  bent,  and  whon^ 
more  bent  the  weakest  point  is  at  the  Uise.     As  the  breadth  becomes 
great  at  the  summit  this  form  t^uld  not  Ik*  pi-actically  apj)licd  without 
modificjition,  hut  the  conclusions  derived   by  coivsidcring  it  may   l»e 
applied  with  slight  modifications  to  the  cases  M-hich  occur  in  pnicticc,* 

AVhen  the  load  is  applied  oxitctly  at  the  centre  the  elevation  of  such  u 
pillai-  is  a  8erai-elli]we  with  vortex  at  the  summit;  when  not  exactly  at 
the  centre  the  ellipse  is  truncated.     For  the  present  piu^Hwe  it  is  not 

*  The  ouc  where  the  thickucM  is  auiform  has  been  coiuirlered  by  I>r,  YouAg  in 
hil  yaturaf  Pliilatopky  (we  Young's  wurki),  Peacock's  editinn,  p.  130).  wlio  ibows 
that  tfac  outline  U  a  cireutar  ore,  ni  follows  at  once  from  Art.  IGI.  The  cooiprts- 
alve  ktrcM  however  near  the  snuimt  of  the  pillar  is  then  very  k^v^** 
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ary  to  consider  this  point  tttrtbcr,  lut  the  form  is  not  intended  for 
I     practical  application. 
^H  jVsaumin^  then  thn  fomi  <tt'  the  boit  pillar  to  be  a  circular  arc  we  have 
^Hl  before 

|bm 


•2Er 


but  we  have  now,  since  we  cannot  neglect  S, 
pnce  bv  8uI»stitution  vra  find 

— MT-" 

phere  /  is  the  moment  of  inertia  at  the  Jmiso,  from  which  wo  find 

r  a 


2EI 


-1 


/r--2. 


li         a 


This  result  shows  that  the  pillar  bonds  laterally  more  and  more  as  ^V 
icreasce,  and  breaks  with  some  value  of  //' which  we  will  find  presently 
►y  substitution  in  the  fonnula  of  iVrt.  17'J. 
First,  however,  observe  that  if  a  =  0,  that  is,  if  the  line  of  action  of 
le  load  paas  tbrauj^h  the  centre  of  the  pillar  at  ito  summit^  thon 
=  0  unless  the  deiiominutor  of  the  (i-uction  be  also  zero,  that  is,  unless 

EI 

The  interpretation  of  this  is,  that  if  U'  l^e  less  than  the  value  just 
Tun  the  pillar  will  not  licnd  at  all,  but  if  disturbed  latci-idly  will 
'return  to  the  upright  jrosition  when  the  disturbing  force  is  removed. 
If  H'  have  exactly  that  value  then,  when  put  over  into  any  inclined 
position  the  pillar  will  remain  there  in  a  stiite  of  neutral  equilibrium, 
while  the  smallest  increase  of  /J'  above  this  limit  will  cause  the  pillar 
to  Iwnd  over  indefinitely  and  so  br&ik.  Thus  the  foregoing  equation 
may  1m:  regarde<l  as  giving  the  cnishing  loa<l  of  the  pillar  under  certain 
■conditions  to  be  defined  more  exactly  presently. 

If  the  pillar  had  not  l>cnt  into  the  arc  of  a  circle  as  has  been  just 

aupi>oeod,  we  should  have  arrived  at  exactly  the  same  formula  exoc]>t 

that  the  co-cfiiciont  2  is  replaced  by  a  not  very  different  number 

.epcnding  on  the  circtuustances  of  the  particuUr  case.     If  the  trans- 

erse  section  ho  uniform  then  the  pillar  bends  into  a  curve  of  sines  and 

e  must  replace  2  by  n^y4  or  2-47,  thus  obtaining 

iir-T«    EI 

,  formula  which  having  been  first  obtained  by  Kuler  is  known  as  Buler's 
F'oiiDula.    It  applies  diiectly  to  a  column  fixed  firmly  in  the  ground 


Id  the  first  the  ends  of  the  pillar  ara  rounded  and  it  bends  lateiuUy 
in  the  ciinx  BAB  ;  each  half  .-/^  is  then  in  iho  position  of  the  pillar 
originally  conaiderod,  except  that  the  huse  instead  of  tlie  summit  is  free 
to  move  Literally,  hence  to  get  the  crushing  load  we  have  oidy  to 
replace  /  by  L;2,  wbtre  L  is  the  whole  height  of  the  pillar.  In  the 
third  both  ends  of  the  i-olumn  are  flat,  which  has  the  effect  of  reUuuing 
the  axis  in  the  vortical  at  top  and  bottom,  so  that  lateral  bending  take* 
place  in  the  curve  CBABC,  being  n  curve  with  two  points  of  contrary 
flexiiru  or  "virtual  jointa.  "  Here  the  four  pieces,  C7i,  BA,  AH,  BC, 
are  all  in  the  same  condition  and  must  be  of  the  suno  length ;  e«cb  it 
in  the  condition  of  the  piUar  oiiginally  considered  ;  to  gel  the  crushing 
loail  then  wo  have  only  to  replace  I  by  Lji,  where  /  is  the  whole  length. 
In  the  second  the  pillar  bends  into  a  curve  BABC  which  hiis  uno  point 
of  coutiury  flexure  B,  the  other  l>eiug  ut  the  stunmit ;  if  this  point  wore 
in  the  same  vortical  aa  the  summit  then  the  pillar  would  be  divided 
into  throe  etptul  ixtrts  and  we  should  get  the  crushing  load  by  writing 
£/3  for  I  in  the  original  formula.  Am  the  figme  shows  however,  B  mu8t 
be  a  little  out  of  the  vertical,  and  this  slightly  dimiiiishes  the  cnishuig 
loud  which  we  gut  uppixiximatoly  by  writing  Lj'Jt  ^''i  for  /. 
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We  thos  obtain  the  three  formula, 

;  for  the  thr«e  cases  in  qacetiou  with  u  uniform  section.     If  tbo  pillur 
be  bent  into  a  circle  aa  deecribed  above,  then  w^  is  to  )h<  rupluuod 

by  8. 

178.  MamttfT  in  «kUh  a  Pillar  cnuhes.  FvmwUafm-  hitf^ml  Itnwtum, 
— ^The  vulae  of  ft'  here  routitl  is  the  maximum  lotui  which  a  |iilhtr,  (Vco 
to  deflect  latcniUj,  can  sustain  unHor  any  circunifltanccfl  ;  but,  in  onlur 
that  it  may  actually  be  sustained,  the  pilliu-  niuat  be  (wrfcctly  Ntmii^lit, 
the  material  must  be  perfectly  bomogoneous,  and  tbo  lino  ut'  lu'lum  uf 

■  the  load  mtist  be  exactly  iu  the  axis.  Th«ae  coDditiona  ounnut  Iw 
accurately  satisfied,  and  consequently  a  lateral  deflection  tH  produoed, 
which  increases  indefinitely  as  the  loai^i  iipproaclieH  (.ho  ihitorrliml  maxl- 

■  num.  Thii  may  he  exprui>sQd  by  supposing  that  a  in  not  Mro,  but 
some  known  quantity  dejicncling  on  the  degree  of  ncruracy  with  wliioli 
tbu  conditions  are  satisfied,  unU  nltieh  may  bu  cuIIihI  llic  "oirucUvu" 
deviation  ;  since,  when  the  pillar  is  straight  nnd  boniogeneoiiR,  it  h  ill  Iki 
the  actual  deviation  of  tbo  line  of  itction  of  the  load  IVoni  the  uxi^,  Uit 
/^o  be  the  theoretical  maximum  load  aa  calctilaUxl  Uom  the  procdinu 
fonniilie  and  fT  the  actual  load,  then 


thus  we  see  that  a  load  of  j,  ^,  ^  the  theoretical  maximum  pitKbidoii  a 
lateral  deflection  of  la,  2a,  3a,  increasing  the  deviation  of  the  Inud  fk^tin 
the  axis  of  the  column  to  2a,  3u,  ia.  Thc-Mc  iiunibcnt  urn  only  xxiint 
when  the  pillar  is  so  fonned  as  to  bond  into  thp  urc  <if  ii  circle,  whun  thU 
is  not  the  case  they  follow  a  more  complicatcMl  law  uf  the  wuiie  gunentl 
character  dc[>ending  on  the  type  of  pillar  niul  the  imtiirc  of  tliu  <lnviaiion, 
For  our  purpose  the  simjilc  case  is  aufficiont.  It  in  convenient  to  (ixpnuia 
the  load  in  pounds  per  square  inch  of  the  area  (J)  uf  lliu  plIliu-  at  Ita 
s,  then  we  may  write  with  the  notation  of  Art,  lOi'i 


"^-x..»ff.*:; 


for  the  case  whore  the  pillar  is  rounded  at  both  ends,  the  number  r' 
being  replaced  by  2--  or  W-  io  the  two  other  caaos  of  the  last  article. 
Simikrly  writing  p  =  U'jA  for  the  actual  load  on  the  pillar,  we  get  by 
subetitution 

5  =1  a .  --^-    ,    or  «  +  5  ^  « .     *•  -. 
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The  deviation  in  uccom[Kitueil  by  im  incroaso  iu  the  nuuumiim  stn!»(/i 
on  the  transverse  section,  which  is  given  hy  the  formula 

from  which  we  get,  replacing  II  hy  if  and  Af  by  /r(«  +  5), 

a  result  which  shows  that/  increases  indefinitely  us  /*  a|iproachcs  p„  Mkl 
that  the  pillar  must  brejtk  before  the  theoretical  muximum  is  reached,^ 
however  small  the  original  tleviation  is.     The  greatest  value  of/  miut 
bo  the  elastic  strength,  for  jls  soon  ns  this  is  {tast  an  iulditional  UtenI 
deviation  at  the  most  compressed  ]>nri  will  occur,  sooner  or  Inter  accum- 
pjinied  by  rupture. 
The  formula  may  be  written  in  the  more  convciiicut  form. 


(i-)('-^>S- 

in  which  it  is  worth  while  to  observe  that  the  right-hand  side  is  TualV' 
for  the  deviation  necessary  to  jjroduce  double  sti-esa  when  the  pillar  is 
80  short  that  uo  sendble  augmentation  of  the  deviation  is  produced  by 
lateiTil  Itcudiiig.  In  materials  like  i-ast  iron  wliivh  have  a  low  tenacity, 
very  lonjx  pillars  -^ivc  way  by  tension  on  the  convex  side  ;  the  formula 
then  becomes 

where/'  is  the  tensile  stress  at  the  elastic  limit.    The  two  fonnuUp  grfB 
the  same  result  if 


For  loafis  greater  than  this  the  first  formula  applica,  and  for  small '. 
the  second.     In  }iillars  flat,  hut  not  fixed  at  the  ends,  without  capitab 
/'  may  be  ziivo. 


179.  Adual  CntJtliin;/  /^W.— We  thus  sec  that  if  a  pillar 
absulutcly  straight  and  homogeneous  it  would  crush,  by  direct 
prcssion  if  ;>^  were  greater  than  /,  and  hy  lateral  bending  if />„  were  l<« 
than  /,  the  crushing  load  being  the  least  of  thcst-  two  ijuantides :  hu 
tliat  the  smallest  deviation  will  lie  augmented  by  lateral  bending,  sc  tha 
the  actual  crushing  load  will  Ije  leas  than  the  least  of  those  ({uantilic 
Ext)enence  continus  this  conclusion.  When  a  long  pillar  is  loaded  vodo 
not  find  that  it  remains  straight  till  u  certain  definite  load  p,,  is  reached, 
and  then  suddenly  bonds  laterally.  Wo  tind,  on  tho  contrary,  that  a 
perceptible  iutoral  deflection  ia  produced  by  a  small  load,  which  grndti 
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ally  increases  as  the  load  is  incrfiased,  till  rupture  takes  place,  showing, 
as  we  might  anticipate,  that  some  small  demtion  existed  onjpiially. 
And  as  that  deviation  6vi<lently  fle{>ends  ui>on  nccidentul  circumstances 
it  is  imjioegible,  from  impciiectioii  of  data,  to  find  the  actual  crushing 
load  of  a  pilkr  for  those  proportions  of  height  to  thickness,  for  which 
its  effect  is  greatly  augmented  hy  u  small  deviation.  The  augmentation 
is  on  the  whole  greatest  when 


/•«  =  ^-  • 


that  is,  when 


L         f,AtE 

A  =  V  y 

This  ghree,  by  taking  the  values  of  £  and  /  from  Table  IL,  Ch.  X  VIII., 
I  Wrought  Iron,         /.  =  38  vV-« .  A  =  30/i  (Circular  Section). 

^K        Soa  Steel,  i  =  29  v'r%.  A  =  23A 

^^t       Hard  Steel,  i  =  23  n/^%.A-18A 

^^H  Cast  Iron,  1  =  20  ^/^l.h=\Qh 


ropiai 
I  Lei 

^^oadei 
Pltbeii 

"    circtd 

h 


In  the  case  of  cast  iron  there  is  a  difficulty  in  determining  the  value 
of/,  but  if  we  suppose  that  the  elasticity  of  the  mat«rinl  is  not  greatly 
impaired  at  half  the  ultimate  cnishing  load,  wc  get  the  value  given. 
The  case  of  timber  is  exceptional,  and  will  be  referrcil  tn  further  mi. 
For  pillars  fixed  or  half-fixed  at  the  ends  the  number  r-  is  to  be 
replaced  by  4ir»  or  2^"  as  before. 

Ijet  us  assume  tlus  condition  satisfied,  and  let  us  imagine  the  pillar 
.loaded  with   throo   fourths  the  theoretic^  maximum   crushing  load, 
by   substitution   we   find,  ya/nA  — ^.  \,  or  since   a/9  =  j   for  a 
circular  section, 

u        1 
a"  96* 

?rom  which  it  will  Ite  seen  how  small  a  delation  will  cause  the  pillar 
to  crush  imder  three  foiul^hs  the  theoretical  maximum  load,  when  the 
proportion  of  height  to  thickness  is  that  just  giveu.  With  a  pillar  of 
double  this  height  deviation  has  little  influence,  and  i^ith  a  pillar  of 
one  thinl  this  height  lateral  flexure  hoA  little  influence  on  the  resist- 
ance to  crushing. 

On  the  whole,  then,  it  would  seem  that  the  most  rational  way  of 
dedgning  pillars  woidd  be  to  calculate  the  theoretical  maximum  load, 
Dd  then  adopt  a  factor  of  safety  depending  on  the  value  of  the  devia- 
tion found  from  the  above  formula ;  it  is  obviouA  that  in  some  cases  a 
I much  larger  deviation  may  be  considered  likely  than  in  others.     For 


^^de« 
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180.  Oordon's  Formuia. — A  coiiaideruble  part  of  oar  expcritoeDtil 
knowledge  respecting  the  strength  of  pillars  is  Jae  to  UodgkinsotL* 
His  results  show  that  in  cAst-iron   pillars  with  Hat  i'nds,  the  length  J 
of  which  exceeds  100  diameters,  the  theoretical  maximam  iscloMlfl 
approached,  while  with  shorter  lengths  the  strength  falls  off  conaider- 
ably,  as  might   be  expected.     In  other  respects  the  theoretical  U« 
are  approximately  fulfilted,  the  principal  difference  being  that  colamm 
with  one  or  both  end^  rounded  are  somowhut  stronger  relatively  to 
columns  with  tiat  ends  than  theory  would  indicate,  an  effect  which 
may  be  partly  dne  to  imperfect  fixing  of  the  ends.     Vnrions  empirical 
formulffi  have  been  given  to  express  the  results  of  experiment  on  thr 
cruE^hing  of  pillars.     That  which  him  been  most  used  is  commoolj 
known  ae  (.lordon's.    It  ia  so  constructed  as  to  agree  in  form  with  tbij 
theoi'etical  formulte  in  the  extreme  cases  in  which  thoso  formulw  give  | 
correct  results.     \&  raodififd  by  liaukinej  only  replacing  r^,  Xhv  square  j 
of  the  radius  of  gj'ration,  by  nA*    in  the  notation  of  this  work  thaj 
formula  is 

E-    -1- 

A 


I  + 


cnA* 


which  becomes,  when  //A  is  small, 
and  when  //A  is  large, 

while  for  intermediate  values  it  gives  intermediate  results. 

If  wo  compare  this  last  with  Killer's  formula  for  a  column  with  fla 
ends,  we  get 

c=4;r»|. 

and  this  may  be  called  the  "  theoretical  "  value  of  the  constant  r.    Tha^ 
values  actually  used  for  e  are  somewhat  difleront,  being  deduced  from 
such  experiments  as  have  been  mode,  and  the  results  for  difleront  forms 
uf  section  are  not  always  consistent.     Uankine  gives 


VALUE  OF  CONSTANTS. 

Valuv  uf  /. 

Vftlueoff. 

Wrought  Iron, 

36,000 

36,000 

Cast  Iron,     . 

80,000 

G.400J 

l>ry  Timber, 

7,200 

3,000 1 

*  PhU.  Trtuu.,  I&40,  Part  II.     Aa  aUridgmoDt  is  given  ia  Hodgkinioa's 
an  Cast  Iroti,  cited  at  the  eud  of  Ohaptar  XVIII. 
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Thflee  values  refer  to  stints  fixed  nt  the  ends  and  to  the  crushing  load. 
If  one  end  Iw  rounded,  tba  value  of  c  must  be  divided  by  2,  and  if 
both  ends  are  rounded,  by  4.  A  birgo  factoi-  of  safety  uiuet  be  employed, 
for  reasons  already  mifiiciently  indicated. 

Kunkino's  fommla  has  l>een  very  extensively  tested  for  the  case  of 
WToujrht  columns  of  large  size  of  various  traneversc  s&ctious,  t.-oii6tructed 
of  rivetted  plutei^  and  has  been  found  10  give  good  results.* 

In  the  case  of  timber  Hodgkinsnn  founii,  from  a  limited  number  of 
experiments  on  stnitii  nt'  i>ak  and  red  [line  of  small  dimensions,  a 
fommla  which  agrees  with  the  formula  for  the  theoretical  maximum 
cnisbinj^  load  when  the  value  of  K  in  that  formula  ia  uken  as  alwut 
900.000  lira.  |HT  square  inch,  h  \»  jMSsible  that  the  low  lutci'al  tenacity 
of  this  mat«rial  increases  its  flexibility  under  a  heavy  crushing  load. 
The  formula  gives  a  crushing  stress  greater  than  the  direct  resistance  to 
crushing  of  the  material  when  L  is  lees  than  20A,  which  seems  hanlly 
probable,  and  the  lower  values  given  by  Gordon's  formula  appear 
preferable.  In  the  case  of  steol  the  value  of  /  may  be  expected  to  be 
increased  and  the  value  of  c  diminished  in  the  ratio  of  the  direct  resist- 
ance to  cnishing  of  steel  and  wrought  iron  respectively. 

Caleulations  made  by  (Jordon's  foi-mula  may  be  tested  by  calculating 
the  deviation  a  by  the  formula  on  p.  31G  ;  the  magnitude  of  this  will 
be  to  some  extent  a  measure  of  the  safety  of  the  prni>0Bed  loud.  In  all 
cases  of  stmts  of  large  size  subject  to  a  heavy  load,  special  care  is 
necessary  in  considering  all  the  circumstances — if  a  deflection  be  occa- 
sioned by  the  misup|)orte<1  weight  of  the  strut  itJielf,  or  if,  as  is  often 
the  case,  it  be  constructed  of  rivetted  plates,  a  large  margin  of  mfety  is 
deairable.  So  also  in  piera*  forming  jwirt  of  a  machine  in  which  a 
bending  action  may  bo  produced  by  inertia  and  friction,  or  which  are 
subject  to  shocks,  the  simple  thrust  atone  is  often  a  very  imperfect 
loeasure  of  the  stress  to  which  they  are  subject 

Beturning  to  the  case  of  a  long  slender  column  we  observe  that  the 
resiBtancc  to  cnishing  depends  solely  on  the  stifiiiess  and  nut  on  the 
strength  being  proportional  to  the  modulus  of  elasticit}*.  Hence  a 
long  column  is  stronger  when  mode  of  wrought  iron  than  when  made 
of  cast  iron,  although  with  short  columns  the  rovorse  is  true.  It 
appears  from  Gordon's  fonnula  that  for  a  ratio  of  length  to  diameter  of 
about  26  i  the  two  materials  arc  equally  strong.  In  vorj*  long  columjis 
steel  is  not  stronger  than  iron,  for  its  modulus  of  elasticity  is  not  very 
different ;  in  shorter  lengths  however  the  greater  resistance  to  direct 
crushing  of  steel  gives  it  an  advatitage. 
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181.  Collapse  of  Flues.  —There  aro  other  cues  of  crushing  by  beodng- 
An  imporlont  one  is  that  of  the  yielding  of  ii  thin  tube  under  edamt 

tluid  (iressure:  The  atren^ 
of  a  tube  undei-  external  ftuid 
preAaure  is  sm  different  frtm 
tluil  of  u  tube  wider  intenul 
preBBuro  as  the  strength  of  % 
bar  under  coraftreeaion 
different  to  its  stren^h  und 
tension. 

A  tulje  perfectly  uniform  id 
thickness  made  of  pcrfecUjI 
homogeneous  bard  nuktenal| 
and  subject  to  |>crfectly  uniform  normal  pressure  externally,  wou 
theoretically  maintuin  its  form  until  it  yielded  by  the  direct  cmehini;  i 
the  material.  But  when  the  pressui'e  l'xl-cmIs  a  cortnin  limit  the  tube '» in| 
state  of  unstable  equilibriimi,  and  any  deviation  from  perfect  accur 
in  the  above  conditions  will  cause  the  tube  to  yield  by  coUu|i«ing. 
collapsinf^  IwJng  acconipaiiiwl  by  Imlginji;.  If  the  tube  is  verj'  long  itj 
will  collapse  in  the  manner  shuwn  in  Fig.  l;ir>,  the  circumference  divid- ' 
ing  itself  up  into  four  arcs  two  of  which  ai-e  concave  outwanls  and  tlif 
other  two  convex.  A  want  of  exactness  in  the  cormtniction  will  iu 
practice  generally  prevent  tlie  collajising  from  being  s^ninictncal.  Each 
portion  of  tube  between  the  points  A  is  nndor  the  action  of  forcoi 
applied  at  the  ends  towanls  one  another,  which  crush  it  by  hiterai 
bending  just  as  n  long  column  is  cnishcd.  Just  Iwfore  collajtsing,  each 
segment  AA  (Fig.  136),  of  length  ."  stiy,  will  be  under  the  acijon  of  a 
thmst  r  suppose,  applied  at  the  ends  tangentiidly.  Equililirimn  if 
maintained  by  iluid  pressure  of  intensity /j  on  the  convex  side.  When 
the  pressure  exceeds  a  certain  limit  the  equilibrium  is  mistable,  some 
accidental  circumstance  determining  the  position  of  the  fM>int  A  of  con- 
trary flexure,  mtd  the  consofpienl  length  «  of  any  iwc. 

As  shown  on  page  '27H  the  thrust  per  inch  length  of  the  tube  may  bo 
taken  as  approximately  propwrtional  to  jmI.  Thus  if  /  =  tliioknoBB  of 
tube,  wc  may  expect  thai  the  collapsing  pressure  would  l>e  given  by  a 
formula  like  that  which  exproaaes  the  emsbing  load  of  a  long  slender 
rod  of  rectangular  sectioii,  namely,  pit  -  <t'P/«2  where  I'  is  au  elastic 
co-efficient.  All  other  things  being  equal,  the  diametor  alone  rar}'ing, 
the  length  ?>  of  nn  arc  AA  would  be  proportional  tu  the  diameter  of  the 
tube  f/,  and,  under  those  circumstances,  the  eollajising  pressure  of  a  Uiin 
tube  (see  Appendix),  would  probably  vary  with  P/tF*.  But  the  length 
of  the  tulK!,  as  well  as  the  diameter,  influences  the  value  of  a.      In  all 
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practical  cases,  as  in  all  tbose  un  which  ex])erinient8  were  made,  the 
cnda  of  the  tube  are  rigidly  constructed,  ami  very  much  Btipjwrt  tho 
tube  til  the  neighbourhood  from  colhipsini;;  thus  the  proximity  of  the 
ends  has  an  important  effect  in  determining  the  length  of  the  ares  into 
which  the  circumference  divides  itBelf.  Jf  the  length  of  the  tube  is 
decreased  a  limit  will  be  reached  below  which  the  tube 
on  collapsing  divides  itself  up  intosixarcs,  three  conc:ivo 
and  three  convex,  ii«  shown  in  Fij;-  HT.  Then  the 
length  of  eich  arc  will  bear  a  Kmaller  pitijiortion  to  the 
diameter  than  in  the  long  tube.  A  still  shorter  tube 
will,  when  it  collapses,  di^nde  it  into  eijiht  arcs,  and  so 
on.  Thus  the  length  .1  is  in  some  way  dependent  on  the  length  of  the 
tube  Tho  correctness  of  this  reasoning  is  home  out  by  experiments 
made  by  Kairbaini  and  others.  In  Fairbairn's  ex|>criment«  the  tubes 
were  maile  of  rivettetl  wrought^iron  plates.  The  ends  were  made  ri^jfid 
by  a  strong  stay  pkced  within  tho  tube,  keeping  the  ends  apart.  The 
tube  thus  con*tmcted  was  placed  in  a  larger  cylinder  of  wrought  iron 
and  external  pressure  was  applied  by  forcing  water  in.  The  preasiu'e 
being  gradually  increased  the  tul>c  will  at  last  suddenly  collapse,  making 
a  noise  which  indieaf.ea  the  instant  of  the  occurrence.  The  results  of 
the  experiments  showed  that  the  collapsing  pressure  may  be  approxi- 
mately expressed  by  the  formula 

m  ^=4 

the  dimensions  being  all  in  inches,  tho  co-ofRcient  k  ~  9,672,000.  This 
formula  must  not  be  used  for  extreme  cases  nor  for  tubes  of  thickness 
less  than  ^  inch. 

t Since  a  abort  tube  is  so  much  stronger  than  a  long  one,  we  have  an 
planation  of  the  advantage  of  rivetting  a  T  irori  ring  around  a  boiler 
ftimacc  tub*',  which  amoiuits  to  a  virtual  shortening  oC  the  length  of  the 
tube.  Other  formuliu  have  been  proposed,  some  of  which  rejirescnt  the 
results  of  oxijeriment  more  closely,  but  the  materiiiLs  at  present  avail- 
able do  not  admit  of  the  constniction  of  a  satisfactory  forn>ula.* 
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EXAMPLES. 


Find  tlie  tliiclmew  uf  metal  of  a  oost-lroa  oolumii  fiioil  ftt  tho  eniU,  1  foot  meui 
dbmrter,  'JO  tet-t  hij^h,  tci  aury  100  tons.     Kftctor  u(  safety,  d.     A  hm. —Thieltneua  1". 

2.  FiimI  the  cruKbin;  lontl  uf  •  wmug|]i.irou  [iMUr  3"  <liumeter,  lOfeot  bi^h,  fre«  ut  the 
•ndt.     J  fu.— Oruabing  load  -  66,218  Iba.  -  30  totu  nearly. 

•See  a  psper  by  Profeosor  W.  C.  Unwiu.  Minutes  of  the  PtwediMffH  o/  tlie 
Inditution  o/Cifii  Knginitr*,  from  which  the  precotling  rcmarka  arc  partly  token. 
Somo  other  caeea  of  crushing  by  bendiug  will  be  given  in  the  Appemlix. 

\ 
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3.  If  in  lut  quesfcioQ  the  pillftr  were  of  rectangalAr  teotion  of  breadth  doable  tht 
tbicknesB,  wfa&t  aeotional  area  would  be  required  for  equal  itrength  ?  Anx. — Seetiaul 
area  ••  9'4  square  inches  instead  of  7  square  inolies  as  before. 

4.  Find  the  oollapring  pressure,  according  to  Fairbaim's  formula,  of  a  o^Iindried 
boiler  flue  ^j^"  thick,  48"  diameter,  and  30  feet  long.  Ana. — Collapeing  preesure-lOT 
lbs. 

5.  In  Ex.  1  calculate  the  deviation  of  the  line  of  action  of  the  load  from  the  txii  to 
produce  a  maximum  stress  of  10,000  Ibe.  per  square  ineh.     Ant.  I'S". 

6.  In  Ex.  2  oaloulatfl  the  deviation  to  produce  a  maximum  stress  of  9,000  lbs.  per 
square  inch  with  a  load  of  11,000  lbs.  or  of  22,000  lbs.     Am.  — l*fi  or  '5. 


CHAPTER   XV. 


SHEARING  AND  TOBSION  OP  ELASTIC  MATERIAL. 

182.  DUtinction  Uttceen  Tarif/rntiai  and  Normal  Strfss. — EquaHij/  of 
Tangeiilial  Strf^  on  PUincs  at  Highi  Angles. — In  the  cas*^  wc  have 
hitherto  considerod  of  simple  tension,  compression,  and  bending,  the 
stress  on  tho  section  under  consideraliou  has  bctn  at  all  points  normal 
to  the  section.  But  wt>  may  take  our  'tection  inclined  at  any  angle  to 
the  itress,  and  tho  mutual  action  i»  then  not  normal  to  the  section. 
The  particles  on  each  side  of  the  eccticn  partly  aut  on  one  another  in  the 
tlirection  of  the  section  itself,  and  so  constitute-  a  stress  analogous  to 
friction,  resisting  the  sliding  of  one  poitinn  rola-  Pig.188. 

tively  to  the  other.    Such  a  stress  is  called /mii/en-  — 
tial  or  shfaring  sfivsK,  being  the  stress  called  into 
action  by  shearing. 

Let  us  return  to  the  case  of  the  stretched  bar 
carrying  a  load  P  (Fig.  138).     On  a  transverse 
section  of  the  bar  only  a  normal  stress  is  produced.      /f 
Now  suppose  we  take  nn  oblique  section,  whose   p.Jinj     j  *«o»' 

normal  makes  an  angle  6  with  the  axis  of  the  bar>  Ip 

and  let  us  resolvp  the  force  P  into  two  components,  one  perpendicular 
and  the  other  parallel  to  the  section.  The  normal  component  P  cos  9 
tends  to  produce  a  direct  separation  at  the  section,  producing  a  t«nsile 
stress  similar  in  character  to  that  on  a  transverse  section,  but  of  less 
iat«D&ity. 

It  ji  •=  area  of  transverse  section  of  bar,  then  v^  sec  ^  =  area  of  oblique 
HctioD  ;  the  intensity  of  the  normal  stress 

pn  = =  --  cos'tf =p  cos*^,  where  0  ■»  — . 

'       A  wc  if    A  "^     A 

Tho  other  component  P  sin  0  produces  a  tangential  or  shearing  streae 

.  of  iatenMty 

ft«.^^l!L?,-»8intfco8ft 
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Similarly  if  the  bar  ia  subjected  to  a  compressive  iiistead  of  a  tennile 
load. 

Many  materials  which  offer  great  resistance  to  direct  coinpresaioo  yiiM 
by  sliding  across  an  oblique  plane.  Now  p,\aa  maximum  when  6  =  4S 
tliis  ta  thercfoi-c  approximately  the  angle  of  separation.  The  saml 
ni»ximum  stress,  the  value  of  which  is  yV-«  occurs  on  another  pUM^ 
sluping  the  other  way  at  an  angle  of  45^  We  sometimes  iiaiJ 
fracture  to  occur  across  two  oblique  plaues ;  sometimes  across  OM 
only. 

If  in  ;),  ^p  sin  6  cos  &  we  cliauge  ^  into  90  +  tf,  p,  baa  tbn  ssme  valoe ;  ] 
so  that  the  intensity  of  the  tangential  stresses  on  two  planes  at  rigbt  1 
angles  to  one  anotlier  is  the  same.  This  is  true  generally  in  all  cases  of] 
stress,  as  will  be  seen  presently. 


nir.139 
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183.  Tnitgeniial  Stress  ft/tnmfent  to  a  Pair  of  Equal  and  Opponir  X</i 
Strensfs.  IHsimiwii  Stress. — In  tlic  example  we  have  just  considert^l  we 
have  both  shearing  and  normal  stress;  but  there  are  cases  in  wbioh 
there  is  only  a  shearing  stress.  Let  ABCO\ 
(Fig.  I3t>)  he  a  rectiingiilar  I'lutcof  thiclauwL  I 
Over  the  surfaces  HC  and  AD  suppose  a  toa-l 
gcntial  stress  to  be  applied  of  intensity  /vf 
Calling  b  Hud  a  tlio  length  of  tlie  sides  of  iht  1 
1^  plate,  the  total  amount  of  the  tangential  streaij 
on  each  side  is 

Q  To  prevent  the  turning  of  the  plate,  supp 
~^  ~^  '"I      *  the  forces  P  balanced  by  the  Bp|>Hcution  of  aB^ 

*^      uniform  stress  over  the  surfaces  BA  and  DC 
of  intensity;)'^     The  amount  of  the  force  on  each  of  these  sidrs,  ■ 

Q  =  p:,a.t.  1 

Since  equilibrium  ia  produced,  the  moment  of  the  couple  P  mast  be 
equal  to  the  moment  of  the  couple  Q. 

.'.Pf.bt.a^p't.at.h', 

that  is,  the  intensity  of  the  stress  is  the  same  un  BA  as  on  AD. 

Shearing  therefore  cannot  exist  along  one  plane  only.  It  must  be 
accouipanie<l  by  a  shearing  stress  of  equal  intensity  along  a  plane  at 
right  angles.  Such  a  pair  of  stresses  unaccom))anifd  by  normal  strefis 
constitute  a  Simple  Distorting  StresA,  so  called  because  it  distorts  the 
elements  of  the  body. 
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^rLet  lU  now  assume,  for  eimplicity,  the  plate  to  bo  square  (tHg.  140). 
The  effect  of  the  forces  is  to  produce  a  change  of  form,  which,  in 
perfectly  elastic  bodies,  la  exactly  pro-  fP  Fig.uo 
|H>rtii)nal  to  the  shearing  force  which 
producea  it.  The  ac|uare  ABCD  becomes 
a  rhombus  Alfi'D,  the  augle  of  distortion 
^  being  proportional  to  the  stress  }fr 
We  may  write 

where  the  co-officient  C  is  &  kind  of 
Modulus  of  Elasticity,  but  of  a  different 
nature  from  that  previously  employed. 
The  volume  of  the  clastic  body  A  is  in  general  practically  unaltered. 
Under  the  action  of  the  forces  it  has  Bimply  undergone  a  change  of 
form  or  figure,  and  the  co-eUicient  6'  which  connccU  the  chanpe  of 
form  with  the  stress  producing  it,  is  a  co-efficient  of  elasticity  of  Irgure. 
It  is  Bomi'tinies  called  the  modulus  of  transverse  flasiicittf,  but  preferably 
ibe  rn-effiaent  of  ritjidity. 

The  onlinary  (Young's)  mo<lulus  of  elasticity  E  connects  the  stress 
and  strain  in  a  bar  when  it  undergoes  chnngcs  both  of  volume  and 
figure.  The  co-cfticient  of  rigidity  C  for  metallic  Iwdies  is  generally 
leut  llion  \E,  and  for  wrought-irun  bars  may  be  t-aken  as  10  to  10| 
millions. 

Let  us  now  take  a  section  of  the  square  plate  <Fig.  140)  along  one 
of  the  diagonals  and  consider  the  forces  which  act  on  the  two  sides  of 
the  triangular  upper  portion.  Resolve  thtee  forces  parallel  and 
perpendicular  to  the  diagonal.  The  compunents  of  the  two  7^b  along 
the  diagonal  balance  one  another,  and  there  will  bo  no  tendency  for 
this  triangular  portion  to  slide  relatively  to  the  other;  that  is  to  say, 
there  is  no  shearing  stress  on  the  diagonal  section.  But  the  other 
components,  perpeudicular  to  the  diagonal,  cause  the  upjwr  triangular 
portion  to  preas  nu  the  lower  witli  a  force 

If  we  divide  this  force  by  the  area  of  the  diagonal  section  over 
which  it  is  distributed,  we  obtain  the  intensity  of  this  normal  stress, 

Jl.at 

On  the  diagonal  section  AC  which  we  have  been  considering,  this 
Btreae  is  compressive,  but  if  wo  take  the  s<'Ction  along  hi),  the  other 
diagonal,  we  find  by  the  same  reasoning  a  stress  of  the  sajnu  magni- 
tude, but  tensile. 


Pb  = 


=  p,. 
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ThuB  it  appears  that  a  shearing  stress  on  any  plane  neecnaril; 
involves  t«nsile  and  conipre«sive  stresses  of  equal  intensity  un  plane* 
at  45^  to  this  plane,  so  that  a  simple  distorting  strea, 
wliicli  w«s  dffined  above  as  &  pair  of  ehcaring  stress* 
on  planes  at  right  angles,  may  also  be  defined  as  a 
pair  of  normal  stresses  of  etgual  intensity  and  U 
opposite  sign,  as  shown  in  Fig.  141. 
[  I  i  1 1  We  now  proceed  with   various  examples  of  this  ' 

kind  of  strc>»{,  commencing  with  the  cose  of  lonioo., 
Torsion  was  mentioned  as  one  of  the  live  simple  straining  actiuns  lol 
which  a  bar  as  a  whole  may  be  exposed.     It  is  produced  by  a  pair  of* 
equal  couples  applied  at  the  ends  of  the  bar,  the  axis  of  the  coaplea 
being  the  axis  of  the  bar. 
When   we  consider   the  nature  of   the  elastic   forces  called  iotol 


8" 


action  amongst  the  particles  of  the  bar,  Torsiou  reduces  to  a  case  of! 
Shearing.      To  understand  this,  wi>  will    begin  with  a  aimple  CMtt 
Imagine  a  thin  tul)«  (Fig.   142}  with  one  end  6xed,  and  the  other 
acted  on  by  a  uniform  tangentint  stress  of  intensity  q.     Let  i  be  tiw 
thickness  and  d  the  mean  diameter  of  the  tube,  then 

Sectional  area  of  tube  <"  n-dt  approximately  ; 
Total  shearing  force     =  yirdt ; 

and  since  the  foi-ce  on  each  unit  of  area  of  the  section  acts  approxi- 
mately at  th*^  same  distance  from  the  centre  of  the  tube,  the  total 
twisting  moment  =  tprdi  y  iJ  =  ^qirdH.  This  twisting  moment  is 
balanced  by  the  resistance  to  turning  offered  at  the  Bied  end.  At  an; 
transverse  section  KK  of  the  tube  there  will  be  produced  a  nnifona 
stress  of  intensity  ty. 

Let  US  now  consider  a  small  square  traced  on  the  surface  of  the  tube, 
with  two  aides  on  two  transverse  sections.  If  wc  take  the  square  small 
enough  wc  may  treat  it  as  a  pUno  square.  To  balance  the  ahearing 
stress  9,  which  acts  on  the  sides  uf  the  square  lying  in  the  trunsvcr 
planes,  a  fiheuring  stress  of  equal  intensity  Is,  as  explained  above,  callt 
into  action  on  the  other  two  sides  of  the  square,  in  the  direction  of 
length  of  the  tube,  so  that,  if  the  tube  were  cut  by  longitudinal  slits,  the 
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power  of  resistance  to  torflion  would  be  iis  efl'ectually  destroyed  as  if  it 
were  cut  by  iran«vcrae  slitJi.  But  if  wo  make  spiml  slits  iit  iin  angle  of 
45",  as  ffhown  at  SS  in  Fig.  142;  Htipimsing  the  slitB  indefinitely  fine, 
&od  no  material  removed,  the  strength  of  the  tu)»e  to  resist  torsion  in  the 
direction  shown  wotild  not  be  impaired.  The  material  of  the  tube 
would  then  be  divided  into  spirally-bent  ribands,  which  would  be  in 
tension  ulong  their  length,  und  in  compression  lateruUy,  tho  rilMinds 
being  caused  to  press  against  one  another.  Along  a  second  set  of  spirals 
such  as  b'S*,  longitudinal  compression  and  lateral  tension  exist ;  the 
Uteral  forcca  arc  indicated  in  both  caaee  by  arrows  in  the  fignro. 

So  much  for  the  state  of  stress  induced  in  the  tube  by  the  torsion. 
Next  lu  to  the  change  of  form  which  accom]]unics  the  sticss.  llic  square 
will  be  distorted  into  a  rhombus.  A  slnii^Iil  line  Jli,  drawn  on  the 
•urfece  parallel  to  the  axis  of  the  tube  parsing  through  the  centre  of  the 
square,  will  be  twisted  into  a  spind  .//>',  the  angle  of  the  spiral  being 
tiie  anglo  of  distortion  of  the  square.     Let  6  bo  that  angle,  then 

q  =  C%  where  C  is  the  co-etlicieut  of  rigidity. 
The  etfcct  of  this  is  that,  relatively  to  the  end  J,  the  end  I)  is  twisted 
round  through  an  angle  JJOJJ'  =  i  supiwso,  called  the  angle  of  t4)r8ion. 

In  circuUr  me^uure  i  = (r  =  radiiw  of  tube).    Also  arc  Diy  =  /#, 

0  beinf;  a  small  angle.  Therefore  i  =  W/t.  Since  also  <*— ?/C',  we  have 
ihe  angle  of  torBion  i'tqljCr,  in  terms  of  the  stress.  From  this  we  may 
express  th6  angle  uf  torsion  in  t^i-nis  of  tlio  twisting  moment  producing 
the  toniou. 

184.  ToTiwn  uf  u  Shaft. — "W'e  now  pass  on  to  the  consideration  of  the 
torsion  of  a  solid  cylindriuU  shaft.  First,  let  us  imagine  tho  shaft  to  be 
made  up  of  a  number  of  concentric  tul>es  exactly  fitting  one  another, 
and  let  ua  further  imagine  that  at  the  end  uf  each  tube  a  anitalilc  tnist- 
ing  moment  is  applied,  so  that  ciurh  tube  is  twisted  round  through 
exactly  the  same  angle.  This  effect  will  be  praduccd  by  applying  over 
the  section  at  the  end  of  each  elementary  tube  a  tangential  stress,  which 
ia  proportional  to  the  radius  of  the  tube.  If  we  make  <//ri--  y,,T„  where 
!j  and  r,  refer  to  the  out«ide  tube,  then  the  angle  of  torsion  will  be  the 
le  for  all  the  tubes,  and  they  will  not  tend  to  turn  relatively  to  one 
another,  but  all  together.  We  may  then  Eup[X)se  them  united  together 
again  in  a  solid  muss.  If  the  sti-ess  applied  he  proportional  to  the  distance 
from  the  centre,  the  shaft  will  twist  just  as  if  it  were  a  set  of  tubes,  each 
I>cing  subjected  to  the  same  stress  and  strain  as  if  it  were  an  independent 
(ube. 

Now  in  the  actual  cose  of  the  twisting  of  a  solid  shaft,  all  portions 
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from  the  outside  inwards  to  the  centre  mvtet  turn  through  the  «uw 
aiiglfi,  and  henco  the  shearing  stress  at  uny  |joirit  of  the  setrtion  of  the 
Bhaft  must  he  projKirtional  to  its  disUiEtce  from  the  centre.  This  is  trie 
except  very  near  the  point  of  application  of  the  twisting  tnomenl 
Suppose,  for  example,  the  twit^titjg  moutcut  is  applied  b^'  means  of » 
wheel  keyed  on  the  shnfl,  then  in  the  immediate  noighbourbooti  of  the 
kuy-way,  the  atrcfut  will  not  be  as  stated,  but  at  a  short  distance  aloo^ 
the  shaft  the  stress  distiibutcs  itself  in  the  manner  described.  This  u 
another  instance  of  the  general  principle  already  employed  in  the  cue 
of  stretching  and  bending. 

The  tocjil  resistance  to  torsion  of  the  solid  Khalt  is  the  sum  of  the  twin- 
ing moments  of  ull  the  concentric  tubes  into  which  it  may  be  imagined 
to  bo  divide<l.     Thus 

y'=22irr*(9j  in  which  j  =  r.2l. 

that  is,  the  product  of  the  sectional  area  of  each  tube  multiplied  1 
the  distance  squai-ed  of  the  area  from  the  axis  of  the  shaft  must 
taken    and    summed.      The   result   is  called    the    Polar  Moment 
Inertia,  which  may  be  written  /.     Its  value  is  ^htJ.    Thus 

It  i»  not  t»  be  supposed  that  the  strengtli  of  a  shaft  of  any  section  tA 
resist  torsion  is  proportional  to  the  polar  moment  of  inertia  of  thtt 
section.  In  non-circular  sections  the  stress  is  generally  greatest  not  al 
the  points  farthest  away  from  the  centre,  but  more  often  at  tbose  which 
arc  nearest  the  centre.  The  cases  of  a  rectangle,  an  ellipse  and  various 
other  farms  have  been  investigated  by  M.  St.  Vcnunt  who  has  obtained 
the  annexed  result^.* 


RiujiriTK  STUKStiTiis  or  SHArre  ur  the  same  UccnoitAi.  Auu. 


voAH  OF  sacnoN. 


aniKaioTR. 


CireaUr, 

Square,  ...... 

Rectauglo  with  sides  in  the  ratio  n  :  1 , 
EUipie  with  axes  in  the  ratio  r  :  I, 
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*  T)iagmina  anil  lurtiLnilAni  with  respect  to  M.  8i.  Veoaat's  remit*  wilt  ba 
found  in  titr  W.  Thomsua'a  'J'rtaftJK  on  .Vainrai  PhUojvfthy,  l«t  mI.,  voL  1,  p.  MS. 
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Dropping  tho  suffixes,  t&king  r  to  be  the  ontside  radius,  w«  can  write 
the  uioment  of  resisUnce  to  torsion  of  the  shaft, 

T  =iir/r\  or  ^\jr/fP: 
where /is  the  co-efficient  of  strenglh  of  the  mattTial  to  rei^ist  shearing. 
Thus  the  strength  under  torsion  is  proportional  to  the  cube  of  the 
diameter.  The  fomiuln  shows  that,  assuming /to  be  the  same  in  each 
case,  the  strength  of  a  shaft  to  resist  a  twisting  moment  is  double  its 
strength  to  resist  a  bending  mcnicnt.  Since  i^qlfCr  we  can  ehminate 
q^  and  thus  obtain 

186.  JJiameter  of  lifta/t  to  iranstnit  a  Given  Power. — Having  determined 
the  diameter  of  shaft  required  to  take  a  givon  tn'isting  moment  vro  arc 
now  able  to  obtain  a  solution  of  the  practical  quostion,  What  diameter 
of  shaft  is  required  to  transmit  a  givon  horse-power  at  a  given  number 
of  rorolntions  per  minute  1 

~  tii«an   twisting   momeut   trausmitud    in    inch-tons,   then 
,  I*.  3iriV  =  work   transmitted    per  minute   in   inch-tons,    where   iV- 
Dvotntions  per  minute  of  tihaft. 
Let  ///'  denote  the  horse-power  to  be  transtuitbed,  then 

33000 X  12 

"2240 

33000  X  12  IIP. 

"  2240  X  2ir    N    ' 

¥dw  the  abaft  must  be  strong  enough  to  take  not  only  the  mean  but 
bo  maximam  twisting  moment. 

We  may  express  the  maximum  in  terms  of  the  mean  by  writing 
''=  KTq,  where  A'  is  a  co  efficient  whose  value  is  different  in  different 
caaea  and  T=  maximum  twisting  moment,  bub 

^^^^t  .^     16  X  33000  X  nKH.P. 

^^^^^  "*     2irSx2240       T  N    ' 

^B    The  vail 
^■lie   twisti 


T^x^N' 


H.P. 


//  =  5-233. 


The  value  of/  depends  in  some  measure  on  the  fluctuation  to  which 
be   twisting  moment  is  subject,  but  under  ordinary  circumstances 
Mionld  not  cxceci!  '^\  tons  jicr  square  inch  (Art.  221)  for  wrought  iron, 
or,  probably,  about  4  tons  for  steel,  and  2|  tons  for  cast  iron.     The 
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UD  the  circumstances  discusseil  in  Chapter  X.  We  may  obum*  ii 
equal  to  U  under  oidinary  circumstanues,  alluwing  a  small  aclditjm 
for  the  bending  due  to  the  weight  of  the  shaft.  On  substitution  ▼< 
obtain  for  wrought  iron 

This  formula  agrees  closely  with  the  beat  practice  ia  screv-propellrr 
shafting. 

When  the  amount  of  bending  to  which  the  shaft  is  subject  is  oonsidet 
able,  as  iu  the  case  of  crank  shafts,  the  diameter  determined  by  tiiii 
formula  is  too  amjill.  It  will  he  seen  hercAfter  that  when  all  the  force* 
acting  on  the  shaft  are  known,  n  value  of  A*  can  \k  calciilatod  which 
gives  the  effect  of  bending.  If  we  assume  K  ~  2,  the  co-c6icient  4  in 
the  above  formula  will  1^  replaced  by  45,  und  this  agrees  closely  with 
practice  in  the  crank  shafts  of  maiino  screw  engines.  In  other  ciues  a 
still  lai^er  valuo  may  be  necessary. 

In  the  formula  for  thu  angle  of  torsion 


if  wo  rei>lace  q  by  its  working  value  for  wrought  iron  (7,200  Iba.),  C  hy 
10,500,000  lbs.,  and  i  by  the  circular  measure  of  T,  we  find 

/  =  12.7'/, 
showitig  tiuit  under  the  working  stress  the  shaft,  twistii  through  1*  ftir 
each  12|  diameters  in  its  length.  For  many  purjK>aes  this  is  much  too 
small,  and  the  dimensions  of  a  shaft  then  depend  on  stiffness,  not  on 
strength,  as  in  the  case  of  beanis  (Art.  168).  The  greatest  angle  of 
torsion  permissible  dc|>cnds  in  great  moasnre  oti  the  irregularity  of  the 
resistance,  and  no  general  rule  can  therefore  be  laid  down  for  it.  If  the 
angle  of  torsion  bo  given  mid  the  length,  the  diameter  will  dejiend  on 
the  fourth  root  of  the  twisting  moment,  a«  shown  by  the  formula  of 
Art.  184.  In  thi«,  as  in  other  cases  where  dimensions  depend  on  ttUT 
ness,  not  on  strength,  steel  has  no  axIvanUigo  over  iron,  becaOM  the 
vo-efficients  of  ehisticity  of  the  two  mateiials  are  the  same,  or  nearly  so. 
A  hollow  shaft  is  both  stronger  and  stiflcr  than  a  solid  shaft  of  the  same 
length  and  weight. 

186.  Distance  apart  of  Bearifujs. — The  distance  apait  of  the  bearings 
of  a  shaft  depends  on  the  stiffness  necessary  to  resist  the  bending  due 
to  the  weight  of  the  shaft  itself,  and  of  any  pulleys  or  wheels  upon  it, 
together  with  the  tension  of  bolts  and  other  similar  forces.  If  the  total 
load  be  equivalent  to  m  times  the  weight  of  the  shaA.  itaelf  uniformly 
distributed,  the  length  between  bearings  for  a  wrought  iron  or  steel 


en.  XV,  ART.  IfiT.l  SHKARFNO  AND  TORSION. 


:m 


«h)tft  (/  inches  dimmuUir  will  be  givcu  uppruximatcly  for  h  stiffness  of 
,,V7j*byE«-7,p.  308. 

When,  na  in  bcpow  propeller  shufting,  the  b««ringB  ure  liable  to  get 
out  of  line,  boo  great  stiffness  in  a  shaft  will  produce  great  straining 
actions  ujMn  it. 

187.  W^eA  af  a  Beam  of  I  S«/ion.  ^-Torsion  is  one  of  the  few  cases  in 
practice  where  a  simple  distorting  stress  occurs  alone  antl  not  in  cora- 
binntion  with  other  kinds  of  stress.  It  generally  happens  that  a 
normal  stress  is  combined  M'ith  it ;  snch,  for  example,  ia  the  case  in  the 
web  of  a  beam  of  I  section,  to  which  wo  next  proceed  to  direct  our 
attention.  Taking  a  transverse  section,  the  nonnnl  stress  at  a  ]>oint 
ilistant  y  from  the  nentral  axis  is  given  by  the  formula 

\  v'r 

and  is  therefore  the  same  for  the  same  values  of  M  and  /,  whether  the 
web  be  thin  or  thick,  while  it  will  be  shown  presently  that  the  tangential 
stress  is  greater  the  thinner  the  web,  and  becomes  the  most  important 
element  when  the  web  is  thin. 

Let  us  supixtsf,   for  simplicity,  the  fiunges  equal,  u.nd  also  that  the 

licara  is  support*;*!  at  the  ends  and  lotided  in  the  centre  with  a  weight  fV. 

\  Ab  we  hare  previously  seen,  the  flanges  will  sustain  the  greater 

portion  of  the  bending  moment,  the  web  carrying  only  a  small  portion 
of  it,  |,  if  the  area  of  the  web  equals  the  area  of  each  flange.  For 
simplicity,  let  us  imagine  the  flanges  to  take  the  whole  of  the  bending. 
FiCt  A',  and  A'j  (Fig.  143)  be  two  transverse  sections  of  the  beam  at 
distances  Xj  and  x^  from  the  centre  of  the  beam,  2a  being  the  span  of  the 
beam,  the  bending  moment  at  the  first  section, 

M=  \  W'(«  - 1,)  and  at  the  second  Af^  =  J  iy{n  -  r^). 

Now,  supposing  the  flanges  to  take  the  whole  of  the  bending  the  strcM 
H  produced  on  the  flanges  is  given  by  the  formula 

Eh  =  .V.     Thus  at  AT,  we  have  Hy »  ^'i"?^*, 
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and  at  Jf,  we  have  i/,  =  ^~^y 


l^JkKTtT 


W 

and  similar  forces  on  the  lK>ttom  flange  only  reversed  in  direcdon 
Thoi'o  will  thus  be  a  resultant  force  3^  -  H^  tending  to  piisb  the  portion 
KJC^  of  the  flange  to  the  leii, 


H,-U,J>^^&=^. 


2A 

This  force  is  balanced  by  the  resistance  of  the  wob  to  shearing  aJong  the 
line  of  junction  with  the  flange. 

Since  i/j-i/j  is  proportional  to  the  length  of  K-^K^  the  shraring 
force  per  unit  of  length  of  web  =  IP'j^h.  If  we  suppose  /  to  be  tbe 
thicknesB  of  Lhe  web,  the  inLeuaity  of  the  shearing  stress  will  be 

,  considering  the  portion  of  the  wch  between  the  sections  A'|  and 
Kj  apart  by  itself,  we  see  that  or  the  upper  and  lower  horizontal  edge* 
of  it,  where  it  joins  the  flanges,  it  is  subject  to  a  shearing  stress  of  inten- 
sity q.  Now,  to  bttlance  this  stress  there  must  act  on  the  vertical  sides 
KK  a,  shearing  stress  of  ei]Ufil  intensity  q.  Now,  the  shearing  force  for 
the  vortical  sections  A^A'is  J//'.  Supposing  the  web  to  be  of  rocUngnUr 
section  and  of  height  /(>  then,  assuming  the  whole  of  the  shearing  foroo 
to  be  borne  by  the  wob,  the  intensity  of  the  ahoanng  stress  on  the 
vertical  seclioiis  is 

Therefore  the  aseumption  that  the  flanges  take  the  whole  of  the  bend- 
ing moment  is  equivalent  to  8Up[>OBing  the  web  to  take  all  thoshoarinj^ 
Assuming  this,  we  see  that  the  shearing  stress,  being  uniformly  dislri- 

■buted  over  the  vertical  section,  will  be  accompanied  by  an  equal  shearing 
stress  on  any  horizonti!  section.  When  considered  alone,  the  effect  of 
these  shearing  stresses  on  planes  at  right  angles  to  one  another  is  to 
produce  tensile  and  compressive  stresses  on  the  web  in  directions 
making  ati  angle  of  45*  with  the  hori7x>nta]  and  vertical  planes ;  and 
thus  the  web  may  be  supcrso^lcd  hy  an  indeHnitc  number  of  diagonal 
bars  inclined  at  an  angle  of  45',  thus  forming  a  lattice  ginlcr 

If  the  web  is  designed  so  us  to  l>e  strong  enough  only  to  withstand 
the  shearing  stress,  replacing  q  by  /  the  co-officieut  of  strength  against 

llbearing/,  we  find 


t= 


^f 


The  influence  of  the  normal  •tren  due  to  bending  will  be  considered 
in  a  subee^piont  chapter.    Its  effect  is  greatly  to  increase  the  strain  on 
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the  web  (see  Art.  202),  which  besides  vnU  in  most  cases  exhibit  weak- 
ness on  uccoutit  of  the  comproBfiivo  stress  iu  one  of  the  diagonal 
directions.  If  the  distance  between  the  tlduges  is  great,  the  web  will 
be  liable  to  yield  by  buckling  or  lateral  flexure  (see  jKige  288).  To 
prevent  this,  the  wob  raust  be  stiffened  by  angle  irons  rivetted  on  it. 
But  the  ginlcr  would  then  be  made  heavy,  and  it  is  therefore  more 
economiral  to  make  large  girders  with  openwork  diagonal  bracing. 

Wc  have  iti  this  investigation  supposed  the  beam  loaded  in  the 
middle,  so  that  the  sheaiing  force  is  unifonn  throughout  the  length  of 
each  half,  and  the  problem  was  thus  simplified.  But  the  same  prin- 
ciples apply  if  the  load  be  distributed  in  any  manner.  The  shearing 
force  will  then  vary  from  point  to  |>oint  along  the  beam. 

188.  Diainbution  of  Sh^^iring  Strtis  oii  the  Sedion  fif  a  Beam. — In 
beams  of  other  types  it  is  still  true  that  the  central  parts  of  the  betim 
are  subject  to  shearing,  but  the  total  amount  of  the  shearing  9tre.<t8 
being  the  same,  its  intensity  ia  much  loss,  because  it  is  distributed  over 
a  greater  area.  The  intensity  at  the  centre  of  the  beam  is  found  aa 
follows  for  a  beam  of  uniform  transverse  aection. 

SupjKise  the  beams  supported  at  the  ends  and  loaded  in  the  middle 
as  before,  and  take  section  A',A'',,  K^K\.  Let  iViVbe  the  neutml  siu"- 
bee,  6VS  the  neutral  axis  (as  in  Fig.  122,  Art  153).  Above  the 
neutral  suiface  the  beam  is  compressed  and  below  it  it  is  stretched  by 
equal  forces.  Lot  these  forces  be  //,  for  the  section  K^K^,  and  H.^  for  the 
section  K^K^ ;  then,  reasoning  as  before,  the  shearing  force  in  the 
neutral  surface  must  be  //j  -  /f^,  and  the  intensity  of  that  shearing 
stress,  if  &o  be  the  breadth  at  the  centre, 

Now  to  Rnd  n  we  have,  in  the  notation  of  Art.  Ifi4, 

where  kA  is  the  area  of  that  i>art  of  the  section  A  which  lies  above  the 
neutral  axis  {SLS  in  Fig.  144),  and  ^  is  the  distance  of  its  centre  of 
gravity  (</)  from  that  axis.  The  same  result  will  Iwob-  _  ... 
taiued  if  we  take  that  part  of  the  area  which  lies  Iwlow 
the  axis.    Wc  now  have,  as  before,  by  substitution, 

whence,  as  usual,  rephtcing  /  by  nAh^,  wo  find 
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Thfl  total  shearing  stress  on  the  section  is  ^fF,  and  therefore  tiie  hms 

intensity  is 

ft" 
^"  =  22- 
Thus  we  obtain  the  ratio  of  the  shearing  stress  on  the  neutral  nHlM 
to  the  mean  shearing  stress  on  the  whole  transverse  section. 

i   =  A    *li 

In  the  present  case  where  the  beam  is  loaded  in  the  middle  tJie 
Hhcaring  stress  is  the  same  at  all  points  of  the  neutral  surface,  hot  in 
other  methods  of  loading  tliis  will  not  be  the  case.  The  formula  hoir- 
ever  in  all  cases  gives  the  ratio  in  question  correctly,  which  in  meet 
practical  cases  will  be  fovmd  to  be  greater  than  unity.  In  fad  it  u 
not  difficult  tu  Bee  that  the  shraring  stress  must  generally  he  greatest 
at  the  neutral  surface,  and  must  diminish  to  zero  as  we  approach  the 
externa]  surface  of  the  beam.  The  formula  then  girea  the  maxininm 
shearing  stress  on  the  section.  Even  in  practical  cases,  howevr-r,  *»■ 
sometimes  tind  by  a  more  general  investigation  similar  to  that  Jait 
given  that  the  shearing  stress  is  not  greatest  at  the  neutral  surface,  bat 
elsewhere.     (See  Ex.  IS,  page  339.) 

Let  us  for  example  take  a  rectangular  section,  then 

,    9^12  ^  3 

"n     «      2' 

BO  tliat  the  greatest  shearing  stress  is   14   times  the  mean.     In  like 
manner  in  a  circidar  section  it  may  be  shown  to  he  at  4  ;  3.     Other  ; 
cases  are  given  in  the  examples  at  the  end  of  this  chapter. 

In  all  cases  wliere  a  bar  is  subject  to  shearing  and  the  tsidet  of  i 
bar  are  free  from  tangential  fitrrss,  the  sins*  on  the  transverse  section 
will  be  increased  in  tbi«  way.     In  pin  joints  where  the  pin  is  an  easy 
fit  the  only  tangential  stress  on  the  sides  of  the  pin  will  bo  due  lo  ^ 
friction  and  caunot  be  relied  on. 


189.  Dt/Ucium  due  U>  Sfuaring.—A  certain  part  of  the  deflection  of 
Pjg  145  a  beam  is  due  to  the  distor- 

tion of  it«  central  parts.  Hr- 
tarning  to  the  beam  of  I 
section,  loaded  in  the  middle 
suppose  the  flanges  hinged  J 
at  the  centres,  and  let  vertiea] 
fttiflTening  pieces  J  J,  BS,  CC,  be  rigidly  connected  to  the  web,  but 
hinged  to  the  flangcn,  then  distortion  of  the  web  takes  place,  as  ahown 
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in  a  very  exaggonted  way  in  the  figure  (Fig.  U&}t  causing  a  deflection 
&  of  the  beam  such  that 

a        .       q  fF 

J/  "  *  "  C  "  2WC 
C  as  before  is  the  coefficient  of  rigidity,  and  q  the  Bhearing 
I  is  expressed  as  before. 

m      £ 

UtC  "  2C' 

For  uTought  iron  take  q  -  9,000  for  the  working  load,  and 
C  =  9,000,000,  than 

"  2000* 
which  is  above  half  the  working  deflection  due  to  bending  in  ordinary 
cases. 

This  calculation,  however,  greatly  exaggerates  the  deflection  due  to 
shearing  even  in  a  beam  of  I  section,  for  the  web  cannot  in  general 
be  so  thin  as  to  give  n  stress  of  9,0CI0  lbs.  per  squart*  inch,  and  the 
eflTect  is  much  less  for  a  uiiiftirnily  distrilmted  load.  Nevertheless  in 
beams  of  this  class  the  deflection  due  to  shearing  is  a  sonsihtQ  part  of 
the  whole,  the  more  m  as  in  rivettcd  girders  the  union  of  the  jmrls 
seldom  renders  them  completely  rigid.  This  is  the  principal  reason 
why  large  girders  show  a  considerably  smaller  modulus  of  elasticity 
when  the  fleflection  is  calculated  iu  the  usual  vi-ay  than  solid  bars. 
It)  bars  this  part  of  the  deflection  is  infcnsihlc,  the  distorting  stress 
being  small. 


190.  JFealening  of  Beam*  fcy  Insuficienl  BeoManee  to  LovQitudinnl 
Sharing  of  the  U'eb.~  If  the  central  part  of  a  beam  he  cut  awuy  as 
shown  &t  Z  in  Fig.  143,  the  strength  of  the  beam  \t-ill  be  diminished 
and  its  deflection  increased.  This  will  be  true  even  if  there  be  only  a 
narrow  longitudinal  slot  at  the  neutral  surface,  but  the  weakening  is  the 
greater  the  more  muteiial  is  cut  uway,  the  condition  of  the  beam  in  an 
extreme  cskte  becoming  that  of  an  N  girder  (Art.  25)  without  diagonal 
bracing.  Imjwrfcct  union  of  the  parts  of  the  web  along  cither  a  longi- 
tudinal or  vertical  section  will  have  the  same  effect  in  a  less  degree. 
Wooden  ships  not  unfrequently  exhibit  weakness  duo  to  this  cause,  and 
to  counteract  it  diagonal  riders  of  iron  are  introduced  to  take  part  of 
the  shearing  force.  The  ordinary  formuhi  for  resistance  to  bending 
cannot  bo  applied  in  such  caaea. 


191.  Joinia  and  FasUnings. — Among  the  most  important  cases  of 
•hearing  are  those  which  occur  in  joints  and  fastenings  of  all  kinds. 


J 
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Such  questions  are  generally  very  complex,  considered  as  punlv 
tbeoretioil  problems,  and  tbu  direct  results  uf  experieuce  are  idw^n 
rttniircd  al  every  step  to  interpret  and  confinn  theoictieal  condiisiotB. 
When  two  pieces  butt  against  each  other  the  presstire  is  tranamiUed 
by  contact  only,  and  fastenings  are  therefore  required  not  for  tmu- 
mission  of  stress  but  merely  to  retain  the  pieces  in  their  relative 
positions.  With  tension  it  is  otherwise ;  it  is  still  necessary  to  hire 
sur&ces  which  press  against  one  another,  and  those  can  only  be  obui»d 
by  the  introduction  of  fastenings  which  transmit  stress  laterally,  sehI 
are  therefore  subject  to  shearing  and  bending.  The  |xirts  of  a  jobi 
should  be  80  proportioned  as  to  be  of  equal  strength.  One  of  (he 
simplest  examples  is  that  of  a  pin  joint  connecting  two  bars  in  tetuioB 
as  in  a  suspension  chain  with  bar  links.  Fig.  1  (Plate  VIU.)  show;  a 
pair  of  I>ar8  of  rectangular  section  connected  together  by  links  C  and  f' 
united  as  shown  by  pins  |)iissing  through  eyes  at  their  extremities.  In 
suspeii^ioH  chains  there  are  generally  four  or  five  burs  placctl  side  by 
side,  b\it  the  principle  is  the  sumc  in  luiy  case.  The  pull  on  the  chsiB 
is  balanced  by  the  resistance  to  shearing  of  the  pins,  which  have  bes^M 
to  resist  l>ending.  Let  d  be  the  (liamct«r  of  the  pins,  b  the  bresidth,  f 
the  thickness  of  one  of  the  bars,  t'  the  thickness,  h'  the  brcailtb  of  the 
links  which  for  erjuality  of  strength,  that  is  to  say,  of  sectional  area,  will 
be  connected  by  the  equation  J 

2ftr  =  W.  1 

Let/ be  the  co-efficient  of  strength  for  tension,  then  J/ (Art.  224)  wiU_ 
be  the  co-efiicient  for  shearing,  whence  remembering  that  the  maximu 
shearing  stress  exceeds  the  mean  in  the  ratio  4  : 3  as  shown  above, 


According  to  this  estimate  the  area  for  shearing  should  be  fi' 
the  area  for  tension,  but  the  true  ratio  is  probably  not  so  great:  tSi9 
calculation  supposes  that  the  sides  of  the  pin  are  subject  to  nonmJ  stnss 
alone,  whereas  the  tangential  stress  duo  to  friction  must  be  considerable. 
Besides  the  strength  of  iron  such  as  is  used  for  pins  is  greater  than  that 
of  plat«B.  As  the  calculation  applies  only  to  stress  within  the  elastic 
limit,  it  is  irapoAsihle  to  tost  it  by  oxperinionl.  In  pnu-tice  the  orau 
are  made  nearly  equal  when  nothing  else  is  considered  except  rcsastoni 
to  shearing.  When,  however,  such  a  joint  is  actiully  pulled  asunder 
freipiently  gives  way  in  quite  a  different  manner  Itefore  shearing 
mences.  Imagine  a  cylinder  pressed  down  into  a  semicircular  hollow' 
which  it  very  exactly  fits,  and  let  the  material  be  ekstic  and  soft 
compared  with  the  cylinder,  then,  reasoning  as  in  Art   U5.  p.  225, 


1 
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appears  that  the  stress  between  the  surfaces  will  bo  given  by  the 
equation 

I  and  if  /*  be  the  pressing  force.  /  the  length, 
f 


l:.rfi=/'or;,„=-gj. 


If  the  pin  fits  the  eye  exactly  the  pressure  will  follow  this  law  so  long 
as  the  tension  is  small.  As  the  tension  increases,  however,  the  pressure 
l>ecoinc8  more  uniformly  distributwl  over  the  semi-cylinder,  because  the 
eye-hole  tends  to  contract  laterally  as  the  links  of  a  chain  of  rings  would 
do  under  t«u8ion.  The  other  extreme  supposition  would  be  to  suppose 
it  uniformly  distributed,  then 

The  actual  pressure  will  be  intermediate  between  these  two  values.  If 
p^  be  too  groat  the  metal  crushes  under  the  pressure.  The  theoretical 
limit  to /*p  will  be  considered  hereafter  (^Vrt,  222);  for  the  present  it 
will  bo  sufficient  to  say  that  the  oxporimente  of  Sir  C.  Fox*  have  shown 
that  the  curved  area  should  be  at  least  equal  to  the  sectional  area  under 
tension,  that  is  to  say  wo  ought  to  buvo 

To  satisfy  these  conditions  wo  must  have  for  the  ordinary  case  whero  the 
thickness  of  the  eye  is  the  same  as  that  of  the  rest  of  the  bair 
d  =  lb:t  =  lb  approximately, 
e  first  of  these  gives  the  diamctor  oi  pin  recommended  by  Sir  C.  Fox 
and  other  authorities ;  the  second  gives  the  greatest  thickness  of  link 
for  which  this  diameter  gives  sufficient  resistance  to  shearing,  but  the 
thickness  in  actual  examples  of  suspension  links  is  generally  considerably 
lees.  The  pin  has  also  to  resist  bending,  but  of  small  amount  in  the 
preceut  example.     The  sides  and  end  of  the  eye  are  subject  to  tension, 

kbut  it  is  not  uniformly  distributed^  the  question  being  similar  to  that  of 
a  thick  hollow  cylinder  under  internal  fluid  pressure.  The  mode  in 
which  the  eye  crushes  and  then  fractures  transversely  by  tension,  is 
ihown  in  Plato  VIII.,  and  further  described  in  Chapter  XVIII. 

In  rivetted  joints  the  question  is  further  complicated  by  the  friction 
between  the  plates  united  by  the  rivets.  On  the  subject  of  joints  and 
fastenings  the  reader  is  referred  to  Prof.  W.  C.  Unwin's  work  cited  on 
page  121. 

*  Proceedioga  of  th«  Royal  .Socits^,  vtA.  xir.,  p.  139. 
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BXAJIPLBS. 

1.  Find  thBdiametAraf  Bshtftfora  tvintinsmomcntof  1,000  inch-tont;  «tm»dQ«nri  | 
being  3^  t«oi  per  squuo  inch.     Aru.  Diameter-  11*34'. 

2.  From  the  reBult  of  the  prerioiu  queiitioD  deduoo  the  diameter  of  »  ahait  to  imumA  * 
6,000  H.P.  ftt  70  revolution!  i>«r  ntinate.     Maximum  twiating  moment-]  tbi  bcu. 
-<tii«.  16-37". 

3.  Tbc  angle  of  toriiititi  of  a  abaft  is  cot  to  exceed  1*  for  each  10  tent  of  lensth.  VTbil 
muKt  W  the  diameter  for  a  twiatiog  monwuiof  tOO  iucb-tons  modalua  of  UB»f«fK 
«la«tirfty,  10.500,000  r 

ronipari!  tlic  reiuLt  witli  tho  diamat«r  detcrmiaed  from  oonsidcmticm  of  BtreBntb, 
taking  a  co-efficiDnt  of  3^  toui.  Aru.  Duin«ter  detormlnad  from  coimidrntitm  of  rtiff- 
UCM  -  tili".     Diameter  from  conaidcration  of  strcogth  -  5*3*, 

4.  Sliow  that  tLt  rciilieitcc  of  a  twisted  shaft  ia  proportional  to  its  weigbL 

Ana.  R6dlieno«-irt-^-l£lH2?. 

fi.  Comimre  the  itrsngtha  of  a  naUd  wrought  iron  nhaft  and  hollow  st««l  cbaft  of  thi  ' 
■ame  cxtumnl  dUmetcr,  suuuiing  the  iutcmal  diameter  of  tho  hollow  ahaft  fc»if  ihc 
extemali  uttd  the  c<^•^f^eic^t  for  atcrl  1^  times  that  for  iron. 

A,  Tho  externa]  diameter  of  a  hollow  shaft  i«  double  tbt>  intemaL  Comjart  te 
reaiatouce  to  twiatiug  with  that  of  a  solid  shaft  of  the  «uie  weight  and  material 

Ant.  Btrengtb  ia  greater  in  the  ratio  ^^-  1*443. 

6 

7-   A  pillar,  whose  sectional  area  is  1)  aquare  feot,  is  loaded  with  two  tana,     nodil  ' 
Iba.  lu-r  »i)uare  inch  tb^  int«it»ity  of  the  tangential  atrcsson  a  piano  inclined  at  IV  lul^ 
axia  of  the  piUai.     Aru.  T&iiKeutLul  atrou-  Trig  lbs. 

5.  In  a  aijigle  rivctted  lap  joint,  the  pitch  of  tlte  rivets  being  tbrco  diameten  or  at 
timea  the  ihioknesa  of  the  plates,  find,  lat,  the  inean  rtrese  OQ  tbo  rednoed  area  ;  3nd.tbt 
aheiLriiig  itress  on  the  riveta  ;  and,  3iii,  the  mean  dir(.>oi  klreM  between  rivet  and  pbte: 
the  tension  of  the  joint  being  4  tons  per  square  inch  of  the  original  area,  and  tbe  fridwi 
between  the  two  surface*  of  the  plate  in  contact  noglooted. 

An*.  Mean  tension  on  rodnced  area  -  S  tons. 

Shearing  streu  on  riret  -  7*6  toon. 

Mean  din.«t  stxeas  ^  -  pitcb  .  tbicfcr.i.as^j^  ton*  per  «.  in. 

dijtmetcr  •  thickness  *^  ^ 

9.  In  a  beam  of  I  section  with  tiiiugcH  and  wcl>  which  may  he  ooniddorad  aa  lectaa^e*. 
the  thickncM  of  each  flange  in  one  sixth  the  onUide  depth  of  the  beam,  and  the  UmiIIiTi 
twice  the  tbiokneu.  The  thickneai  of  the  web  is  half  that  of  the  Ranges  :  And  the  wHt 
of  maximum  to  mean  shearing  stress  on  the  section.    Am.  >„*, 

10.  lu  the  last  (|ui'stion  find  tho  fraction  of  the  whole  shearing  foroe  which  is  taken  bf  \ 
the  web.     Ant.  80  [ler  cent. 

11.  If  the  aootional  area  of  the  web  of  a  flanged  girder  be  proportional  to  the  sheariic 
force  and  the  r*''  power  of  the  depth  :  find  Lbe  must  vcunomical  ratio  of  span  to  deatk 
and  the  limiting  B|>an. 

If  the  web  be  V  and  each  fiange  ^,  as  on  page  288,  the  whole  aootkiaal  area  )l 
C*  2A  •  S  and  (he  moment  of  reaistanoe  to  bending  ia 

Aatnraiag  now  C-ch",  where  r  ia  oonatant 
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•ad  therefore,  for  ■  givsn  teIiu  of  M,  S  i*  l«aafc  wh«n 


*-4.^./«: 


3S 


-Mr*  I) 
In  ft  girder  witli  Uttioe  web  the  aame  formnla  far  9f  hoMi  good,  bat  S  •  C{r  *  I}. 

If  DOW  F  fC.  where  F  ia  tho  Bh€*riiig  force  and  /'  a  a  co-effieiciit  much  leu  thut  the 
reciatAQOC  to  sheu-ing  on  account  of  tlie  ntcvnury  Htiffoning  (Art.  187), 


r     a  fonnaU  which  will  ^re  ibo  required  ffttlo  (If)  for  any  gircD  load. 
L    mufonntr  distributed 


if-i.ri.J», 


If  tJie  lo»J  tw 


/,- 


It  ia  probablo  tliat  in  tno«t  ca«ea  r-2  nearly,  but  that  the  value  of  fff  will  vai^, 
aooording  to  the  type  of  girder,  from  3  t«  4,  being  great«Bt  for  a  oontinuoua  web. 
The  Umiting  span  of  a  girder  of  uniform  •ectiou  ia  readily  iihown  to  be 

j~ .  jf.  (Camp.  Br.  13.  p.  2W.) 

The  weight  of  a  «innUer  glrtlor  of  the  iftnie  typo  is  found  u  in  Ch.  IV. 

Od  the  influence  of  aiic  on  the  strength  of  voskU,  ace  papcra  by  Ur.  John  aod  the  late 
Mr.  Fronde  in  the  Tranawtiont  o/ihe  2nititutiQn$  of  A'aiw/  ArchUtets  far  1874. 

13:  Show  that  the  weight  in  Iba.  of  a  ihaft  to  tr»nantt  ■  given  hone  power  at  a  fi^eo 
number  of  revolatJou  in 

the  value  of  \  being  given  as  in  Ob.  XVIIJ,,  tlie  proper  co-efficieut  of  resiatanee  to  shear- 
ing being  used.     The  rest  of  the  notation  ia  explained  on  page  329. 

The  diitanoo  to  which  power  can  be  traoitiiitt^d  by  ibafting  with  a  given  Iom  by 
friction  is  given  by  Bx.  18,  p.  345,  when  the  anglo  of  tondon  b  imuutterial,  but  in  iirmotiee 
is  genenlly  limited  by  the  ncov«sity  of  btiving  HiifKcient  stiffness.  The  booduig  and 
twinting  of  ihafM  ii  considered  in  Chapters  XVII.,  XVIII. 

13.  If  a  bar  of  square  section  be  sbearod  dingonally  bLuw  that  the  shearing  streJi  at  the 
neutral  surface  is  equAl  to  the  mean  shearing  streas  on  tlie  section,  Also  find  where  the 
shearing  stress  is  a  maiiinuni  and  the  ratio  of  inftxinium  to  mean.  Ant.  At  a  distance 
the  neutral  surface  equal  to  one-eighth  the  depth.     Katio  -  I'lSfi. 
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192.  PffJimiMty  Ranarh.  Gemtnl  Bftitm  <  japwl- 
ib*  Ufttm  &pplierl  to  the  hnrly  or  rtrnctm  mder  coaadentioo  bvt 
btvn  iaM|^ned  to  have  been  orignwUjr  rary  mmII,  umI  to  Imtb  htammA 
ffmloMWy  to  their  actual  UDOont.  Thu  is  aeUoM  eEMtly  the  cue  ui 
yrmetit»t  while  it  frvquentlj  happen  thai  the  load  h  apfilSad  all  eft  oM^ 
or  that  it  baa  a  eertam  velocity  at  the  inatant  it  fint  ttmiB  m  moImI 
with  the  borly,  Snrh  comch  may  all  be  inchided  under  the  head  of 
iMf'A'T,  anrl  will  form  the  subject  of  the  preeent  chapter. 

When  ft  borly  in  tnotion  come«  into  contact  with  a  aeeood  body 
against  which  it  itrikea,  a  mutual  action  takes  place  between  them, 
which  consi«u  of  a  pair  of  «]ual  and  opposite  forces,  one  acting  on  the 
striking  body,  the  motion  of  which  it  changes,  the  other  on  the  body 
Ntnick,  which  it  in  general  moves  against  some  giren  renstuice.  Ccr 
lain  f^han^es  of  flg^ire  and  dimension,  or,  in  other  words,  strmiiu  ars 
Ukowisn  produced  in  both  bodiea,  in  consequence  of  the  stress  affiled 
to  thnm. 

I'lio  simplest  cose  is  where  the  impact  is  direct  and  Uie  reeistaDee  to 
motion  hu  some  definite  value,  as,  for  example,  where  a  pile  is  dhTra 
by  thn  actirin  of  a  falling  woight.  Hero  let  H  be  the  resiBtance  which 
the  pile  ofTcTN  to  be  driven  ;  that  is  to  say,  the  load  which,  resting; 
steadily  on  the  pile,  would  jiut  cause  it  to  commence  to  sink ;  let  Jf 
be  the  falling  weight,  h  the  height  from  which  it  falls,  x  the  space 
through  which  the  \nUi  sinks  in  consequence  of  tbe  blow  ;  then  the 
mutual  action  botwoun  the  pile  and  the  weight  at  tbe  instant  of  impicC 
cnniisUi  of  a  |;air  of  orjual  and  opposite  forces  li.  The  whole  lieigh 
through  which  thu  woight  fulls  is  A-f  x,  and  the  space  through  w. 
tlie  resistance  is  overcome  is  x ;  hence,  equating  energy  exerted 
work  done,  wo  have 

JF{h  +  a-)  =  /fcr, 

ii(|untion  shows  that  any  resistance,  however  great,  can  be  orer 
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come  by  any  weight,  hovrover  small ;  and  also,  tbut  the  force  of  the 
blow,  as  measiircii  by  the  space  the  pile  is  driven,  is  proportional  to  its 
energy.  Wo  have  however  aasiimod  thai  the  whole  energy  of  the  blow 
is  employed  in  driving  the  pile,  whereas  some  of  it  will  bo  i^xpcnded  in 
producing  vibratious  and  in  damaging  the  hcaxi  of  the  pile  and  the 
boiiom  of  the  weight.  As  the  pile  is  driven  doei>er,  the  resistance  to 
being  driven  increases,  and  at  length  becomes  equal  to  the  crushing 
stress  of  the  niatorial :  the  pile  then  sinks  no  farther^  the  whole  of  the 
energy  of  the  blow  Iwing  waattMl  in  crushing. 

This  last  is  also  the  case  of  im[Kict  of  a  Hying  shot  against  a  sod 
plastic  subetance,  which  exerts  diiriiig  deformation  a  definito  force 
uniform  or  variable  which  brings  the  weight  to  rest  in  a  certain  space. 
Suppofie  A' the  velocity  of  the  shot,  x  tho  space,  and  B  the  mean  resist- 
ance which  the  substance  olTurs,  then  the  kinetic  energy  of  the  shot  is 
Y-^Si  while  the  work  done  is  Ji/.,  equating  which 

2*; 

|lere  the  whole  energy  of  the  blow  is  spent  in  pi-oducing  changes  of 
in  the  body  stmck ;  but  if  the  striking  body  had  been  soft,  and 
the  body  which  ia  struck  ban!  and  immoveable,  the  energy  of  the  blow 
would  have  been  employed  in  producing  change  in  the  ehiipo  of  the 
striking  body.     Thus  wu  umy  write  down  as  the  general  equation  of 

pact — 

Energy   of    blow  ^  Work    done  in   overcoming    the  resistiuico    to 
movement  of  the  body  struck. 
+  Work  done  in  internal  changes  in  the  striking  body. 
+  Work  done  in  internal  changes  in  the  body  struck. 

hich  of  these  three  terms  is  the  most  important  will  depend  on  the 

lative  magnitude  of  the  resistance  to  movement,  and  the  crushing 

OSS  of  the  materials  of  the  two  bodies.      If  either  boily  have  a 

ibte  motion  after  impact,  tho  correB[)onding  kinetic  energy  must 

taken  account  of  in  writing  down  the  equation,  as  will  be  seen 

farther  on. 


^ 


103.  Ah^mentaiim  of  Stress  by  ImptuU  in  VerftcUy  Elastic  Material.^ 
7e  now  proceed  to  apply  the  equation  to  the  case  which  most  immed- 
at«ly  concerns  us,  namely,  that  of  impact  on  perfectly  elastic  mulerial, 
including  in  this  the  effect  of  a  load  which  is  applied  all  at  once. 

We  will  suppose  a  structure  or  piece  of  material  of  any  kind  resting 
,     on  immoveable  supports,  and  rtruck  by  a  body  harder  than  itself,  so 
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(reneiully  in  both  bodies  there  will  aim  be  produced  vibratiorm,  of  Uk 
nature  of  those  constituting  sound,  which  absorb  a  certain  amount  U 
energy,  but  this  wc  shall  neglect.  The  whole  energy  of  the  blow  theo 
is  supposed  expended  in  straining  the  structuro^  or  piece  of  material, 
struck  by  the  blow. 

Now  the  effect  of  impact  is  to  produce  a  mutual  action  £,  vhicb 
reprcsent«  a  force  applied  to  the  structure  at  some  definite  point  In 
conBecjuencn  of  this  the  stnicture  stifTers  deformation,  and  the  point  of 
application  moves  through  a  space  z;  The  resistance  to  (loformation  u 
proportional  to  A  because  the  limit  of  elasticity  ia  not  exeeedsd ;  it 
therefore  commences  by  being  zero,  and  increases  gradually  till  tba 
Telocity  of  the  striking  body  is  wholly  destroyed.  The  mean  value  of 
the  resistance  is  therefore  one  half  its  maximum  ralac.  I>nring  the 
first  part  of  the  period  occupied  by  the  impact  the  mutual  action  S  n 
greater  than  the  resistance,  and  during  the  second  part  less,  as  will  bo 
explained  fully  presently  ;  but,  when  the  maumum  strain  has  been 
produced,  the  mean  value  during  the  whole  |)enod  must  be  eiactlj 
equal  to  the  mean  resistance,  the  weight  and  the  structure  being  al 
reet.  The  state  of  rest  is  only  momentary,  for  the  strained  stnictore 
will  immediately,  in  virtue  of  it£  elasticity,  commence  to  return  to  lU 
original  form  ;  but,  for  the  moment,  a  strain  has  been  produced,  whicti 
is  a  measure  of  the  effect  of  the  blow,  and  which  must  not  exceed  the 
powers  of  endurance  of  the  material. 

Let  now  B  be  the  maximum  resistance,  and  let  the  blow  consist  in 
the  falling  of  a  weight  ff^,  through  a  height  h  above  the  jntnt  where  it 
first  comes  in  contact  with  the  structure ;  then  h+x  'ib  the  whole  hei^t 
fallen  tlirough,  and  it  follows  from  what  has  been  said  that 

The  i-esistance  /I  may  also  be  described  as  the  '*  eqiuvalent  steady  Iom)," 
being  the  load  which,  if  gradually  applied  at  the  |Kiint  of  impact  would 
produce  the  same  stress  an<l  strain  which  the  structure  actually  experi- 
ences. We  most  conveniently  compare  it  with  fF  by  supposing  that 
we  know  the  deflection  5  which  the  stnicture  woiUd  experience  if  the 
striking  weight  W  were  applied  as  a  steady  load  at  the  [x»int  of  impact; 
we  then  have,  since  the  limits  of  elasticity  are  not  exceeded. 


Substituting  the  value  of  x  we  get 


2^.  2A 


ft 


Uet  the  height  A  be  n  timns  the  deflection  &,  theu  solving  the  qaadratic, 
the  poflitive  root  of  which  alone  concerns  us, 

an  equation  which  shows  how  the  effect  of  a  load  it  multiplied  by 
impact 


If  a  gradually  increasing 

A 


194.  AWrffli  Application  of  a  Load. — A  particular  case  is  when  A  =  0, 

then  H  ~  2/r.     So  that  if  a  load  //'  is  suddenly  iipplied  to  a  perfectly 

laatic  body,  from  rest,  not  as  a  blow,  it  will  produce  u  pressure  juBt 

twice  the  weight.     This  case  is  so  important  that  we  will  consider  a 

special  example  in  detail. 

Let  a  long  elastic  string  be  secured  at  j4, 
weight  be  applied  the  string  will  stretch, 
and  the  weight  descend.  Let  the  load  re- 
quired to  produce  any  given  extension  be 
represented  by  the  ordinatos  of  the  sloping 
line  Bt,yXi  (Kig.  146).  Next,  insteatl  of 
applying  a  gradually  increa.iing  loa^l,  let  a 
weight  ft'  represented  by  B^^M^  be  applied  all 
at  once  to  the  unstrctclied  string.  The  string 
will  of  course  stretch,  and  the  weight  descend. 
When  it  has  reached  j5(Fig.  146)  the  tension 
of  the  string  pulling  upwards,  being  ropre-  ^* 

sented  by  BN,  will  bo  less  tlum  //'  acting  downwards. 


6 


Moreover,  in 

the  descent  H^yB  an  amount  of  energy  has  been  exerted  by  the  weight 
represented  hy  the  area  of  tliu  n-ctanglfi  Bf^AfJifB.  At  the  same  time 
th«  work  winch  has  been  done  in  .stretching  the  string  is  rcprrscntcd  by 
the  area  of  the  trinugle  Bf,X}i.  The  exceas  of  onorg}-  exerted  over 
work  done  has  been  employed  in  giving  velocity  to  the  descending 
weight,  and  is  stored  as  kinetic  energy  in  the  weight. 

On  reaching  B^,  tlie  tension  of  the  string  is  just  e^jual  to  the  weight, 
bat  the  stretching  ilues  not  cease  here.  The  weight  has  now  ita  greatest 
veloci^,  which  corresponds  to  an  amount  of  kinetic  energ_v  represented 
by  the  triangle  /f^.l/g.V,.  Although  any  further  extension  of  tlie  string 
causes  the  upward  pull  of  the  string  to  bo  greater  than  the  weight  /f, 
yet  the  weight  will  go  on  descending  until  the  energy  that  it  has  exerted 
is  equal  to  the  work  done  iu  stretching  th^  string ;  tlien  the  kinetic  energy 
will  be  exhausted  and  the  weight  will  be  bronglit  lo  rest,  This  will 
occur  when  the  area  of  the  triangle  BqN'.jBj  equals  the  area  of  the 
rectangle  BJl^MJi^,  that  is  when  B„N^^'2B^M^,  or  B^^B^^  2B^B^ 

If'e  thus  see  that  the  tension  of  the  string  produced  by  the  sudden 
application  of  the  load  i<i  turice  that  due  to  the  same  load  steadily  applied. 
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The  string  will  not  remain  extonded  so  much  aa  B^B^,  for  now  tbp 
upward  piiU  nf  the  string,  Qxceeding  the  weight,  will  cause  it  to  rise. 
On  reiLchiog  B^  it  will  have  the  sauio  velocity  upwards  that  it  had  on 
first  reaching  /*,  downwards.  This  will  carry  it  to  B^^  from  which  il 
will  again  fall,  and  so  on-  Practically  the  internal  friction  due  to  im- 
perfect elasticity,  and  the  rosistanco  of  the  air,  will  soon  absorb  ibe  ^i 
energy  and  bring  the  weight  to  rest  at  By  ^M 

195.  AcUcn  of  a  Ovsl  of  fFind  on  a  r«SMi— Another  interMting 

example  of  the  way  in  which  the  sud- 
deu  application  of  a  load  augments  itc 
effect  is  famished  by  the  case  of  a  ves- 
sel floatinf;  upright  in  the  water  and 
acted  on  by  a  sudden  giist  of  wind,  a 
question  which,  though  not  strictly  he- 
longing  to  this  part  of  the  stibjecl 
involves  exactly  the  same  principle; 

First,  suppose  no  wind  pressure,  but 
that  a  gradually  increasing  couple  is 
applied  to  heel  the  vessel. 

If  along  a  horizontal  lino  (Fig.  147)  angles  of  heel  be  marked  off, 
such  as  ON,  and  for  those  points  ordinates  such  aa  XL  are  set  up  to  rr- 
present  on  some  convenient  scale  the  magnitude  of  the  couple  roquired 
to  produce  that  angle  of  heel,  a  curve  OL  nil!  ho  obtained,  which  wa 
have  already  (p.  180)  called  the  curve  of  Stutical  SlabUUy  of  the 
ship. 

Now  suppose  a  steady  wind  pressure  to  be  gradually  applied.  It  will 
produce  on  the  mast  and  sails  a  definite  moment,  on  account  of  which 
the  ship  will  incline  to  a  certain  angle,  such  that  the  ordinate  of  the  i 
curve  of  stability  corresponding  to  that  angle  will  represent  the  moment  fl 
of  the  wind  pressure.  So  long  as  the  wind  is  constant,  she  will  remain 
incHned  at  that  angle.  Next  suppose  the  sanitf  wiud  pressure  to  be 
suddenly  applied  all  at  once,  as  by  a  gust  to  the  ship  floating  upright 
at  rest.  The  sldp  will  heel  over,  and  until  she  is  inclined  to  souo 
extent  the  wind  moment  will  be  greater  than  the  righting  moment, 
and  the  excess  will  cause  the  ship  to  acquire  an  angnlar  velocity. 
Accordingly,  when  she  arrives  at  the  angle  of  heel  corresponding  to  the 
moment  of  wind  pressure  on  the  stability  cur\e,  site  does  not  come  to 
rest,  but  inclines  farther,  until  tho  energy  exerted  by  the  wind  pressure 
is  all  taken  up  in  overcoming  the  rightiug  moment  through  the  angle 
of  inclination.  The  work  thus  done  is  represented  by  the  area  of  the  j 
curve  of  stability  standing  above  the  angle  of  heel  reached. 
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Let  0/Fj  represent  the  magnitude  of  the  vr'md  moincnt.  The  eliip 
wiil  incline  until  the  area  OAjiVj  =  area  OIV^KN^,  or  area  0}l\L^  —  fiitK 
L^L.2^K ;  that  is,  if  (he  moment  of  wind  pressure  remains  undimiuiehed 
as  the  ship  heels,  which  will  hai*dly  be  true  in  practice.  Suppose  the 
moment  of  wind  jircssure  t>/f'„  to  be  such  that  the  area  0/^0^^  =  the 
area  LJj^\.  In  this  case  the  sudden  gUBt  of  wind  will  curry  the  ship 
to  Bach  an  angle  0N\  that  &he  will  not  again  return  ;  and  the  emallest 
additional  pressure  of  wind  will  capsize  the  ship,  although  that  same 
wind  pressure  applied  gnulually  would  incline  the  ship  to  the  angle 
OJVp  only. 


196.  Impact  at  High  Velodiies.  Effect  nf  Inertia, — Returning  to  the 
general  case  of  impact  against  a  perfectly  elastic  stnicture  (Art  193), 
lot  us  now  take  the  other  extreme  case  in  which  the  height  through 
which  the  weight  falls  is  great  compared  with  the  doHectian  5  due  to 
the  same  weight  grudiuilly  ap]dicd  ;  then,  since  n  is  great,  our  equation 
beoomea 

rhich  may  he  written  in  either  of  the  forma 

Jnii  (1);  orx=  jm  (2.) 


CO 


The  first  form  shows  that  the  stress  produced  by  the  impact  is  pro- 
portional to  the  square  root  of  the  energy  of  the  blow,  iind  the  second, 
that  the  deflection  occasioned  by  the  fall  of  a  given  weight  is  propor- 
tional to  the  square  root  of  the  fall,  or,  what  is  the  same  thing,  to  the 
velocity  of  imjati.  These  results  arc  exact  when  the  impact  is 
borizontal,  and  the  laat  hiia  heeti  verified  by  exj)eriment.  It  is  to  be 
iiuembercd  that  the  limits  of  elasticity  are  supposed  not  to  be  exceeded  : 
ben  A  rail  or  carnage  axle  is  tested  by  a  falling  weight,  as  is  very 
commonly  done,  the  energy  of  the  blow  is  gonerallj'  mnch  in  excess, 
d  the  piece  of  material  suffers  a  great  permanent  set,  the  resistAnco  is 
en  approximately  constant  instead  of  increasing  in  projiortion  to  the 
'deflection.  The  effect  of  the  blow  is  then  more  nearly  directly  propor- 
tional to  its  energy.  It  will  bo  seen  presently  how  small  a  blow  matter 
is  capable  of  sustaining  without  injury  to  its  elasticity. 

The  effect  of  a  blow,  on  a  sti-uuturo  or  piece  of  material  as  a  whole,  is 
diminished,  on  account  of  its  inertia,  by  an  amount  which  is  greater 
the  greater  the  velocity  of  impact,  but  which  varies  according  to  the 
relative  mass  and  stiffness  of  its  parts.  In  the  act  of  yielding  the  ports 
of  the  body  are  set  in  motion,  and  the  force  required  to  do  this  is 
frequently  greater  than  the  crushing  strength  of  the  materials,  so  that 
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a  part  of  the  energy  of  the  blow  is  epent  in  local  danutge  netr 

point  of  impact. 

Figme  148  shows  u  narrow  deep  bar  AJi,  tht 
ends  of  which  rest  in  recoBsos  in  the  supportai, 
which  prevent  them  from  moving  horizontally,  but 
do  not  otherwise  fix  them.  Tlie  bur  cjirriei  a 
weight  Q  in  the  centre,  against  which  a  secood 
weight  ir  moving  horizontally  strikes  with  Telo- 
city /■'.  The  IjHT  being  very  Hexlble  horizonUUy, 
the  weight  Q  at  the  first  instant  of  impact  qootm 
as  it  would  do  if  free ;  that  is,  the  two  weighli 
VU"  move  onwards  together  with  a  common  velocity  i 

fixed  by  the  consideration  that  the  sum  of  the  momenta  of  the  tn 

weighto  is  the  siinie  before  and  after  impact,  so  that 

The  energy  of  the  two  woighte  after  impact  is 

showing  that  the  cnei^  ot  the  blow  has  been  diminished  in  the 
portion  H^  :  fV+Q.     The  loss  is  duo  to  the  expenditure  of  ensr^  in 
damage  to  the  weights. 

If  now,  inatend  of  a  weight  Q  attached  to  the  centre  of  a  flexible  \»r, 
we  suppose  the  bar  leas  flexible  antl  of  weight  Q,  the  effbcl  of  tht;  blow 
is  diminiished  by  the  same  general  cau^e,  but  not  to  the  same  exMal ; 
the  diminution  cannot  ]m  calculaterl  exactly,  but  may  be  e8tixnat«d  by 
replacing  Q  in  the  preceding  formula  by  k<J,  where  k  is  a  fraction  to  be 
detcmiined  by  exjwriment.  In  a  series  of  elaborate  experiments  made 
by  Hodgkinson  on  bai's  struck  horizontally  by  a  ]>endulum  weight,  ii 
was  found  that  k  was  \. 

We  are  thus  led  to  separate  the  energy  of  a  blow  into  two  ports  ; 


A\  = 


2g         » 


f^  +  kQ  '  2g'  "»  ff'+kQ 
The  first  of  these  strains  the  stiticture  or  piece  of  mateiial  as  a  wi 
aud  the  second  does  local  damage  at  the  point  of  impHCt.  Hence 
great  difference  which  exists  between  the  effect  of  two  blows  of 
same  energy,  one  of  which  is  delivered  at  a  low,  and  the  other  at 
high  velocity.  At  high  velocities  most  of  the  energy  is  expended 
local  damage ;  at  low  velocities  most  is  exjHjnded  in  straining  the  stni< 
ture  as  a  whole. 

If  the  body  which  is  struck  be  iu  motion,  instead  of  resting  on  im- 
moveable supi^orts,  us  iu   Fig.   146,  the  cnei'gy  of  the  blow 
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duiuDJsfaed.     This  case  ha^  been  considered  in  Ch.  XT.,  p.  252,  where  ib 
is  shown  that  the  energy  of  the  collision  is 

where    V  is  the  relative  velocity  of  the  bodies.     Of  this  a  jiart — 

represented,  as  Iwfore,  by  replacing  Q.  by  kQ — is  spent  in  local  damage 

Liid  the  rest  in  stntining  the  structure  as  a  whole. 

The  exceptional  cose  where,  a»  in  the  colliBion  of  hilliard  balls,  the 

^liutit  of  elasticity  is  not  exceuded  al  the  point  of  impact,  need  not  be 

ere  coQsidorad.      The  energy  of  local  damage  is,  then,  nob  wholly 

npated  in  internal  changes :  a  part  is  recovered  during  the  reatitu- 

of  form  which  occurs  in  the  second  part  of  the  process  of  impact, 

md  increases  the  action  on  the  structure  as  a  whole.      In  ideal  cases 

"^Ihe  whole  may  be  thus  recovered,  but,  in  practice,  a  portion  is  always 

employed   in    producing   local  vibrations,  and   finally    dissipated   by 

internal  friction. 


197.  Vibjutinff  Luads.  SynchrQjmin. — The  load  on  n  structure  may 
vary  from  time  to  time,  continuously,  or  otherwise,  and  iU  efiect  will 
then,  in  general,  be  greatly  augmented.  Some  simple  examples  will 
now  be  considered. 

Returuing  to  the  case  of  the  weight  suspended  from  an  clastic  string 
(Fig.  UG,  p.  343);  suppose  in  the  first  instance  the  weight  at  rest, 
then  the  corresponding  extension  (6)  is  B^f^^  in  the  figure  and  the 
position  of  the  weight  is  By  Next  imagine  the  weight  raised  verti- 
cally and  suddenly  released^  it  will  oscillate  about  ij,  as  a  mean 
position.  In  any  position  B  the  tension  of  the  string  is  representeil  by 
BN  and  the  weight  bj^  BM^  so  that  NM  represents  an  unbalanced  force 
which  draws  the  weight  downwards  when  it  is  above  By,  and  upwards 
when  below.  Now  NM  is  proportional  to  BB^^  and  the  weight 
therefore  moves  under  a  force  always  proportional  to  its  distance  from 

A- 

This  kind  of  motion  is  known  as  a  "simple  harmonic  motion";  wo 
liave  already  had  an  example  in  the  case  of  a  piston  moving  in  its 
cylinder;  for  in  Ch.  IX.,  p.  212,  it  was  shown  that  the  force  necessary 
to  move  the  piston  varios  as  the  distance  from  the  centre  of  the  stroke. 
In  fiict  Fig.  99,  p.  212,  may  be  taken  to  represent  the  motion,  the 
velocity  of  the  weight  in  any  position  being  represented  by  QN.  From 
the  formulae  given  in  the  article  cited  it  is  easy  to  show  that  the  time 
of  a  double  vibration  of  the  weight  is  given  by 
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being  the  same  us  that  of  tho  smalt  oscillations  of  a  pendulum  oflengtb  i 
Bf,By     It  is  dupendenb  only  on   the  elasticity  of  the  string  and  tfas 
magnitude  of  tho  weight,  not  ou  the  extent  of  the  vibration. 

The  vibrations  of  any  structure  may  bo  distinguished  into  gonera)  and 
local,  that  is  into  the  vibrations  of  the  structure  as  a  whole,  and  tho 
ribratioos  of  ita  parts.     All  such  vibratory  motions  are  of  the  samfl    _ 
general  character,  as  in  the  simple  case  just  described  they  take  pUceia  ■ 
certain  definite  times  depending  nn  the  inertia  and  elasticity  of  tbe  stroe- 
ture  auti  its  parts,  but  not  depending  on  the  extent  of  the  vibratioa 

Next  suppose  the  weight  (Fig.  146)  oscillating  about  £,.  and  let  Bht 
the  extreme  upward  position.  At  the  instant  when  the  weight  is  at  iC 
imagine  n  small  downward  force  P  applied  ;  the  effect  of  this  will  be 
that  the  weight  descends  to  a  position  B2  before  coming  to  rest,  such  ■ 
that  B^Bj>Bfi^,  instead  of  being  equal  to  BB^^  as  would  otherwise  bi 
the  case.  Then  suppose  P  removed,  the  weight  will  rise  to  a  point  u 
much  above  B  as  J9,£^  is  greater  than  BBy  Again  suppose  P  applied, 
then  the  weight  will  descend  below  JS,,  and  this  process  may  be  coo- 
tiuued  indefinitely.  Thus  it  ap]>ear8  that  a  load  P,  however  small,  if 
applied  and  reraovoil  at  intervale,  airrefponiiing  to  t/tf  natural  yenod  ^ 
vibration  of  thr  weight  H'',  will  produce  a  vibration  of  continually  iocreu- 
ing  extent,  thus  augmeutiug  indefiuitcly  the  tension  of  the  string, 
which  wiU  soon  break,  however  small  the  original  loul  /r  and  iti 
fluctuation  P.  If  the  weight  P  be  Applied  as  before  at  B,  but  removed 
and  replaced  at  a  difibront  interval,  the  vibration  will  still  AQgrnent,  in 
the  first  instance,  but  the  augmentation  will  be  limiteii,  and  will  he 
succeeded  by  a  diminution,  and  so  on  indefinitely. 

In  the  foregoing  simple  example  numerical  nrsultfi  could  readily  be 
obtained  if  necessary  ;  in  actual  structures  and  mncliincs  the  circum- 
stances are  much  more  complex,  and  calculations  are  therefore  generally 
difficult,  but  the  same  general  principles  hold  good.  Whenever  the 
load  on  a  structure  fluctuates  the  i>tres8  due  to  it  ih  greater  than  that 
wliich  corre&|>o!id8  to  the  maximum  loud  :  and  the  augmentatioa  if 
greater  the  more  nearly  the  period  of  fluctuation  approaches  the  period 
of  vibration  of  tho  whole  structure,  or  of  that  part  of  it  imxnedialely 
affected  by  the  load.  Vibrations  of  the  same  period  are  often  deaoribed 
aa  "synchronous." 

As  examples  of  a  fluctuating  load  may  be  mentioned — 

(1)  When  a  company  of  soldiers  march  in  regular  time  over  a  siu- 
pension  bridge  vibrations  of  the  flexible  structure  are  set  up  which  an 
constantly  augmented  by  synchronism.  On  a  girder  bridge  the 
augmentation  would  be  comi>aratively  small,  the  |»eriod  of  vibration  of 
tlie  bridge  being  generally  very  different. 


"    1 


(2)  In  certain  torpedo  boats  the  ribration  due  to  the  action  of  the 
■crew  is  excessive  at  one  particular  speed.  This  is  an  effect  of 
ajTichronism  between  the  revolutions  of  the  screw  and  the  period  of 
bending  vibrationa  of  the  boat  iu  a  borizonUii  plane. 

(3)  Wlien  a  Bhip  rolls  broadside  on  to  a  series  of  equal  waves 
the  rolling  is  increased  by  the  action  of  the  waves,  and  is  greatest  when 
the  pcrio<l  of  the  waves  is  equal  to  the  period  of  rolling  of  the  ship  in 
Btm  water. 

One  case  of  a  fluctuating  load  can  be  completely  worked  out  without 
Rinch  difficulty,  and  the  result  has  been  applied  to  various  purposes. 
This  is  where  the  load  fluctimtes  according  to  the  harmonic  law  already 
considered  for  an  elastic  string.  The  calculation  cannot  be  given  here, 
but  it  raay  be  mentioned  that  it  is  in  this  way  timt  the  late  Mr.  Froude 
arrived  at  his  well  known  conclusions  respecting  the  rolling  of  ships 

ougst  waves.* 


198.  Imp/iri  when  the  Limih  of  FMafiniy  ore  not  Eo^^^fd.  IteMiienee. 
— The  effect  of  impact  on  perfectly  elastic  material  mai'  also  be  dealt 
with  by  considering  the  amount  of  energy  stored  up  in  the  body 
in  consequence  of  the  deformation  which  each  of  its  elementary 
parts  have  auff'erod.  We  have  already  se?n  thai  when  a  piece  of 
material  is  subjected  to  a  simple  uniform  longitudinal  stress  of  intensity 

the  amount  of  work  U  done  by  the  stress  is 

fj  =  iCL  K  Volume. 
'2£, 

Let  u;  be  the  weight  of  a  unit  of  volume  of  the  material,  and  /r  the 

reight  of  the  body  considered,  then  we  may  write  our  question 

U^  fVM 

rhere  H  iaa  certain  height  given  by 

2£tc 
ad  the  whole  elastic  energy  of  the  body  may  be  measured  by  this 
height,  which  is  the  distance  through  which  the  body  must  fall  to  do  an 
equivalent  amount  of  work. 

If  for  p  we  write/  the  elastic  strength  of  the  material,  then  we  obtain 
what  we  have  already  called  the  Kesilicnce  of  the  body,  and  if  becomes 
what  we  may  call  the  "height  due  to  the  resilience,"  which,  for 
each  material,  has  a  certain  definite  value,  given  in  feet  in  Table  II.,  Ch. 
XVUL,  for  various  common  materials. 

Now  in  cases  of  impact  whore  the  limit  of  elasticity  is  not  exceeded, 
the  whole  energy-  of  the  blow  is  spent  in  straining  the  material  or 

•  TranMoctiona  of  tht  InMitution  of  Stxvol  ArehUecU,  vol.  it 
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etructure,  and  hence  thit  energ}'  must  not,  in  any  caae,  exc«ed  tlw 
resilience.  Thus,  on  reference  to  the  table,  it  will  be  seen  that  in 
ordinary  wrought  iron  the  height  is  given  as  2  ft.  2  in.,  from  wboQc«  il 
follows  that  in  the  most  favourablu  ease  a  piece  of  iron  will  not  stand  » j 
blow  of  enerfry  greater  than  that  of  its  own  weight  falling  thrDDg)ii| 
tweuty-six  inclies,  without  being  strained  beyond  the  elastic  limit.  If 
the  parts  of  the  body  are  atibject  to  torsion,  about  50  per  cent  may  he 
added  to  these  numbers,  but,  on  the  other  hand,  they  are  wibject  tn 
large  deductions  on  account  of  the  inequality  of  distribution  of  streis 
within  the  body.  Only  a  portion  of  the  body  is  subjected  to  the  suud- 
mum  stress,  the  rest  is  strained  to  a  lc»s  degree,  and  consequently  faai 
absorbed  a  less  amount  of  the  energy  of  the  blow.  Thus,  for  example, 
abeam  or  circular  section,  even  though  it  be  of  "  tmiforra  streogtii'' 
(Alt.  161),  has  only  one  fourth  the  resilience  of  a  stretched  bar  of  the 
same  weight,  because  it  is  only  the  particles  on  the  upper  and  lower 
surfaces  which  are  exposed  to  maximum  stress^  the  central  part«  having 
their  strength  only  partially  developed. 

We  now  draw  two  very  general  and  important  concluaiou& 

(1)  WHien  a  body  or  structure  is  exposed  to  a  blow  exceeding  that 
represented  by  its  own  weight  falling  through  a  vcrj*  moderate  height, 
a  part,  or  the  whole,  is  strained  beyond  the  clastic  limit. 

(2)  When  a  bo<ly  or  structure  is  not  of  uniform  strength  thraughoat 
the  excess  of  material  is  a  cause  of  weakness. 

On  reference  to  Table  II.,  Ch.  XVTTI.,  it  will  bo  seen  that  exceptiowil 
occur  to  the  first  ))rinciple  in  the  case  of  the  hardfst  and  strongest  sled, 
and  in  wood  and  some  other  substances  of  organic  origin  of  low  specific 
gravity  ;  but,  as  a  rule,  the  proi>erty  of  ductility  or  plasticity  is  eesential 
to  resistance  to  impacts  Bodies  which  do  not  possess  it  are  gcnetmlly 
brittle.  In  good  ductile  iron  and  soft  steel  the  non-elastic  fMirt  of  tJw  _ 
resistance  to  impact  will  be  seen  hereafter  to  be  at  least  1,000  times  the  I 
elastic  part,  assuming  both  equally  developed  through  all  parts  of  the 
material.  These  remarks  apply  to  a  single  blow  ;  the  effect  of  repeti- 
tion will  bo  considered  hereafter. 

As  an  example  of  the  application  of  the  second  prinrt])le  we  may] 
mention  the  bolts  for  armour  plates  inventc<l  by  the  late  Sir  W.  Pallioer. ' 
In  these  bolts  the  shank  is  turned  down  to  the  diameter  of  the  hue  of 
the  thread  so  as  to  be  of  equal  strength  throughout.     (See  Ex.  4,  p. 
280.) 

EXAMPLES. 


1 .  A  batnin«r  weighing  2  Ihi.  sirikH  ■  naO  wiib  m  velodtr  of  16  ftet  psr  1  bt^  diivHf 
^  Inah,  what  U  tbe  irtMQ  prvwnre  oreroonw  \tj  tfae  tuUl  T    Ahm.  078  Ihik 
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^H  2.  If  ibe  lottd  on  «  vtrctctied  bu  U  luddonlj  rev«raed  m  u  to  prodoM  oomprtMion, 

^Hiow  tbkt  the  ■treea  will  be  trebled.* 

^F  Energy  «lore<l  ui  itrctcbed  bar  wLU  on  tb«  releu«  of  tbo  loftd  be  employed  Id  compret- 
■ion,  and  in  addition  the  Uixd  will  be  os«rted  througb  a  diitauce  -  original  eitetmioo  *- 
oonpnadoD.  The  two  togcthnr  Diiut  be  e<]U»]  to  tba  woric  dooe  in  couiprMclng  the  bar. 
Jfott — Such  auddoD  rvvcraal  aa  is  ber«  aappoeed  nrtt;  if  erer  ooctin  ia  pnotiot!. 

3.  A  toad  of  1000  Iba.  falla  through  1"  before  oommeocing  to  stretch  a  luspeiidioi;  rod 
by  which  it  la  carried.  If  the  isctional  area  of  the  ro>l  ia  3  mi.  Id.,  length  lOCT,  uul 
HKxioliui  of  eLuticitj  30,000,000,  find  the  atreaa  pioduoed. 

Streoa  -  l7,S'iS  Ibft.  jwr  u\.  in. 

4.  A  loftd  of  OOOO  Iba.  la  carried  I7  the  rod  of  the  preccdbf  qoMtiim,  and  an  addlOoMl 
load  of  3000  Iba.  ia  iDddenly  aiipUed ;  what  ia  the  atreaa  prodMed ! 

Sfereaa  -  4S00  Iba.  per  atj.  in. 

5.  X  beam  will  earrjr  aafeljr  1  ton  with  a  defleetio&  nf  1  inch  ;  from  what  height  may  a 
weight  of  100  Iba.  drop  without  injuring  it,  neglecting  the  effect  of  iuertia?  Ahi. 
10*2  inchea. 

6.  The  m4*<*nTiiii  atabiUty  c^  a  veaael  ia  4O00  foot-totui.  The  ourre  of  atabiUty  ia 
repceeented  anfflcienily  approxiioately  by  a  triangle,  aueh  that  the  angle  of  maiimam 
atahitity  U  1/n  the  angle  of  vanishing  stability.    Find  the  uniform  nwrnect  whi«h.  njipUad 

1^^  auddenlj  to  the  ihip  upright  aod  at  rert,  waulit  Juat  eapaize  her. 

^m    Aiu,  Capuzing  mumvnt    "IP^jf" 

^H     7.  A  oniue  ia  observed  to  d«fleot  through  1  fitch  when  a  loatl  of  1  ton  la  auapended  from 
^Flt,     A  load  of  2  tona  ia  lowrtvO  lit  tbo  ratv  of  2  f.a.  auU  th^u  audiloaly  itoitpod  ;  In  what 
ratio  ia  the  atreaa  on  the  parta  of  the  orane  augmented T    Ant,  S7  |>er  oent. 


*Thia  reault  which  atipeari  little  known  wai  [lointed  out  to  the  writer  by  Mr.  UcaraOB. 
Some  examplea  on  iini>act  will  be  found  in  TVof.  Aloxaoder'a  troatiao  on  Appllod 
Mcobnnica,  part  I. 


CHAPTER  XVII. 


STRESS,  STRAIN,  AND  ELASTICITY. 
Seotion  I.— Stress. 

199.  Ellipse  of  Stress. — Stress  consists,  as  we  have  said  (Art-  147).  in 
a  mutual  action  between  two  parts,  into  which  we  imagine  a  hody 
divided  by  an  ideal  section.  If  the  section  be  plane,  and  if  the  Btrm 
be  unifonn,  the  intensity  and  direction  of  the  stress  at  each  point  of  die 
section  are  the  same  at  uH  points  of  a  givcu  section,  and,  for  a  girrr 
point,  depend  only  on  the  position  of  the  plane.  In  a  fluid  the  inttDsily 
is  the  same  for  all  planes,  and  the  direction  is  normal  to  the  pUne.  In 
simple  tension  and  compression  the  direction  of  the  stress  is  the  sum 
for  111!  pluiies,  but  its  intensity  varies,  becoming  zero  for  planes  ptninel 
to  the  stress.  In  shearing  the  intensity  is  the  same  for  all  planer 
per|>cndiculiir  to  a  third  given  plane,  but  tbe  direction  varies  :  on  one 
pair  of  planes  it  is  normal,  on  another  tangential. 

We  now  proceed  to  consider  stress  more  generally,  and  we  shall  fir* 
examine  the  etiect  of  combining  together  a  pair  of  simple  longitudiniJ 
stresses,  the  directions  of  which  are  ut  right  angles  and  the  intensities  of 
which  arc  givon.  Let  the  plane  of  thei»ai>er  he  parallel  to  the  direction! 
of  tho  stre.sses,  and  let  us  consider  a  piece  of  material  of  thickness  unity 
If  the  stress  be  uniibrm,  the  size  and  shape  of  the  piece  are  immateriaL 
Let  us  then  imagine  a  rectanguW  block  A  BCD  (Fig.  141»)  with  sides 
perpendicular  to  the  stresses  p^^  ;>j.  On  the  faces  AB,  CD  a  stress,  of 
intensity  j)„  and  of  total  amount  ;>, .  AB  will  act ;  while  on  BC  and 
there  will  be  a  stress  of  Inttinsity  p^,  and  of  total  amount />,. 
Divide  now  the  rectangle  by  adiagonal  plane  AC;  there  will  l>e  a 
on  that  plane,  which  it  is  our  object  to  determine  in  direction  and 
magnitude.  Let  &  bo  the  angle  which  the  normal  to  the  plane  taakoB 
with  tho  direction  of  p, ;  by  determining  n'ghtly  tho  ratio  of  the  sides  of 
the  rectangle  this  angle  may  be  matle  what  wo  please.  Proccedini;  is 
in  ArL  182,  wo  find  for  tho  normal  stress 

p„  =  ^, .  cos*^  +  /», .  siii*^, 


\ 

s 
'ess,  of 
id^^ 


t.atvii.ART.  199.]  STRESS,  STRAIN,  AND  EI*ASTK;IT^'. 


353 


I  for  the  Ungentiftl  stress 

Pt  =  (Pi  -  Pt)  su»  (3 .  cos  6. 
tie  resultant  stress  might  be  found  in  direction  and  magnitude  by  com- 


A  p. 


M> 


JIUIUL 


'iiumr 


fc 


pound4f^A*U  results,  but  it  is  better  to  proceed  by  u  graphical 
construction.  On  the  perpendicular  set  off  0(^  to  represent^,  and  Oq 
to  represent  y^ ;  iilso  draw  the  ordinate  Q^f  and  gF  |jaral]el  to  />j  to 
meet  it  in  P.     Then 


OM 


BC 


PM  =  Oq,  Bin  9  '  Pf.— 


Whence  it  follows  that  the  intensity  of  the  stress  on  AC  due  iop^  is 
represented  by  OM,  and  that  due  Uip.^  by  PM.  If  then  we  join  OPve 
shall  obtain  the  resultant  stress  on  AC  in  direction  and  magnitude.  It 
is  easily  seen  that  J*  lies  on  an  ellipse  of  which  ^^,  p^  are  the  semi-axes. 
ITiis  ellipse  is  called  the  Ellipse  of  StrcAS. 

If  the  pair  of  stresses  p^,  p^  have  opixiaite  signs,  then  Oq  =  p^  must 
be  set  off  on  the  opposite  side  of  0,  and  OP'  the  radius  vector  of  the 
ellipse  lies  on  the  other  side  of  OM,  but  in  other  respects  the  construc- 
tion is  unaltered.  When  /;,,  p.,  arc  equal  the  ellipse  iMJcomcs  a  circle  ; 
if  they  have  the  same  sign  the  stress  is  the  same  in  idl  directions  in 
DUignitude  and  direction  like  Huid  pressure  ;  if  they  have  oyi^S^A  e^^;c\!&^ 
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as  in  the  chapter  on  Torsion,  the  intensity  is  the  saroe,  but  tiie  angle  *i/ 
inclination  FOQ,  called  the  "oblit^uity"  of  stress,  ia  variiible,  \<mi 
always  twice  QOM. 

200.  Principal  Stresses.  Atxs  of  Stress. — We  now  proixjse  tn  ibot 
tbut  any  state  of  stress  in  two  dimensions  (Art.  203)  niny  alwapb* 
reduced  to  a  [lair  of  simple  stresses  such  as  wo  have  just  ronddemL 

For,  drawing  the  same  figure  ns  in  the  lost  artidoy  let  us  inquire  liw 
effect  of  replacing  />„  p^  by  other  eti'esscs  of  any  magnitude  and  in  asr 
directions.  Whatever  they  be,  they  evidently  miist  have  given  tuigm- 
tinl  and  nomxal  comfKincnts,  of  which,  reasoning  as  in  a  former  chafiter, 
we  know  that  the  tangential  must  be  equal  and  of  opi>osit«  tendomy. 
Let  the  equal  tangential  components  be /)„  and  the  normal  conipoufiii* 

;)„  and  p'^      Consider  the  equilihriira 

of  the   triiingid:ir  portion   At'*.'  {Y\t 

150),  and  let  us  determine  under  vhii 

conditions  it  is  [Kisaible  that  the  stres 

on  AC  should  be  a  normal  stran  ooljr. 

wthout    any    tangential     compoiwrt 

Kcsolve  pui'allel  to  BC^  then,  if  flu 

"  that  normal  stress, 

P  .  AC.  cose  =  p,.BC  *  p^.  AB ; 

or  P  ~  Pn  -  V'  •  **"  ^• 

Similarly  resolving  parallel  to  AB^ 

P  -P'n  =  Pf'COte, 
whence,  subtracting  one  equation  from  the  other, 

=  ;», .  (col  0  -  Un  &)  =  2p, .  cot  2»  ; 


I'n-  P» 


or 


tan  20 


Pm    -  Pn 

This  equation  always  gives  two  values  of  $  at  right  angles,  shoi 
timt  two  i>Iiine8  at  right  angles  can  always  be  found  on  which  the  stroi 
is  wholly  normal  The  magnitude  of  the  stress  on  these  ptaoos  ■ 
found  by  multiplying  the  equations  together,  when  we  get 
quadratic 

{p-p^){P'P'')'-pf*y 
the  rootfl  of  which,  ;jp  Py  are  Uie  stresses  required.  Having  deter- 
mined p,,  /)„  the  ellipse  of  stress  can  now  be  constructed  by  the  method 
of  the  last  article. 

Every  state  of  stress  in  two  dimensions  then  can  always  be  reprv- 
seuted  by  on  ellipse,  the  somi-axes  of  which  are  calltxl-  Priucipil 
Stresses  and  their  directions  the  Axes  of  Stress. 


J 


I.  XVII.  ART.  SOL]  STB£:3,  STRAIN,  AND  ELASTICITY- 


35£ 


r      in   [ 


rhc  particular  aue  iii  wtiich  /»'.  is  zero  is  one  <rf  constant  occmrence 
practical  uppHcations.     If  9  be  the  ahearing  Btrase,  tho  oqiuUiom 
ly  then  be  w-ritten 

j».tan2fl  =  2y    (1);    pO»-ft)-««  (2>. 

Of  tbe  rooU  of  the  qiuidraLic  the  greater  ha«  the  same  sign  as  that  of 
p^  and  tho  other  the  oppueile.  Alau,  we  find  by  dividing  the  two 
equations  for  p  by  une  another, 

P       P^ 

from  which  it  appears  that  of  the  tvro  values  of  $  Aimished  by  (1)  the 

one  less  than  15°  must  correspond  to  tho  greater  value  of  p.  Hence, 
L  the  major  principal  stress  is  of  the  same  kind  aa  p^  and  inclined  to  it 
^^fc  an  angle  less  than  -45*. 

I         201.     Farying  Strets.     Lines  of  Strfu.     Brnding  and  TwigHng  of  a 

\  Shaft — In  proving  the  two  very  ini{mrtant  propositions  just  given, 
we  have  assumod  (1)  that  the  stress  was  uniform,  throughout  the 
region  including  the  portion  of  matter  we  have  been  considering  ;  (2) 
that  gravity  or  any  other  force  acting  not  on  the  bounding  surface, 
but  on  each  particle  of  the  interior,  may  bo  neglected.  It  is  however 
to  be  observed  that  by  taking  the  fwrtion  of  matter  small  enough,  both 
these  8up(K)sitions  ni;iy  be  made,  in  general,  as  nearly  tnio  as  we 
please  :  the  first,  because  any  change  of  stress  must  Iw  continuous,  and 
therefore  becomes  smaller  tho  less  the  distance  between  the  points  we 
consider  ;  the  second,  because  any  int^irnul  force  is  pro]>ortional  to  the 
volume,  while  any  force  un  the  boundary  of  a  piece  of  material  is 
proportional  to  the  surtace  of  the  piece.  Now  the  volume  of  a  body 
varies  aa  tho  ctil^e,  and  the  surface  as  the  square  of  its  linear  dimcn- 
lions,  and  it  follows  that  the  internal  force  vanishes  in  coni|>iiri»:>n 
with  the  stress  on  tho  boundary  when  the  dimensions  diminJBh  in- 
definitely. Hence  these  proiKwitions  are  still  true  as  rcspi'cU  tho  state 
of  stress  at  any  given  point  of  a  body,  even  thuugli  the  stretM  he 
variable,  and  noLwitlistanding  the  action  of  gravity.  When  however 
we  consider  the  variation  of  stress  from  point  to  jwint,  graWly  niuat  be 
considered.  Thus,  for  example,  in  the  case  of  a  Huid  tho  action  of 
gravity  does  not  prevent  the  pressure  from  being  tho  same  in  all 
din^tions,  but  it  does  cause  the  pressure  to  vary  from  point  to  point. 

When  the  stress  varies  from  point  to  (loint,  both  the  intensity  and 
the  direction  may  vary  ;  thus,  for  example,  in  a  twisted  nhafl  the 
intensity  of  tho  stress  at  any  point  varies  .is  tho  distance  from  the  axis, 
and  the  direction  of  the  streaa  varies  according  to  tlio  position  of  the 
point,  the  principal  stresses  making  an  angle  of  45*  with  tho  axis  of 
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tho  cylinder.  The  axes  of  stress  in  this  caso  always  touch  certain  Utw 
which  give,  at  each  point  they  pass  through,  the  direction  of  the  strea 
at  thnt  point.  These  lines  are  called  Lines  of  Stress  ;  in  a  simple 
distorting  stress,  or,  in  other  cases  where  the  principal  stresses  are  of 
opposite  signs,  one  is  a  Lin©  of  Thnist,  the  other  a  Line  of  Tension. 

In  a  twisted  shaft  of  elastic  material  the  lines  of  strose  are  spirals 
traced  on  a  cylinder  passing  through  the  point  considered,  the  apjrali 
being  inclined  at  45*  to  the  axis.  If  the  shaft  he  bent  as  well  u 
twisted,  the  maximum  normal  stress  at  any  point  of  the  transrsne 
section  is  given  by  the  equation  | 

where  ^f  is  tho  bending  moment  and  r  tho  radius.  The  shearing  stn« 
at  the  external  surface  due  to  a  twisting  moment  7'  is  given  by 

?=j^  (Art.  my 

Combining  these  two  together  we  get,  by  solving  the  quadratic  for  the 

principal  stresses,  __ 

^ F? '  i 

which  gives  the  prindi>al  stresses  at  that  point  of  the  shafl  where  the 
stress  is  greatest.    The  maximum  stress  is  tho  same  as  would  be  girfn 
by  a  simple  twisting  moment  equal  to  Jtf  +  ^ J/'  +  T\  which  is  soino-  ^ 
times   called   the  simple  equivalent   twisting  moment.      The  miowfl 
principal  stress  ought,  however,  also  to  be  considered  in  calculatioos      i 
respecting  strength,  as  will  be  seen  hereafter. 

The  lines  of  stress  here  are  spirals  of  variable  pitch  angle.  ■ 

202-  Straining  Ad\on»  on  Ihe  Web  qfanl  Beam. — Let  us  now  retain 
to  the  caso  of  an  /  beam  with  a  thin  web,  in  which  tho  web  revisu 
nearly  tho  whole  of  the  shearing  force  F,  and  the  flanges  nearly  the 
whole  of  the  bending  moment  M.  The  intensity  of  the  shearing  stnes 
q  is  approximately 

-^- 

where  h  is  the  depth  and  /  the  thickness.  The  intensity  of  the  nomul 
strefls  at  a  point  distant  y  from  the  neutral  axis  is 

if 

The  principal  stresses  and  axes  of  stress  are  given  by  the  eqiutioni 
p{ji'pj)  =  q*;  tan2e  =  ??. 
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this  it  appears  that,  even  when  the  web  is  very  thin  eo  that  it 
a  very  small  fraction  of  the  total  bending  moniont.  it  cannot  be 
\  OB  resisting  shearing  alone,  and  if  it  iis  so  treated  will  bo  the 
Bverely  strained  part  of  the  beam.  Let  ns,  for  example,  suppose 
ages  to  he  subject  to  a  stress  of  *t  tons  ]»er  sq.  inch  at  a  given  sec- 
ad  the  web  to  a  shearing  stress  also  of  4  tons  per  aq.  inch  :  then  at 
in  the  web  nciir  the  flanges,  say,  for  example,  at  a  distance  from 
ntre,  of  three  fourths  the  half  depth  of  the  beam,  the  normal 
(vill  be  3  tons  per  sq.  inch.     Putting  these  values  in  the  formula, 

(quadratic  equation 
p  =  5-77,  or-2  77, 
t  which  shows  that  the  web  is  much  more  severely  strained  than 
nges.  The  lines  of  stress  arc  found  from  the  equation  for  d.  By  a 
cal  method  it  is  iwssible  to  draw  the  lines  of  stress  approximately. 
this  the  reader  is  referred  to  a  treatise  by  Mr.  Chalmers,  cited 
[o73. 

3.  B&narks  on  Stress  m  Genfiai. — We  have  hitherto  lieen  consider- 
ly  the  stress  on  planes  at  right  angles  to  a  certain  primary  plane, 
!ch  we  have  6ii]ipoRed  the  stress  on  every  plane  to  be  jHirallel. 
et  practical  questions  relating  to  .strength  of  mateiiaU  this  is 
mt,  since,  though  stress  frequently  existe  on  the  primary  plane, 
lAually  normal  and  of  relatively  small  intensity.  Thus,  for 
tie,  in  a  steam  boiler  there  is  stress  on  the  internal  and  external 
B  of  the  boiler  due  to  the  prcesuru  of  the  steiun  and  the  atmos- 
;  but  it  is  of  small  amount  coni[tared  to  the  stress  on  planes 
idicuUr  to  the  surface.  We  therefore  content  ourselves  with  a 
.ent  without  demonstration  of  corresponding  propositions  in  three 
lions. 

Any  state  of  stress  at  a  point  within  a  solid  may  always  be 

reduced  to  three  simple  stresses  on  jtlanes  at  right  angles. 

The  resultant  sti-ess  on  any  plane  duo  to  the  action  of  three 

K«imple  stresses  at  right  angles  to  each  other  Is  always  repre- 

^pented  in  direction  and  magnitude  by  the  radius  vect^ir  of  an 

ellipsoid. 

first  of  these  propositions  may  be  regarded  as  the  last  step  in  a 
B  of  analysis,  by  which  we  reduce  all  external  forces  acting  on 
^ure  of  any  kind  :  Jinl,  into  a  set  of  forces  acting  on  each  piece 

structure  ;  and  sewrtcl^  into  foixes  acting  on  each  of  the  small 
^t8  of  which  we  may  imagine  that  piece  com^o%«(3k  \  ^xA  Vo^V^^ 


358 


3TIFFNE8S  AND  STRENGTH. 


into  three  forces  at  right  angles  acting  ujKin  the  element,  of  whicb  oi 
in   practical   cases  is   usually   small.     Ail   quefitions   in   Strength 
Materials,  then,  ultimately  resolve  themselvea  into  a  consideration  of 
the  effects  of  forces  so  appliod. 

One  method  of  conceiving  the  effect  of  three  such  forces  is  to  hnagioe 
each  sepurated  into  two  {>arts,  one  of  which  is  the  same  for  all,  being 
the  mean  value  of  the  three ;  while  the  other  is  compressive  for  ooe 
mid  tensile  for  the  two  others,  or  vice  verm.  In  isotropic  matter  (Ai 
207)  the  first  set  prwiucca  clwnge  of  volume  only,  and  may  be  called 
the  "  volume-fltress,'  or,  as  no  other  stress  can  exist  in  fluid  bodies 
rest,  a  "  fluid  "  streaa.  The  second  is  a  distorting  Btress,  consisting  of 
thi'ce  simple  distorting  stresses  tending  to  produce  distortion  in  the 
three  principid  planes. 
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EXAMPLES. 


1.  A  tube,  IS  iaohes  mean  diameter  and  ^  inch  thick,  ia  acted  od  by  a  tbruitof  SXon 
and  a  twisting  uioincnt  vf  35  Toot-tunB.     Find  tlio  principal  attBaau  and  lines  of  stnMi 

Tnking  »  Ktniill  r«ctnngulAr  pii«e  witli  one  itde  to  tlie  tnuisvene  Beotiou,  wv  find  ou 
face  aaUni  on  b;  a  iiorm&l  ntresit  of  I  "iK  tons  per  square  inoh  due  to  the  tLntvt,  tni  t 
tangential atro» af  2'IU>taTiadui:  totbc  twisting.      SubfltitutingtbeuTalaetfor^  fu*"^ 
observing  that  th«  tttrewi  on  th«  other  f«ce  in  wholly  tangential,  we  ftnd  from  the  qoidntiB 
Major  pri[ici|>al  Btreu-.1'24  (thnut); 
Minor  pHn(iipaliitreBi=2*lri  (toneion). 
Ltnea  of  afcroM  are  ipirals,  tbo  linL-a  of  teniion  iDcUoerl  at  SO^"  to  tha  axla.  toA  tke 
Unea  of  thmit  at  39^*. 

2.  A  rivet  in  under  the  action  of  it  ahMring  Btreaa  of  4  toni  per  squan  ineb,  and  a 
tcnxilo  itre**,  due  to  tbe  contraction  of  the  rivet  in  Ita  hole,  of  S  tooi  per  wiaare  inch. 
Find  tho  prbcipal  streucs. 

Am.  Mnjor  principal  xtren  <-  5*8  tona  (tcnaion). 
Minor  principal  xtrewi  -2*77  tona  [thruat^ 

3.  The  thrust  of  a  screw  is  30  tons  ;  the  shaft  is  aubjoct  f>  a  twisting  raomcDl  of 
foot-tous,  and,  in  uddition,  to  a  bvndiii);  mumcnt  of  35  foot-tona,  duo  to  the  weight 
the  abaft  and  Its  inertia  when  the  veattel  pitches.    Find  the  mxxiniiim  atreaa  and  coDpara 
it  with  wbnt  it  wonld  have  been  if  the  twisting  moment  bad  acted  alone.    Shaft  U 
ineliea  diameter. 

Ant.  Major  principal  stress -2*9,  Batio-l'SS. 
Minor  prinoipiU  streM  ■  1"6, 

4.  A  half-iuch  bolt,  of  diii)i>nsioiui  given  in  Ex.  6.  page  34.%  is  aorewed  up  to  a 
of  1  ton  par  aqnnre  inch  of  the  gross  Bcottonn.)  area.       Assuming  a  cn-efflcirot  of  frietida 
of  '16,  find  the  tmc  raasimuin  stress  ou  the  holt  while  being  acrewoJ  ap.   .^lu.  Prinei[«I 
■trosMs  -  1  *8  and  "2  tons. 

B.  It  baa  been  proposed  to  oonstruct  oyliDdrical  bofleni  with  seams  placed  diogonallj 
toitcad  of  longitnilinklly  and  tranivonieljr.  What  la  the  objoct  of  this  atraDgsmsal,  aai 
what  is  the  thuorcticut  gain  of  strength  !    Ant.  lucrmuw  of  strength  •  36^  per  cent 

6,  A  thick  hollow  cylinder  is  nndirr  the  action  of  tangential  stress,  applied  uniformly 
all  over  ita  intoraik]  surfucu  in  dirtctions  peri>ondiaular  to  its  axis,  the  cylinder  being 
prevented  from  turning  hy  a  ffiniilxr  strRNM,  applied  iit  the  external  surfaoe.  Fiad  ths 
priuoipttl  strvssos  and  lines  «f  stros.  Ans.  The  pnndpflJ  stresses  ore  e<)lial  aod  opposlts, 
forming  a  simplu  distorting  strcaa,  of  intensity  varyii)g  inversely  as  the  square  of  the 
distanoe  from  the  oenire.     Lines  of  stress  equiangular  spirals  trf  angle  40'. 
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7.  In  Ex.  9,  pa(«  338,  luppom  tbe  bMun  »o  loaded  that  blie  maximum  str««  due  to 
bcndiiig  is  4  toni  pet  iKiuar«  ittch,  and  the  total  aheatiiig  forM  divided  by  ibc  seotloua) 
uva  of  tile  wrh  3  tvtis  jwr  wiuare  itioh :  find  the  princitial  atrenteai  at  |)oUitJ  immodtataljr 
ImIow  th«  IlaDgaflk     AnM.  Priiiei|Ml  itrvHWs  4)  and  tH  taiiB  iwraqnare  inoh. 

8.  In  any  stat^  of  strrw  at  a  jmiut  in  a  body  flhoir  tbat  thif.  tiim  of  iho  BoniuU  ciroMM 
on  tbrv«  }ilanoa  at  right  aagl«i  Ia  ttic  miuu  however  the  phinvti  bo  drftwn. 

Section  IL— Strain. 

204.  Simple  Longitudirud  Strain.  Two  Stiuitta  ai  Ri^hl  Angles. — 
We  now  go  on  to  consider  tho  changea  of  form  and  size  which  aro 
produced  by  tho  action  of  stress.  Such  changes,  it  had  already  been 
said,  are  called  Strains. 

In  uniform  strain  every  set  of  particles  i}ing  in  a  straight  line  must 
still  lie  in  a  straight  lino,  and  two  lines  originally  paraJlel  must  still  be 


parallel  The  lengths  of  all 
parallel  lincK  oie  altered  m  a 
given  ratio  1  +c  :  1,  where  r 
is  a  quantity,  in  practical  cases 
very  small,  which  measures 
the  strain  in  the  dirccliuu  of 
tho  line  considered.  Two  sets 
of  parallel  lines,  however,  will 
not  in  general  remain  at  the 
same  iDclination  to  each  other, 
nor  will  their  li^ngths  alU-r  in 
tbe  same  ratio.  Thus  the  sides 
of  a  cube  remain  plane,  and 
opposite  sides  are  parallel, 
but  tho  parallolopiped  is  not 
generally  rectangular,  and  its 
ndes  are  not  equal 


FlR.151 


a 


S 
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The  simplest  kind  of  strain  is  a  simple  longitudinal  strain  in  which 
all  lines  parallel  to  a  fixM  plane  in  the  hoily  are  unaltered  in  length, 
while  all  linea  {>er|>endicular  Ui  that  plane  remain  so  :  that  is  to  say,  a 
simple  change  of  length,  the  breadth,  and  thickness  rcmtaining  unaltered. 
Fig.  151  shows  an  extensible  baud  OBCD,  in  which  OB  is  fixed, 
while  CD  moves  to  C"//,  tbe  breadth  being  in  the  first  instance  unaltt'red, 
and  the  length  altered  so  tbat 
H  CC~e,.BC. 

^1    If  any  line  JEF  be  trac«d  in  the  band  ])arallt>l  to  BC,  the  points  EP 
[      will  shift  to  E'F  positions  in  tbe  same  line,  such  that 

^1  A-'/'^tl+fjAT; 


STIFFNESS  AND  STRENaTH. 


[PAMir. 


far  since  the  straiu  is  uniform  the  change  of  length  of  all  parU  of  ikt 
band  is  the  same.     If,  however,  we  draw  a  line  ijL  iuclined  at  ao  aogk 
$  to  BC,  that  line  vrill  shift  to  QL'y  a  position  such  that  QL  has  &ot 
increased  in  so  great  a  ratio,  and  is  not  inclined  to  BC  at  the 
angle  as  hefore.    We  are  ahout  to  determine  the  actnal  change  of  teq^J 
and  angular  position  of  QL  by  finding  that  of  a  parallel  AP  dreifa| 
through  A.     It  baa  been  already  remarked  that  parallel  lines  in  unifora' 
strain  must  suflfer  the  same  strain.    Now  AP  shifts  to  AF  such  that  | 
PF^e^.BP^e^.AP.CMe. 
If  now  the  angle  PAF  ( =  t)  be  so  small  that  t*  may  be  n^lect«i 
compared  with  i,  and  t  compared  with  unity, 

AZ=AP:FZ  =  PF.fi<Me', 
and  therefore 

AF-AP  =  PP.  cos  $«f.^.AP.  cos'fl. 
Thus  the  strain  {e)  in  the  direction  of  AP  is 

<;  =  f  J .  cos'fl. 
Also,  it  is  clear  that 

AP    AP 

By  these  formulije  the  changes  of  length  and  angular  poeition  of  all  Udoi 
in  the  band  are  determined. 

Next  draw  a  Hne  ^Q  per])endicnlar  and  equal  to  AP^  and  let  A(/  be 
the  position  into  which  it  moves  in  consequence  of  the  strain  ;  we  find 
for  «',  the  extension  of  AQ, 

?'  =  «,.  sin'fl ; 
while  the  angle  QA(^  is 

i'— e,.8in  ^.co«  fl=i. 
Imagine  now  the  square  AQL  completed ;  this  ftqiiare,  in  conseqn 
of  the  etrain,  will  have  its  sides  altered  in  length  by  the  quantities  i 
and  will  have  suffered  a  distortion  given  by 

2i  -  2^1 .  sin  ^ .  cos  6. 
In  this  way  the  effect  of  a  simple  logitudinal  strain  is  completely  detcr-l 
mined,  for  we  can  calculate  the  changes  taking  place  in  any  portion  of 
the  band  we  please.  J 

Next  suppose  the  band  to  suffer  a  second  simple  longitudinal  strain  i 
e,  in  the  direction  of  the  breadth,  and  observe  that  since  the  strains 
are  very  small,  the  effect  of  *,,  r^  taken  together  must  be  the  simi  of 
those  due  to  each  taken  separately ;  then  we  6nd  for  the  chamee  oj 
length  and  position  of  any  line  AP, 

e  ■  <!j ,  cos'fl  +  fj.  sia^0; 
t  —  (Cy  -  f|}  sin  6* .  cos  d. 
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results  which  may  be  applied  as  before  to  show  the  changes  of  dimenaion 
aiid  the  distortion  of  a  &<iiiare  traced  anywhere  in  the  band. 

Wo  have  here  regarded  the  angle  t  as  a  measure  of  the  distortion  a 
sqaarr.  snffcra  in  consequence  of  the  Btrain.  If,  however,  wo  drop  (^^f 
perpendicular  to  AF,  we  have 

^Hlow  AM  is  the  space  through  which  the  line  XV  has  nhifted  parallel 
^B»  itself  in  consequence  of  the  strain,  and  we  see  therefore  that  the 
^H&gle  i  also  gives  a  measure  of  the  magnitude  of  this  shifting.  By 
^ome  writers  this  is  called  "  sliding.''    It  is  also  called  '*  shearing  strain." 

205.  Compdrison  belween  Stress  and  Slmin. — If  we  compare  the 
equations  wo  have  just  obtained  for  strain  with  those  previously 
obtained  in  Art.  199  for  stress,  we  find  them  identical ;  anil  hcnco  it 
appears  that,  so  long  at  least  as  the  strains  ore  very  small,  all  pro- 
positions respecting  stress  must  also  be  true,  mutuiiji  mutiiiniisj  with 
respect  to  strain.  Thus,  for  example^  a  simple  distortion  must  be 
equivalent  to  a  longitudinal  ext<*nBion  accompanied  by  an  equal 
longitudinal  contraction ;  and,  again,  every  state  of  strain  can  be 
reduced  to  three  simple  longitudinal  strains  at  right  angles  to  each 
other,  and  reprei^ent«d  by  an  ellipsoid  of  strain.  The  simple  strains 
are  called  Principal  Strains,  and  their  directions  Axes  of  Strain. 
Strain,  like  stress,  generally  varies  from  point  to  point  of  the  body  : 
j  but  the  relations  here  proved  still  hold  good  at  each  point,  and  we 
Lhftve  Lines  of  Strain  just  as  we  previously  had  Lines  of  Stress. 

^^      Section  III. — Connection  between  Stress  and  Strain. 

206-  Equiitions  conneeting  Stress  and  Strain  in  Isolropie.  Mailer. — So 
far  we  have  merely  been  stating  certain  conditions  which  stress  must 
satisfy  in  order  that  each  element  of  a  body  may  be  in  equilibrium,  and 
certain  other  conditions  which  strain  must  satisfy  if  tlie  body  is  coii- 
jj  tinuous.  AVe  now  connect  the  two  by  considering  the  way  in  which 
stress  produces  strain,  which  differs  accoi'dtng  to  the  nature  of  the 
material. 

We  first  consider  [jcrfectly  elastic  material  (see  Art.  147),  and  sup- 
ise  that  material  to  have  the  same  clastic  properties  in  all  diroctionSf 
in  which  case  it  is  said  to  be  isotropic.  Metallic  bodies  arc  often  not 
isotropic,  as  will  be  seen  hereafter  (Ch.  XVHI.).  Suppose  a  rectangular 
bar  under  the  action  of  a  simple  longitudinal  stress  p^,  then  there 
results  (Art  146)  a  longitudinal  strain  e~^  given  by 


^mii 
^poi 
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where  E  is  the  correaponiing  modulus  of  elasticity.  Accompaarag 
the  longitudiniil  t^xben^ton  wo  find  a  uontraction  of  breadth  th&t  is  a 
Itttem)  Hlrain  of  oppfMite  isign  of  magnitude  l/m"*  the  longitadini] 
Btraia  where  vi  iu  a  co-elBcient.  The  contraction  in  thicknesa  will  be 
equal,  l>ecauflc  the  material  is  supposed  isotropic.  Hence  the  effect  of 
the  simple  longitudinal  stress  j7j  is  to  produce  three  simple  lon^tudinil 
stnuDS  at  right  angles, 


Next  remove  j7,,  and  in  itfi  place  suppose  a  simple  stress/?,  applied  in 
the  direction  of  the  breadth  of  the  bar;  we  have  by  similar  reasoniog 
the  three  strains 

And  similarly  remoWng  p^  and  replacing  it  by  p^  acting  in  the  di; 
of  the  thickness, 

These  three  sets  of  equations  give  the  strains  due  to  />„  ji^  j^ 
acting  alone ;  and  we  now  conclude  that  if  all  three  act  together  ve 
must  necessiirily  have 

'      H         mE  ' 


mi."         E 


isoniDg 

ir«So^^ 


with  two  other  Bymraotrical  equations. 

Hence  it  appears  th&t  the  effect  of  three  princi|>al  strcMBee,  aod 
sequcntly  of  any  state  of  stress  whatt^vcr  on  isotropic  matter,  is  to  pn^ 
duco  a  strain,  the  axes  of  which  coincide  with  the  axes  of  stress,  and  in 
which  the  principal  strains  arc  connected  vi'ith  the  principal  stresHt  by 
the  equations  just  written  down.* 

207.  Elnsiiniii  of  Fofm  and  F'ttume.—The  value  of  the  constan" 
may  l»o  found  directly  by  cx]>criraent,  though  with  some  difficulty, 
account  of  the  smallnoss  of  the  lateral  contraction  which  it  measures 
but  it  may  also  bo  found  indirectly,  by  connecting  it  with  the  co-cffieic 
eroployeil  in  a  former  chupter  to  meoisure  the  ehuticity  of  toraioo.     Ki 
if  we  subtract  the  second  of  tho  three  or^iutions  just  obtained  from  the 
first,  we  got 

«!-««  =  (Pi -J'.)""'* 


or 


f  1  -  ft  = 


m 


.  £(«,  -  «,). 


m  +  I 

*  Tho  form  ia  whinh  theao  equatioru  arc  given  i»  doe  to  Oiwhof. 
ajiptiootion  it  is  mora  convcoicnt  thiko  »xiy  nthor. 


Fori 
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'  referring  to  Art.  199  we  find 


Ti  =  iVx  "  Pi)  **"  tf .  COS  tf, 
2i  =  a{<i  -  tfj)  sin  (? .  C06  $^ 


plftnea  inclined  at  angle  6 


tangential  stress  on  a  pair  of  planea 
I  the  axes,  and  2i  is  the  distortion  of  a  etpiarc  inclined  at  that  nnglo  to 
be  axes  of  strain.  Since  now  the  axes  of  strain  coincide  with  the  axes 
'  stress,  we  must  have 


Vt  -   P\  -  -Pa. 
2i       2(«j  -  c^) 


B. 


t 

I  2i  ~  2(«^-  (!,)  ~  *m   t^  1 

an  cqnution  which,  compared  with  Art.  183,  shows  that  the  co-efficient 

tof  rigidity  6'  must  be 
i 


^-i 


m  +  1 


E. 


Experiment  shows  that  in  metallic  bodies  C  is  generally  about  §£, 
whence  it  follows  that  m  lies  between  3  and  4.  In  the  ordinary  materials 
of  construction  theeom[>aritJon  cannot,  however,  he  mutle  with  exactness, 
because  such  bodies  arc  mrcly  exactly  isoti-opic  and  homogeneous.  The 
value  of  m  for  iron  is  supposed  to  be  about  3|. 

A^in,  if  we  add  together  the  three  fundamental  equations,  we  find 

if(ei  +  e,  +  «s)  -  (l  -  |)<ft  +  ;>»  +  Pi)- 

Now  the  volume  of  a  culjc,  the  side  of  which  is  unity,  becomes  when 
Strained  (1  +  <',)(!  +  e^){\  +  ^^),  and  theretbrethe  volume  strain  is  ^i  ■^f.^^■9^ 
rhen  the  stra.iiiB  are  very  small     Uence,  if  we  separate  the  stress  into 
.  fluid  stress  N  and  a  distorting  stress  (Art.  204),  we  have 


W  = 


m 


and  the  co-efiicicnt 


3(m  -  2) 


D 


E  X  Volume  Strain, 


.E 


3(m  -  3) 
I  the  elasticity  of  volume.    The  two  constants  C  and  Z>,  which 
aeamre  elasticity  of  distinctly  different  kinds,  may  be  regarded  as  the 
^odamental  elastic  constants  of  an  isotropic  body.    The  ordinary  Young's 
modulus  E  involves  both  kinds  of  chisticity. 


208.  Moduius  of  Elasticity  under  various  draimstances.  Elasticity  of 
FUxian. — When  the  sides  of  a  bar  are  free  the  ratio  of  the  longitudinal 
stress  to  the  longitudinal  strain  is  the  ordinary  mothdus  of  elasticity  E; 
but  the  equations  above  given  show  that,  when  the  sides  of  the  bar  are 
subject  to  stress,  the  mo<luiuB  will  have  a  diS'erent  value.  For  example, 
let  the  bar  bo  forcibly  prevented  from  coutrucliug,  citHec  in  hixad^)^  en 
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thickness,  by  the  application  of  a  suitable  lateml  tension,  p^  =Ptli  ^^ 
c,,  f^  are  both  zero,  and 

whence  we  obtain  for  the  magnitude  of  the  neceeeitry  latc>r&l  stress 

and  for  the  correspontHng  extenaton  of  the  bar 

m^  -  m  -  2 


Hence  the  modulus  of  oluAticity  is  now 


Pv 


£. 


(m+l)(m-2) 

This  constant  A  is  what  Rankine  called  the  direct  elasticity  of  th« 
substance  :  it  is  of  course  always  greater  thaii  £- 
For  »i  =  4,  V*  =  §5 ;  for  m  -  3,  -^  -  f  J. 

If  the  bar  bo  iree  to  contract  in  thicknees,  but  not 
in  breadtbi  we  have  p^  and  e.^  zero,  and  the  eqo 
become 


whence  we  find 


m 


0-j., 


Ee^^Pt 


m 


£f. 


Flff.I53 


80  that  the  value  of  the  modulus  of  elasticity  9 
^^~E.     In  a  similar  way  if  ^j,  pJ^  have  any  given 

values  the  modulus  can  be  found. 

It  will  uou*  ho  convenient  to  examine  an  im}M>rtaat 
point  already  roforred  to  in  the  theory  of  simple 
[tending,  that  is  t«  say  the  a^umption  (Art.  163) 
that  the  modulus  of  elasticity  E  was  the  same  as  in 
the  case  of  simple  tension,  notwithstanding  the  lateral 
connection  of  the  elementary  bare,  into  which  we  imagined  the  whole 
beam  split  up.  If  these  elementary  bars  were  prevented  from  con- 
tracting freely,  a£  they  would  do  if  separated  from  each  other,  the 
modulus  could  not  bo  the  same,  In  fact,  however,  there  is  nothing  in 
their  lateral  connection  which  prevents  them  from  doing  so.  Figure 
152  shows,  on  a  very  exaggerated  scale,  the  form  assumed  by  t 
transTcrso  section  ACBD  originally  rectangular,  cutting  a  aeriea  of 
longitudinal  sections  originally  parallel  to  the  plane  of  bending  in  the 
straight  lines  shown.     Aasuraing  the  upper  side  stretched  as  in  Fig. 
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122,  page  232,  these  lines  all  radiate  from  a  centre  Cf  above  the  beam, 
which  bends  transversBly,  while  the  originally  straight  horizontal  layers 
are  cut  in  arcs  of  circles  struck  from  the  same  centre.  The  up];er  aide 
of  the  beam  contracta  and  the  lower  side  expands,  and  reaBoning  exactly 
in  the  eame  way  as  we  did  when  we  derived  tlio  principal  formula, 

P-^*.  (Art  153) 

we  find  a  corresponding  formula  for  the  transverse  curvature, 


P 


whence  it  follows  immediately  that 

R  =  mR. 
In  order  that  this  transverse  curvature  of  the  originally  horizontal 
layers  shall  not  he  inconniHtimt  with  the  re&aouing  by  which  the  formula 
for  bending  iu  obtained,  all  that  is  necessary  is  that  the  deviation  from 
a  straight  line  shall  be  small  its  compared  with  the  distance  of  the  layer 
from  the  neutral  axis.  Let  x  be  that  deviation,  then  (set)  Art.  163)  if 
h  be  the  breadth, 

Now  the  stress  being  within  the  elastic  limit  p/B  is  very  small,  for 
example,  take  the  case  of  wrought  iron,  for  which  pjE  is  not  more 
than  TiVc""*  °-^^  suppose  m  =  4, 

'38,400.  < 
where  jfi  is  the  greatest  value  of  y,  say  AA,  where  h  a  the  depth,  thus 

I  „         fr»  " 

^  19,200V 

^P  It  is  obvious  that  x  must  be  always  very  small  compared  with  y, 
except  very  near  the  neutral  axis,  and  unlees  b  be  very  large  compared 
with  h.  When  then  a  beam  is  bonC  mthin  the  limit  of  elasticity,  the 
lateral  connection  of  the  parts  cannot  have  any  sensible  influence  on  ite 
resistance  to  bending,  unless  its  breadth  be  great  as  comfkared  nith  its 
depth.  The  case  of  a  broad  thin  plate  has  not  been  hitherto  dealt  with 
theoretically.  Beyond  the  limit  of  elasticity  the  lateral  connection  of 
the  parts  may  greatly  increase  the  rofiist-ance  to  bending,  but  this  is  a 

I      matter  for  subse<{uent  consideration. 


209-  Thick  lioUoK  Cylijtder  umier  Inlernal  Prtssttre, — The  equations 
connecting  stress  and  strain  in  combination  with  suitAhle  equations 
expressing  the  continuity  of  the  body  and  the  equilibrium  of  each  of 
its  elements  are  theoretically  sufficient  to  determine  the  distribution  of 
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stress  withiu  an  elastic  body  exposed  to  given  forces,  and  in  particnlar 
to  dotcrmino  the  parts  of  the  body  exposed  to  tbe  greatest  atrees,  and 
the  magnitude  of  8uc:h  stress.      The  luoiit  important  cases  hithut* 


Fig  153a 


T    T    T    T    r    t    1    M    !    1 

;    P. 


i  i 


i  i  i  i  i 


-/ 


PlffJ636 


y^ 


p.—  Qi 


r^\ 


^i 


worked  out,  in  addition  to  those  considered  in  preceding  chaptpra,  tne 
the  torsion  of  non-circular  prisms  and   the  action   of  internal  6md^ 
pressure  on  thick  hollow  cylinders  and  spheres.     For  M.  Sl  Venanl'tl 
investigations  on  torsion  wo  must  refer  to  Art.  184,  page  328,  and  the 
aulhorities  there  cited.      We  shall  only  consider  the  comparatively 
simple  case  of  a  homogeneous  cylinder. 

Fig.  1 53a  shows  a  longitudinal  section  of  a  hoflow  cylinder  openi 
the  ends,  which  are  Hat :  the  cylinder  contains  tiuid  which  ie  act«d  oal 
by  two  plungers  forced  in  by  external  pressure  so  as  to  produce  an  in 
temal  fluid  pressure  jfy  Fig.  15.16  shows  the  same  cyliuder  in  tranfverte 
section ;  imagine  a  cylimlrical  layer  of  thickness  f,  tbis  thin  cylinder 
iriLl  be  acted  on  within  and  without  by  strcsa  which  symmetrj 
shows  must  be  normal ;  let  these  stresses  be  p  and  p\  and  the 
internal  aud  external  radii  of  the  thin  cylinder  be  r  and  /.  Now,  if  p 
the  external  prcsauro  had  existed  alone,  a  compressive  stress  7  woulil 
have  been  produced  on  the  material  of  the  cylinder  given  by  the  eqoa- 
tion  (see  Art.  100) 
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am)  if  llie  interna]  pressure  had  existed  alono,  we  should  have  had  a 
tensile  atrese  given  by 

hence  when  hoth  exist  together,  we  must  have 

where  7  is  the  stress  on  the  material  of  the-  cylinder  on  a  radial  plane  in 
the  direction  perpendicular  to  the  radius  reckoned  positive  when  com- 
pressive.    Clearly  t-r'~r,  and  therefore  proceeding  to  the  limit  we 

may  write  the  equatioD 

rf.    . 

9* 


>) 


which  is  one  relation  hctwecn  the  principal  stresses  p,  q  at  any  point  of 
the  cylinder.  We  now  require  a  second  equation,  to  get  which  it  is 
necessary  to  cousidor  ihti  way  in  which  the  cylinder  yields  under  the 
application  of  the  forces  to  which  it  is  ex|i08ed.  The  simplest  way  to 
do  this  is  to  assume  that  the  cylinder  remains  still  a  cylinder  after  the 
pressure  has  heen  applied :  if  bo,  it  at  once  follows  that  points  in  a 
transverse  section  originally  remain  so,  or,  in  other  woida,  that  the 
longitudinal  strain  is  the  same  at  all  points.  It  is  not  to  be  suppoeed 
that  there  is  anything  arbitrary  about  this  assumption :  no  other, 
apparently,  can  bo  made  if  the  ends  of  the  cylinder  arc  free,  the  pressure 
on  the  internal  surface  exactly  uniform,  and  the  cylinder  be  homogeneous 
and  free  from  initial  strain.  For  when  this  is  the  case,  there  is  no 
reason  why  the  cylinder  should  be  in  a  different  condition  in  one  part 
of  its  length  than  in  another.  If  tho  ends  arc  not  free,  or  if  the 
pressure  is  greater  in  the  centre,  tha  middle  of  the  cylinder  will  bulge, 
but  not  otherwise. 

It  is  also  clear  that  the  total  pressure  on  a  transverse  section  must  be 
zero  because  the  ends  are  free,  and  hence  it  is  nattira.1  to  6up[>ose  that  it  is 
also  zero  at  every  [M>int  of  the  transverse  section,  an  assumption  which 
we  shall  presently  verify. 

The  eqiutions  connecting  stress  and  stmin  therefore  1>ecome 

in 

m 
nrhere  fj.  e^  e^  are  the  strains  in,  the  direction  of  the  radius,  the  ilireo- 


» 
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direction  of  the  length,  reepectively.  Of  these  the  Ust  is  oomUntf  h 
juBt  stated,  and  therefore 

p  +  q~  const  B=  2c^ 
is  the  second  equation  connecting  p,  2-     Substituting  for  g,  wo  find 

Miiltiply  by  r  and  integrate,  then 

I?  =  3  +  Cj,  and  consequently  9~f^-t 

where  c^  is  a  constant  of  integration.  The  two  constanta  r,,  r,  are  now 
determined  by  consideration  of  the  given  pressures  within  and  without 
the  cylinder. 

If  71  be  the  ratio  of  the  external  radius  to  the  internal  radios  ^  W6 
have  at  the  internal  surface 

and  at  the  external  surfoce 

from  which  two  equations  we  get 

and  e^i 


-    Pi 


iP. 


Substituting  these  values  in  the  equation  for  q, 


'=-;p^{'-'-^}^ 


the  negative  sign  in  this  formula  indicates  that  the  stress  is  tensile,  i 
we  might  have  anticipated.    The  formula  shows  that  the  stress  deereisei] 

from  \--.     Pi  at  the  intemsl  surface  to  -^^^  at  the  external  surfsoe. 
»'-  I  ■     *  n=-  I  

The  mean  stress  is  obtained  from  the  equation  (Art  ISO) 

<h{nIi-H)'P,H; 

hence   the  maximum   stress   is   greater  than  the  mean  in   the 

n*  +  1  :  fl  +  1,  and  it  is  clear  that  it  esn  never  be  less  than  p^. 


ratioB 


Vtrijteation  of  Prteediitp  SoltUiom. — The  rmdu]  rtrniD  («,)  Kod  the  boo^  atnin  (f^  u* 
given  liy  tbc  above  eijuatioiu  Id  ternta  of  tbf  itrcw.  Now  these  chauije*  of  diDi«tilii» 
Kfv  not  iDdai«n(lriit,  but  hie  oonneeted  bj  »  cortkin  gootDetiioal  reUtioD  wbldb  t< 
tMttmuy  to  «s«inine  in  onlfr  to  wee  whether  it  u  utiafied  by  the  nlnn  we  hftv* 


p 
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RetuntiflK  ^  ^^  tlUpwn,  RUppow  tbt  int«n)ft1  radias  of  the  eletnenUry  riog  rc|in)- 
•entod  then  to  inoreftMe  from  r  to  <,  aud  the  exterii&]  nuliiiii  from  r*  to  «* ;  thm 

OC  sinoe  the  Huokaen  of  tho  ring  cliangeB  from  f  to  (I  «^  e^)!, 

lliU  reUtton  mart  nI mtyii hoM  goo>l,  in onlAr  that  the  rin^  nf  terstraiii  may  8t  ono  another, 
ajid  RhouU  tberefore  be  ntiiAod  by  our  rvnult*.  On  Irinl  it  will  be  foand  that  it  jit 
aatufleal,  oad  we  oonclnde  that  the  loltitjon  we  have  i>blAiiifiI  wtisSeB  all  tho  cuuiHtionR 
of  the  (irohleni,  and  U  therefore  tho  true  and  only  iolution,  snbjeot  to  the  onndttionB 
already  Qii>1au>ed.     For  further  remarlui  oo  tbu  quMtion,  see  Aitpoodix, 

210.  Slrenffthfnirtff  of  Cylinder  hij  Rings.  Effed  of  tprmt  Presnttrfs. — 
Th«  streAS  within  a  thick  hollow  cyliiiHor  nndev  internal  fluid  prossuro 
may  Iw  wiualizod,  aiu]  thu  cylinder  thus  strengthened  by  constructing 
it  in  rings,  efich  ahnink  on  the  next  preceding  in  order  ftf  diameter. 
For  a  cylinder  ao  constructed  will  l>o  in  tension  at  the  outer  surfitce  and 
compreftsion  at  tho  inner  eurfncc  before  the  pressure  is  appliotl,  and 
therefore  after  the  pressure  ha»  been  appHetl  will  he  subjected  to  less 
tension  iit  tho  inner  and  more  tension  at  the  outer  sui'foce  than  if  ft  hud 
Iteen  originally  free  from  strain.  It  in  theoretically  possible  to  detemiJno 
the  diuractera  of  the  suc-cessivo  rings  so  that  tho  pressure  shall  bo 
uniform  throughout  Tho  principle  is  important,  and  frequently 
ompluyed  in  the  consLniction  of  heavy  guns. 

When  the  limit  of  elasticity  is  avcri.ias8ed  the  formula  fails,  and  the 
distribution  of  streee  bocomos  different  If  the  pressure  }>e  imagined 
gradually  to  increase  until  the  innermost  layer  of  the  cylinder  begins 
to  stretch  beyond  the  limit,  more  of  the  pressure  is  transmitted  into  the 
interior  of  the  cylinder,  so  that  the  stress  becomes  partially  equalized. 
If  the  preasuro  increases  still  further,  the  tension  of  the  innoiToost  layer 
ia  little  altered,  and  in  soft  materials  longitudinal  flow  of  tho  metal 
commences  under  the  direct  action  of  the  fluid  pressure.  llie 
internal  diameter  uf  tho  cylinder  then  iucroases  perceptibly  and 
permanently.  This  is  well  known  to  happen  in  tho  cytindeni 
employed  in  tho  manufacture  of  lead  piping,  which  are  exposed  to  the 
severe  pressure  nocossary  lo  produce  llo^v  tu  the  load.  The  cylinder  is 
not  weakened  but  str6ngthene<l,  having  adapted  itself  to  sustain  the 
pressure.  Cast-iron  hydraulic  prc^js  cylinders  are  often  worked  at  the 
great  pressure  of  3  tons  per  sq.  iuch,  a  fact  which  may  perhaps  bo 
explained  by  a  simihir  oqiulization. 
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KXAMPLKS. 

1.  Wli«n  tlte  sides  of  »  t»r  are  forcibi;  i>rev€ut«d  from  eontnetitiBi  nhtrn  th«t  Uw 
aeoaaiKy  latenl  stress  in  givoti  by 


wberfl  B- 


Thu  oonsUat  B  w  what  Raukine  called  tlio  "  lateral "  etartkity 


C-i 


of  the  subslance. 
i.  ^^'ith  tho  aotatwn  of  the  pnoeding  question  and  of  Art.  208,  prove  thai 

A-B 

5.  lo  a  oertaia  tjuality  of  stc«l  E~  30,000.000 ;  (.'    11.500,000 :  find  the  fdaslicit} 
volume  and  the  valnes  of  A  and  B,  assamiog  the  materia)  to  be  isotropio.     Aia.  m-3^i 
/3-2S,Gfi5,O0O. 

4.  The  oyttndcr  cf  an  bydnulio  aocumalator  ia  0  uichet  diameter,     What  thiclraea 
metal  woiUd  be  reqatred  for  a  pTesaors  of  700  Ibe.  per  iqnare  tncb.  the  mazimun  I 
itreu  being  limited  to  2,100  Iba.  per  sqaare  inch?    Also,  find  the  teotUe  atrcM  m  I 
metal  of  tlio  cylinder  at  the  outer  surface.     Ann,  Thtoltneai- l'S4*  ;  THiyi    1,lODH« 
per  square  Inch, 

6.  If  tlic  c;ltnJcr  iu  Ujc  btst  questiuo  wore  of  wrought  iron,  proof  reeietanoe  to  linplf 
tension  21,00((  Dm.  per  HfjuKre  inc]),  at  what  preesiire  would  tlii*  limit  of  etastieltj  be  ovcr- 
paised?    iw-:i?>,     (Sec  Art.  223,  p.  387.)    vln4.  MOO. 

ti.  Find  tbc  hkw  of  vArintioa  of  the  8tr«sa  within  a  tUok  kollow  ephere  aodec  iBti 
(laid  pressure.     By  a  jiroccsH  exactly  like  that  for  the  ease  of  the  cylinder  (pace  SOT)  i 
found  that  tbc  e<iuat{oa  of  equilibrium  is 

Tbe  t^<iuiition  uf  oontinuit;  in  tlie  lAme  as  that  fur  a  cylludMr  (Art.  30!)],  and  tlM4 
oonnpctiDg  Htri-u  mid  strain  arv  now 

We  cau  now  by  elimioatioD  of  q,  reduction,  and  integration  obtain 

the  constants  being  fouod  a*  in  the  cylinder. 

7.  The  cylinder  of  an  hydraulic  press  is  8  Inohoa  Internal  and  lA  Isehw  exitraal 
diameter.     If  tbe  pressure  be  i  tons  per  sq.  ioeb  find  the  prinoipla  stnaas  al 
internal  and  exCemal  ciroumferenoe. 

Ans.  Ai  inner  cir^ferenee{Mi^^|22::S|?e£S*" 


At  outer 


/  Major  Streae  -  3  (TcMioa). 
1.  Minor  Strem  -  0. 


H.  In  the  last  question  find  the  "equivalent  simpl«  tewUe  Ktraa^lp.  S88t.  i 
m-S'A.     An$.  &-86  and  2  Uma. 


»  W^-'«. 
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MATERIALS  STRAINED  BEYOND  TITE  KT.ASTIC  LTMlT!" 
STKENUTH  OF  MATERIALS, 


211.  PUutic  Bodies. — If  the  strem  and  strain  to  which  a  pieco  of 
matorial  is  ezixMod  exceed  certain  liiuiu  its  t'lasticily  becomes  imper- 
fect, ami  ultimately  8e]>aration  into  {Kirts  takes  place.  We  proceed  to 
consider  what  these  limits  arc  in  different  matorialfi  under  different 
circumstances  :  it  is  to  this  part  of  the  auliject  alone  that  the  title 
'  Strength  of  Materials  "  is,  strictly  speaking,  appropriate. 

Reference  has  already  been  made  (Art  1 47)  to  a  certain  condition  in 
which  matter  may  exist,  called  the  Plastic  state,  which  may  be  regarded 
aa  tho  opposite  of  the  Kiustic  state,  which  has  been  the  subject  of  pre- 
ceding chapters.     In  this  condition  tho  changes  of  . 
size  of  a  body  are  very  small,  as  before  ;  but  if  the  I 
ati^eu  he  not  tho  same  in  all  directions  the  differ- 
ence,   if  snthciently    great,   produces    continuous 
change  of  shape  of  almoit  any   extent.      Some 
materials  are  not  plastic  ut  nl!  umlor  any  known 
forces,  but  many  of  the  moat  important  materials 
of  construction  are  so,  more  or  less,  under  groat 
inequality  of  pressure. 

Fig.  164  shows  a  block  of  material  which  is 
being  compressed  by  tho  action  of  n  loaiJ  /'  applied 
|)erfectly  uniformly  over  thu  area  Afi.  Lot  the 
intensity  of  the  stress  be  /»,  then  so  long  as  />  is 
Biall  tho  compression  is  small  and  pro|Jortional  to  the  stress;  but  when 

i*eachcs  a  certain  limit  tho  block  becomes  risibly  shorter  and  thicker. 

This  limit  depends  on  tho  hardness  of  tho  material,  und  the  value  of  p 

pay  be  called  the  "  co-efficient  of  hardness.''     In  an  actual  experiment 

le  friction  of  the  surfaces  between  which  tho  block  is  compressed  holds 

he  ends  together,  so  that  it  bulges  in  the  middle,  as  in  Fig.  158,  p.  380> 


Kiff.IM   *^'P^ 


(To 


I 


vhicfa  repreeents  an  exjjcrlment  on  a  short  cylinder  of  sofl  ateel.    Iw 
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the  ideal  case  the  sectional  area  remains  uniform,  Rhanging  througbont 
iiiveraely  as  the  height,  as  expressed  hy  the  eqiiatioii 

where  A  is  the  01*01  and  v  the  height  of  the  block. 

In  a  tnily  plastic  body  p  the  intensity  of  the  stress  remains  constant 
and  therefore  the  crushing  load  P  varies  as  A,  that  is  invRrsely  lu  y- 
This  is  the  same  law  as  that  of  the  comprcBsion  of  nn  elastic  fliii*!  wbeQ 
the  compression  curve  is  nn  hyperbola,  and  wo  therefore  conclude  (Ait 
90)  tlut  the  work  done  in  crushing  is 

r'=  Py .  log,r  ^pAy  log,r  =  ;»nog,r, 
where  r  is  the  ratio  of  compresBion  and  Fthc  volume.  CertAin  qtulitiM 
of  iron  and  soft  steel  wiU  eiidui-e  a  comprcjfsion  of  onc-foiirth  or  even  vt 
one-half  the  original  height,  and  amounts  of  energy  are  tbns  a1>fiorbfld 
which  are  enormous  compar«d  with  the  resilience  of  the  metal  To 
illustrate  this,  supixjse  that  plasticity  begins  as  soon  us  the  limit  oi 
elasticity / is  overitassed,  then  for/»  wo  must  write/,  and  bj*  Art.  M> 
the  resilience  for  a  volume  F'la 

Resilience  =  kv'  ^' 

The  ratio  which  the  work  just  found  bears  to  the  resilience  is  therefore 

Riitio=^  .log«r. 

In  wrought  iron  for  a  compression  of  one  foiuth  the  height  {r  ~  t'S^lS) 
this  is  about  800.  The  actuid  ratio  must  be  much  greati.*r,  liecuusi^  u 
we  shall  see  presently,  the  hardness  of  the  material  incroases  nmlci 
stress. 

If  lateral  pressure  of  sufiicient  magnitude  be  applied  to  the  sides  of 
the  block,  the  longitudinal  force  licing  removed,  the  effect  is  elong^itioD 
instead  of  compressiou,  conti-actioo  of  area  instead  of  ox|jaiu(ioiL  Tbt 
mugiiitudc  of  the  Iat«ra1  pressure  is  found  by  imagioiag  a  tcnfioQ 
applied  both  longitudinally  and  latenilly  of  cpial  intensity.  Sucba 
tension  has  no  tendency  to  uUer  the  form  uf  the  block,  being  equivalmt 
to  fluid  pressure,  but  it  reduces  the  lat-eral  pressure  to  zero,  while  it 
introduces  11  longitudiiml  tonsion  of  the  same  amount,  which  bus  tbo 
same  value  as  the  lungiludlnal  compression  of  the  precwling  (rase.  W* 
see  then  that  in  every  case  a  certain  definite  diflorence  of  preasurr  ii 
roquireil  to  produce  cbutige  of  shape  in  11  plastic  Iwdy,  the  direcrtioa  of 
the  change  depending  on  the  direction  of  the  dilfcivncc  The  wort 
done  is  found  by  the  same  formula  as  before,  r  meaning  now  the  ntjo  of 
elun  lotion. 

In  the  proceea  of  drawing  wire  the  lateral  ]>rc«sitro  is  uppliod  by  \ 
aides  of  the  conical  hole  in  the  draw  plate,  which  arc  lubricated  to  rodoet] 
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Fig.  liVi. 


friction,  nnd  the  force  in'oducing  elongation  in  the  wire  is  the  auin  of 

the  tensile  stress  applied  to  draw  the  wire  thi'ough  the  bole  and  the 

compreseivo  stress  on  the  sides.     The  work  done  is  given  by  the  same 

1     formula  as  before,  />  being  irow  the  sum  in  question. 

^^K  212.  FUtfO  of  SoUth. — When  a  [ilaslic  Ixnly  changes  its  form  the  pro- 
^0pn  IB  exactly  anuhigouK  to  the  How  of  An  incompressiUlo  fluid,  which 
r  indeed  niay  be  regunied  as .»  {)articultir  case.  In  the  solid  tlio  distorting 
'  stress  at  each  point  iit  which  the  distortion  is  going  on  has  a  certain 
definite  vahio  which  in  the  fluid  is  zero.  The  experimental  proof  of  this 
is  furnished  by  the  OK[>orimonts 
['  M.  Tre^a,  of  which  Fig.  155 
lowe  an  exaniple.  Twelve  cii'- 
cular  plates  of  lead  are  place<i  one 
U|>on  another  in  a  cylinder,  which 
has  a.  flat  bottom  with  a  small 
orifice  at  its  centre.  The  pile  of 
plates  being  forcibly  compressed, 

the  lend  issues  at  the  orifice  in  n  jet,  and  the  orijpnally  Hat  plates  assnmo 
the  forms  shown  in  the  fignro.  The  lities  of  80|KH'ation,  indicating  tho 
jM.wition  of  |»;irticU\s  of  the  melul  originally  in  a  transvei'se  section,  ixvo 
quite  analogous  to  the  corresponding  lines  in  the  case  of  water  issuing 
frt»m  a  vejwel  tbmugh  an  orifire  in  tho  bottom.  Trcsca's  exi>eriment« 
were  very  extensive,  and  shtiwed  that  all  non-rigid  material  flowed  in  the 
flune  way.  Lead  approaches  the  truly  plastic  condition  ;  tho  difference 
of  pressure  necessary  to  make  it  flow  being  always  about  the  same. 
Trosoa  ascrilK^s  to  it  the  value  of  400  kilogrammes  per  square  centimetre, 
or  about  5,700  Lba.  per  square  inch  ;  *  but  it  is  probably  subject  to  con- 
siderable variations. 
1  Tho  manufacture  of  lead  pipes,  the  drawing  of  wire,  and  all  the  pro- 

F     OMMB  of  forging,  rolling,  &c.,  by  which  metals  are  manipulated  in  the 
Lgwts,  are  examples  of  the  Flow  of  Solids. 

^B  213.  Prelimiitarff  Remnrh  on  MaUnals.  Strfkhing  of  fFmught  Iron 
^^nnd  ^W.^Materials  employed  in  construction  may  roughly  1)6  divided 
into  three  clawics.  The  first  arc  capable  of  great  changes  of  form  without 
rupture,  and,  when  iiosscssing  fiufficient  strength  to  resist  the  necessary 
tension,  may  be  drawn  into  wire.  This  last  property  is  called  ductility, 
and  this  word  ma}'  lie  used  to  describe  the  class  which  we  shall  thcreforo 

^The  co-clBcicnt  ciuplnycd  by  Trcsca,  and  cnlled  by  him  tbe  "  cu-clBcieot  of 
/,"  is  half  tliat  used  in  the  t«xt.    It  is  tho  umguitmlo  of  tlwdubtrtiiig  atreu 
>  Ui  pi-oducc  daw.     Sco  also  note  in  Appendix. 
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call  Ductile  MatoriaI.«.  The  second,  being  incapable  of  onciunrig  anj 
considerable  change  of  this  kind,  may  be  described  as  Rigid  Mat«mU. 
The  third  are  in  many  cases  not  homogeneous,  but  may  he  regarded  u 
consisting  of  bundles  of  Jibres  laid  Bi<le  by  side,  they  may  therefore  bf 
described  afl  Fibrous  Mateiials ;  they  are  generally  of  organic  origin. 

Wo  shall  commence  with  the  consideration  of  ductile  matemU,  aul 
mere  epecially  of 

\\'RoraHT  Iron  and  Stkkl. 

Accurate  oxpcrimonts  on  the  stretching  of  metal  are  difficult  to  i 
the  extensions  being  very  small  and  the  force  required  grcaL  If  I 
are  used  to  multiply  the  cfft-cl  of  a  load  or  to  magnify  the  catensioni, 
errors  are  easily  introduced.  If  the  levers  are  dispensed  with,  a  grwt 
length  of  rod  is  necessary  and  a  heavy  load  the  manipulation  of  which 
involves  difficulties.  In  the  boat  modem  testing  machines  the  lo»d  ii 
usually  applied  at  one  end  of  the  specimen  by  hydi-aniic  pressure  and 
measured  at  the  other  by  a  weight  travelling  along  a  long  lover.  TIk 
elongations  nm  measured  by  micrometers.  The  experiment  tre  select 
for  description  was  made  by  Hodgkinson  on  a  i-od  of  in*ought  iron  -517fl 
inch  diameter,  49  feet  2  inches  long,  loaded  by  weights  placed  in  a  sealo  " 
jMin*  au8[K»niled  from  one  end.  The  load  applieil  was  increased  by  equiil 
inereraonts  nf  A  cwt«.  or  26G7'5  lbs.  per  square  inch  of  the  originil 
sectional  area  of  the  bar;  each  application  of  the  load  being  nude 
gradually,  and  the  whole  load  removed  between  each.  At  earh  appUea* 
tion  and  removal  the  einngation  was  measured  so  as  to  test  the 
crement  of  elongation,  both  temporary  and  permanent,  occasioned  hj 
each  load.  If  the  rod  were  perfectly  clastic  the  temjxtrary  increment) 
should  be  equal  and  the  [>erm&nent  elongations  (usually  called  "sets' 
zero. 

The  annexed  table  shows  part  of  the  results  of  this  oxiKrimont,  tba 
first  column  giving  the  load,  the  second  the  total  elongation,  the  third] 
the  successive  increments  of  the  elongation,  the  fourth  the  total  per-^ 
manent  set. 

On  examining  the  table  we  see  that,  after  some  slight  irregularities  »fc^ 
the  commenccmont  due  to  the  material  not  being  perfectly  homogeneous^ 
the  increments  of  elongation  are  nearly  constant  till  we  reach  the  ei^th 
loul  of  21,310  lbs.  per  square  inch,  after  wluch  the  increments  show  « 
rapid  iiicre<ise.  Fuither,  the  permanent  st^t,  which  at  the  commencement 
is  very  rainuto  and  increases  very  slowly,  at  the  same  |wint  shows  &  sod- 

*  Bdng  one  of  the  beat  of  ita  kiml  of  old  date  tliln  cxpetimcDt  liM  oftCO  bMB 
(looteil.  For  the  original  dHcription  sec  the  litport  qf  the  '"rmnni'm'nnf  i  ■  ujjjuisWrf 
to  tnquirt  into  the  A/tj/tication  of  Iron  to  Itaiiieay  iSfruetmrea, 
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den  incraaae  indicMin^  that  the  observed  increaao  is  almost  wholly  due 
to  a  permanent  elongation  of  the  bar,  the  temporary  increaso  following 


StRETOBIVU   OF  A 

Wruught  Ikon  Hon,  49  FtET  2  Ihomta  hovo. 

liOAD. 

BujiitiATios  ir 

IWdUM. 

or  KbQKO&UOK. 

Pinuf  AXEirr  Set. 

2667-Sx  1     2667-5 

-0486 

HMSS 

„      X  S     5335 

■1095 

-061 

„      X   a     8003 

■1675 

'058 

•0015 

„      X   4       10,670 

•224 

•0565 

•002 

„      X   a       13,338 

■2805 

-0565 

■0027 

„       x    fi      16,005 

•337 

■0565 

•003 

.,       X   7      18,073 

•303 

■056 

■004 

..       X   8      21,340 

452 

o:>9 

•007r> 

„       X    9      24,008 

5iri5 

063.'i 

■0195 

„      xlO     21^,675 

■SOS 

-0805 

•040 

„      xll      :i9,343 

■760 

162 

•1543 

,.       >  li!      3-2,010 

I  310 

•550 

•Ga: 

approximately  the  same  law  as  lieforc.  Notwithstanding  this  tho  bar  is 
not  torn  asunder  till  u  much  greater  load  is  applied.  Tho  table  shows 
the  rofiiilte  up  to  a  load  of  32,000  lbs.  per  square  inch,  but  rupfcui'c  did 
not  occur  till  a  load  of  53,000  lbs.  waa  applied.  Tho  extension  at  the 
same  time  incrra&ed  to  neiirly  21  inches,  being  more  than  foity  times 
it^  amount  at  tho  eloAtit;  limit. 

We  conveniently  roprcsfiit  tho  results  graphically  by  setting  off  the 
elongations  as  abscifrsa;  along  a  base  line  M'itb  corresponding  ordinatcs 
to  represent  the  stress,  thus  obtaining  a  curve  of  "  Stress  and  Strain  " 
(Fig.  l''>6).  The  curve  will  be  scon  to  be  nearly  straight  up  to  a  stress 
of  22,000  lbs.  and  then  to  bend  sharply,  becoming  nearly  straight  in  a 
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different  direction.     A  curve  of  pei-manent  set  may  also  be  constructed 
which  is  soon  to  follow  the  same  general  law. 
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This  experiment  may  be  taken  as  a  type  of  many  hnndralA  of  stub] 
experiments  which  hiive  been  ma/le  on  iron  oni)  the  softer  kinds  of  t 
showing  that  in  these  matoriats  a  tolenibly  well-dofiiicd  limit  exaCi^^ 
within  which  the  material  is  nearly  perfectly  elastic  (compare  Art  187}; 
the  sinall  deviations  are  more  due  to  the  want  of  perfect  homf^eocitr  j 
in  the  bar  than  to  actual  defect  in  the  elasticity.  They  i^euuUy  dizoitiuk 
greatly  if  the  experimeut  be  tried  a  second  time  on  the  same  bar.*  IV 
position  of  the  limit  of  elasticity  and  tiie  nlse 
of  the  modulus  of  course  vary.  Somo  exa3n{)lM 
will  be  given  preBcntly. 

Accom[>iinyiiig  the  increase  of  length  of  the 
we  find  u  contraction  of  area ;  within  the  C' 
limit,  however,  thus  is  so  small  as  to  escape 
observation.  Outside  the  limit  it  becoroee  vishb^ 
consisting  in  the  tirst  instance  of  a  more  or  Im 
uniform  contraction  at  oU  or  nearly  oU  poioto, 
followed  by  a  mncli  greater  contniction  al  ow 
or  sometimes  two  points  where  there  h:i])[ie.ii8  ta 
bo  some  local  weakncss.f  Within  the  elastic 
limit  the  density  of  the  bur  diminishes,  but  hyu 
amount  so  small  that  the  fiict  is  mthcr  knonrft 
by  reasoning  than  determined  by  uxperimciil- 
Outside  the  limit  there  is  a  permanent  dimiau- 
tion  which  is  porcoptiblo,  though  still  very 
small. 

Thus  beyond  the  elastic  limit  tlie  Iwr  drawt 
out,  changing  it^  form  like  a  plastic  liody  with- 
out sensible  change  of  volume.  The  bar  finally 
tears  asunder  at  the  most  contracted  section,  as 
shown  by  the  annexed  figure  (Fig.  167)  rei»rt- 
senting  an  experiment  by  Mr.  Kirkaldy  on  a 
bar  of  iron  1  inch  diameter,  in  which  the  con- 
traction of  area  was  61  per  cent.,  and  the  oloiiga- 
tion  30  |>er  cent.,  ultimate  strength  58,000  lbs. 
^  I     \tcT  Mjtuiro  inch  of  original  area,  1 46,000  Iba.  per 

*  'Ilitte  jioiiits  havb  ni  lAt«  hueu  sttidieil  much  more  tbomnghly ;  some  par- 
tiouWii  will  be  found  in  thu  Appcuilix. 

+  On  tliifl  point  loo  J'rttiminarp  Ex-itrimmU  on  A7«c/  i>tf  a  i'mnmitUe  of  C*ni 
EnifiHurn,  LontloD,  1S6H.  Od  accnuot  of  the  utic«riiitiity  uf  Uio  amoimtof  ooa- 
trnction  at  vnriouH  points,  tlio  lUtimatv  cxtcuainti  \»  an  imperfect  tneattu«  of  tb« 
ductility  o(  tli«  iron,  evau  when  tb«  pitwuii  aro  of  the  saina  length  and  wiiinMl 
area. 
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|UBre  inch  of  fractured  iirca.     The  contractiou  of  aoclion  in  good  iron 
nd  soft  steel  is  50  or  60  per  cunt 

214.  lifal  and  Jpptirent  Tensile  Strenffih  of  IhtetiU  Metalg.—ThuB 
the  process  of  gtretching  an  iron  Iwir  beyond  the  limit  of  elasticity 
tin  it  breaks  is  nn  example  of  the  "How  of  solids,"  the  iron  behav- 
ing to  u  certain  extent  like  a  phistic  body.  There  is,  however,  thta 
dittfrence,  that  a  consUntly  increasing  stress  is  necessary  to  produce 
continuous  flow,  which  increase  is  suppUed  |)artly  by  increase  of  the 
strotehing  load,  |>artly  by  the  contraction  of  area.  The  actual  strosg  at 
each  instant  on  the  contracte<l  iirea  is  much  greater  than  the  apparent 
rtreas  given  in  the  table,  which  is  merely  the  toUil  load  divided  by  the 
original  sectional  area.  Hence  when  contraction  has  once  begun  at  some 
IK)int  of  local  wcnkncss  it  continues  there,  and  the  process  goes  on  till 
the  stress  per  square  inch  of  the  rcduc^jd  urea  becomes  greater  than  the 
metal  will  bear,  when  fracture  takes  place.  This  stress  may  to  a  certAin 
extent  \te  rcg.mled  as  a  nieai5ure — though  a,  rough  and  imiwrfect  one — 
of  the  true  tenacity  of  the  metal,  as  dislinguishoil  from  the  "  ap]>arcnt " 
tenacity  which  is  reckoned  per  squjire  inch  of  the  origiuul  ai'eu.*  Fur 
many  puqwaes  the  **  true  "  tenacity,  in  good  iron  more  than  double  the 
apjiurent,  is  a  better  test  of  the  Lpiality  of  the  iron  than  the  actual  break- 
ing load,  inferior  iron  often  showing  a  high  ap[KU-ont  tenacity  but  ccm- 
tractiiig  far  less. 

Hence  it  follotvs  that  if  the  form  of  the  piece  be  such  as  partly  or 
wholly  to  prevent  contraction  the  apparent  titrength  will  be  increased. 
For  example,  if  two  pieces  of  the  same  bar  be  taken  and  oue  turned 
down  to  a  certain  diameter,  while  in  the  other  narrow  grooves  arc  cut 
so  as  to  reduce  the  di.imctcr  to  the  same  amount  at  the  bottom  of  the 
grooves,  the  strength  cif  the  grooved  piece  will  be  found  to  l>e  much 
greater  tliau  that  of  the  piece  the  diameter  of  which  has  been  reduced 
throughout,  and  this  can  only  be  cxphiined  by  observing  that  tfie  length 
of  the  reduced  part  of  the  grooved  bar  is  insufficient  to  peraiit  cou- 
troctioo  to  any  considerable  extent.  Tliis  is  a  point  to  be  uoticed  in 
considering  experimental  residts.f  The  funn  of  the  specimen  tested 
may  have  much  influence.  Further,  since  the  limit  of  elasticity  is  the 
point  at  which  tlow  commences,  and  since  the  How  is  due  to  difference 
of  btress,  it  follows  that  the  same  causes  must  raise  the  limit  of  elasticity, 
jind  thus  we  are  led  to  the  conclusion  that  there  are  two  olcmenU  con- 
atuting  strength  in  a  material,  first,  tenacity,  and,  secondly,  rigidity. 

*  Somo  fnrtber  raiMxks  on  tbia  import&nt  |)Oint  will  be  found  in  the  Appendix. 
+  See  Expvimtiila  a»    H'ronyA/  /ron  aiul  iit<ti,  by  Mr.  JCirkaldy,  p.  74.     Ut 
edittoo.    Gla«gow,  1802. 
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In  some  materials,  snch  att  these  we  are  now  considering,  the  tenadtj'u 
much  greater  than  the  rigidity,  and  iu  them  ihe  limit  of  ulasticitv  will 
dei)end  on  the  rigidity,  and  will  have  diflerent  posittuns  according  ' 
to  the  way  the  strosft  is  applied.  It  will  lie  mucli  higher,  and  tiic 
up[>ari>ut  strength  will  be  much  greater  when  lateral  stress  is  applied  U) 
prevent  contraction.  • 

215.  Incrmsf  of  Hnrdness  hi/  Strfss  heyond  tht  Blaslit  Limit — In  cUj 
and  other  completely  plastic  bodies  a  certain   definite   difference  of 
pressure  is  suffioiont  to  produce  flow :  in  iron,  copper,  and  probaWy 
other  metals,    however,  as   we  have  just  seen,  this  is  not  the  cue, 
the  metal  acquiring  increased  rigidity  in    the   act  of  yielding  to  th« 
pressure.     Thus  the  effect  of  stress  exceeding  the  elastic  hrait  is  always 
to   faise  the   limit,  whether  the  stress  he  a  simple    tensile   strcas  or 
whether  it  he  accompanied   by   lateral  presanre.      All   processcB  of 
hammering,  cold  rolling,  wire  drawing,  and  .simple  stretching  have  thi* 
effect.      If  a  bar  be  stretched  by  a  load  exceeding  the  elastic  limit  -ind 
then  removed,  on  re-application  of  a  gradually  increasing  load  we  do  not 
tind  a  fresh  drawing  out  to  commence  at  the  original  clastic  limit,  but 
at  or  near  the  IohiI  originnlly  applied.*     If  the  load  he  further  increased 
drawing  out  re- commences.    Hence,  whenever  iron   is  mechanically 
"treated"  in  any  way  which  exjtases  it  to  stress  beyond  the  elastic  _ 
limit,  contraction  in  prevented  and  the  apparent  strength  is  increased  :fl 
for  cxampU',  iron  wire  is  stronger  than  the  rod  from  which  it  is  <lraim :  ~ 
when  an  iron  ro<I  is  stretched  to  breaking  the  pieces  arc  stronger  than  _ 
the  original  rod.     It  is  not  certain  that  the  real  strength  of  matcrialsisfl 
always  increased  by  such  treatment ;  perhaps  in  some  cases  the  con- 
trary, for  we  know  that  the  modtdus  of  elasticity  and  specific  gravity 
are  somewhat  diminished.t     On   the  other  hand   there  are  caaei  in! 
which  the  increase  of  strength  is  greater  than  can  be  accounted  for  in  ' 
this   way.      On  annealing  the  iron  it  is  found  to  have  rcsimaed  itsi 
original  properties,  a  circumstant^e  which  indicates  that  the  increased  j 
rigidity  is  due  to  a  condition  of  constraint  which  is  remove*!  by  heating 
the  metal  till  it  baa  assumed  a  completely  plastic  condition.     In  con- 
sidering the  effect  of  impact,  the  diminution  of  ductility  occasioned  by 
the  application  of  stress  beyond  the  clastic  limit  is  a  most  im[>ortant  fact 
to  be  taken  into  account  (see  Art  226).      Working  iron  or  steel  hot 
has  generally  the  effect  of  increasing  both  its  strength  and  ita  ductility. 

»  Styffc  Oh  Iran  and  Stttl,  p.  08. 

f  Th«  raising  of  the  limit  of  elnaticity  by  inechtnic&,l)treatment  of  varions  ktnJc 
lias  lung  been  kuown  :  in  the  casu  of  simplu  strct*.-Iiing  the  effect  appears  in  1tav« 
beeu  fint  noticed  by  ThAlen  in  s  paper,  a  tnuulation  of  which  will  be  foond  in  tba 
Philo^pHieal  ^faffazine  for  September,  1805. 
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216.  CwttpremoR  of  Ductile  Material. — In  a  jxrrfectly  clastic  maUrial 
cumpressioD  is  simply  Uie  reverse  of  tension,  the  tiame  clmnges  of 
dimension  being  produced  by  the  same  stress,  but  in  the  reverse 
direction.  Also  in  a  plastic  body  a  given  difTercncc  of  stress  produces 
flow,  whether  the  stress  be  tensile  or  compressive;  henco  in  ductile 
metals  we  should  ex])ect  to  find  the  modulus  of  elasticity  and  tlie  limit 
of  elasticity  nearly  the  same  in  compix>tii>iuu  as  in  tension.  These  con- 
clusions are  borne  out  by  exjierimcnt-  In  the  case  of  wrought  iron  and 
8t«el,  experiments  on  the  direct  compression  of  a  bar  are  more  diflicult 
to  carry  out  than  experiments  in  tension,  the  bars  are  neceasarily  of 
limited  length,  and  must  be  enclosed  in  a  trough  to  prevent  lateral 
bending;  minute  accuracy  is  therefore  hardly  attainable.  A  consider- 
able number  have,  however,  been  madc^  from  which  it  appears  that  the 
modulus  of  elasticity  and  the  limit  of  elasticity  are  nearly  tbo  samo  in 
lie  two  cases.* 


BxrBRiMiurT  by  Sib  W.  FAiBSAntK  on  a  Block  *T3  Ikcb  Diaustxx 

OF  Soft  Uessi;vi:b  Steel. 

Total  Lqab 

UlMUTOrDLOCK                           CiPaillKOjniMB 

-r. 

AVx 

0 

•9»7 

0 

16-7 

•92 

37-8 

301 

•865 

42-9 

23-3 

•797 

45-9 

26-3 

•731 

47-4 

29-5 

•672 

48-9 

320 

-613 

49-4 

35-S 

•574 

50-6 

39-3 

•635 

Sl-9 

41  0 

■506 

flO-8 

KsMABEtt.— llio  ap^rcDi  ultimate  toosfle  ttrcngth  of  tbii  »tetl  wu  3S 

ioiu,  it!  limit  of  clftatiaty  22  tona  tier  sc[iukrc  inch.     ModtUu*  of  elaslieitx 

30,300,000  lb«.     Ratio  of  contntotion  "41.     He«,l  t«nsile  btreogrtti  BS'o  tona. 

1     cha 

m 


The  metal  yields  beyond  the  limit  by  a  process  of  flow  of  the  same 
character  as  in  tc'neion,  but  expanding  laterally  instead  of  contracting, 
is  is  especially  seen  in  experiments  ma<Ie  by  the  late  Sir  W.  Fairbaim 
18G7,  and  somewhat  earlier  by  Mr.  Berkeley,  on  the  compression  of 
short  blocks  of  steel.  In  both,  the  blocks  were  pieces  of  round  bars,  of 
height  somewhat  greater  than  the  diameter,  and  the  results  were  very 


^^milar. 
^»  ♦Perhi 


*  Perhaps  the  beat  set  of  experiraenta  are  those  mule  hy  the  "  Committee  of 
CHvil  Eogineera."    See  tlieir  report  already  oittd^  pp.  7-13. 
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The  annexed  table  gives  the  results  of  one  of  Sir  W.  Pairtnim'i 
perimcnts.     Column   I  gives  the  Actual  load  laid  on;  column  2  ihn  \ 
corresponding  height  of  the  block,  both  givou  directly  by  the  cjq^ri- 
muuU.     CtiUimn  3  is  culculatt-d  by  dividing  the  product  of  load  ;iiid 
height  by  the  original  sectional  area  and  height,  and  repreeenls  the 

£?*:.i??;._..        cmsliing  stress  per  square  inch  of  the  mean  wc- 

I  I        tional  area.     If  the  block  did  not  bulge  in  the  ceih 

trc  on  account  of  friction  holding  ita  ends  tngether  j 
(Fig.  158),  this  would  be  the  actual  crushing  rim* i 
which,  however,  must  in  fact  bo  leaa     Tlie  table 
shows  that  after  a  compression  of  about  onp-tiiinlj 
the  cnishiug  stress  remains  nearly  constant  at  about 
50  tons  per  ^iju.irc  inch,     The  experiment  tenninated  at  a  compreokm 
of  one-half.     Tins  kind  of  steel  then  is  iierfectly  clnstlc  up  to  23  tooaJ 
per  square  inch,  is  partially  plastic  between  22  and  50,  and  bohairct' 
as  a  plastic  bodly  under  a  ditterence  of  stress  of  50  tons  per  n^uare  ] 
inch. 

In  ductile  materials  fracture  takes  place  under  coniprosaion  by  long^l 
tudinal  cracks  as  shown  in  Fig.  l^S,  which  represents  an  experiment  ual 
11  difl'erent  r[unlity  of  steel.     The  amount  of  cumprcHsion  which  diffen^ntl 
materials  will  bear  is  very  ditlereiit  according  to  their  uiulleabilitv  ;  it  is 
generally  ditHcult  to  fix  upon  the  ultimate  strength,  as  it  de{>ends  on  llie 
mode  in  which  the  experiment  is  made.     In  iron  and  steel  it  is  some* 
what  less  than  the  apparent  tensile  strength. 

The  uompreasiun  of  iron  blocks  has  been  less  tlioroughly  studie'I  than 
that  of  steel,  but  it  is  known  that  tlio  results  ai-e  similar  although  the 
strength  and  the  ultintato  ratioot  compression  are  much  less.  Hvt  becomes 
sensible  at  about  10  tons  per  square  inch,  aud  the  ultimato  strength  is 
from  40  to  50,000  lbs.  per  square  inch  if  lateral  flexure  be  prevented. 

217.  BcvdinQ  betfond  the  Elastic  Limit. — Since  wrought  iron  and  8t«el 
are  nearly-  [wrfectly  elastic  wbf^n  the  stresi*  applied  is  not  too  groat^ 
follows  that  tbu  formula  already  obtained  for  the  moment  of 
to  bending  of  a  bar  must  be  true  for  these  matoriala  so  long  as  the  i 
docs  not  exceed  tho  elastic  limit  dotermineil  by  tension  experiments 
the  kind  just  described.     Experience  fully  confirms  this  conclusion,  foci 
tho  deflection  obtained  by  experiment  agrees  well  with  that  found  U-omA 
formuhe  previously  given  with  tho  same  value  of  the  modulus.     As  ftOon«| 
however,  as  the  maxinuun  stress  exceeds  thifii  limit,  it  is  no  longer 
that  the  stress  at  different  pnints  of  the  transverse  section  varies  aa  th4 
distance  from  the  neutral  axis.     It  does  not  increase  so  fast^  because  thfl 
axLeosion  and  compression  at  points  near  the  surface  is  not  accomponie 
by  a  proportional  increase  of  stress.     Hence,  a  partial  equalizatioa  < 
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Btress  takes  place  over  the  transverse  suction,  and  conBcquently  the 
maximum  Hirers  for  u  given  moment  of  resistance  is  not  so  great. 

Again,  it  has  been  repeateiUy  explained  in  the  earlier  part  of  this 
book  that  the  lateral  connection  of  the  scvcml  layers  into  which  we 
imagine  a  beam  divided  has  no  influence  on  the  stress  produced  by 
bending  so  long  aa  the  limit  of  elasticity  is  not  exceeded.  But  when 
the  limit  is  passed,  the  connection  between  those  layers  which  arc  moBt 
siretcfaod  and  compressed  with  those  layers  which  have  not  yet  lost 
their  elasticity  prevents  their  contraction  and  expansion,  and  so  raises 
the  limit  of  elasticity  iu  accordance  with  the  general  principle  explained 
in  Art.  214.  Tluis,  the  limit  of  elasticity  lies  higher,  and  the  apparent 
strength  is  greater  iu  lifudiug  timu  iu  tension.  Iu  Fairhaini's  exjwri- 
ment  quoted  above  the  same  steel  was  tested  in  tension,  compression,  and 

nding.  The  elastic  limit  in  bending;  waa  30  tons,  in  tension  22  tons, 
he  ma^jnitude  of  the  diflerence  will  depend  on  the  form  of  transverse 

tion,  and  on  the  ductility  of  the  material.  According  to  Mr.  Barlow 
it  may  reach  50  per  cent  in  a  rectangular  section.*  The  case  of  cast 
iron  will  he  rcferi'ed  to  farther  on. 

Putting  aside  the  effect  of  lateral  conucctiou,  it  may  be  interesting  to 
make  a  calculation  of  the  effect  of  equalization,  by  8iippo.sing  that  under 
a  bending  m<»raent  verj'  slowly  ami  atea-ilily  iipplio<l  beyond  the  elastic 
limit,  the  metal  behaves  like  a  truly  plastic  material  throughont  the 
tranaverse  section,  so  that  the  stress  h  uniform.  Refciring  to  the  for- 
mula on  page  284,  we  have 

in  which  we  mu»t  now,  instead  of  assuming  that  p  varies  as  y,  snpirase 
p  a  constant.     Then 

M=2p.Ay, 

where  J  is  the  area  of  the  i>art  of  the  section  which  lies  on  cither  side 
of  the  neutral  axiu  and  //  the  disUiuce  of  its  centre  of  gi-avity  Ixoni  that 
OJOS.  For  the  some  value  of  the  moduhw  this  gives  a  moment  of  resists 
in  a  rectangular  section  fiO  per  cent,  greater  than  if  the  material 
been  elastic.  How  far  any  apjMireiit  increase  of  strength  due  to 
equalization  or  lateral  connection  may  be  regarded  in  practice  is  un- 
certain. A  fuiliurc  of  eiastieity  must  have  taken  place  at  certain  points 
in  order  thiit  tlicro  may  be  any  increase  at  all,  and  in  cases  where  the 
load  is  fro(|UciitIy  reversed  the  bai*  must  be  weakened.    (See  Art.  225,) 


Cast  Iron  anb  other  Rigid  Matkkiai>*. 
218.  Strttching  of  Cad  Iron. — The  phenomena  attending  rupture  by 
•  Pkil.  TVniM.,  ia5fi.67. 
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tension  of  cast  iron  nre  ussentiallj  different  from  those  de8cril>e(l  ftbovt 

for  the  case  of  ductile  metals.  This  viU 
be  sufficiently  shown  by  an  experimect, 
also  made  by  Hodgkinson,  on  a  bar  of  thii 
material  1^0  feet  long.  I '109  inch  diameter. 
The  experiment  waa  made  in  the  msw 
way  as  that  already  described  on  the 
wroiight-iron  rod,*  and  the  results  arc 
sho^'k1l  in  the  annexed  table.  The  fim 
four  loads  were  applied  as  beforct  by  I 
increments  of  5  cwt,  here  e(|uiralcDt  to  | 
531  lbs.  per  square  inch  ;  the  whole  load, 

J after  measurement  of  the  elongation,  being  j 

■*^^  eompletely  removed,  and  the  permanent  ^ 

set  measurofl.  After  the  fouith  load  the  increment  waa  10  cwl..  and 
this  was  carried  on  till  the  Itar  broke  iita  stress  of  16,000  Iba.  per  square 
inch.  The  third  column  as  before  shows  the  increments  of  elungatjoo, 
which,  after  a  stress  of  5,308  lbs.  per  square  inch,  or  ^  the  breaking  ' 
load,  hiis  been  reached,  show  a  gradual  increase  till  actual  rupture 
occurs.  The  results  of  the  experiments  are  graphically  exhibited  in  the 
annexed  diagram  (f^g.  150)  of  stress,  strain,  and  permanent  set.  The 
form  of  the  curve  is  different  from  that  of  ^vrought  iron,  showing  no  point 
of  muximiui)  curvature,  because  in  this  material  the  bar  docs  not  draw  out 


Hodgkinson  exjierimented  on  n 

large  variety  of  different  lands  of 

Stbetcbikcj  or 

A  Cast-Ibok  Bar  GO  fbbt  Lon^,  1-150  iKon  Duran*. 
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A.       3,185 
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6.       4,240 
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7.       5.308 
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■055 

•032 

8.      6,370 

■313 
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•028 

9.      7,431 
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■572 

■068 

■007 

13.      n,llT8 
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-912 
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'132 
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*  Jttpori  <^  ComiiiMnoiKrj  mt  tk"  ApptioEtioH  to  RaHofay  StntftHret,  p.  fil. 
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iroDf  and  oxpressod  his  resolte  by  a  formula,  which  may  be  written 

where,  as  before  (Art.  148),  p  is  the  stress,  e  the  extension  |>er  unit  of 
length,  E  the  oniinory  moflulus  of  eliifiticity,  am)  k  a  constant  The 
teim  ke  here  exprei^oa  the  defect  of  elasticity  of  the  Imit.  From  the 
results  of  bis  expcnmeiits  wo  find  the  average  values 

A'=  14,000,000;  A- 209. 
Cast  iron,  however,  is  a  material  of  \Tiriable  quality,  and  the  value  of 
these  constants  may  have  a  consiHeruhlc  range.      Up  to  one  third  the 
breaking  load  it  may  be  reg-anlcd  ae  approximately  perfectly  clastic,  but 
the  limit  is  by  some  authorities  placed  much  higher. 

219-  Crvs/iitiff  of  Hiffid  Materials. —  In  the  ductile  metals  the  effects 
of  compression  are  nearly  the  reverse  of  those  of  extension,  as  has  been 
sufficiently  shown  in  previous  articles,  but  in  cast  iron  this  is  by  no 
moans  the  case.  Hodgkineon  experimented  in  this  question  with  grc»t 
caro  and  accuracy,  testing  pieces  of  iron  of  exactly  the  sumo  quality 
under  compression  and  tension  to  onable  a  comparison  to  be  made. 
The  bars  were  enclosed  in  a  frame  and  tested  by  direct  compression. 
Hodgldnson  oxjircased  his  results  by  a  formula,  which  may  bo  written 

the  symbols  having  the  siunc  meanings  as  before,  and  the  values  may  be 
takeu  as  jF  =  1 3,000.000 ;  k  =  40. 

The  smaller  value  of  k  indicates  that  the  olaatieity  undnr  conipreasion 
is  mach  lees  imperfect  under  the  samo  stress.  Short  cylijiders  of  the 
metal  were  also  crushc<l,  and  the  crushing  load  found  to  be  five  times 
the  tensile  strength  or  mora 

Tt  thus  appears  that  in  compression  cast  ii-on  is  six  times  stronger 
than  in  tension,  and  this  is  true  not  merely  of  the  ultimate  resistance, 
but  in  great  measure  also  of  the  elastic  resistance, 
for  the  elasticity  of  the  metal  is  not  sensibly  ini- 
|Kiired  until  one  third  tho  crushing  load  is  reached. 

The  manner  in  which  cnishing  occurs  is  .shown 
in  tho  accompanying  figuix*:  instead  of  hulginfj; 
out  like  a  ductile  mct^il,  oblique  fracture  takes 
place  on  a  plane  inclined  at  45'  or  rather  lef>s  to 
the  axis,  being  (approximately)  the  plane  on  which 
the  shearing  stress  is  a  maximum  (Fig.  160). 

Great  resistance  to  compression,  as  com^Hired 
with  tension,  and  sudden  fracture  by  shearing 
obliquely  or  by  splitting  longitudinally  are  chiu-- 
actoristics  of  all  non-ductile  materials,  of  which  cost  iron  may  be  taken 
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as  a  typo.     They  are,  m  fact,  mutcriols  the  t«nudty  of  which  i§.  nwA  I 
lees  than  the  rigidity. 

220.  BrtaJdiuf  of  Cast-Iron  £enm«.— When  a  cast-iron  bar  is  bent  till 
tbti  tensile  stress  at  the  stretched  sui-faco  exceeds  one  third  the  Iffiraik 
strength  of  the  material,  the  defective  elasticity  of  the  metal  caonH  t 
jiartial  (K]imli!uition  of  stress  on  the  tronsTerso  section  as  in  the  etK  di 
wrought  iron.  Besides  this,  the  elasticity  Ijeing  much  more  pcrfeel 
under  couipre»siou  than  under  tension,  theeqtuiliKation  is  f^reater  on  the 
atrctchcfl  side  than  on  the  compressed  side,  and  the  neutral  axis  morw 
towanU  the  comprtrssed  edge  of  the  beam.  For  both  those  reaMHU  the 
moDientj  of  ntsiKtancti  U)  beiuliiig  Ik  greutiM'  for  u  givun  maximum  tennle 
stress  than  it  would  be  if  the  materiid  were  perfectly  elastic.  Thiw 
follows  that  if  the  co-efficient  in  the  ordinary  formula  for  bending 
asaumod  equal  to  the  tonsilc  strength  uf  the  material,  the  cfllcuUtod 
moment  of  resistance  will  l)c  less  than  the  actual  moment  of  nipturc  <i 
the  beam  by  an  amount  which  is  greater  for  a  rectAiigular  section  tban 
for  an  I  section.  The  discrepancy  is  found  by  oxperimeut  to  be  war 
great,  the  cjdculut<>d  moment  for  a  rectangular  section  being  less  than 
one  half,  while  for  an  I  section  it  is  about  equal  that  found  by  experj-  ^ 
ment.  The  causes  just  pointed  out  only  j*urtially  account  for  tbis,fl 
especially  as  Mr.  ii;irlow's  experiment  cited  altovo  up]>ear8  to  show  thiit 
no  coiiHideruljle  deviution  of  the  neutral  axis  takes  phice,  and  il  i» 
probable  that  the  lateral  connection  of  the  soreral  layers  of  the  bean 
has  (near  the  breaking  point)  a  sensible  influence  on  the  strength  of  tl« 
(tarts  nf  the  beam  ex|K)8ed  to  tensile  stress,  a  question  we  shall  return 
to  farther  on. 

SUEARINrt  AND  TORSION.      COMPOUKD  STRENCTIL 

221.  Shearing  and  Torsion. — We  now  pass  on  to  cases  where  the  ultt^ 
mate  particles  of  the  material  are  subject  not  to  a  simple  longitodia 
stress,  but  to  stress  of  a  more  complex  character.     The  simplest  CMO  J 
that  of  a  simple  distorting  streM  where  the  stress  cousisls  of  a  pKtr< 
shearing  stresses  (Fig.  140)  on  planes  at  right  angles,  or  what  ts  iha' 
founic  thing  (Art   18^)  of  a  pair  of  equal  and  oppoait«  longitudiniJ 
stresses  (Fig.  141)  on  planus  at  right  angles.     Examples  of  this  kind  < 
stress  occur  in   she;)ring,  punching,  and  twisting.      £xpcrintent«  on 
shearing  are  subject  to  many  diHiculties  and  aro  often  not  conducted  iai 
such  a  way  as  to  satisfy  the  conditions  necessary  for  uniformity 
distribution  of  stress  on  the  section.     Moreover  they  necessarily  giv 
the  ultimate  resistance  only  without  reference  to  the  limit  of  ohutidly 
The  whole  proccas  of  shearing  and  punching  is  very  complex,  being  at 
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the  commoncement  of  the  operation  iifiually  accom[tanJe(l  by  a  flow  of 
the  metal  similar  to  that  already  referred  to.  TbuSf  when  a  hole  is 
pmiehetl  in  a  thiclt  jilate  the  puncli  sinks  deep  into  the  plat«  before  the 
actual  piinching  takes  place.,  the  metal  being  displaced  by  lateral  flaw, 
and  the  piece  ultimately  puncheil  out  being  of  less  height  than  the 
thickness  of  the  plate.* 

Separation  takea  place  in  the  first  instance  by  the  formation  of  fine 
cracks  inclined  at  43'  to  the  plane  of  shearing.  In  soft  matcriaU  the 
snrfiices  slide  past  each  other  and  sepantte,  but  in  harder  materials 
tbei'e  is  a  strong  tendency  to  the  formation  of  an  oblique  fracture.  In 
wrought  iron  and  Bt«cl  the  ultimate  restfttance  to  ehearing  its  probably 
about  three  fourths  the  ultimiitc  resistance  to  tension  of  the  same 
material.  The  question  of  a  theoretical  connection  between  the  clastic 
strengths  in  the  two  cases  is  considered  further  on. 

Kxperiments  on  torsion  are  not  numerous,  and  many  of  thuse  which 
exist  are  not  experiments  on  simple  twisting,  but  on  a  combination  of 
bending  and  twisting.  Such  cxjioriments  would  bo  nf  great  value  if 
accompanied  by  corresjwnding  experiments  on  simple  twisting  and 
bending  made  on  similar  pieces  of  material.  It  is  known  however  that 
in  the  ductile  metals  the  elastic  resiBtAnce  to  torsion  is  less  than  the 
reoBtance  to  tension.  A  Berics  of  experiments  on  torsion  made  by 
Prof.  Thurston  give  some  intercBting  restilts.t"  Cm-ves  are  drawn  the 
abscisMc  of  which  rojireseiit  angles  and  the  ordiriates  twisting  moments, 
and  the  form  of  these  curves  shows  that  in  some  cases  defectivo  homo- 
geneity causes  a  great  deficiency  in  the  elasticity  at  small  angles  of 
tordoD.  In  general,  however,  the  curves  closely  resemble  the  or- 
dinary curve  of  stress  and  strain,  already  given  for  a  stretched  l^iar, 
being  nearly  straight  up  to  a  certain  i>oint  and  then  cun-ing  towards 
the  axis. 

In  twisting,  as  in  bending,  after  passing  the  elastic  limit,  the  stress 
At  each  point  of  the  section,  instead  of  varying  us  the  distance  from  the 
centre  as  it  must  do  in  |>erfectly  elastic  material,  varies  much  more 
slowly  so  as  to  become  partially  equalized.  Hence  the  twisting 
moment  corresponding  to  a  given  maximum  stress  is  greater  than  it 
would  be  if  the  elasticity  were  perfect.  In  the  case  where  the  equaliz- 
ation is  perfect  it  is  easy  to  show  that  the  twisting  moment  is 
increased  in  the  proportion  4  :  3,  a  result  first  given  in  1849  by  Prof. 

*  On  thiH  Rubjcct  nee  M.  TrescaV  p(i|>«r  cited  oliove*  snd  two  iirticlcfl  in  the 
Journal  of  tliti  Franklin  Itistititte. 

fSaa  Pu>er  oo  ifeUerm/t  of  Mnrhixt-  ComttrHrtion,  read  tieforo  the  American 
Society  of  CHvU  Enginecn,  1ST4.  No  iliamcteni  are  given,  except  for  the  woodi, 
•0  that  tlia  streH  corrcHpoudiu^  l<>  the  limit  i>f  eliwticitv  t^-annot  be  fuund. 
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J.  Thomson.  Tho  curves  givon  by  Thiireton  «hov  lliat  in  many  obh 
an  apprnxinifttcly  constant  tvnsting  moment  was  rcachod  iudicUinf; 
that  nearly  complete  equalization  must  have  oxistod.  On  tho  cMe  of 
out  iron  boo  Art  223. 


222-  Theories  nf  Compound  Strength. — A  fiimplo  distorting  etn«  % 
included  in  the  more  gcnenil  case  of  three  simple  longitudinal  stnatt 
of  any  niitgnitmlea  acting  on  planes  at  right  angles.  To  this,  iraiefd, 
all  cuaea  of  streaa  can  bo  retluccd,  and  if  we  knew  the  powers  of  refcisi- 
ance  of  a  mntcri&l  to  thrco  such  streases  Bimultaneoiialy,  all  qucstwai 
relating  to  strength  of  materiiU  could  (at  leaat  theoretically)  at  once  W 
answered.  Unfurtutuitely  ex()onmeuU  fitted  to  Jvcido  tho  question 
have  not  hitherto  been  made,  and  in  con8o<{uence  hypotheses  ban 
explicitly  or  implicitly  been  resorted  to. 

First,  it  id  often  tacitly  supposed  that  the  powers  of  reiistMice  of  i 
material  to  a  simple  longitudinal  stress  are  unaffected  by  the  existeim 
of  a  lateral  stress.  For  example,  if  a  material  bears  10  tons  per  iquuf 
inch  under  a  simple  stretching  force,  it  is  assumed  that  when  fonneil 
into  a  pipe  ami  exposed  to  internal  tluid  pressure  it  would  also  bnf 
10  tons  on  tho  square  inch  if  the  pipe  were  homogeneous  and  free  fruoi 
joints,  notwithstanding  the  fact  that  the  material  is  exposed  tOKtroas 
(Art.  IdO)  tending  to  tear  it  transversely  as  well  as  longittidinftOr 
It  is,  however,  far  from  proluible  that  this  can  l>c  the  cjtse,  at  aiiT 
rate  as  regards  the  ehistic  strength.  In  ductile  materiulit,  tho  limit 
of  elasticity  of  which  dejicnds  as  wc  have  seen  on  rigidity,  ai»j 
lateral  force  must  raise  or  lower  the  elastic  limit  acconting  as  it 
acts  in  the  same  direction  as  the  longitudinal  stress  or  in  the  oppoeite 
direction. 

Secondly,  it  may  Ijc  suppoactl  that  the  maximum  elongation  or 
contraction  of  a  material  in  a  givon  direction  must  be  a  certain  dcfinit« 
quantity,  iiTcspectivo  of  any  elongation  or  contrji^tion  in  anv  other 
direction.  This  theory  loads  t^  results  which  arc  more  probable  than 
the  preceding,  and  as  it  has  been  much  employed  by  Contineutal 
writers  we  shall  give  some  examples. 

Let  us  take  a  piece  of  wrought  iron  and  imagine  that  when  exposed 
to  a  simple  stretching  force  its  limit  of  elasticity  coiTOspontls  to  %  itnsi 
of  10  tons  per  square  inch,  accompanied  by  an  elongation  of  i^^th  «f 
itn  length.  I'hc  second  theory  anscrtA  that  the  maximum  admissible 
elongation  is  still  Tit'ai>^^<  <^^*^"  though  the  sides  of  tbo  bar  be 
acted  on  by  any  force,  the  effect  of  which  will  be  that  quite  » 
different  longitudinal  stress  will  be  rtviuirod  to  produce  that  ckm- 
gntion. 
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The  relations  betwoon  stress  and  strain  are  expressed  by  the  cqiia- 
»ns  (Art.  206) 


S^=Pi 


f» 


The  first  theory  sup^toses  that  p^  can  never  oxccetl  10  tons,  and  the 
second  that  e-^  can  never  exceed  ^.j'^j^th  (or  Et\  10  tons),  whatever 
Pit  Tj  'w^-  ^"  t-lio  CU80  of  a  thin  pipe  under  internal  fluid  pressure 
^,«0  (nearly),  p^^^Pi  (Art  150);  thus  assuming  m  =  4  we  have  on 
lie  second  theorj' 

10-p,-^,or,p.  =  ll'43, 

80  that  the  material  will  bear  under  those  circumstances  a  stress  of 
II '43  tons  per  square  inch  as  safely  as  it  bears  10  tons  under  6im[ile 
tension,  and  this  value,  therefore,  may  be  assnmo<i  for  the  co-efficient  in 
the  formula  which  gives  the  corresponding  internal  pressure.  In  liko 
manner  in  the  case  of  a  thin  sphere  the  materia!  will  bear  a  stress  of 
13||  tons  per  square  inch,  being  an  increase  of  30  per  cent. 

223.  CtmHectwn  beliceen  the  Co-fJ^ciaits  aj  ^rm^lh  fur  Slimring  and 
Tension. — On  either  theory  the  resistance  to  a  simple  distorting  stress 
may  be  found  in  terms  of  the  resistance  to  simple  tension,  for  such  a 
Btrcas  consists  (p.  320)  of  a  pair  of  equal  and  np{>osite  simple  stresses  nf 
equal  intensity.  In  the  first  case  the  resistances  to  tension  and  shearing 
ought  to  be  eqiuUf  tu  the  secondf  since,  writing  p^^  -^„  we  find 


VI 


or,  ft- 


m  +  I 


Ee^. 


it  follows  that  the  resistance  to  shearing  is 


m 
m  + 1 


or  about  four  fifths 


the  resistance  to  tension,  a  result  on  the  whole  borne  out  by  ex{>orience. 
It  should  l>e  remarked  that  the  theory  only  professes  to  give  a  connoo- 
tion  between  the  elastic  resistances  in  the  two  cases,  the  equations  only 
holding  good  for  perfectly  clastic  material,  which,  moreover,  must  bo 
supposed  isotropic.  The  lUtimate  resistance  to  toi'sion  of  cjist  iron  is 
much  grester  than  its  rcflistunce  to  tension,  which  is  probably  due  to 
the  same  causes  ns  in  the  case  of  bending. 
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Now,  rigid  materials  on  this  theory  arc  imaginod   to  ^re  vrtj  to 

longitudinal  comproasion,  when  the  lateral  cjcpaiislou  prudaced  by  Um 
compression  is  the  aamo  as  would  t>e  produced  by  a  simple  toABilo  strMy 
from  which  it  appears  that  the  elastic  resistance  to  compression  shooN 
bo  from  three  to  four  times  the  elastic  re«istanco  to  teoaioii,  u  maj 
easily  l>e  sup|K)sed  to  bo  the  case. 

A  third  theory,  more  eaaily  conceivable  a  priori^  w  to  snppoae 
ench  mat^riiil  is  ra[iahle  of  endtu'in<:,  without  injury  to  it*  olasticitv.  i 
certain  dcltniti;  change  of  volume  and  a  certain  dctiuite  change  of  sha}ic 
We  thus  have  two  co-«flicient«  of  olnstic  strength  analogous  to  the  tvo 
fundamental  constants  which  oxprc.«s  the  other  clastic  properties  rf 
isotropic  matter.  On  this  theory,  if  the  resistance  to  a  simple  diston- 
ing  stress  in  any  plane  be  indepoudont  of  the  existence  of  any  olh«r 
kind  of  stress  whether  fluid  or  othenvise,  as  in  fact  is  the  case  beforr 
the  limit  is  I'eached,  it  would  follow  that  this  rusistancc  must  lie  one 
half  the  resistance  to  a  longitudinal  stress.  It  is  probable  that  sow 
theory  of  this  kind  may  ultimately  prove  to  bo  the  true  one  ;  but*  in  tk< 
absence  of  the  necessary  experimental  data,  the  second  theory  may  ^ 
proAHsi anally  assumed,  us  its  results  have  not  as  yet  been  contradicted 
by  experience.  It  is  applied  by  first  fiiuling  the  principal  atrosscs  asia 
Ch.  XVII, and  then  deducing  the  prinrijral  strains  as  just  now  explained. 
The  greatest  of  these  strains  multiplied  by  £  may  be  dc-ecribcd  as  ihr 
"equivalent  simple  tensile  stress,"  and  should  not  exceed  the  Hniit 
prescribed  by  the  strength  of  the  mat«rial. 

RKPCTmoN  AND  Impact. 
224.  Wdhlei-'s  Expcrwientu  on  Alternate  Binding  and   Tirisfia^.— b 
bodies  whicli  siitifify  the  definition  of  perfect  elasticity  a  load  within  tl* 
elastic  limit  produces  no  permanent  change,  imless  perhaps  %ome  thernw' 
dynamic  effect,  an<l  it  follows  from  this  that  after  removal  the  body  if 
completely  uninjured,  so  that  the  load  may  Ije  rcjK.'atwl  indcfimr    ' 
Experience  confirms  this  conclusion.     TTie  balance  S|»ring  of  a  iv.it  i 
bends  and  luibends  more  than  a  million  times  a  week  for  years  together, 
and  the  [Hirts  of  a  machine  if  originally  sufficiently  strong,  ivniain  to  toall 
appearance  for  an  iiidufinito  time.    But,  if  the  load  bo  beyond  the  elastic 
limit,  permanent  changes  are  produced*  and  there  ia  every  reason  to 
believe  that  a  slow  deterioration  of  strength,  due  [>er1iaps  to  some  ki»l 
of  internal  abrasion,  is  ultimately  destructive.     The  most  definite  infor- 
mation on  this  point  is  funiishcd  by  the  ex])criments  of  M.  WOhlcr 
published  in  1870.     Bars  were  loaded  in  various  ways  and  the  load 
wholly  or  partially  removed :   the  process  was  repeated  till  the  Ur 
broke :   the  number  of  repetitions  necessary  for  this  purpose  Iwing 
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counted   was  found   to  de|)end,  firat,   on   the   maximum  stress  and, 
secondly,  on  the  Hnctu&tion  of  stress. 

First  suppose  tho  stress  albomatoly  tonsilo  and  comprcaaivo  of  cquiU 
intensity.  Wohler  tried  this  l>ot!i  in  bending  and  in  twisting.  ?'iguie 
161  rapresente  u  round  biir  DE,  with  one  end  enlarged  and  fitted  into  a 
socket  in  a  reTolvinc  shafl  fS".     At 

the  tree  end  h  ii  load  P  wiis  applied,  a|Mg|i{j^jjap £ 

which   produced   at  Dy   the   point  SMi        [_  J 

of   maximum     bending,    a    stress  SHbhHT  L 

of    intensity   found   by    the   imual 

formula.  The  shaft  being  set  in  motion  the  piece  of  material  was  bent 
alternately  Ijsickwai-ds  and  forwards  once  in  each  revolution.  A  number 
of  pieces  being  tried  fluc'cessively  with  G;raduaUy  diminishing  leads,  the 
revolutions  necessarj'  to  produce  fracture  were  found  to  increase  as 
shown  by  the  annexed  table  fur  the  ease  of  wrought  iron.  The  pieces 
broken  were  exactly  similar,  and  we  therefore  find  a  regular  increase  in 
the  number  of  revolutions  necessary  to  produce  fmtture  as  the  stress 
diminishes.  It  is  already  verj'  largo  at  18,700  lbs.  per  square  inch,  and 
at  16,600  the  piece  cannot  be  broken  at  all.  Wq  may  therefore  place 
the  resist;ince  bo  ultcniatc  Itending  of  this  kind  of  ii-on  at  about  17,000 
lK)r  square  inch,  while  for  cast  steel  of  vai-ious  qualities  it  was 

lund  to  range  from  25,000  to  30,000,  and  for  copper  10,400.     These 

do  not  differ  much  from  the  liiuit  of  elastii'ity  of  the  materials  in 

ion  as  determined  in  the  usual  way  bj'  exiieriment*  on  tension. 

Indeed  yea  have  hero  the  most  satisfactory  definition  of  the  limit  of 

elasticity.     If  wo  attempt  to  define  the  ela.stic  limit  as  the  stress  at 

which  the  material  ceaAes  to  jiosseAs  the  properties  of  a  perfectly  elastic 


Al^TEKNATE  BEKD1\'»  OV  A  BaR  OF 

AXI.K  Laos-  ri'RKlSHKD  BY 

THE  Pnasix  Company  ix  1857. 

HCVObUTtOKH. 

KKMAttK*. 

3S,»00 

56.430 

lllC  ItUt  of  these   plDCM 

31.300 

99,000 

v.-*M  unbroken  iifUir   more 

*i»,H)0 

183,149 

tliaii    1  'i'l   million    revola- 

■     ^7,000 

479,490 

tionK. 

!».00(t 

908,1100 

The      ultimntQ     tenaile 

23.0<J<> 

3,G3-2,o8S 

strength  of  thii  iron  woa 
47,000    llw.     per    H)uarB 

20,800 

4,918.000 

18,700 

19.187.000 

inch  uul    the   elougation 

16.600 

about  SO  per  coat. 

are  ombarriLSscd  by  the  small  and  variable  demtions  which 
under  almost  any   load,  which  only  gradually  and  at  very 
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different  loads  under  diderent  circumsUnoes  pass  into  tbe  large  differ 
euc«8  L'haructeri&tic  of  the  non-cla£tic  state.  Tbe  reeistuoe  lo 
unlimited  alternate  stress  however  is  a  definite  quantity  which,  m  Ut 
as  we  know,  is  independent  of  tho  causca  which  produce  thoK 
vnriations. 

Similar  experiments  were  made  with  a  different  apjjuratus  oq 
alternate  twisting.  They  were  leas  extensivci  but  led  to  tbe  iuipon&nt 
conclusion  that  the  strength  of  the  qualities  of  steel  for  which  ihcy 
were  tried  was  four  fifths  that  of  the  sumo  steel  under  altc-niate 
bending.  From  this  it  is  inferred  that  the  proof  resistance  to  shearing  I 
is  four  fifths  the  proof  resistance  to  tension,  as  required  by  a  theory  of  I 
strength  already  rcfcrrod  to.     (See  Art.  223.) 

225.  hijluence  of  Ftudtiai'mi  of  Stms.— It  had  already  been  sbovn 
by  Prof.  J.  Thomson,  in  a  pajwr  published  in  1848,*  that  twisting  or 
bending  a  bir  beyond  its  elastic  limit  in  ono  direction  must  increase  its  ■ 
]Xiwcrs  of  resistance  t-o  a  second  strain  in  the  same  direction,  Kiid 
diminish  it  to  a  strain  in  the  opposite  direction.  Accordingly,  we  tiiiil 
that  when  a  hiir  is  strained  in  one  direction  only  its  powers  of  reEist 
ance  to  unlimited  repetition  are  greatly  increased.  AVohler  made  verj' 
extcnsi^'c  oxirerimcnta  on  stretching,  bending,  and  twisting  of  pieces  of 
iron  and  steel  to  a  given  maximum  stress,  the  load  being  wholly  or 
partially  removed  at  each  repetition.  The  niunber  of  repetitionc 
necessary  for  fracture  was  found  to  vary,  not  only  according  Lo  the 
mugnitude  of  the  maximum  stress,  but  also  according  to  tho  lliictuation. 
It  was  greater  when  the  load  was  only  jjartly  removed  than  when  it 
was  wholly  removed.  Some  results  are  given  in  the  annexed  table, 
which  shows  the  limits  between  which  the  stress  varied  wbon  fracture 
was  just  not  produced  by  unlimited  repetition. 


Rksistancx  to  Umjhitkd  RcKTiTiOTr  or  BsKonta. 


MATomt  or  FUjctuatioii. 


AltemM'mg, 

Lo4uI  wholly  removeil, 

IxMid  port-mlly  itmoveii, 


FLroniAiiDx  or  stbiss. 


iRoir. 


ttriuti. 


+  17,000 
31,0Q0 
45,fl00 


■  I7.O0O      +29,000 

0        50.000 

25,000  !       83,000 


-29.000 

0 

38,S00 


Remahk.— Tho  ultimate  tonsile  Btreiitith  of  the  iron  waa  47|000, 
uiU  of  the  stcol,  l(W,00a 


Any  greater  lluctuations  with  the  given  maximum  stress,  or  any 
'  Cambridge  and  IJubtfn  Mndtemeuital  JqutmU, 
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grouter  maximuin  stress  with  the  given  fluctuation,  produced  friicture. 
£xi>erimentB  on  stretching  and  twisting  led  to  aimiliir  results,  and  it 
jihotilii  be  eepecially  noticed  that  in  cases  of  unlimited  re^vetition  the 
resjjEtauce  to  stretohing  is  the  same  as  theresistAnco  to  bending,  but  the 
rcaistuice  to  twisting  loss.  In  tfao  case  of  cast  iron  the  resistance  to 
stretching  with  coni])!ctc  removal  of  load  wns  found  U)  lie  10,100,  but 
no  exi^erimurilii  tin  b>endin<^  or  twisting  wore  made. 

ThuH  it  appears  that  the  ultimate  strength  of  a  material  is  very 
different  ncconling  to  the  fluctuation  in  the  lo:td  to  which  it  is  oxposwl ; 
the  same  iron,  which  will  bear  only  17,000  Ib-s.  per  scjuiire  inch  nhcu 
bent  alteniately  backwartls  and  forwards,  will  bear  31,000  when  bent 
in  one  direction  only,  uud  15,000  when  the  stress  varies  between  25,000 
and  45,000.  Several  fornuibe  have  been  deviseti  to  represent  the 
results  of  th«  experiments,  of  which  one  will  now  1m;  given.*  Lot  p^  be 
the  ultiinute  tensile  strength  of  a  mitteriall  and  ^  the  fluctuation,  then 
the  actual  ultimate  strength  under  utilimited  re{>etiliun  will  be 

p^^A-i-  Jp^{Po-^A)- 
>Vhen  A  =  2p  wo  got  the  case  of  altarnato  stress  with  which  we 
commenced,  where  jf^p^  an(i  when  A=p  wo  have  the  (siae  of  repeated 
stress  in  one  direction  with  complete  removal  at  each  repetition.  The 
formtila  gives  the  same  resiJts  as  the  e.\t>cnments  in  the  extreme  cases, 
and  may  bo  expected  to  be  approximately  correct  in  intermediate  cases 


226-  Impact — In  Wbhler'a  cx|>orimcnte  the  load  was  applied, 
without  shock.  In  cases  uf  im)jact  ulso  there  is  reason  to  believe  thai 
witliin  the  limit  of  elasticity  a  material  will  bear  unlimited  rei»otition. 
Thus  in  Uodgkinson's  experiments  un  beams  struck  by  u  [leiidulum 
weight,  it  was  found  that  if  the  blow  produced  less  than  one  third  the 
ultimate  deflection,  the  beam  would  sustain  more  than  4,000  blows 
without  apiKirtmi  injury,  a  pliite  of  lead  being  lutroducud  to  prevent 
local  damage. 

In  most  cases  of  impact,  how- 
_  ever,  the  elastic  limit  is  exceeded, 
nd  the  destructive  etTectof  repe- 
'^tition  is  then  nuuh greater  than 
when  the  load  is  gnulually  ap- 
plied.   In  the  ductile  metals  the      ^ 
to  impact   is  at  first     / 

i^„^  ^ t,  as  hiui  already  l»ccn    / 

sufficiently  explained ;  but  every  I — ^ 
i;tinie  the  limit  of  ohisticity   is 

•  EltmenU  o/  Maekint  Dt9i[/n,  by  Prof.  W.  C.  Uuwui,  p.  23. 
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overiHwsecl  the  bardneas  of  the  metal  t6  increased,  so  as  to 
it  less  able  to  resist  the  second  blow.  Tliis  may  be  illustniial 
by  a  diugram  in  which  0Q<^  is  a  curve  of  stress  and  strain,  Q  iht 
original  elusilc-liuiit,  ^iV  the  stress  produced  by  the  first  blow,  m 
that  the  area  OQQ'N  represents  the  energy  of  that  blow.  The  eflert  of 
the  blow  is  to  raise  the  limit  from  the  streRS  QM  to  the  atreas  V^jV 
nearly.  Hence  tho  ou-vo  of  stress  and  strain  now  becomes  OVS^  wtert 
V  \&  the  new  limit,  and  the  material  will  only  hear  a  blow  the  eiicr^ 
of  which  is  the  triangle  OVK,  without  tho  original  stress  QN  beiw 
exceeded.  ITius  by  constant  repetition  of  blows,  which  originally  oolv 
produced  a  stress  not  much  excee<ling  the  eliistic  limit,  a  much  greatvr 
stress  may  bo  produced.  It  is  believed  that  thin  is  in  the  main 
explanation  of  the  destnictivo  cH'ect  of  repeated  blows  and  contiim 
severe  vibration  ;  pieces  nf  material  exposed  to  which  arc  fouml  to  haf 
a  short  life.  The  effect  may  be  further  augmented  by  synchr 
(Art  197,  p.  348). 

CO-KFFICIENTB  OF  StRSSNCTH  AND  FACTORS  OP  SaKKTV. 

227.  Factors  of  Safety  and  Co-^tienis  of  H'orHng  Strength. — Before 
can  apply  theoretical  formulie  to  the  determination  of  the  dimeusioni  i 
actual  struitiues  and  machines,  it  is  necessary  to  know  the  value  of  t!»e_ 
co-efficient«  of  strength  to  l)e  used,  and  this  is  always  a  mutter  wl) 
requires  great  care  and  attention  to  the  circumstances  under  wlu'd 
certain    dimensions    are    found   to    !»    sufficient    by    long    prsctio 
experience.     In  the  Brst  instance  it  depends  on  the  tdtimate  strong 
of  the  material,  and  may  be  ex]>re8se<l  by  dividing  that  quantity  by  j 
Factor  of  Safety.     But  the  ultimate  strength  varies  as  we  have 
and  tho  word  "  factor  of  safety  "  is  used  with  various  meaninj^s. 

Tho  primary  meaning  of  the  expression  is  the  divisor  necessary 
pro^ide  a  margin  of  strength  for  unknown  contingencies  such  as  the 
following. 

(1.)  The  ultimate  Btrength  of  a  piece  of  material  i«  uncertain,  for  i 
pieces  of  material  of  the  same  description  and  manufacture  arc 
always  equally  strong,  llie  liahility  to  variation  is  much  greater 
some  nmterials  than  others,  for  example,  in  cast  iron  than  in  wrou 
iron.  The  strength  of  stone  varies  so  much  that,  in  carr}-ing  out  soy 
important  work,  ex]»crimcnts  are  frequently  made  on  the  stone  to  be 
employed  in  it. 

(2.)  The  piece  of  material  may  be  subject  to  corrosion   or  other 
inflneticc,  which  in  course  of  time  diminishes  its  strength. 

(3)  Fin*orB  of  workmanship  are  iinnvoidablo,  and  in  some  ins 
may  greatly  increase  the  stress  to  which  the  material  is  exixwed. 
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ir  example,  is  the  case  in  pillars,  the  factor  of  safety  for  which  must 

ways  be  j^eater  than  for  other  parts  of  a  structure. 

(4.)  The  magnitude  of  the   load  and   its   mode   of  appliention  is 

nerally  more  or  less  uncertain.  This  however  may  be  pro\*ided  for 
MBuming  a  maximum  load. 

The  factor  required  to  provide  for  continf^encies  such  as  these  may 

called  the  '*i*eal  "  factor  of  safety,  but  by  an  juldition  to  its  value  it 

lay  bo  made  to  provide  against  contingencies  which  can  if  necessary  be 

actly  foreseen  and  calculated.  Assuming  all  the  forces  acting  on  a 
rHicture  to  be  known  it  is  possible  to  tind  the  stress  on  each  part  of  it, 
but  the  calculation  may  be  too  complex  to  bo  oflen  used,  or  iU  restdt 
may  be  known  a})proximately  under  similar  circumstances.  Hence  it 
often  happens  that  the  dimensions  of  a  piece  are  determined  by  a 
formula  involving  only  part  of  the  straining  forces  which  act  on  it,  and 
the  rest  are  provided  for  by  an  increased  factor  of  safety.  Thus  the 
real  stress  on  the  metal  of  a  screw  bolt,  when  the  effect  of  screwing  up 
is  taken  into  account,  may  be  double  the  total  tension  |>er  square  inch 
of  the  gross  sectional  area.  If  that  bolt  be  used  for  a  cylinder  cover 
exposed  to  steam  pressure  the  total  tension  will  be  much  greater  than 
that  due  to  the  prcsaiue  of  the  steam.  These  two  circumstances  taken 
together  may  be  taken  into  account  by  the  use  of  a  factor  of  safety 
three  or  four  times  greater  than  the  real  one.  Such  cases  are  common 
in  practice,  but  the  factor  to  be  used  must  then  be  determined  by  com* 

risons  with  good  examples  under  similar  circumstances. 

Ag&in,  it  is  necessary  that  a  piece  should  be  stiff  enough  as  welt  as 
strong  enough,  and  when  formula-  for  strength  are  used  in  such  cases 
it  is  ofWn  necessary  to  employ  very  large  and  very  arbitrary  factors  of 
safety.  Here  however  the  difficulty  arises  from  an  erroneous  method 
of  calculation. 


^B     228.   Faluet  of  Co-efficients.—ln  parts  of  machines  subject  to  alt«r- 
^^miting  straining  actions  wo  know  by  Wohler's  experiments  that  the 

^ultimate  strength  is  somewhat  less  than  the  elastic  strength  under  sim]>le 

^■kenaion,  being  for  wrought  iron  and  soft  steel  about  one  third  ^e 
^^lltimate  tensile  strength.  The  loiul  on  such  imrts  will  mrely  bo  applied 
without  shock,  the  effect  of  which  cannot  precisely  be  determined.  In 
ordinary  cases  it  will  be  sutHciont  to  treat  this  case  as  if  the  load  were 
suddenly  applied  by  using  a  fuiihcr  divisor  of  2.  Wo  thus  obtain  the 
working  strength  by  using  a  total  factor  of  safety  of  6.  For  wrought 
iron  this  gives  a  co-efficient  of  4  tons,  or  9,000  lbs.  per  square  inch, 
which  is  known  by  experience  to  give  sufficient  strength  where  all  the 
straining  actions  are  taken  into  account.     In  long  struts  a  lactor  of  8 
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or  more  must  be  used  for  reasons  already  BuflRcicntly  exiilainwl,  moil 
this  is  also  necessary  where,  as  baa  l>eeii  the  case,  Ull  lutely  with  steeE, 
the  material  is  not  completely  reliable.  For  timber  the  tuual  factor  v 
10.  The  co-officient  for  shearing  and  torsion  is  to  be  taken  proviaiott- 
ally  as  four-fifths  that  for  tension  and  bonding,  that  is  for  wrought  iron 
'6{  tons  per  e>|uai-c  inch  ;  but  from  the  incompleteness  of  cxperiDiontAl 
data  it  18  not  ccrUiin  that  this  value  is  not  too  largo. 

In  stniutures  the  fluctuation  of  the  stnilninj;  actions  is  in  g«nenJ 
much  less,  and  the  ultimate  strength  by  Wohler's  experimonta  b  much 
greftter.  Yet  the  working  strength  employed  is  not  very  different.  In 
the  first  place,  it  is  rarely  [n-rmissible  to  excec<l  the  clastic  limit  on 
account  of  the  permanent  detbrmation  which  ensues.  In  the  second 
place,  the  whole  of  the  straining  actions  on  each  piece  of  the  structure, 
especially  the  effect  of  impeifeel  joinU,  are  nirely  inclndod  iu  talcoW 
tions.  For  example,  the  friction  of  pin  joints  may,  under  unfavouralili! 
circumstunceE;,  add  60  per  ceiitv  to  the  maximum  stress  on  the  linlra  of 
a  suspension  chain  (Ex.  4,  p.  'i9b).  Hence  the  working  strength  for 
wrought  iron  rarely  excoeds  ih  or  5  ton«  iwrstjuare  inch.  In  reckoning 
the  load  Rankine  recommended  that  the  "  dead "  load  should  ht 
divided  by  2  and  addeil  to  the  "live"  loa<l  in  onlcr  to  obtain  tfad 
effective  live  luad.  More  recently  the  imiwrUncc  of  Wuhler's  oipori- 
monts  has  been  rocogtn'i^ed,  and  it  has  boon  proposed  to  find  the 
tdtimute  strength  of  each  ])icco  under  the  maximum  stress  and  Huctua- 
tion  of  strew  to  which  it  is  subject,  and  divide  by  a  constant  factor  of 
safety.  There  can  bo  no  doubt  that  a  smaller  cootiicient  is  necossary 
the  greater  the  tluctuaiion,  bnt  the  principle  of  a  constaiit  factor  is  open 
to  question  :  it  appears  to  lead  eithtT  to  coefficients  which  are  smaller 
than  are  known  to  bo  safe,  or  else  to  values  above  the  limit  of  elastidty.  fl 

229.  FUtrmts  M'tlfnals  Hope^. — Fibrous  mateiials  are  tboae  whidi 
may  be  regarded  as  mode  up  of  fibres,  usually  of  organic  origin,  men 
or  lees  closely  united  by  cohesion  or  interlacing.  The  relative  more- 
raente  of  the  libros  ore  hindered  by  forces  of  the  nature  of  friction, 
which  ai-e  much  less  than  tho  molecular  forces  to  which  the  tenacity  of 
u  homogencoufl  solid  body  k  duo.  Hence  the  etrcngth  and  sliffneM  of 
a  piece  of  material  are  much  less  than  those  of  the  fibres  of  which  it  it 
made  up. 

In  most  kinds  of  woods  the  fibres  are  arranged  longitudinally,  and  the 
matorial  is  therefore  especially  characterized  by  ite  low  rosistanoe  to 
division  into  parts  longitn<linally.  Thus  the  rosiKtance  to  longitudinal 
shearing  of  fir  timber  is  only  GOO  Il>8.  per  squjirc  inch,  whonsts  its 
tenacity  is  about  20  times  t^is  amount,  approaching  that  of  cast  iron. 


I 
I 
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So,  again,  crushing  takoa  place  by  Iongitii(Jiiiiil  splitting  mider  a  stress 
little  more  than  half  the  tenacity.  Further,  the  condition  of  the 
mutoriul  graitly  inriuences  the  lateral  cohesion  of  the  fibix-s  and  thus 
affects  its  strength  and  elasticity.  In  timber  which  ha^  boon  artificially 
dried  the  elasticity  is  nearly  i>crf<k:t  up  tn  the  breaking  jioint,  whereas 
in  the  green  state  the  ehisticity  is  imporJett  and  the  strength  greatly 
reducfKl.  Hence  the  importance  of  seasoniug  timber  bo  as  to  be 
moderately  dry. 

The  ordinary  foiinulfe,  however,  will  apply  in  all  cases  whero  the 
stress  is  a  simple  longitudinal  8tro8s,  the  direction  of  which  is  that  of  the 
fibres;  that  is  to  say,  in  tension,  conipressinn,  and  ordinary  cases  of 
bending.  They  will  only  fail  when  the  bending  is  accompanied  by 
crushing  and  shearing  of  considerable  intensity,  as  when  short  pieces 
arc  acted  on  by  transverse  foix'e». 

In  cloth  and  similar  materials  two  sets  of  fibres  at  right  angles  are 
united  by  interlacing.  Uosist-ince  to  tension  is  thus  obtained  with 
almost  complete  Bcxihility. 

In  ropes  of  all  kinds  the  fibres  arc  ranged  in  spiral  curves  in  the  pro- 
cess of  manufacture,  and  their  tension  then  produces  lateral  pressure, 
the  friction  arising  from  which  is  sulhcicnt  for  union.  The  strength  of 
a  rope,  though  very  great  compared  with  its  weight,  is  only  one  third 
that  of  the  yam  of  which  it  is  spun,  and  on  a  fiimilar  princii»lc  the 
strength  of  large  cables  is  less  than  that  of  the  smaller  rujies  called 
"hawsers"  of  which  they  arc  made  up.  The  strength  of  a  rope  ia 
asiiallj  expressed  by  the  formula 

^     Ifc' 

where  C  is  the  girth  of  the  rope  iu  inches,  T  the  tension  in  tons,  and 
k  a  GonstanL  The  old  rule  in  the  navy  vriia  to  take  it  =  5  to  obtain  the 
breaking  weight  of  a  ropo,  but  the  Utblc  now  employed  gives  k  =  'iSj 
that  is,  a  strength  50  per  cent  greater.  In  email  ropes  k  may  Iw  even 
less.  The  safe  working  lou<l  is  not  more  than  one  sixth  the  breaking 
load.  In  iron  wire  roi>e8  /.=  1,  or  for  i-opcs  above  6  inches  girth  some- 
what more.  The  strength  of  wire  ropes  is  more  than  doubled  by  the 
employment  of  steel.  The  safe  working  load  may  be  taken  as  one  tifth 
their  breaking  load. 


230-  Tables  of  i>treiiijth.—Yot  a  detjiile<l  accoiuit  of  the  properties  of 
materials  the  reader  is  referred  to  the  authorities  cited  above  and  at  the 
end  of  tbta  chapter.  A  convenient  summary  is  given  in  Kanklnc's  Useful 
Hulu  and  Tublts.     It  will  be  here  sufficient  to  give  a  few  examples. 
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Tabu  I.— Wuoar  and  Workimo  STBUximc  of  VAUora  Hatikuu. 


Wimnnni  Snumrra. 

Wkioht  mt  Tabd  ui 

HAIVII*!. 

Stru«  In  Toi» '  Afm  In  ftqiuui 

p«r8aiura 

IncoM  par 
Toa. 

■bUtW 

T.      a 

r.     0. 

I.      a 

Am, 

T.         C 

C«»t  Iron,     ■ 

15 

4-6 

■W7 

-8»  6 

9 

0 

1190 

MB 

Wrought  Iron, 

4-5 

45 

•223 

■233  x-aa 

a-sa  iio 

30M 

JOH 

Ordinary  Soft  StecL 

7 

7 

•143 

•143    1-4S 

1-43  iio 

4700 

tm 

Onliiiitry  Htoel  Win% 

13 

— 

•077 

- 

-77 

-     110 

9000 

— 

Copper  Wire, 

4 

— 

•25 

— 

21» 

— 

u-s 

S330 

— 

•5 

■3 

3 

3^S 

1-5 

2-6 

76 

4480 

9700 

OO,     -       ■       - 

•76 

•15 

1-33 

2-33 

1-33 

2-28 

1 

AMD 

JSM 

Onwite. 

— 

-3 

— 

»-3» 

- 

U-06 

34 

— 

&7«' 

Briofcwork,    ■ 

- 

06 

-     15-6 

39 

S« 

— 

IMI 

Iron  Wire  Itopct,  - 

•6 

— 

l^67        - 

2-6 

— 

1-S 

2700 

2 

— 

•9      1    - 

9-0 

-      n-96 

3000 

Steel  Wire  Ropea, 

5 

— 

"  1  - 

l-l 

-        5-S 

fiOOO 
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Mathial. 


Out  IroD.     • 
Wrought  Iroa, 
SofCSbMl    - 
Hud8fc€«l,  • 
Tompen*!  St««I,  - 


Euuno  Smssoni. 


(Tom  luit)  locba 


Stvongort  Stoel  Wlr«. ,  1 50 
Fb,      -  -      1, 


O^ 


atratai. 


Touiw'a 
iXodidw^ 


•000875 

•0007 
-0019 


90    -009 


■eta 

0098 


■O0U25      - 
•0007        -0014 
-0012      I  -00^ 


•002 


■OW 


8000 
!    13000 

laooo 

13000 
il!i000(!) 

uod6 

TOO 
700 


BigMif. 


5000 

5300 

5900 


as 

95 


tUtatijemma 


SIC 


Foot 

Mf  (-MlAf! 
Fowl. 


1060   1  tJ* 
3800    !    »^ 

Hooo    irr 

S4900  In* 

370000  srr 

2150     ,.V 

4300     itf 


Tabuc  ui.— Ultihatk  Strrsuth  a5p  pqcnLmr. 


II*TKCIAI„ 


^ 

■  Irt>n  rut««,  ....  22 
H  &uftSt«cI|'I5  to-.tMre«nt.DfearboiiK  30 
^B  M«dii]in&teol{^3io-5perootit.oroKTbon)  35 
^H  BArd8letl(*5to'75[>crccnt.orcuu-boaL    45 

■  GMInm,   ■ 

■  LmuI.  -       - 
H  8b«ek  Copper, 
B  Oiflt  Ot^por, 

^^  Fir,     .       . 


Stnaftti 
InTVMupir 
Huuu*  Inch. 
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Table  I.  gives  the  weight  and  working  strength  of  a  variety  of 
laatcri&la.  From  what  has  been  said  in  preceding  articles  it  appears 
that  the  working  strengtli  varies  sa-conling  to  ciifiimflUnres.  Hence  the 
values  given  in  the  table  may  be  exceeded,  and  sometimes  greatly  ex- 
ceeded when  Sfjecial  care  is  taken  in  llie  selection  of  material,  in  the 
estimation  of  strains,  and  in  the  execution  of  the  work.  On  the  other 
band  cases  occur  in  which  they  ure  too  large,  and,  it  may  be,  greatly  too 
largo  if  due  care  is  not  exei-ciaed.  The  first  two  columns  give  the  safe 
load  in  tons  |^r  square  inch  of  sectional  area,  the  second  two  the  area 
neccssarj'  to  Biistoin  a  lojid  of  1  ton,  in  tension  (T)  and  oomprcsaion  (C) 
respectively.  The  next  two  give  the  M*eight  of  1  yard  length  of  a  bar 
which  will  sustain  1  ton,  and  the  numbers  therein  given  are  therefore 
the  comixtrativc  weights  of  bars  of  equal  strength.  The  eame  comparison 
ie  effected  in  a  difTcrent  way  in  the  last  two  columns,  which  give  the 
length  in  feet  of  a  bar  or  column  the  weight  of  whith  is  equal  to  the 
working  load  on  its  transverse  section.  It  is  on  this  quantity,  which  is 
denoted  by  A  in  Arts.  40,  41,  pp.  80,  81,  that  the  limiting  dimensions  of 
a  stntcture  depend.  It  is  used  for  this  piupose  in  Ex.  13,  p.  294,  and 
Ex.  11,  p.  338.  It  will  be  observed  that  weight  for  weight  timber  is 
stronger  than  wrought  imn. 

Table  IL  gives  the  clastic  propeiiies  of  certain  materials  in  tension 
(T),  compression  (C),  and  shearing  (S).  It  has  been  sufficiently  explained 
in  preceding  chapters,  and  it  necil  only  be  added  that  the  elastic  strength 
as  well  as  the  working  strength  varies.  It  may  he  very  different  accord- 
ing to  the  exact  definition  of  the  limit  of  elasticity  adopted  and  according 
to  the  condition  of  the  material.  This  point  has  already  been  discussed, 
but  some  fiirther  remarks  will  be  found  in  the  Appendix. 

Table  III.  shows  the  ultimate  strength  and  ductility  of  materials  in 
common  use.  The  fii-st  three  columns  give  the  ultimate  resistance  to 
tension,  compression,  and  shearing.  The  fourth  gives  the  elongation  ex- 
pressed as  ji  porccriUge  of  the  original  length,  which,  if  the  length  of  the 
pieces  exi>erimented  on  he  a  constant  multiple  of  the  diameter,  forma  a 
measure  of  the  ductility.  The  ultimate  strength  and  ductility  of  steel 
%-arj'  according  to  the  amount  of  carlwn  it  contains  in  such  a  way  thai 
the  sura  of  the  two  remains  nearly  constant,  other  things  being  equal. 
Thus  in  the  examples  given  in  the  table  the  sum  is  about  03.  In  steel 
compressed  in  a  fluid  state  by  Sir  J.  Whitworth's  process  the  confltant 
sum  is  about  one  thiixl  greater.  The  last  column  gives  half  the  product 
of  the  ultimate  tensile  stress  and  the  elongation,  a  quantity  which  is 
sometimes  nscd  as  a  me-isure  of  the  powers  of  reflistance  to  impact. 
The  actual  amoimt  of  work  done  in  stretching  a  bar  lilt  it  breaks  is 
much  greater  than  this,  as  is  seen  on  consiilering  the  form  of  the  cnrvc 
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of  stress  and  strain.  A  more  exact  measure  of  the  resistance  to  impact 
would  be  fm-nishcd  by  an  experiment  on  a  ehort  block  such  m  tbt 
dcscribod  on  page  380. 


EXA&tPLES. 

1.  stow  thftt  the  moilutiu  of  rapture  af  m  nulcrial  U  18  tlmea  the  toad  vbidi  «3t  ■ 
bn-ak  n  bar  of  tbo  nmtcriol  1  Incti  SQuare  au<)  I  foot  long:  the  bftr  beins  mpportidit| 
tlie  ends  and  the  load  applied  at  the  centre. 

If.B. — Ttie  inocluluB  of  rupturii  u  the  valuo  of  tbu  eo-vflictent  iu  tbe  ordinary  foranb  \ 
for  bending  wiion  the  lokd  1*  that  found  by  experimt-nt  to  break  th«  beam. 

2.  A  balcouy.  0  foet  loD^  biqiI  4  fevt  broad,  is  supportcU  by  a  pair  of  caat-trun  ki^nu 
flteil  in  thu  wall  nt  one  rnd.  The  li(rain«  are  of  rcotaaguUr  cectiDn,  3  inobes  famad,  u»] 
depth  near  the  wall  4  inchei.  What  Inntl  per  a^nare  foot  will  the  lialoony  bear,  th««tn9i 
on  the  iron  being  liniit&d  to  1  ton  per  sifuarc  inch?  Also,  howabould  iho  depik  nrjfM 
unifotm  strength  along  the  length  of  the  benin  ? 

A  nt.  Equating  the  greatest  bending  momoDt  to  the  naximani  aoment  of  rairtuv 
to  bending  we  find  the  load  which  the  balcony  will  bear 

-  41  '."i  Ihn.  per  Kjoare  foot. 
As  to  tbe  dojttb  of  tb«  beam  :  for  unifortn  strength  *   jf  mut  be  eonitant  from  which  m 

find  that  tbe  depth  at  any  |>oint  of  tb«  bean  mnit  be  proportional  to  tho  dirtaoM 
from  the  outer  tmd  of  tbfi  beam ;  bc  tbat  the  lower  lide  of  tbe  beftm  ihottld  be  a  dtipiif 

plQDG. 

3.  A  paddlu  abaft  is  worked  by  a  ]>ur  of  eoKineH  with  eranki  at  right  angl««.  %l|'p'^Bf 
tbe  steam  prcsaiire  conatant,  and  the  reniatAnoa  of  each  wheel  e<iual  and  mufDrni,  t>4 
oblir|uitf  of  connecting  rod  ucglecUid  ;  compan;  tbe  cu-ofGcicuta  of  stivngtb  to  be  vimA  fe 
cnlculating  the  iUAniet«r  of  tbe  paddle  and  )ntrrinc(liAt«  tdiafta. 

Ant.  The  uniform  moment  of  reabtanoe  of  (he  paddle  wheel  -  )  tbe  mean  tandi| 
moment  of  tbo  two  engines.  Tbe  twicting  moment  of  tbe  paddle  »baft,  when  eitliir 
orank  \»  on  thu  dciul  centre,  •  ^  maximum  twirthig  moment  of  one  engine.  At  tbe  mM» 
initaiit  this  in  the  twintiDg  moment  on  the  intermediate  ibaft.  When  tbe  other  crank  it 
on  tbe  dead  centre  the  twisting  momonton  intermediate  riiaft  u  the  tame  in  Du^^dta^ 
but  reversed  in  direction,  and  when  the  two  crank*  make  anglei  of  \Tfi  with  thedatd 
ecntres  th«  lwi*ting  of  tbo  paddio  sbnft  -  )  tbe  maximum  combined  twiafeios  moment  e( 
Ibe  two  cnginea,  that  la  v^2  timea  ita  amount  when  ettbi^r  crank  ia  on  tbe  dead  eeali*; 
bot  the  twiat  ie  in  tho  sanie  direction  nlwaji.  Therefore  on  the  paddle  abaft*  tbe  \ 
alternates  between  x  and  x-Z^i,  and  on  tbo  intermediate  ebaft  between  x  taul-s. 

HoDOD  applying  formula 

P-iP  +  ^/WA-tf). 
we  hATo  for  paddlo  abafti 

p--4Us;  p'VAUx;  .-.p.-MSlp; 
iubktitiiting,  wo  obtain 

For  intermediato  abaft,  p'-  fir ;  p  -  x;  jT-^p ;  nnd  p  ^  ^p^ 

If  the  atroM  on  the  peddle  shaft  alternatea  to  lero,  by  the  wheels  ruUtog  out  of  the 
water,  or  by  tbo  (topping  of  Ihu  engine,  then  jt  ~  "^p^ 

4.  A  ■ua}>enii(in  clinin  i»  coniitruoted  with  hnr  links  united  by  pjn  Jointa  *  tbe  diame^ 
of  tbe  pine  ii  two-tbir<la  thr  breadth  of  tbe  link  {p.  ^1^).  If  tbe  bridge  vibimle  abow 
that  tbe  maxininm  slrvan  on  Ibe  Uuka  may  be  inereaacd  by  devtatlaa  (p.  900)  dnelB 
friotian  of  pins  (p.  22S]  in  tho  ratio  1 «  ^ :  1.  wbere/U  thoco  cffldent  of  frfelioa. 
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APTHOIUTIES  ON  STItENGTH  OF  MATEIUAU3. 
In  lulditiaQ  to  die  work*  exprowly  cited  in  thU  obsptcr  may  bo  montioneil — 

HonOKlsaoN.      Exprriinattal  Raear^et  on  (Ac  Strtngth  and  otktr  Propertia  of 

Gut  Iron.    Weale.     I»46. 
W'BTRACcn.    Iron  and  SUtI,     New  York.     1877. 
EtABLOw.     Strtngth  of  Malerialt.    Lookwood. 
Keed.     ShifilttiUijtff  in  Iron  and  Slat.    Murroy. 
I  fHiD  literature  of  iliu  subject  U  how43vct  very  cxtenaive,  much  iitformatian  being  scattered 
I  in  vnnciiA  mcrooits,  of  which  two  D««d  only  be  meotioncil  here  as  having  1>eon  much  em- 
l^ploycd  Id  Xhc  preparation  of  tbii  trcatiie— 

Fairhaibn.      Mcchanirai  Prvpertia  af  Sl<tt.     lleport  of  the  Brituh  AMociation 

for  1867. 
WOiiLlK.     DU  FettigktiU'Vtmehe.     Berlin.     1870. 


DKSOJIIPTION  OF  PLATE  Vni. 

To  illuitrate  varioua  queationi  ooDMdered  in  Chaps.  XIL  utd  XV.  Plate  VUL  hM 
been  dnwti. 

Ftgi.  1,  2  reprVKiit  the  pin  joint  cwoneeting  two  b«ra  in  tennon,  liitcnraed  in  Art.  191, 

.  p.  S37,    Figt.  S,  4,  5  xbow  the  way  in  wbiob  the  joint  >)e1da  wlieo  the  pins  aro  loo  •mall. 

'  In  Fig.  4  the  ori|^na]  dimensions  of  the  eye  and  eyehole  »rc  nhown  by  (Tnttod  lines,  wliila 
the  full  lines  abow  what  tbey  Woonic  after  yielding.  Fig.  ;t  gives  tranavene  voctioni 
of  the  eyo  before  antl  after  failure,  lihowing  the  thiuuiiig  out  doe  to  later&l  coutniction 
during  Htretcbing  beyond  the  elastic  limit.  After  this  contructioQ  ha*  reached  a  certain 
limit  the  metal  tcaia  asunder,  as  shown  in  Ftg.  4.  The  tongituilinal  section  (Fi);.  S) 
ahawi  tbe  oorrvapontling  >pT0Mlin{{  out  nt  tlie  top  of  the  bole  due  to  cumprcRsion  Iwyond 
the  elaatio  Kmit.    This  lateral  eiipansioti  \«  [martially  prevented  in  rivetted  joints,  and  (p. 

I  S87)  this  may  be  the  reason  why  direct  HtruM  in  tbetn  ii  of  less  Jinportanoe.    Tho  failure 

'  of  pin  )olt,i*  in  this  way  fnmiiihei  a  good  example  of  the  "  flow  of  solida." 

The  remalntsg  figures  of  this  plate  aro  Inti-ndcd  to  give  some  Idea  of  tbe  manner  in 
which  iron  girdent  are  constructed.  Figs.  Q,  7,  ^.  ii  aro  tmnsrerae  sectitrns  of  "  H  iron," 
"  ckannel  iron,"  "tee  iron,"  and  "angle  iron  ' ;  these  ure  rolletl  in  one  piece  and,  in  oom- 
bijMtion  with  plntci,  form  the  materinli  from  which  Urge  girder*  arc  built  up.  For  sroall 
beftms  much  as  floor  joists  H  iron  or  tee  iron  of  the  roquiaite  depth  and  sectional  ar«a  may 
hd  used.  Figs.  10.  i:^  are  sections  of  two  of  the  oomiaonc«t  forms  of  bntlt-up  ginlera. 
In  tbe  first  the  web  is  a  singln  plate  to  which  angle  imna  ani  rivettM  to  form  the  flanges, 
further  strength  beinx  obtained  by  an  addition&l  oovcriug  plate.  The  second  is  similar, 
but  Uie  web  conristfl  of  a  pair  of  plates,  a  form  known  as  a  "box  ben-m."  Fig.  11  is 
commonly  aaoit  in  ahipbiiilding  aa  a  deck  beam  or  otherwise  :  n  "  bnlb  iron  "  here  forms 
ftha  wab  and  lower  flange,  while  the  upper  tlangc  is  formed  by  a  pair  of  aii|^e  irana  u 
beforo.  Figs.  1^,  14  give  examples  of  girdera  of  more  oomplex  oonstrootioD  employed 
where  greater  strength  is  nocvasary :  one  flsogc  only  ^  afaowo  ia  section  in  each  case. 
For  further  details  tlie  rnuler  ia  referred  to  the  treariaw  by  Mr.  Hutchinson  and  Sir  E. 
Keecl,  dt«d  na  page  &S  and  above. 
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231.  Iniralttdor^  Remarks. — We  now  return  to  the  subject  of  Macbiiiea 
with  the  object  of  studying  those  machines  in  which  fluids  are  employed 
as  links  in  a  kinematic  chain  for  the  purpose  of  transmitting  energy,  or 
aa  a  means  by  which  energy  is  supplied,  stored,  or  converted. 

A  fluid  is  a  hwly  in  which  change  of  forai  is  produced  hy  the  action 
of  any  distorting  stress,  however  small,  if  aiifiicient  time  is  allowed.  In 
a  perfect  fluid  a  sensible  change  would  be  produced  by  a  stress  of 
sensible  magnitude  in  an  indefinitely  short  time,  but  in  all  actual  fluids 
a  time  is  required  which  is  inversely  as  the  stress — that  is,  the  stress  is 
proportional  to  the  rate  of  change.  This  property  of  fluids  is  called 
Viscosity,  and  is  rocjisured  by  a  co-efficient,  ns  will  be  seen  hereafler. 
The  YiBcosity  of  a  fluid  varies  greatly  in  different  fluids,  and,  in  the  same 
fluid,  is  dependent  on  the  tempeniturc.  At  high  tempera tui-es  it  is  much 
less  than  at  low  tcmperatm-cs.  The  viscosity  of  water  is  exceedingly 
small. 

Fluids  are  either  liquid  or  gaseous.  In  liquids  the  changes  of  volume 
are  in  general  small,  and  no  diminution  of  pressure  on  the  bounding 
surface  will  cause  their  volume  to  inci-ease  beyond  a  certain  limit 
Gases,  on  the  other  hand,  expand  indefinitely  as  the  external  pressure 
diminishes. 

Liquids  are  employed  in  machines  either  as  a  simple  link  in  a  kine- 
matic chain  tiiinsmitting  energy'  from  some  soiuce  independent  of  the 
liquid,  or  as  a  medium  by  means  of  which  the  force  of  gravity  exerts 
^n^rgy*  Such  machines  are  called  Hydraulic  Machines,  the  fluid  cm- 
ployed  being  in  most  cases  water.  On  the  other  hand,  gases  in  general 
serve  as  the  means  by  which  that  form  of  energy  which  we  call  Heat  is 
converted  into  mechanical  energy,  capable  of  being  utilized  for  any 
requiral  purpose.  They  may,  however,  also  be  employed  for  the 
rtoi-age  and  transmission  of  enei^. 
■  The  motions  of  fluids  may  be  studied  in  two  different  wa^%.    Iw  vVa 
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first  the  Principles  of  Work  and  MomeDtum  are  applied  to  the  whole 
naasa  of  fluid  ander  consideration,  or  to  portions  which,  though  smill. 
ore  yet  of  visible  magnitude ;  but  no  attempt  ia  made  to  conceive,  much 
leu  to  determine,  tliu  movements  of  the  smalleat  particles  of  which  tbe 
fluid  may  be  imagined  to  be  made  up.  This  method  may  be  described 
as  the  experimental  theory,  and,  as  applied  to  water,  forma  that  put  of 
the  subject  which  is  called  '*  Hydraulics."  It  is  based  directly  od 
experiment,  and  requires  continual  recourse  to  ex{)eriment,  just 
as  is  the  case  in  questions  relating  to  the  friction  of  solids.  Never- 
theless, being  continually  verified  by  the  large-scale  ex]>criments  of  the 
hydraulic  engineer,  its  results,  as  far  as  they  go,  are  as  certain  as  thou 
of  any  purely  experimental  subject.  On  the  other  hand,  an  attalytkal 
theory  has  been  constructed,  hy  means  of  which  the  motions  of  tinidi 
are  det^^rmined  directly  from  the  laws  of  motion,  without  refurence  to 
experience.  This  theory  is  usually  called  Hydrodynamics  in  treatises 
on  mechanics.  In  the  cases  in  which  it  is  applicable  it  completely 
determines  the  motion  of  all  particles  of  the  fluid,  and  not  merely  that 
of  the  fluid  as  a  whole. 

The  first  two  chapters  of  this  d insion  of  our  work  will  be  devoted  to 
Hydraulics  and  Hydraulic  Machines,  and  the  third  to  a  brief  discusuon 
of  the  various  applications  of  Elastic  Fluids.  The  transmission  and 
storage  of  mechanical  energy  by  elastic  fluids  is  often  considered  as  pari 
of  hyilraulics,  because  tlie  method  of  treatment  is  in  many  rf^pects 
similar.  In  this  treatise  it  will  be  called  "  Pueumatica"  The  relations 
between  heat  and  mechanical  energy  from  a  distinct  science  calkd 
"Thermodynamics,"  the  principles  of  which  will  only  be  referred  to 
when  absolutely  necessary. 
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the  water  in  a  reservoir  ia  above  suiToimdiug  objects,  a  Head  of  water 
is  said  to  oxist,  the  magDJiude  of  n'hich  is  incasurod,  relatively  to  auy 
point,  by  the  depth  (A)  of  tho  point  below  the  surface.  If  the  wat«r 
extend  to  this  {x>int  a  pressure  is  produced  there  which,  so  long  as  the 
,lrater  ia  at  reet^  u  given  in  lbs.  per  sq.  ft.  by  the  formula 

11  -  «A, 
whei-e  w  is  the  weight  of  a  cubic  foot  of  wator,  that  is  to  say,  about  62^ 
lbs.  for  freah  water,  or  64  lbs.  for  salt.     Since  tlie  above  formula  may 
be  written 


I. 
it  appears  that  a  pressure  may  be  measured  in  ti^rms  of  the  head  which 
Would  i>rodwi:e  it.  The  fluid  is  usiudly  water,  for  which  h  is  reckoned 
in  feet ;  and  1  lb.  per  sq.  inch  is  equivalent  to  2*3  feet  of  fresh,  or  3*^5 
feet  of  salt  wator.  For  some  purjioses,  however,  mercury  is  employed, 
in  which  case  the  unit  is  generally  I  inch.  One  inch  of  mercury  is  equi- 
^■valent  to  about  -49  lb.  per  sq.  inch,  that  ia,  to  a  head  of  I-l  feet  of  sea 
water,  or  1  1 35  of  fresh  water. 

If  the  surface  of  the  water  be  exposed  to  the  atmosphere,  the  pressure 
p  will  be  in  excess  of  the  atmospheric  pressure,  which  must  be  added  to 
obtain  the  absolute  pressure.  The  mean  value  of  the  atmospheric  prca- 
sure  is  14*7  lbs.  per  sq.  inch,  which  corresponds  to  a  head  of  about  33 
feet  for  salt,  or  34  feet  for  fresh  water. 

A  head  of  water  is  a  source  of  energy  which  may  be  employed  in 
doing  work  of  various  kinds,  or  in  simply  transferring  tho  water  from 
one, place  to  another.  Let  us  take  the  second  ca.se,  ath\  imagine  that, 
by  means  of  a  |>ipe,  channel,  or  passage  of  any  description,  the  water  is 
delivered  at  B  (Fig.  163),  while  at  the  same  lime,  by  a  stream  or  other- 
wiae,  the  surface  of  the  water  in  the  reservoir  is  kept  constantly  at  the 
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same  level  A  A,  so  bfa&t  the  head  h  remains  unchanged.  The  motion  ii 
then  described  as  Steady,  and  consists  simply  in  the  transfer  in  tmch 
aocond  of  a  certain  weight  of  water  from  the  stream  to  the  rvserTuir, 

Flff.lW. 


while  an  cqiial  weight  traverses  the  passage,  and  is  delivered  at  S,  the 
whole  mass  of  water  between  A  A  and  B  remaining  constantly  m  the 
same  condition.  The  delivery  at  B  may  bo  supposed  found  by  actual 
measurement;  it  is  usually  estimated  in  gallons  per  minnte  or  cubk 
feet  per  second,  as  to  which  it  need  only  be  remarked  that  the  gtllon 
weighs  10  lbs.,  so  that  a  cubic  foot  per  second  is  about  375  gallons  per 
minute.  For  largo  quantities,  however,  the  cubic  metre,  which  weiglu  , 
about  1  ton,  is  also  employed.  ^M 

On  delivery  the  water  is  moving  with  a  certain  velocity,  but  the  ™ 
definition  and  measurement  of  this  quantity  is  not  so  simple.  Wc  must 
now  supjjose  that  the  centre  of  gravity  of  the  water  delivered  in  some 
given  time  is  observed  and  its  velocity  noted.  This  velocity  will  be  : 
the  same  whatever  the  time  be,  and  will  be  a  measure  of  the  velocity  of  fl 
the  mass  of  watisr  considered  as  a  whole.  In  some  cases  ail  particles  of  ' 
the  water  may  be  moving  with  this  velocity,  but  in  general  this  is  not 
the  case  :  it  is  then  the  moan  velocity,  and  may  be  described  aa  th 
'*  Velocity  of  Delivery."  If  the  water  be  discharged  by  a  chanm 
which,  near  the  exit,  is  of  uniform  transverse  section  W,  this  vedoctiyj 
ma}'  also  be  defined  by  the  equation 

A     wA* 

where  Q  is  the  discharge  in  cubic  feet  per  second,  and  ff^the  weight  of 
this  quantity. 

The  energy  of  motion  of  the  water  may  now  be  separated  into  two  , 
parts,   one  external  and   the  other  internal  (Art.  13i,  page  250), 
which  the  first  is 

Energy  of  Translation  = , 

-^ 
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wBile  the  second  is  due  to  tho  motions  of  tho  pArticlos  of  water  amongst 
themselves,  and  will  l>e  further  considered  aa  we  proceed. 

The  whole  energy  of  motion  has  been  generated  by  the  exertion  of 
an  amount  of  energy  fV/i  due  to  the  descent  of  the  water  from  the  level 
A  A  to  the  level  H ;  and,  in  caBes  where  the  internal  energy  may  be 
^iieglecied,  we  have,  neglscting  also  friction^ 

I  s-'       ... 

^Brhere  k  the  head  is  meiuiured  to  the  centre  of  gravity  of  the  iaftuing 

^Ptratcr  (page  177). 

It  hu  been  hero  supposed  that  the  surface  of  the  water  in  the  reser- 
voir, and  after  delivery  at  li,  is  exposetl  to  the  utmoBphere,  but  this  is 
not  always  the  case.  8upposo  in  the  Ggurc  the  roservuir  filled  to  the 
level  CC  only,  but  that  the  pressure  on  tho  surface  has  any  value  p, 
infltcad  of  being  simply  that  of  the  atmosphere.  This  pressure  p  may 
be  produced  by  fiUtng  up  the  rcsor\'oir  to  the  level  A  A  whoro 


I         UP 


and  as  the  reservoir  is  supposed  large,  so  that  the  water  is  sensibly  at 
'  rest,  except  very  near  the  exit,  this  can  prodiice  no  change  in  the  motion, 
^M'hich  as  before  is  given  by 

In  other  words,  »n  addition  to  the  actual  head  r,  we  have  a  virtual 
head  pjiv,  due  to  the  ditfurence  of  pressure  ;>,  thus  giving  a  total 
head  A. 

Tho  jet  of  water  has  been  Bnp[iosed  to  iii.suc  into  the  iitmosptierc,  but 
the  natui'c  of  tho  medium  into  which  the  discharge  (akoa  place  has 
little  influence,  provided  its  pressure  be  duly  taken  into  account.  It 
has  been  proved  by  experiment  that  if  the  pressure  of  the  atmosphere 
be  artificially  increaacd  or  diminished,  the  velocity  is  given  by  the  same 
formula,  modified  as  explained  in  the  next  article.     This  is  also  true  if 

,e  efflux  take  place  into  a  vessel  of  water. 


K 


233-  Hi/drauiic  litsuftaita^i  in  General — The  actual  velocity  p*  with 
which  the  water  is  delivered  is  less  than  the  value  r  just  fnund,  because 
a  certain  part  of  the  available  energy  is  always  employed  in  overcoming 
certain  rosistAnces  of  the  nattire  of  friction,  the  origin  of  which  we  shall 
see  gradually  as  we  proceed.  They  are  measurctl  in  two  ways  :  (1)  by 
comparing  the  actiuii  velocity  of  delivery  with  that  due  to  tho  head  ; 
I)  by  considering  how  much  energy  is  employed  in  overcoming  them. 
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Id  the  lirat  method  we  have  only  to  introduce  a  co-efficient  c  given  Igr 

which  is  coJIed  the  Co-efficient  of  Velocity.     It  is  of  course  always  Um ' 
than  unity,  and  ite  value  is  found  by  experiment  in  each  special  cuc- 
In  the  second  we  write 

2/  

where  h'  is  the  "  losa  of  head  "  due  to  the  resistance.  The  vaine  of  V  i« 
most  conveniently  expressed  by  connecting  it  with  the  aeiual  velocity  K 
with  which  the  water  issues.  For  this  purjioso  we  replace  h  by  i 
and  V  by  v'jc^  and  thus  obtain 


Hl-%-^i 


where   F  \%  a.  new  co-efficient   called   the   Co-efficient   of  ReeisUfwdl 
connected  with  the  previous  one  by  the  equation 


It  is  found  by  experience  that  the  values  of  these  co-efficient«  depen 
mainly  on  the  tbmi  and  natui-c  of  the  bounding  surfaces  within  which 
the  water  moves,  and,  subject  to  proper  limitations,  not  on  the  pressursl 
or  velocity  of  the  water — a  fact  which  may  be  expressed  by  thai 
following  law  of  hydraulic  resistance  :  the  energy  hsl  &y  n^tatua  it 
a  jixed  muiiiple  of  the.  fjierffif  of  frwtiim  of  the  water.  This  multiple 
is  the  co-efficient  F  which  is  sometimes  fi^ctional,  but  is  ofVn  very 
large,  as  wo  shall  see  farther  on.  The  physical  meaning  of  this  law  will 
bo  seen  hereafter,  and  the  apparent  deviations  from  it  which  frequently 
occur  will  he  accounted  for 


flg.M- 


f^^l 


234:t Dincharye from  SnuiU  Orifice — Fig.  164  shows  a  vesHl  of  waterl 
discharging  through  a  circular  hole  in  the  bottom  which  is  flat     Tbt 
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bole  ia  small,  and  its  circumierence  is  chamforod  below  to  u  sharp  edge 
at  the  upper  Biirface. 

On  obscrring  tho  jet  of  water  which  isfiiies  wc  see  that  it  is  nearly 
lindrirail  but  of  diameter  less  than  the;  diameter  of  the  hole.  The 
contraction  is  complete,  so  far  as  can  be  judged  by  the  eye,  at  a  distance 
of  di"2  from  the  vessel ;  and  by  measurement  is  foiuid  to  be  in  the 
ratio  4  :  5,  that  is,  the  sectional  ai-ea  of  tho  jet  is  to  the  sectional  area  of 
the  hole  in  the  ratio  16  :  26. 

If  the  hole  be  made  in  the  vertical  side  of  the  vcsbcI  a  contracted  jet 
issues  in  the  same  way,  but  under  the  action  of  gravity  it  forms  a  curve 
which  is  very  approximately  parabolic  in  form,  each  particle  moving 
nearly  in  the  same  way  as  a  projectile  in  vacim.  This  enables  «b  to  find 
the  velocity  of  the  efflux  {v')  by  observing  u  point  through  which  the 
jet  {msses,  and  we  thus  obtain  experimentally  the  value  of  the 
co-efficient  c,  which  appears  to  be  about  97.  The  discharge  is  now 
given  by  tho  formula 


^th( 

■th< 


where  j4^  A  ore  the  contracted  and  actual  areas  of  the  orifice,  and  k  is 
their  ratio  which  is  a  fraction  called  tho  Co-cfficicnt  of  Contraction. 
The  discharge  thereforo  depends  on  the  product  of  the  two  co-efiicients 
€  and  kf  which  may  be  replaced  by 

quantity  called  the  Co  efficient  of  Discharge. 

The  value  of  C  can  also  be  determined  by  direct  measurement  of  the 
liacharge,  an  obeer\'ation  which  can  be  made  with  much  f^reatcr 
accuracy  than  those  of  contraction  apftd  velocity  on  which  it  depends. 
In  the  present  case  it  is  fouufj  t-o  be  (52,  agreeing  well  with  the  product 
'97  X  '64  of  the  values  given  above. 

With  other  forms  of  orifice  the  same  co  efficients  are  used,  but  their 
numerical  values  are  quite  different.  In  tho  figure  two  cases  are 
represented  :  on  the  right  side  of  the  vessel  the  water  issues  through  a 
short  pijic  tho  entrance  to  which  from  the  vessel  is  square-edged  ;  on 
the  left  a  similar  pipe  is  employed  but  it  projects  inwards  instead  of 

twards.  ^\^len  the  pii>e  projects  outwards  the  water  is  found  to 
issue  in  a  jet  the  full  diameter  of  the  ]>ii>e,  that  is,  k  is  unity  :  while,  on 
the  other  hand,  the  velocity  ia  much  diminished,  the  viduo  of  c  being 
only  '816.  When  it  projecta  inwards  the  jet  contracts  greatly,  the 
value  of  i'  being  -5  while  the  velocity  is  about  the  same  as  in  a  simple 
orifice.  Thus  C  instead  of  being  '62  is  -815  and  '5  in  the  two  caaes. 
of  these  remarkable  diflorcnces  will  be  seen  hereafter,  the 


^^onnce.     ini 
^■The  causes  • 


410 


HYDKAULICS. 


[fan* 


FtK.103. 


resulta  are  only  given  here  to  illustrate  the  moaning  of  the  co-elScseiilt 
under  consideration.* 

235.  htmmplde   Cuntractum. — The   contraction   of  the   i«8ning ' 
depends  on  the  average  angle  at  which  the  moving  particles  conv 
towards  the  orifice  before  reaching  it,  and  this  is  the  reason  why  it  is  lo 

great  in  the  case  of  a  short  (lipe 
projecting  inwards.  If  the  cir- 
cumstances be  such  that  Uu 
~^  convorgonco  is  small  the  oon- 
tniction  diminishes.  Fig.  16fi 
shows  a  pipe  of  aome  fits 
through  an  orifice  in  the  flat  end  yili  of  which  water  is  Iwing  forced, 
issuing  into  the  atmosphere.  The  coefficient  I-  is  found  to  depend  on  the 
proportion  which  the  area  of  the  original  orifice  A  boors  to  that  of  th« 
pipe  S,  l>ecause  the  smaller  .S^  is,  the  less  is  the  angle  of  the  conTergenoe.j 
This  has  been  expressed  by  au  empirical  formula  due  to  Raulune  wli 
may  bo  written 


i=v^ 


2-618 -1-618:^*, 


which  will  be  found  to  give  f:  =  "618  when  S  is  infinite,  as  is  neariy  1 
case  fur  a  simplo  orifice  aa  oxplainc<)  above,  wKile  for  smaller  values  i 
increases,  becoming  unity  as  it  should  when  8  =  ^, 

In  a  similar  w;(y  if  an  orifice  be  near  a  oomer  of  the  vessel  the  cou- 
truction  will  be  diminished.     In  these  cases  the  contmction  is  usuaUj  ^ 
described  as  "  incomplete."  fl 

236.  Discharge  from  Large  Orifieet  in  a  Veriical  Plane. — When  the 
orifices  are  large,  compared  with  the  head  and  the  vessel  firom  which, 
the  discharge  takes  place,  the  (|U08tion  is  more  coraplicaieiL 

If  the  plane  of  the  orifice  be  vertical  the  velocities  of  the  sevetul  pauv] 
of  the  fluid  are  not  the  same  as  is  the  cum,  bo  far  as  can  be  judged  bjr 
the  eye,  wben  the  orifice  is  small.  On  the  contrary  the  velocity  of 
that  iHtrt  of  the  stream  which  issues  from  the  lower  port  of  the  orifice  is 
visibly  greater  than  that  proceeding  from  the  upper  jinrt.  Hence  it 
follows  that  the  centre  of  gravity  of  the  fluid  issuing  in  a  given  time,  to 
which  the  head  is  mejisured,  is  not  on  the  same  level  as  the  centre  of 
gravity  of  the  contracted  section,  but  lies  below  it.  The  corresponding 
point  on  the  section  may  be  described  as  the  Centre  of  Energy.  Also 
the  internal  energy  of  motion  of  the  jet  is  of  sensible  magnitude  and 
cannot  be  neglected. 

*  Rwlvra  to  whom  Ui«  Mibjoct  In  now  Mre  recommctided  to  |im>  at  onoe  to  Art 
Sit, IL  417. 
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B7  nippOBBg  that  OMb  put  flows  independently  of  felio  rest  the  diiobkiie  c*d  b« 
found  for  an  orifice  of  &ny  ibEpe.  For  «xunpt«,  take 
the  caac  of  a  rectaoguUr  oriAoc  ABCD  (Fig.  ICO)  from 
which  mtor  U  being  ilijohftrg«d  from  ft  reMrvoir,  the 
level  from  which  the  heed  ii  measured  beios  LL.  The 
Jet  eoDtncU  on  etAux,  uid  the  coiitrBcti.Hl  «ectioa  may 
he  rappoeed  reoteo^Ur.  Tbo  poRitioa  knd  dimeorioiu 
of  thk  •eotJoQ  it  wit]  be  aocesMxy  to  atippoee  kuowii 
by  experiment ;  kt  it*  hreedth  be  6,  and  t«t  iti  upper 
and  lower  ridei  be  at  dppthi  Fj,  K,  below  LL.  Divide 
the  eree  into  atriio,  uid  consider  tsij  uuc  at  dopth  y,  ~ 

then  tho  Telocity  will  be  giTen  by  the  formula  (negleetiDg  friction), 

The  ({uantity  diMhnrged  per  aooond  will  be  given  by 


^11 


J  r.  .'  r. 


whioh  by  integration  gives 

whioh  determloen  the  diMibATge. 
The  energy  of  motion  of  the  water  (tUchurge  per  eeoood  wtll  be 


K 


.1 


r.*l- 


which  by  integration  giTci 

By  dividing  1/  by  v<^  w«  g«t  the  depth  of  the  centre  of  gravity  of  the  Quid  diMharged 
per  leeond  bolow  LI^  that  ii  to  luy,  tho  bead  h  is  given  by  the  formula 

The  voloolty  of  delivery  ie 


r-^'^^2,.h    y,_r, 


and  the  energy  of  tranilation  on  delivery  it 

^'      2i,    ' 

i|uantity  lew  than  the  whole  energy  wQ/i  by  the  energy  duo  to  internal  motioBi.      A 
raon  (netfaud  of  treAtiog  the  queetion  is  to  meamic  the  head  to  the  centre  of  the 
•eotion  and  then  employ  the  fomiula 

with  a  proper  eo^effieient  of  dlMhargc.  Thl*  method  is  not  exact,  for  it  undereitinuitea 
both  the  hciad  anil  the  energy  of  motion  of  the  water  ;  but  its  error)  inrtially  coniptMtaate 
one  another,  and  it*  result*  are  made  to  agree  approilmately  with  ex]>crimeDt  by  the 
employment  of  a  variable  oo-efBoieat.  To  apply  tho  exact  fgnnula:  it  ia  oeoeaaaiy  to 
know  tlie  dimBnuons  and  poaition  of  the  contracted  BActioit  for  whioh  tho  oxlitting  ex- 
perimmtal  data  are  InsuGRciont.  For  further  particulam  on  this  Buhjcet,  tho  reader  ia 
referred  to  Professor  Unwio's  work  cited  at  the  end  of  thl*  chapter. 


Againi  if  the  dimenfiiotis  of  the  orifice  be  not  amal)  compared  with  the 
Burfoce  of  tbo  water  in  tho  voeso)  from  which  the  discharge  takes  place, 
this  surface  will  sink  with  a  velocity  l^  which  is  of  sensible  magnitude. 
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If  the  area  of  the  ftur&co  be  S  and  that  of  tho  contracted  sectioa  J^ 
discharge  will  be 

an  equation  whirh  det«rminGg  F.  The  wat«r  will  now  have  a  velocity 
^before  doficending  through  the  height  h,  and  the  equation  of  energy 
is  therefore. 

This  may  be  written  if  we  please 

^-^-^ 

showing  that  in  addition  to  the  actual  head  k  we  must  considi 
riitital  head  /'-/ai/due  to  the  initial  velocity  of  the  water.      In  maar 
hydraulic  questions  it  is  inconvenient  or  impossible  to  nic:tsuro  thebcaii 
from  still  water.     It  la  then  measured  from  some  point  where  the  wai 
18  approaching  the  orifice  with  a  velocity  redetermined  by  observ&ti 
The  actual  head  k  must  then  be  increased  by  the  height  due  to 
velocity. 


237.  Head  rtlativtly  to  Motfing  Orifites. — The  passages  through  whi< 
the  water  is  moving  may  be  attached  to  a  ahii\  locomotive,  or  oti 
moving  stnicture,  in  which  case  the  velocity  m»i9t  be  reckoned  relatively 
to  the  structure,  and  the  height  duo  to  the  velocity  miist  be  reckoned 
as  part  of  the  head.  If  for  example  in  the  bow  of  a  vessel  moving 
through  the  water  with  velocity  F  an  orifice  be  opened  at  the  sur&ce 
level,  the  water  will  enter  through  it,  and  if  unact^l  on  will  move  within 
the  vessel  with  velocity  /'  and  will  possess  relatively  to  the  vessel  the 
energy  F'/2j?  per  unit  of  weight.  If  it  be  acted  on  during  entrance 
the  head  duo  to  any  difference  of  level  or  pressure,  so  that  its  vcloci' 
is  changed  from  Kto  t,  the  corresponding  change  of  energy  will  mi 
the  work  which  is  done,  and  therefore  the  equation  r--  V  -  2gh  applii 
as  before. 


isel  tbe 
tnce  fa^H 
rcloci^^l 
□easui^l 
applie^^ 

I 


238.  Stfddt/  Fhiv  through  Pipes.     Cotisenaftott  of  AVer^^.  —  Fig.  1 
represents  a  vessel  of  water  discharging  through  a  large  pipe,  the  secti 
of  which  varies  according  to  any  law.     If  the  pipe  "runs  full,"  that  is, 
if  it  be  always  completely  filled  with  water,  tho  discharge  is  . 

where  w„  Uj  are  the  velocities  through  two  sections  the  areas  of  which 
arc  A^,  A^.  Hence  the  velocity  is  always  inversely  as  the  sectional  area, 
and  in  an  ordinary  pipe  in  which  the  section  is  uniform  must  bo  the 
same  throughout.     Let  the  pressures  be  y^,  p^  and  the  actual  head,  that 


^ 
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is  to  B8J-.  the  depiha  below  the  «»ter  ■ui&«  CC^k^k^thmh  tppmn 
from  Art.  232  that  "* 

whenpt  ia  the  preasore  on  the  sarface  CC. 
Tate  now  aome  convenient  Une  i>i>  at  »  dcfAfa  2  bdow  tli*  water 


l«B 
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L 


K 


i*» 


aurfece  C'C,  and  let  «,,  s,  be  the  elevation  of  the  wction  above  thie  datimi 
level  so  that 

then  the  above  cquationB  may  be  written 

2j;     w       '  w      2y    IT     ^ 

This  result  bIiuws  that  if  u»  p.  «  be  the  velocity,  preaaare,  and  elevation 
for  any  section  of  the  pipe, 

!L +?.  +  J = Conatant. 

Each  of  the  terms  of  this  equation  reprcaenu  a  particular  kind  of  energy : 
the  first  is  energy  of  motion,  tlie  third  energy  of  position,  the  second  is 
energy  due  to  pressure,  the  origin  of  which  will  be  further  explained  in 
the  next  chapter.  The  e(|uation  therefore  shows  that  the  total  energy 
of  the  water  remains  conatunt  as  it  travei-ses  the  pipe,  and  is  accordiDgly 
the  algebraical  expression  of  the  Principle  of  the  Conservation  of 
Energy.  It  supposes  that  no  energy'  is  lost  by  frictional  resistances,  and 
that  any  change  in  tlte  internal  motions  of  the  particles  amongst  them- 
selves may  be  disregarded.  The  word  **head,"  the  origin  of  which  wo 
have  already  seen,  is  frequently  employed  for  the  energy  per  unit  of 
weight.  (See  Appendix.) 
■       An  important  consequence  of  this  principle  is  that  where  the  sectional 
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area  of  the  pipe  U  least,  and  consequently  t3i«  velocity  gresteett  that 
the  i)re8surc  is  least  Hence  it  follows  that  tbe  velocity  carinot  cicwl 
a  certain  limiting  value  w,  found  by  putting  ;?  =  0.  At  an  elcvatiott : 
above  datum  level 


K 


tt^  =  ip(Z-z- 


At  a  greater  velocity  a  neg:ativo  pressure  would  be  required  to  ] 

the  continuity  of  the  fluid  mass,  and  under  these  circuni stances  the  wAter 

breaks  up  with  consequences  to  be  hereafter  considered. 

It  further  appears  that  water  can  flow  through    a  closed  pasu^ 
against  a  difference  of  pressure,  provided  the  area  of  tbe  passage  vaiy  toM 
as  to  permit  a  corresponding  reduction  of  velocity.     An  example  of  Uua  V 
occni-s  in  the  cose  of  the  discharge  through  a  trumpet-ehaped  mouth- 
piece.    In  Fig.  168  water  ent^^rs  from  a  vessel  at  A'A*  an  orifice  proWded  i 
Piff.ifla.  with  a  mouthpiece,  which  first  contracts  to  /*i'» 

and  then  expands  to  £A'  where  the  jet  eoten  the] 
atmosphere.     The  presaiu-e  at  KE  ia  that  of  tbe  I 
atmosphere,  and  therefore  at  DI)  is  less  than  thal^ 
of  the  atmosphere,  that  is,  less  than  it  would  be  if 
the  trumpet  were  cut  off  at  the  neck.     Hence  the  discharge  is  incresMd 
by  the  addition  of  the  expanded  poi-tion.     If  the  water  issned  intoi 
vacuum  the  jet  would  not  expand  to  All  the  wide  mouth  of  the  tnimjtet, 
which  would  not  in  that  case  have  any  influence  on  the  discharge.    Tlic 
increased  discharge  and  partial  vacuum  at  JJD  have  been  verified  b)* 
experiment. 


239.  Distributim  of  Energy  in  an  Vndiisturhed  Stream.  FaiK\ 
Motion. — If  the  reservoir  in  the  last  article  be  imagined  to  lui^ya 
stream  running  in  a  channel  of  any  sizo  either  closed  or  open,  llutt  ; 
Btream,  if  undisturbed  by  any  of  the  causes  ueutionod  hereafter,  WMJ 
be  supposed  ma*Je  up  of  an  indefinite  number  of  elementary  streaiD*, 
each  of  which  moves  as  it  would  do  in  a  closed  pipe,  as  just  described^ 
without  in  any  way  intermingling  with  the  rest  The  forms  of  tbese 
ideal  pipes  depend  solely  on  the  form  of  the  channel  in  which  the  streiffl 
is  conflned.     The  equation 

applies  to  the  motion  in  every  pipe,  and  from  it  we  may  dmw  two  im- 
portant conclusions.     In  the  first  place,  it  may  be  written  io  the  fomi 

IP  3y  ' 
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and  theroToro,  Ifif  prfssure  at  any  point  is  less  than  if  the  Koter  teere  at  rest 
fry  tht  heifjhi  dut  to  M«  velocity  at  Otat  jnAni.  Again,  tbo  equation  inter- 
preted as  in  the  lost  article  shows  tliat  tho  eiierg}'  of  all  [tarta  of  the 
fliiid  ia  the  same,  or,  as  we  may  otherwise  express  it,  the  ennj/y  of  the 

id  is  uniformly  di^ributed. 

From  either  way  of  stating  the  result  it  appeai-s  that  the  pressure  is 
greatest  where  tlie  velocity  ia  least,  and  conversely.  Now,  if  the  water 
move  in  ciiT\'ed  lines  in  a  horizontal  plane,  eacli  particle  of  water  is  at 
the  instant  moving  in  a  circle,  and  to  balance  its  centrifugal  force  (Art. 
1 32)  the  pressure  on  its  outer  surface  must  bo  gn^ater  than  that  on  its 
inner.  It  follows  therefore  that,  if  a  channel  is  curved  so  as  to  alter  tho 
irection  of  the  stream,  the  pressure  increases  as  we  go  froin  the  inner 
ide  uf  the  channel  tu  the  outer ;  while,  on  the  other  hand,  the  velocity 

greatest  at  tho  inner  side  and  least  at  the  outer.  The  change  ia  the 
,tcr  the  sharper  the  bend,  for  the  centrifugal  force  is  greater.  In 
channels  the  change  at  the  surface  where  the  pressure  is  constant 
18  in  elevation  Luetcad  of  in  pressure. 

The  magnitude  of  the  change  c^n  be  calculated  in  certain  cases  (sec 
Appendix),  of  which  we  can  only  here  consider  one  which  is  of  8[)eciai 
importance.  If  the  particles  of  water  describe  circles  about  a  common 
vortical  axis,  the  elementary  streams  will  form  uniform  rings,  the 
centrifugal  force  of  which  can  he  calculated  as  in  Art  145,  p.  264. 
The  resultant  force  on  the  half  ring  is — employing  tho  notation  of  the 
article  cited — given  by 


™!rhiB 


2^.^'. 


I  is  balanced  by  an  excess  preseiiro  on  the  out«r  surface  of  the  half 
ring,  and  if  that  excess  be  Ap  the  corresponding  resultant  force  is 

K> .  2r,  as  shown  on  p.  278.     Equating  this  to  I* 
icl 


Ap- 


,^ .  d. .  yt. 


M 


ring  is  supposed  of  breadth  unity,  and  for  A  we  may  write  the 
lickness  of  the  ring,  which  may  be  called  ir.     Dividing  by  this,  and 
iroceodtng  to  tho  limit 

dp^te     r« 
dr     ff"P 

an  equation  from  which  the  pressure  can  be  found  if  the  law  of  velocity 
be  given.  If  the  Huid  rotated  about  the  axis  like  a  solid  mass,  F  would 
vary  as  r;  but  the  case  now  to  be  examined  is  that  in  which  F  varies 
inversely  as  r,  as  expressed  by  the  equation 

fr- Constant  =  ^-. 
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Substitute  and  integrate,  then  replacing  I  by  Fr,  it  will  be  foand  that 

w     2g     w      2^'  ^ 

where  the  suffix  refers  to  a  givon  point  where  the  prcamtre  is^,  utA  the 
velocity  F^.  This  resuit  shows  that  the  energy  is  imilbrmly  distnbutcd, 
and  we  infer  that  if  the  direction  of  a  mo\ing  current  is  changed  » 
that  the  particles  of  water  deacrilje  concentric  circles,  the  velocity 
varies  inversely  as  the  distance  irom  the  centre. 

A  mass  of  rotating  flnid  is  called  a  "vortex,"  and  in  the  case  jnifc 
considcrod  the  vortex  is  described  as  "  free,"  bocanse  the  motion  is  that 
which  is  naturally  produced  (comp.  Art.  264).  A  froe  vortex  ii 
necessarily  hollow,  for  to  bold  the  water  together  a  negative  preasure 
would  be  required  near  the  axis  of  rotation,  but  the  hollow  may  be 
filled  up  by  water  moving  according  to  a  diflei'cut  law. 

240.  fxscositif. — WTien  the  motion  of  a  mass  of  water  is  free  from 
Buddon  changes  of  direction,  loss  of  energ)'  taJces  place  onlj*  througb 
the  direct  action  of  viscosity,  a  property  of  fluids  which  it  will  now  he 
necessary  briefly  to  consider.  In  Fig.  154,  p,  371,  a  block  of  plastic 
material  is  represented,  and  it  was  explained  that  to  produce  change  of 
form  a  ceitain  difference  of  pressure  was  netossary,  dci>ending  on  th« 
hardness  of  the  material.  In  a  fluid  a  similar  diflerence  of  preasure  ii 
necessary  to  produce  a  change  of  form  at  a  ffinn  rate^  and  the  nugni- 
tudo  of  the  difference  is  proportionate  to  the  rate.  If  u  be  tho  rate  al 
which  the  height  of  the  block  is  diminishing  and  the  breadth  increaaii^ 
each  reckoned  per  unit  of  dimension,  the  thickness  remaining  constantt 

^-2-^u, 
where  c  is  a  co-efficient  called  the  "co-efficient  of  viscoeity,"    Or  to 
express  the  same  thing  differently,  if  w  be  the  raU  at  which  a  small 
rectangular  portion  of  the  fluid  is  distorting,  as  in  Figure  HO,  p,  325,  ^ 
the  corresponding  distorting  stress^ 

Hence,  when  a  fluid  moves,  any  change  of  form  requires  an  amount  of 
work  to  bo  done  which  is  proportionate  to  the  speed  at  which  tho 
change  takes  place.  In  a  free  vortex  the  rate  of  distortion  is  twice  the 
angular  velocity  of  the  particles  round  the  axis,  and  varies  invonely  •■ 
the  square  of  the  distance ;  the  changes  of  shape  are  therefore  veij 
rapid  near  the  centre,  and  onerg)'  is  consequently  dissipated  much  mora  J 
rapidly  than  in  the  stream  from  which  tho  vortex  is  produced.  ^ 

In  the  case  of  water  the  viscosity  is  so  small  that  such  changM  of 
form  as  occur  in  an  undisturbed  stream  are  not  rapid  enough  to  absorb 
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any  large  ttmount  of  energy.  For  example,  in  the  discharge  from 
orifices  in  a  thin  plate  the  loss  of  heurl  is  only  5  or  6  per  cent.  It  is 
only  when  the  water  is  disturbed  by  the  neighbourhood  of  a  rough 
surface  over  which  it  raovcs,  or  otherwise,  that  large  quantities  of 
energy  are  diesipnted  and  fictional  resistances  of  great  magnitude 
produced. 


n. 


241.  Surfficf  FridwH  in  General. — We  now  proceed  to  study  experi- 
entally  some  of  the  more  im[X)rtanl  causes  of  bydiiiulic  resistance. 

Fig.  169  fthows  a  thin  flat  plate  Ali  with  sharp  edges  completely 
immersed   in  the  water.     The   plate   is  Flg^.iw. 

moving  edgeways  through  the  water  with 
velocity  y,  then  a  certain  resistwnce  H  is 
experienced  which  must  be  overcome  by 
an  external  force.  This  resistance  conststi' 
iu  a  tangential  action  between  the  plate  und  the  water,  and  so  fftr  is 
analogouB  to  the-  friction  between  solid  sm-faces  but  it  follows  quite 
jifferent  laws,  which  may  be  stated  as  follows  : — 

(1)  The  friction  is  iiideiwndent  of  the  pressure  on  the  plate. 

(2)  It  varies  as  the  area  of  the  surface  in  contact  with  the  water. 

(3)  It  varies  as  the  square  of  the  velocity. 
;  laws  arc  expressed  by  the  formula 

hw*  /  is  a  coefficient  which,  as  in  the  friction  of  solid  surfaces,  is 
as  the  "co-efficient  of  friction."  The  value  of  this  coefficient 
lepends  on  the  degree  of  smoothness  of  the  plate.  Thus,  for  example, 
in  some  exiwriineiits,  to  be  destribod  presently,  on  thin  boards  moTi-ing 
through  water  it  was  found  th.it  the  coefficient  was  '004  for  a  clean 
varnished  siuface,  and  009  for  a  surface  resembling  medium  sand 
paper,  the  uniu  being  [.K>uiid3,  feet,  and  seconds. 

There  are  certflin  limitations  to  the  tnith  of  these  laws,  as  in  the 
case  of  solid  surfaces.  In  the  firet  place,  if  the  velocity  bo  below  a 
certain  limit  the  water  atlheres  to  the  surface,  and  itJi  velocity  relatively 
lo  the  aiuface  is  some  continuous  function  of  the  distance  from  the  sur- 
face 80  that  the  stream  does  not  break  up.  This  will  be  fiu-ther 
referre<l  to  hei-eaftcr;  for  the  preaent  it  is  sufficient  to  say  that  the 
reaistaince  then  follows  an  entirely  dilfcrcnt  law,  varying  nearly  as  the 
velocity  insteiul  of  the  (velocity)-.  The  limiting  velocity,  however,  at 
which  this  is  sensibly  the  case  is  so  low  that  in  most  practical  applica- 
tions the  effect  may  bo  disregarded.  In  the  second  place,  it  is  supposed 
that  the  water  glides  over  all  parts  of  the  surface,  with  the  same 
velocity  J  liUt  if  the  surface  he  any  considerable  length  the  friction  of 
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the  front  ]wrtion  of  the  Biuface  on  the  water  furnishes  a  force  whkh 
drags  the  water  font-ard  along  with  the  surface  and  so  diminishei  the 
velocity  with  which  it  moves  over  the  rear  portion.  The  frirtion  u 
thus  diminished,  und  iu  large  suifaves  very  considcnibly  dtnunuhal 
Thus  Mr.  Froude  experimenting  on  a  sur&ee  4  feet  long,  moving  at  1Q 
feet  per  second,  found  the  value  of  /  given  above,  but  when  the  L 
was  20  feet  imd  upwnnls,  those  values  wltl*  diminished  to  i)025  and' 
-005  respeetively.  Increasing  the  length  beyond  a  certain  amount 
produces  very  little  change,  ami  within  a  certain  limiting  length  lii« 
elfcct  is  insensible.  These  limits  nuist  depend  on  the  Bpced^  but  do 
exact  observations  have  been  made  on  this  point.  The  power  of  tb« 
speed  to  irhich  the  friction  in  proportional  has,  however,  been  found  la 
be  diminished  on  long  smooth  surfaces,  as  shown  below.  Tbu  skin 
friction  of  vessels  on  which,  iis  we  shall  see  hereafter,  the  reeifttanoe 
chietiy  depends  at  low  speeds,  is  much  diminished  by  the  effect  of  leogtiL 
Ex|>eriments  on  surface  friction  were  made  by  Colonel  Bfianlfagr. 
Tbey  formed  part  of  an  elaborate  aeries  of  cxpenmsnts  on  the  restt- 
auce  of  bodies  moving  through  water,  carried  out  dtuing  many  yean  io  _ 
the  Greenland  Dock,  Deptfottl.     Beaufoy  employed  the  formula  ■ 

/(=/.  Ar- 
te represent  hie  result;:,  and  for  the  index  n  obtained  the  values  I  "66, 
1*71,  1*9  in  three  series  of  experiments.  The  standard  cxperimonta  on 
the  subject  are  however  due  to  the  late  Mr.  Froude  :  they  were  nuido 
on  boards  •^%  inch  thick,  19  inches  deep,  towetl  o<lgcway8  Lhrough  the 
vator.  The  boards  were  coated  with  various  subetanoes  so  us  to  fom 
the  surface  to  be  cxperiniente<[  on. 

The  following  table  gives  a  general  statement  of  Fronde's  results 
In  all  the  experiments  in  this  table,  the  boards  hod  a  tine  cutwater  ud 
a  tine  stern  end  or  run,  so  that  the  resistance  was  entirely  due  to  the 
Biu'face.  The  table  gives  the  resistances  per  square  foot  in  pounds,  at 
the  standard  speed  of  600  feet  jwr  minute,  and  the  power  of  the  epenl 
to  which  the  frictiun  is  projiortional,  ho  that  the  resistance  at  uthur 
speeds  is  easily  culctdated. 


I 
I 


1 

T.mgUi  of  aut^MO,  «r  DbUnce  (roa  CutWKUr.  la  ftat.                  ( 

iNftture  of  ISmtaec, 

a  fwL 

«  /Mt. 

WPML 

80  roM.      , 

1 

A     1    R 

c 

A    1    B 

0 

A 

U 

C 
■344) 

A 

B 

V 

'  Vu-ninb, 

2  00-41 

■»» 

I«sl  -325 

•va 

IKS 

•278 

l-8» 

-wn 

1«t 

PtUBffin,    • 

l-Wi     •:« 

•aro 

I1»4    *8H 

•nw 

ii«;t 

-m 

-£?7 

Tinfoil,      .      - 

•210 

-JO 

1W6 

It»  i  -I7H 

-xs 

liiO 

■2^2 

-244 

IM 

■246 

-wl 

l^lico, 

1*93 

■KT 

■7»i 

1-02    -KW 

■»n 

I'M) 

■JWI 

■447  i  1-87 

•474    MS 

Fuio  i^iiiiJ, 

2-00 

■»1 

•eao 

2-00    -Wif     -150 

2-00 

■iW 

•:W4  ,2-06 

•405    ^i; 

Mediam  Saod, 

U-00 

•DO 

■7S0 

sw  tss  1  -im 

•2-UO 

'to* 

■465    2-OD 

•4fi«|  ■4M 

CottTM  Saud,  - 

S-00 

no 

itw) 

2*00    T14  1  *5S0 

2W 

■Wi 

•490     - 

CB.  XIX.  ART.  842. 


Colamns  A  give  the  powor  of  the  speed  to  which  the  resistance  is 
approximatoly  proportional. 

Columns  B  give  the  mean  resistance  per  square  foot  of  the  whole 
^muhee  of  a  board  of  the  lengths  stated  in  the  table. 
^B  Columns  C  gire  the  resistance  in  [loiinds  of  a  square  foot  of  surface  at 
^^^0  distance  stcmward  from  the  cutwater  stated  in  the  heading. 
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242.  Surfa/x  Friciion  of  Pipes. — When  water  moves  through  a  piyte 
le  friction  of  the  internal  surface  causes  a  great  resistance  to  the  flow, 
(^g.  170  shows  a  pipe  of  unifoim  tntn8vei*8e  section  (not  necessarily 
circular)  provided  with  two  pistons,  ^Ji,  J'B",  at  a  distance  x,  enclos- 
ing between  them  a  mass  of 

water.     The  pistons  and   in-    

eluded    water   move    forward 

together     with      velocity      v        .   

under  the   action   of  a   force  °  ^' 

li^  required  oti  account  of  the  friction  of  the  pistonaand  of  the  water  on 

the  pipe.     Omitting  piston  friction  the  force  H  will  be  given  by 

whore  A'  is  the  wetted  surface  and  s  the  perimeter. 

If  wc  imagine  the  pipe  full  of  water  moving  through  it  with  velocity 
r,  the  force  H  is  supplied  by  the  diflerence  of  the  pressures  p,  p  on  the 
pistons,  and,  therefore,  if  .^  be  the  sectional  area 

The  quantity  Ajs  may  be  replaced  by  m  and  is  described  as  the 
"hydraulic  mean  depth  "  of  the  pijw,  a  term  derived  from  the  case  of 
an  open  channel  to  be  considered  herenflor.  In  the  ordinary  case  of  a 
cylindrical  pipe  w-  \iL  Further,  we  may  reduce  the  pressures  to  feet 
of  water  by  dividing  by  w,  and  thus  obtain  for  the  dillorence  of  pres- 
mre  h' 


h=f. 


z   V- 
m' 


w  m'  2g* 


bere/*  is  a  co-efficient  connected  with  /  by  the  equation 


/=/. 


2? 


lie  value  of  tr,  the  weight  of  a  cubic  foot  of  water,  differs  so  little 
from  '2g  that  it  is  unncceBsary,  for  our  present  purpose  (Art.  283),  to 
distinguish  between  /  and  /',  especially  as  the  value  of  /  is  always 
determined  by  special  cxi>eriment  on  pipes. 

This  formula  for  the  head  necessary  to  overcome  surface  friction  is 
continually  in  use.     The  formula  gives  directly  the  head  necessary  for 
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a  length  x  of  the  pipe,  wlien  the  water,  by  being  enclosed  bet»«eB 
pistons,  is  constrained  to  move  over  the  surface  with  a  given  velocity :  j 
when  the  pistons  are  removed  and  the  water  flows  freely  it  rcpresenu 
the  facts  very  imperfectly.  The  central  |)art8  of  the  steam  moT« 
quicker  than  the  pai*ls  in  immediate  contact  with  the  pipe,  and  heudo* 
though  the  circumstances  iire  different,  we  cannot  be  sure  that  tb»j 
velocity  over  the  iiitermil  surface  is  not  affected  in  the  same  way  uir^ 
the  case  of  a  moving  surface.  The  value  of  /  has  therefore  to  be 
obtained  by  special  exporimctit,  and  the  result  of  such  experiments  ai» 
by  no  means  always  in  accordance  with  each  other.  It  is  found,  how- 
over,  that  /  lies  l>etween  the  limits  '00ft  and  -Ol  ac<:ording  to  ih« 
condition  of  the  internal  siuface,  and  paitly  also  on  the  diameter  tud 
velocity,  the  value  being  greater  in  small  pijws  than  large  ones^  and  »i 
low  velocities  than  high  ones.  For  the  present  we  assume  -0075  w 
roughly  representing  the  facts  when  there  is  no  special  canse  for 
increased  resistance.  For  a  pipe  of  circidar  section,  length  /,  we  han: 
therefore 

•'   A    2g 
where  for  4/  we  commonly  assume  the  value  *03. 

243.  Discharge  of  Pipti.- — The  velocity  r  is  the  actual  velocity  witfcj 
which  the  water  moves,  so  that  i'^'2ij  is  the  energy  of  motion  of  fi»dl| 
|xmnd  of  the  water.  The  loss  of  energy  by  friction  is  the  same  as  thaCl 
of  raising  the  water  through  a  height  h',  and  is  therefore  equal  to  ti*l 
energy  of  motion  when 

^  =.  i-  B  33  nearly, 

that  is,  a  length  of  pipe  equal  to  33  diameters  absorbs  an  amomit  of 
energy  equivalent  to  the  whole  energy  of  motion  of  the  water.  In  ptpM 
of  any  length,  therefore,  the  effect  of  friction  is  very  great>  so  much  u 
that  the  size  of  a  pipe  is  principally  fixed  by  the  lose  of  head  which  an 
be  peiinitted.  It  is  easily  seen  that  to  deliver  water  with  a  given 
velocity  the  loss  varies  inversely  as  the  diameter,  and  that  to  delim*  s 
given  quantity  it  varies  inversely  as  the  fifth  power  of  the  diameter; 
thus,  the  smallest  peimissible  diameter  is  fixed  almost  entirely  by  ibc 
value  of  h\  which  may  be  supposed  already  known. 
The  quantity  discharged  [ler  second  is  given  us  by  the  formula 

ftnd  on  substitution  this  becomes 
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All  dimensions  are  hero  in  feot  and  Q  is  in  cubic  foet  per  ftocond.    If  we 
require  gallons  per  minute  for  a  diameter  of  d  inches,  the  formula 
rill  be 

G  =  C. 

where  C  is  a  constant  connected  with  if  by  the  equation 

C  -  ^'^^^ 

ST 

For  4/=  03,  this  gives  C  =  27-3,  but  for  clean  iron  pipes  not  leas  than 
4  inches  in  diameter  the  value  30  may  be  employed. 

244.  Open   CAanW.-!.-  Heturning  to  Fig.   170,  suppose   the  pipe, 
8t«ad  of  being  horizontal,  is  laid  at  an  angle  &  (sec  l''ig.  171  next 
eX  80  that  the  difference  of  level  of  the  two  ends  is  y  =  t .  sin  B,  then 
be  difference  of  prcsaurc-huad  ia 

nd  therefore  may  be  made  zero  if  the  sloi>e  of  the  pipe  be 

But  if  the  pressure  bo  constant  wc  may  remove  the  upper  s\irface  of  the 
pijw  and  thus  obtain  the  case  of  an  open  channel.  The  fjuantity  m  is 
now  the  sectional  area  of  the  channel  divided  by  the  wetted  perimeter, 
and  is  therefore  the  actual  depth  in  a  vnry  broad  shiillow  chatinel,  but 
in  other  cases  leas  in  a  ratio  dependent  on  the  fonn  of  section.  As 
before  stated  it  is  described  as  the  "  hydraulic  mean  depth  "  of  the 
channel. 

We  can  now  find  the  velocity  and  discharge  of  a  stream  of  given 

dimensions  and  fall,  provided  that  wc  know  the  value  of/,  or  conversely 

the  size  of  channel  for  a  given  discharge  and  fall.     The  value  of/,  how- 

I      over,  varies  for  the  same  reasons  as  in  pijws  which  indeed  apply  with 

I     still  greater  force,  no  that  the  limits  of  variation  are  wider.    The  average 

value  does  rjot  differ  vorj'  widely  from  -OO"."^,  nlnuwly  adopted  for  pipes; 

Imt  to  obt;un  results  of  even  moderate  accuracy  a  special  study  of  the 

experiments  on  the  subject  is  necessary,  which  will  not  be  attempted  in 

jL^Us  treatise. 

[  246.  Virtual  Slope  of  a  Pipe. — If  the  pipe  be  laid  at  any  other  angle 
'  the  pressure  will  not  1>e  constiint,  and  the  mode  in  which  it  varies  is  best 
^seen  by  a  graphical  construction. 
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pipe  we  are  considering  (Fig.  171),  then  (if  they  enter  the  water  squm^ 

without   being  bent 

towards  thedirertioD 

of  motion)  the  Titer 

will  rise  in  tlieraUia 

level  roprescnlit^  the 

pre&anre    in   feel  of 

water  at  these  poinu. 

If  there  were  no  fii'e- 

tion  the  level  wxwld 

he  the  same  in  both, 

and  the  difference  {hi  in  the  figure)  therefore  reprcaentft  the  lou  by 

friction.    Now  draw  a  homontal  line  through  \and  take  c  on  it.  so  that 

ac-^AB=^U  then  the  angle  cajV  is  given  by  the  equation 

.     .      h' 
am  t  ==  y, 

and  is  therefore  the  slope  of  a  channel  of  the  same  length  anil  h)'dr»uli« 
mean  depth  which  would  give  the  same  discharge.  This  angle  is  then- 
foro  called  the  Virtual  Sloi-e  of  the  jiipe.  At  any  point  i*  in  the 
pipe,  the  water  would  rise  to  the  level  of  the  corre«pouding  point  p  in 
the  virtual  channel,  found  by  taking  ap  ^AP.  The  construction  voald 
of  course  fail  if  h'  wore  Qf\na.\  to,  or  greater  than  /,  but  this  case  does  not 
occur  in  practice  ;  on  the  contrary,  in  pipes  as  in  channels  the  angla  i 
is  nearly  always  small.  The  virtual  slope  is  frequently  one  of  liie  diU 
of  the  question.  The  line  ac  is  variously  described  u  the  **  preMOve 
line,"  '•  Hue  of  virtual  slope,"  or  "  hydraulic  gradient.'' 

The  pipe  need  not  be  straight;  it  may  be  curved  or  be  laid  in  sectaodu 
at  different  slupes,  there  will  still  be  a  continuous  hydraulic  gradient, 
provided  the  diameter  l>e  the  same  throughout ;  but  if  the  sections  be] 
of  difToront  diameters  each  section  will  have  its  own  slope.  In 
care  mii^t  he  taken  that  the  pipe  does  not  rise  above  its  hydnulio 
gradient,  for  otherwise  there  will  b«  a  partial  vacuum :  the  pipe  tfaes 
acts  as  a  syphon,  which  is  liable  to  fail  on  account  of  leakage  and  the 
presence  of  air  in  the  water.  ^ 

246.  Loss  of  Ehergy  hj  Etldks  and  f*y  Uroken  Water. — Wo  now  pro- 
ceed to  consider  other  causes  of  frictional  resistauco.  h 

In  Fig.   172  two  streams  of  water,  moving  with  different  velocitiei^fl 
converge  towanls  each  other  and  unite  into  one.     Each  stream,  saflir 
as  can  bo  judged  by  the  eye,  moves  originally  without  disturbance  in 
the  manner  described  in  Art.  241.     On  union,  however,  near  the  JUK- 
tion  iudicated  by  the  dotted  line  SS  in  the  figure,  small  depresnons  an 
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observed,  which  mora  for  some  distftnce  along  with  the  stream,  a.ad 
then    clisapi>e&r.      On   uxainiuation  Piir.ita. 

these  depressions  are  found  In  con-  ~~~'  -       - 

eiat  of  small  portions  of  the  Huid  in  :, 

a  state  of  rotation^  the  speed  of  ro- 
tation Iroing  greatest  at  tlie  centre 
anil  gradnally  dying  away  townrda 
the  circumftTence.  A  motion  of  this  kind  waa  called  a  "vortex"  hi 
Art  241,  and  in  the  preaept  case  is  also  described  as  an  "eddy";  it  ia 
independent  of  the  general  motion  of  the  BtreJim,  and  its  eneigy  is 
therefore  of  the  internal  kind.  The  disappearance  of  the  eddies  thus 
fornie<i  is  duo  to  viscosity,  the  cHcct  of  which  is  much  greater  in  the 
eddy  than  in  the  Btreani  as  already  explained.  After  the  eddies  have 
disapin-ared  the  two  streams  are  found  to  have  Iiecome  a  single  one, 
moving  with  a  velocity  intermediate  between  those  of  the  streams 
which  form  it,  but  possesaiog  less  euerg)'.  Theoretically  there  ia 
nothing  to  prevent  two  streams  of  a  perfect  fluid  from  moving 
lido  by  side  with  different  velocities,  but  such  a  motion  is  always  un- 

.blo,  and  will  not  long  continue  without  the  formation  of  eddies  by  a 
audden  change  of  ilirection  (Ait.  -'39)  in  small  portions  of  the  fltiid 
which  separate  from  the  rest.  The  instability  is  greater  the  more  nearly 
fecb  the  fluid  ia.  Whenever  the  water  in  motion  intermingles  with 
at«r  at  rest,  or  moving  with  a  different  velocity,  intemnl  motions  of  a 
plex  kind  are  produced,  representing  a  considerable  amount  of 
energy  of  the  internal  kind  which  is  virtually  lost  even  before  its  final 
dissipation  by  fluid  friction. 

Again,  in  order  that  a  mass  of  water  may  form  a  continuous  whole, 
sufficient  pressure  must  exist  on  the  bounding  surface  to  ])reveiii  the 
pressure  at  any  point  within  the  mass  from  becoming  zero,  as  explained 
in  Art.  240.  If  this  condition  is  not  satisfied  the  water  breaks  up  more 
or  less  cjomplctely,  and  the  result  is  a  confused  mass  with  conip1c;x  In- 
ternal motions  rapidly  disappearing  as  before  by  fluid  friction.  Wlien 
waves  break  on  a  beach,  or  when  paddles  strike  the  water  and  drive  it 
upwards  in  a  mass  of  foam,  the  process  takes  place  on  a  lai:ge  scale  be- 
fore our  eyes ;  but  the  same  thing  occurs  in  most  cases  where  the 
Telocity  of  a  mass  of  water  is  suddenly  changed,  and  of  this  we  will  now 
consider  some  examples. 

Fig.  173rt  shows  a  jet  of  water  filling  a  tank.     Here  the  water  pour- 

ig  in  possesses  the  kinetic  energy  fVi^j2g  duo  to  the  original  velocity 

of  the  water,  and  the  height  from  which  it  falls  into  the  tank.     If  it  be 

if  some  size  as  compared  with  the  tank  the  water  will  be  completely 

>ken  up  ;  if  it  be  small  it  will  jwnetratc  the  water  in  the  tank  with- 
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out  much  apparent  distitrbanco  at  the  surface :  in  either  cmio  the  renll 
is  -d  mass  of  water  at  ref<t  hh  a  whole,  ao  th»t  iU 
odci^y  18  all  of  the  interna]  kind.  It'  ihc  jet  be 
shut  ofl'  the  water  rapidly  settles  down  to  xvt, 
the  whole  euergy  is  then  dissipated  by  fluid  fri^ 
tion. 
Fig.  1736  shows  a  bucket  moving  honeontill?, 
bottuui  ioiemost,  with  velocity  J'",  while  a  horizontal  jet  moring  will 
Ptff.178^  greater  velocity  strike*  It 

centrally  :  the  bucket  i> 
then  filled  with  brokn 
water  which  pours  oot 
under  the  action  d 
gravity.  In  water-wheeh 
a  series  of  buckets  an 
filled  in  succession,  and  the  broken  water  carried  on  with  the  wheel 
Here  if  the  bucket  were  at  rest  the  loss  of  energy  would  bo,  as  befbn^ 
W^I2g ;  but  as  it  is  ino\ing  with  velocity  F,  the  striking  velocity  on 
which  the  breaking  depends  will  be  t'  -  V,  and  the  loss  of  energy  is 

where  IV  is  the  weight  of  water  acted  on  in  the  time  considered. 
those  cases  may  be  treated  as  oxamploa  of  the  collision  of  two 
considered  on  page  252,  one  of  the  bodies  being  indcHnitely  graiL 
The  energy  of  collision  is  employed  in  bi-eaking  up  the  water.  It  ii 
represented  in  the  first  instance  by  internal  motions,  .^nd  auhse<|uenU5 
dissipated  by  fluid  friction. 

Fig  174  represents  a  pipe  which  is  suddenly  enlarged  froni  th« 
diameter  td  to  the  diameter  ab.  The  water  is  moving  through  the 
Biuall   part  of  the  pipe  with  velocity  r,  and,  on  passing  through  a' 


W^ 
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Sj^readfl  out  so  as  to  fill  the  larger  part     At  some  distance  from 
enlargement  it  moves  in  a  continuous  mass  nith  velocity  V^  but  in  iti 
immo<liato  neighbourhood  we  have  broken  water,  as  in  the  com  of  the  , 
bucket,  from  which  it  only  differs  in  the  encloBnro  of  the  water  in  > 
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casing.     Tho  Iom  of  eoaqgy  pc  unit  of  weight  nuj  be  expected  to  be 
the  mme  (Art.  252)  u  before,  and  is  therefora 

■  v-trfy 

a  formula  which  giree  ae  the  **  loss  of  head."    If  the  MctioiuJ  arees  of 
the  two  pans  <^  the  pipe  be  ^,  a  the  diachai^  is 

so  that  if  fR  be  the  ratio  of  arcaa, 

The  co-eflBcient  of  resistance  is  therefore  (m-\)*  or  {I  -  l/m)',  according 
as  the  velocity  to  which  it  is  referred  is  that  in  the  lai|;e  pipe  or  that  in 
the  small  one. 
■  Instead  of  the  water  moving  firom  a  small  pipe  into  a  large  one,  wo 
may  hare  the  conrerso  case  of  a  suddenly  contracted  pipe  as  in  Fig. 
1 75.  The  loss  here  is  due  to  precisely  th«  same  caiLse,  namely  a  sudden 
enlargement,  which  is  produced  as  follows.  In  the  6gure  the  stream  of 
water  mo\ing  witli  velocity  «  contracts  on  paasing  through  cd  nearly  as 

Fiff.ns. 


it  would  if  the  small  part  of  the  pi|w  were  rpmoved,  as  in  Fig.  165, 

p.  410,  until  it  readies  a  contractetl  section  A' A',  and  is  then  moving 

with  a  velocity  r  which  is  greater  than  u  in  the  ratio  of  the  area  of  the 

krge  pipe  to  the  coniracUd  area  KK.    The  loss  of  bead  in  this  pait  of 

tdhe    process    is    not    large. 

After  passing  KK,   however,       ^s^^'^TOWl    .         Piir.ne. 

an  expansion  takes  place  to 

tho  area  of  the  umiJl   pif^e, 

and   this   is  accompanied    by 

breuking   up,    the   space    Ims- 

tween  the  contmcted  jet  and 

the  pipe  being  fillod  up  with 

broken  water. 

la  Fig.  176  we  have  the 
extreme   case,   in   which   the 
large  pipe  is  a  vessel  of  any  size.     We  thus  obtain  the  case  of  a  pipe 
with  square  edged  entrance  which  has  already  been  referred  to  in  Art. 
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236.  Another  modification  is  that  of  a  diaphragm  in  a  pipe,  aa  in  Fig. 
177.  The  small  pipe  is  here  larger  than  the  orifice  through  which  lh« 
water  enters,  and  in  the  figure  we  have  simply  a  single  pipe  dirided 
into  parts  by  a  diaphragm  with  an  orifice  in  the  centre.  The  stream 
of  water,  after  passing  the  contracted  section  KK,  expands  to  fiU  ibe 
pipe.  In  cocks  when  partially  closed,  a  loss  of  bead  of  the  same  kind 
occurs,  which  may  be  increased  to  any  extent  by  closing  the  cock 
ftirther. 

In  all  these  cases  the  loss  of  bead  may  bo  calculated  approximatsly 
by  means  of  the  fonnula  for  a  sudden  enlargement,  but  the  ratio  of  en- 
largement is  not  known  exactly,  on  account  of  the  uncortaiutT  of  the 
Pjj,  j7-  value  of  the  co-elliaeul 

K  of  contraction  to  he  os- 

"      ■  ■      ■  y.-  V  sumcd.    Ijosses  of  heid 

if     of  this  kind  are  indsed 

always  subject  to  vans- 
tion  within  certain 
limits  from  accidenUl 


jQif^ 
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causes  ;  in  general  and  on  the  average  the  qmintity  of  water  broken  up 
will  bi^ar  a  certain  proportion  to  the  whole  quantity  passings  and  in  con- 
Be(]uence  we  have  the  general  law  of  hydraulic  resistance  stated  on  [a^ie 
■108,  but  the  ratio  may  yavy  from  time  to  time,  and  cannot  be  stalal 
with  preci.se  nccnracy.  The  cauaca  of  this  uncertainty  will  be  clearly 
understood  on  considering  somewhat  more  closely  the  manner  in  which  \ 
the  loss  takes  place. 

In  Figs.  175,  1 77  two  plane  surfaces  at  right  angles  meet  at  o,  forming 
an  internal  angle,  through  which  water  is  flowing.  The  particles  of 
water  there  describe  curves  which  are  all  convex  tow^l^da  «,  and  in  con- 
formity \rith  the  general  principle  expUiued  in  Art  239,  the  pressiu-c 
must  increase  and  the  velocity  diminish  on  going  towan:ls  n.  Tixe  water 
then  moves  slowly  and  qniotly  round  the  angle  without  disturbance. 
But  when  compelled  by  the  general  movement  of  the  stream  to  move 
round  an  oxt<>rnal  angle  such  as  hm  in  Fig.  174,  the  case  is  very  differ-  ■ 
ent ;  the  i>articlca  then  describe  curves  which  are  concave  round  e  ;  and 
consequently  the  pressure  diminishes  in  going  towards  c,  while  the 
velocity  increases.  To  hold  the  particles  of  water  in  contact  with  th« 
surface,  an  infinite  pressure  woidd  bo  required  in  the  other  parts  of  the 
fluid.  The  [larticles  of  water  therefore  leave  the  surface  ftt  <;  aad 
describe  a  jMJth  ta,  regaining  the  surface  farther  on  ;  eo'  is  then  descril'ied  fl 
aa  a  "  surface  of  80[>aration,"  as  it  separates  the  moving  mass  of  wxtcr  ■ 
from  a  portion  enclosed  within  it  which  is  in  a  state  of  violent  disturb- 
ance.  Such  are  the  surfaces  shown  in  Figs.  174-178.    It  is  not.  however. 


.  XIX.  ART.  248.]     ELEMENTARY  PHINOIPLBS. 

to  bo  supposed  that  these  surfaces  are  shaqtly  defined,  and  that  tbej 
permanontly  separate  different  ntMses  of  \rater.  On  the  contrary,  no 
auch  equilibrium  is  pospiblt' ;  the  surfaces  are  continually  fluctuating, 
and  a  constant  intorchnngo  takes  place  between  the  Ho-callcd  **  dead  " 
water  and  the  stream.    In  this  intermingling  eddies  are  ]»ro(lnccd  nearly 

in  the  comyjoratively  simple  case  of  two  streams  given  on  j>ag«  423. 

e  process  is  always  essentiftlly  the  same,  and  L-onsists  in  sudden 
changes  of  direction  being  communicated  to  parts  of  the  stream  which 
become  detached  from  the  rest. 

247.  BnuL^  in  a  Pip^.  Surface  Fricti(m. — In  some  other  cases  the 
process  of  breaking  up  by  which  energy  is  lost  is  less  obvious,  and  the 
ratio  is  subject  to  greater  variations. 

When  a  pipe  has  a  bend  in  it,  if  the  internal  surface  of  the  pipe  were 
perfectly  smooth  and  free  from  discontinuity  of  curvalurQ.  there  woidd 
be  no  disturbance  of  the  current  of  water,  which  would  ilow  as  described 
in  Art  241.  These  conditions,  however,  arc  nnt  sntisfierl  by  actual 
bends  in  pipes,  and  there  is  always  a  loss  of  bead  due  to  them  in 
addition  to  the  loss  by  surface  friction.  This  loss  can  only  be 
determined  by  experiment,  but  it  is  easy  to  conjecturo  th:»t  the  loss 
will  be  proportional  to  the  angle  through  which  the  piyio  is  bent, 
uid  that  it  will  be  greater  the  quicker  the  bend,  that  is,  the  smaller  the 
radius  of  the  bend  is  as  con)[)ared  with  the  diameter  of  the  pipe.  The 
extreme  case  of  a  bend  is  a  knee,  but  the  loss  is  not  in  this  case  pro- 
portional to  the  angle  of  the  knee,  but  follows  a  complex  law.  For 
details  respecting  bends  and  knees  the  reader  is  referred  to  the  treatises 
cited  at  the  end  of  this  chapter,  but  some  common  examples  are  given 
in  the  table  on  the  next  jiage. 

In  the  case  of  aiuface  friction  the  loss  of  energy  is  represented  in  the 
first  instance  by  eddies  formed  at  the  surface  and  thrown  off.  In  almost 
all  practical  coses  of  the  motion  of  water  in  pipes  :iiKl  channels,  even 
when  to  all  outwaitl  appearance  quite  uiidir<turl>eil,  the  fluid  is  in  fact  in 
a  state  of  eddy  motion  throughout,  and  dissi|>atioii  of  energy  at  every 
point  is  going  on  much  more  ra]>idly  than  would  he  the  case  if  the  motion 
wei-e  of  the  simple  kind  described  in  Ait.  341.  The  quantity  of  water 
broken  up,  however,  is  not  generally  in  a  fixed  proportion  to  the 
quantity  passing,  for  reasons  which  arc  sufficiently  indicated  in  Art. 
342. 

248.  Snmmnlion  of  Loss^a  nf  Itrn/I. — The  total  losfl  of  energy  due  to 
a  number  of  hydraulic  resistances  of  various  kinds  is  found  by  adding 
t(^ether  the  loases  of  head  due  to  each  cause  tnken  separately,      The 
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velocity  of  the  water  past  Mch  obstacle  will  not  generally  be  the  earn 
for  all,  and  it  is  then  neceBsan-  to  select  some  one  velocity  from  which 
all  the  rest  can  be  found  by  multiplication  by  a  suitable  fiictor  for  each 
obstacle     If  n  be  tfaU  multiplier  the  loss  of  bead  will  be 

where  ^is  the  velocity  selected  for  reference.  The  value  of  K  is  then 
found  for  motion  under  a  given  head  ff  by  the  fonnulu 

The  various  values  of  F  already  given  arc  collected  with  some  additions 
in  the  annexed  table  ; — 


Ck^-EFFICIENTS  OF  HyDRAVUO  BflSISTAKCE. 

Nature  rir  OiwTAei.E.      I       VxiMx  or  f.                      Rxmabka. 

Orifice  iu  a  Tbiii  Plato.       |               -06 

1 

Square-edged  I-^tnuice  of  a 
Pipe. 

•B 

SmMcn  Enlargement  of  ft 
Pipe  io  the  ratio  in  :  1. 

(JH-I)' 

Referred  to  Velocitv  through 
largv  part  of  Pipe. 

BAod  at  right  aagloi  in  a. 

■14 

EUdiusof  Beads  S  N  Diamctac 
of  Pipe. 

Quick  lleiul  at  Bight 
Anglaa. 

•3 

Rndius  of  Rnnd  ~  Diameter 

ofPipfc 

Commnn  Cock  |HU-tiaUy 
cloneil- 

■75,  5M.  31 

Handle  turaetl  throngb  15*. 
.%',  45"  from  poutlon  vfaea 
fully  open. 

Surface  Friction  of  u  Pipe 

the  length  of  which 

{«  n  timu  the  diiunctcr. 

* 

For  a  clasn  Irmi  Pipe  </  inch«* 
dium«ter.  according  to  tWvy. 

Kdw  id  A  Pipe  at  Right 
Angles. 

Unity. 

In  Benda  the  co-efficient  is  pn^ 
portiona]  to  the    Angle  of 
the  Bend,  bat  in  Knees  the 
Uw  ie  much  more  complex- 

/ 


249-  JienManci  of  deej/iy  Innnened  Bodies    Ships  of  Low  SpmU. T^ 

subject  of  the  resistance  of  shiiM  is  outside  the  limits  of  this  treatise,  for 


»j 


,e  ship  mores  on  the  surface  of  water,  exposed  to  the  atmosphere,  on 
which  waves  arc  produced ;  whcreaa  in  tho  branch  of  mechanics  now  under 
consideration,  the  water  is  .<?npposcd  to  move  within  fixed  iKiundarics. 
A  ccrliiin  part  of  the  subject,  however,  may  properly  bo  consiidcrod  as 
belonging  to  Hydraulics.  If  a  body  bo  doeply  immersed  in  a  fluid,  that 
part  of  tho  fluid  alone  which  i.s  in  it«  inmiediatu  luM^hbourhood  will  be 
affected  by  its  motion,  and  the  question  is  not  essentially  different  from 
he  ai^es  already  considered  of  tho  movement  of  water  in  pipes  and 
channels. 

Fig.  178  shows  a  parallelopiped  tiifj  moving  through  water  in  the 
direction  of  its  length,  the  face  cd  being  foremost.  To  an  observer  whose 
eye  travels  along  with  the  body  the  water  will  appeal*  to  move  past  the 
solid  in  a  stream  of  indelinitc  extent.  At  some  distance  away  the  action 
of  the  solid  is  insensible,  but  it  becomes  TlriTB. 

increasingly  great  as  thesolid  isapproached, 
and  is  greatest  for  that  p-irt  of  the  water 
which  moves  in  immediatocontact  with  it. 

■  At  c  and  d  eddies  are  formed  in  passing 
round  the  comers  exactly  as  is  tho  case  at 
the  same  points  in  Figs.  175,  176 — the 
stream  in  fact  is  stiddi-nly  contractcfl  in 
the  same  way  as  in  passing  from  a  large 
pi|>e  to  a  small  one,  the  diminution  of  urea 
in  this  case  being  tho  transverse  section 
Hfof  the  solid.  After  this  the  water  moves 
ill  actual  contact  with  the  solid  until  it 
reaches  the  corners  nh,  when  it  describes 
the  curves  a5,  bS^  meeting  in  A',  after  which 
it  forms  a  continuous  strcflm  as  before. 
Tho  two  cun'Os  enclose  hctwccn  them  a 

massof  eddying  water  exactly  similar  to  theedtlies  ato  and  i  in  Fig.  174 
— the  stream,  in  fact,  suddenly  expands,  jnst  as  in  passing  Irom  a  small 
pipe  to  a  large  one,  the  increase  of  area  being  in  this  case  the  sectional 
area  of  the  solid.  The  eddies  thiu;  formed  during  tho  imssage  of  tho 
solid  through  tho  water  absorb  energy,  which  must  be  supplied  by  means 
of  an  external  force,  which  drags  the  body  throuf^h  the  water.  The 
eddies  at  ft/  represent  an  increased  preRsnre  on  the  front  face  ni  of  the 
solid,  while  thoso  at  aS,  bS  diminish  that  at  the  rcju-.  This  kind  of  resist- 
ance to  the  movement  of  a  body  througli  water  is  called  Eddy  Resistance^ 
and  may  be  almost  entirely  avoided  by  employing  "  fair"  forms,  that  is, 
by  avoiding  all  discontinuity  of  curvature  in  the  solid  itself,  and  in  tho 
junction  of  its  surface  with  the  direction  of  motion. 


430 


ffYDRAULTCa 


(rAKfv- 


A  general  formula  for  eddy  resistanco  is  derived  thus.  As  alnvly 
stated  the  M-ater  suBers  no  sensible  disturbance  ut  a  certain  distanee  firotn 
the  aolid.  If  then  we  imagine  a  certain  jjhuie  area  A  attached  tnmsreneljr 
to  the  solid,  And  moving  with  it,  all  the  water  affected  by  the  solid  viU 
pass  through  this  plane,  and  its  quantity  will  be 

where  V  is  the  velocity.  In  similar  solids  this  area  must  be  proportioocd 
to  the  sectional  area  S  of  the  solid,  so  that  we  write  A  =  eS^  where  c  it  a 
constant  depending  on  the  form.  Of  this  water  a  certain  firaction  will  he 
disturbed  by  eddies,  and  the  velocity  of  each  {wtrticle  of  water  will  b« 
some  fraction  of  the  velocity  of  the  solid.  Hence  it  follows  chat  the 
energy  U  genemted  per  second  in  the  production  of  eddies  must  bo 
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where  ^^  is  a  co-efficient.     Now  this  amount  of  energy  is  g6nerat«d 
means  of  a  force  which  drags  the  solid  through  the  water,  at  the  nie  of 
f  feet  per  second,  notwithstanding  an  etiual  and  opposite  rosistAiiw  H. 

We  have  then 

V^ 

2? 
or  dividing  by  /^,  and  replacing  cc'  by  a  single  constant  i.-. 

The  coefficient  it  is  to  be  determined  by  experiment  for  each  for 
solid.  In  the  case  of  the  parallclopi^wd  shown  in  the  figure,  t^c 
of  it  depends  little  on  the  length,  unless  it  bo  so  short  that  the  eddies  at 
the  corners  ctl  coalesce  with  those  in  the  reai-  of  the  solid,  and  it  thra 
becomes  the  same  as  that  of  a  plate  movc<l  flatwise.  Further  it  is  nearly 
the  same,  if  the  transverse  section  be  oirciUar  instead  of  square,  and  does 
not  greatly  differ  from  unity.  For  the  flat  plate  it  is  greater  and  may 
be  taken  as  1'25.  It  must  be  remarked,  however,  that  reeistouce  of  this 
kind  is  very  itrogujar,  anil  may  vary  contiidorably  in  the  (X)ur8e  of  the 
same  experiment.  Did'erent  results  are  therefore  obtained  by  different 
ex]>erimenudists.  By  some  authorities  much  larger  values  are  givetL 
The  simo  remarks  apply  to  the  caee  of  a  sphere  for  which  the  value  may 
be  taken  as  about  '4. 

In  all  cases  the  value  of  k  is  independent  of  the  units  employed.  It 
is  also  to  a  great  extent  inilependent  of  the  kind  of  fluid,  being 
approximately  the  same  for  example  in  air  us  in  water ;  but  this  would 
not  hold  good  for  fluids  of  very  different  viscosity  ;  nor  ia  it  tnie  for 
high  speeds  in  air,  because  the  compressibility  of  the  air  affecl4  the 
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queetjon.  The  aome  remarks  apply  to  the  co-«ffieient  (F)  of  hydraulic 
resistance  employed  abova  It  bae  been  found  that  coufficiouts  of 
surface  iriutiou  are  greater  in  salt  water  than  in  fresh  in  the  nttio  of 
the  densities  of  these  fiiuds,  as  we  might  anticipaUis  tiinco  surface 
friction  is  a  kind  of  ciidy  refiistancc. 

In  well-formed  shipa  the  eddy  resistance  (apart  from  certain  Bj>ccial 
resistances  to  he  mentioned  presently)  should  not  be  more  than  10  per 
cent,  of  the  total  resistance  at  low  speeds,  and  is  frequently  less;  the 
principal  cause  of  resistance  her©  ia  surface  friction,  which  is  given  by 
^,  the  formula  stated  in  Ait.  241,  The  stuface  to  bo  considered  is  the 
I^Rretted  surface,  which  can  be  fouitd  by  direct  measurement.  Il  is  con- 
^Rrenicnt,  however,  to  have  a  formula  which  gives  the  rcsietaiicc  in  terms 
Hbf  the  displacement  (A)  of  the  vessel.  If  ,^  be  the  resistance,  /'  the 
"speed,  the  fomuila  will  be 

where  /l  ia  a  co-efficient  which  for  speed  in  knots,  displacement  in  tone, 
and  renstance  in  lbs.,  may  ho  taken  from  'd^  to  '85  acconling  to  the 
type  of  veese),  if  the  Iwttom  bo  in  good  condition.  The  sliced,  how- 
ever, must  not  oxceod  a  certain  limit  on  account  of  the  wave  resistance, 
which  increases  at  a  nuich  more  rapid  rate.  At  low  speeds  the  value 
of  this  resistance  is  small,  and  it  may  ajiproximately  he  considered  as 
^Compensating  for  the  somewhat  slower  rate  at  which  the  surface  friction 
increases  (Art.  241),  hut  at  high  speeds  it  bei:omc8  a  princiiial  part  of 
the  resistance,  and  has  to  U^  aejjarately  considered.      The  8j>eed  of  a 

PVravo  is  proiwrtional  to  the  snuiuc  root  of  its  length,  and  the  magnitude 
of  the  resistance  in  similar  ships  depends  on  the  jiropoi-tion  between  the 
length  L  of  the  ship,  and  the  length  of  waves  which  travel  at  the  same 
s|M:ed.     The  limit  in  question  is  therefore  given  by  the  ec|uation 

^     whci-o  for  length  in  feet  and  6pcc<ls  in  knots  the  co-efllcient  K'  may  be 
^bakcn  from  'G  to  7.     (See  Appendix.) 

^^    Not  only  is  the  speed  limited  to  which  the  resistuncc  formula  given 

above  applies,  but  it  must  bo  fiuthor  remarked  that  it  supposes  that 

the  vessel  is  towe<l  by  an  external  force.     If  the  vessel  bo  propelled  by 

^— jlt«ata  power  on  hoard,  the  effective  resistance  is  much  greater,  because 

Hithe  action  of  the  propeller  has  always  the  effect  of  increasing  the 

resistance.     lu  screw  propulsion  this  augmentation  is  very  groat,  being 

at  the  rate  of  20  to  40  per  cent. ;  the  larger  value  is  of  common  occur 

ice,  but  it  should  1*0  remarked  that  the  resistance  of  stem  posts  and 

.ppendages  is  includcfl  in   this  estimate.      In  reckoning  the  engine 

iwor  required,  the  resistance  must  be  taken  at  its  augmented  value, 

nd  the  formula  of  Art.  1 2b,  p.  243,  employed  for  the  efficiency  of  the 
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mechanism,  vrhioli  is  much  lese  at  low  speeds  than  at  high  spoodi,  u 
the  formula  shows. 

250.  Direct  Impulse  and  iCttieMiMi.— The  generalized  form  of  iht 
second  and  third  laws  of  motion,  described  as  the  Principle  of  Momentnia 
in  Chapter  XI.  of  this  work,  may  be  employed  with  great  udnoitace 
when  the  motion  of  water  in  large  niaines  is  luider  ctinsideratioD. 
iKcause  the  total  momentum  of  a  fluid  mass  depends  solely  on  the 

motion   of   the    centre   of  graTity 
(p.  230),  and  not  on  the  rery  intri- 
cate motions  of  the  parts  of  the 
Fir.i7B.        Di  Quid  amount  themftelvea    Forthor, 

the  energy  dissipated  by  fnctiooi] 
resistances  is  accounted  for  by  UieM 

? internal  motions,  or  by  the  matutl 

actions  of  the  fluid  particles^  and 
the  total  momcnlum  is  tber«ibre  i 
independent  of  those  resistanen- 
Hence  it  follows  that  results  may  be 
obtained  which  are  true  notwjtb* 
standing  any  frictiona]  reaistaDOM* 
and  in  some  cases  the  loss  of  energy 
by  them  may  l>o  determined  a  prion.  Also  the  pressures  on  fixed  sur- 
faces may  be  found  which  do  no  work,  and  lo  which  therefore  the 
principle  of  work  does  not  directly  ivpply. 

Fig.  179  shows  a  jet  of  water  striking  [>erpendicularly  a  fixed  plani 
of  infinite  extent,  and  exerting  on  it  a  pressui-c  P.  The  magnitude  of 
this  pressure  is  foiind  by  considering  that  the  plane  exerts  an  equal  and 
opposite  pressure  on  the  water,  which  changes  its  velocity.  The  wratcr, 
originally  moving  with  velocity  r,  spreads  out  laterally,  and  any  motion 
which  it  iKKsesses  is  parallel  to  the  plune.  In  time  t  the  impulse  is 
and  the  change  of  momentum  is  Mrt,  whore  M  is  the  mass  of  wa^^ 
delivered  per  second.     Equating  these  we  have 

'J 

where  /r  is  the  weight  of  water  delivered  per  second. 

If  the  plane  be  smooth,  and  gravity  bo  neglected,  the  motion  of 
the  water  will  be  continuous ;  but  H'  it  bo  rough  to  any  extent,  so  that 
breakingup  occurs,  the  reenit  will  still  l>e  correct,  provided  only  tbc 
roughness  be  symmotrical  about  the  axis  of  the  jet.  And  the  action  of 
gravity  parallel  to  the  plane  does  not  affect  the  ijuestion. 

In  Fig.   180  we  have  the  converse   cose  of  water  iuuing  from  a 
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with  a  lateral  oriHoe.  Hero  the  water,  which  originally  was  at 
issues  with  velocity  r,  and  the  momentum  genoratcd  in  time  ( is 
'Ifr/.  To  produce  this  momentum  u 
corrca{K>n(ling  impulse  is  required,  whicli 
is  derived  from  the  resultant  horizontal 
pre^aure  P  of  the  sideti  of  the  resael 
upon  the  water.     We  have  as  befora 
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pressure  equal  and  op[X>site  to  P  is 
Eertod  by  the  water  on  the  vessel :  this 

described  as   the   "  reaction  "  of  the 
water ;  ami,  if  the  vessel  is  to  remain  at  rest,  must  be  balanced  by 
an  oxtema.1  force  supplied  by  the  supports  on  which  it  rests. 

A  remftrkaWU-  coimcction  exixtx  bctw««n  the  ctmnge  of  prcMnro  on  the  iiidoi  of  the 
rmsd  DOOMqaent  on  the  motion  uid  the  co-pfficientn  of  oontnotion  antl  rtsiatance. 

Fini,  suppotfc  tliv  vater  at  nN»t,  the  oriflcc  b«iug  oloacd,  then  tha  vftlue  ot  P 'w  zero, 
and  the  i)rewiiire  oa  the  area  of  the  orificu  i»  10  .  A  .  fi,  thu  notiitlon  heiDg  aa  in  Art.  2M). 
When  th*  oriflc*  l<  ojwQpri  the  nrwotur*  on  thjit  «ific  is  dimini«h«d.  finit,  by  tho  quantity 
».  J  .  A  :  Moondir,  by  an  tiuknovm  diniinatiou  ^due  to  the  motion  of  the  watvr  \y.  41S) 
OTor  the  nirfaoe  near  ihv  orifioc.     Now 


^B^t«i 


Mon  fttll  being  m  in  the  srtiola  cited.     Replacing  A^  hy  kA  we  obtain 
S-  rBA[2k  (k  '  K-)-h  \-wAh  (  j|^-  l). 


SlDoe  S  b  alwaya  ixintiTC  tbo  least  taIdb  of  i  Is 

8    ' 

tf  ih«re  be  ao  (liotlonal  redRtanoe  k  -  '.'>,  and  this  ia  tbe>  ■malleat  Tahio  it  can  havo  noder 
Mijr  drvnmitanoek  For  a  iroall  pi[>c  projecting  inwarit«  as  in  Tig.  1&4,  p.  -108,  thear  cou- 
ditioni  are  approximately  realUed,  the  water  being  at  xeit  over  the  whole  intemtl 
of  the  vcMol. 


^^^ttrfaca 

^  25! 


Surface. — WTion    a    jet    impinges 


Fig.  181. 


251.  OUupu  Action,  Curmi 
obliquely  on  an  indefinite  plane 
{Fig.  181),  the  water  spreads  out 
laterally  as  before,  but  the  quan- 
tity varies  according  to  the  direc- 
tion. In  the  absence  of  fn'ction  .^  WHW  p 
the  velocity  of  individual  particles  •  ji^r  \^ 
is  the  same  as  that  of  the  jet 
in  whatever  direction  the  water 
passes.  At  tbo  same  time  the 
velocity  of  the   wjiolc  raasa  of  water  iianillul  to   the  plane    cannot 
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be  altered  by  tbo  action  of  tbo  plane,  anil  is  tberefore  v.cm  9, 
where  0  is  the  angle  the  jet  makes  with  the  plane.  It  immediaulT 
follows  that  any  small  portion  of  water  diverging  from  the  eentn 
of  the  jet  at  an  angle  4>  with  the  jet  must  be  balanced  by  acoUier 
portion  divei^ng  in  the  direction  immediately  opposite,  and  the 
quantities  so  divergin<;  must  he  in  the  ratio  1  —cos  ^ :  1  -i-  cos  ^  bttD| 
inversely  as  the  changes  of  velocity  parallel  to  the  plane.  Bat  ii  the 
circumstances  be  such  that  brcaking-up  takes  place,  the  motion  of  Ok 
water  parallel  to  the  plane  will  be  undetermined,  and  in  general  there 
will  bo  a  tangential  action  on  the  plane  of  the  natiu-o  of  friction. 

The  normal  pressiu'e  on  the  plune  is  in  all  cases  the  same,  being  jf^wn 
by  the  formula 

/'  =  Afr. sin  tf-^.r.ain«. 

If  the  surlace  oti  which  the  water  impinges  be  curved  it  is  atovtmrj 
to  know  the  average  direction  and  magnitude  of  the  velocity 
which  the  water  leaves  the  auriace.  In  the  absence  of  friction, 
aheady  noticed,  the  velocity  of  the  indivi 
particles  is  unaltered  unless  the  water  bo  eocloiad 
in  a  pipe  so  thnt  the  prcicsurc  can  1>e  varied — a  cas« 
for  subsequent  consideration  ;  the  direction,  bow- 
ever,  will  de]>eNd  on  the  way  in  which  the  water  i« 
guided.  In  cases  which  occur  in  practice  it  will 
generally  be  found  cither  that  the  whole  of  tbo 
water  is  guided  in  some  one  direction,  or  that  it  leaves  the  surface 
all  directions  symmetrically. 

Taking  the  lirst  case,  suppose  the  original  velocity  (v)  of  the  water 
be  represented  by  OA  (Fig.  182),  and  the  final  velocity  to  bo  dimioiihed' 
to  r  by  friction,  and  altered  in  direction  so  as  to  be  repi-esented  by 
OB.  Then  the  change  of  velocity  in  the  most  general  sonse  of  the  word 
(p.  248)  in  represented  by  AB.  If  this  l»e  denoted  by  v  the  change  of 
momentum  per  second  h 
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The  resultant  pressure  on  the  sur&cc  is  parallel  to  j4B  and  du 
cally  equal  to  P. 

In  iipplications  to  machinos  the  curved  surface  is  frequt^ntly  a  vant^ 
which  is  not  fixed,  hut  moves  with  a  given  velocity ;  tlic  pressure  can 
then  he  found  by  a  simple  addition  to  the  diagram.  Through  0  dnw 
00",  representing  the  velocity  (u)  uf  the  moving  siuface  in  directioo 
and  magnitude,  then  O'J  represents  Uie  velocity  with  which  the  water 
strikes  the  surface.     Considering  the  vnne  as  fixed,  the  velocity  is  now 
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cstimtitctl  with  irhich  the  water  would  leave  it,  and  (/fi"  drawn  to 
represent  it:  the  change  ib  now  JB'  instead  of  AB.  If  the  absolute 
velocity  is  required  with  which  the  wat^r  leaves  tlic  eurface,  it  may  be 
found  «im])ly  by  joining  OB',  wliich  will  completely  represent  it :  the 
change  of  velocity  being  AB",  whether  the  velocities  are  absolute  or 
relative  to  the  moxHng  surface. 

The  cup  vane  ^fCJ  (Fig.  183),  againitt  which  a  flmall  jet  of  water 
impinges  centrally,  may  be 
taken  as  an  oxamplu  where 
the  water  spreads  in  all 
directions  symmotrically. 
If  OA  be  tangent  to  the  ^ 
vane  at  A,  making  an  angle  * 
tf  with  the  centre  line  of 
the  jet,  the  water  leaves 
the  vane  in  the  direction 
OA  with  unaltered  velocity 
(neglecting  friction).  The 
resultant  pressure  P  is  in  the  direction  of  the  jet,  and  the  velocity  in 
that  direction  is  altered  from  r  to  r  cos  0  in  the  opposite  direction,  so 
that  the  change  of  velocity  is  v(l  +  co8  0).     Thus  we  have 

P^Sltl+coBe). 
9 

252.  Impulse  and  liracHon  of  ff^ater  in  a  Cloned  Pajtsufff. — Wlien  tie 
water  is  moving  in  a  closed  passage  the  resultant  pressure  to  he  con- 
sidered in  Applying  the  principle  is  not  merely  that  on  the  sides  of  the 
ptasage,  but  also  that  on  the  ideal  surfaces  which  separate  the  mass  of 
water  we  are  considering  from  the  complete  current.  In  the  previous 
cases  the  pressure  of  tlio  atmo»pliere  on  the  free  surface  bounding  the 
fluid  was  the  same  throughout,  and  was  balanced  by  an  i>fjua1  pressure 
of  the  surface  against  wliich  it  impinges,  which  is  not  included  in  the 
preceding  results.    This  is  now  no  longer  the  case. 

An  imjiortant  example  is  that  of  the  sudden  enlargement  in  a  pipe 
already  referroj  to  in  Art.  246.  In  Fig.  174,  page  424,  take  ideal 
sections  AX.  kk  of  the  large  and  small  portions  of  the  pipe,  and  consider 
the  whole  mass  of  water  between  them.  This  mass  is  act^d  on  (1)  by 
the  pressure  {p)  on  the  transverse  section  H\  (2)  by  the  pressure  (/')  on 
the  transverao  section  A'A*,  and  (3)  by  the  pressure  of  the  sides  of  the 
pipe.  If  we  resolve  in  the  direction  of  the  length  of  the  pipe,  the  only 
part  of  (3)  which  we  need  consider  is  the  pressure  (/)  on  the  annular 
rarfttce  nf,  hd,  the  area  of  which  is  ^'^  -  a,  and  the  whole  resultant  pres- 
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sure  is  therefore  PA-pa~p'  (^-d)iii  tho  direction  opposile  to  the 
motion  of  the  water.  Now  let  IV  be  the  weiglit  of  water  delivered  in 
one  second,  then  in  that  apace  of  time  W  passes  from  the  small  pip*, 
where  its  velocity  is  r,  to  the  largo  pipe,  where  it  has  a  velocity  T, » 
that  if  wo  equate  the  resultant  pressure  to  diminution  of  momentum 


PA-f>a-p'{A~a). 
a  formula  may  be  written 


W 


(v-V) 


wAViy-V) 
— ( 

9 


ir     H*  (/  If  m* 

m  being  as  in  Art.  246  the  ratio  of  enlargement.  Lot  now  ^  be  the 
total  head  in  tho  largo  pipe  and  h  in  the  small  one,  then  subtracting 
(v-  -  y^)l2ff  from  both  sides  and  re-arranging  the  terms 

A-//=t^-/')%^Z^<l-J). 


w 


» 


Comparing  this  result  with  thjit  obtained  in  the  article  cited,  it 
that  tho  value  of  the  loss  of  head  there  given  is  a  necessary  conseqw 
of  8iippo8ingj)  =  /s  but  cannot  otherwise  be  correct.  That  the  pressure 
in  the  brokcu  water  at  ac,  bd  is  nearly  eqiui)  to  the  prcsj^ure,  in  the  small 
pipe  may  be  considered  probable  a /m'ort,  independent!}'  of  the  experi- 
meutal  veiification  which  the  formula  has  received. 


EXAJtPLES. 


I 


L  Tbe  Injection  oritioes  of  the  jet  flondenur  of  a  mirino  englDC  tnt  S  ttat  htlaw  tb« 
iQrfuce  of  the  aes,  aod  tho  vacuam  ia  '21  incbes  of  nicrcnry  ;  «ritb  what  relocitx  will  tbe 
water  enter  tbo  condrniwr,  suiipoaingthrvti-fourthBtbrbeia*!  lottbyfrieiiozialnsaiabuicM? 
Alio  find  the  oo-effidenta  of  velocity  and  rMiitanoe  Mid  tbo  cffeetive  kka  of  ths  otUmi 
t«  deliver  100,000  Rallona  ]>ar  Lour.    A  n*.  VeloffHr  -  2S'S'  per  aeoond ;  Ana  -  ST  xi.  incbi^ 

2.  liV'ater  in  dUcIiurgud  uiiilur  a  Iiead  of  2&'  tbraut[b  h  abort  pipe  1*  dfameteT 
■iiaarfi-e<ig<Ml  entranco  ;  flnd  the  ditohar^  in  gnUons  p«r  mtnatc.     Ah*.  GtiJ- 

S.  Water  iBiuev  from  an  oriflco  the  area  of  wbioh  ia  "01  aq.  feetin  a  boriaontal  t 
and  itrikM  a  [Mint  disUct  4'  horizontally  au>]  y  verUcalljr  from  the  uriAo*^.     The  1 
li  3'  and  Uio  diM]b«rp)  S."}  gallons  per  min, ;  timl  the  o»-rAiei4>ata  of  velocity,  rfirittaiUfiy 
oonlimoUon,  and  diwhargc.     Ant.  c-  '816,  f-  5,  i-  72,  C-  "57. 

4.  The  wetted  inrfacc  of  a  vMael  !■  7.S00  iq.  fe«t,  find  her  akiD  rMJitanee  at  8 
and  tbe  n.P.  required  to  propel  bar,  taking  tbu  roaiatanoe  to  vary  aa  V*  wilb  ■ 
oiont  uf  -004.     A  ni.  RcaisUDee  -  A.MO  Iba. ,  H.l*.  -  tSTi. 

5.  The  diameter  of  a  oerei*  propeller  In  18',  tho  pitch  1ft',  and  the  rCTulutioa*  91  per 
min.  NegleotJDg  alip  find  the  11.1'.  ioat  by  friction  per  aquar«  foot  of  blade  al  tba  t^ 
takiog  a  oo-cfficiont  *00S  to  inoludo  both  fae««  o(  the  blade.  Atu.  Kriotion  -  69  Iba.  par 
•quaro  foot.     H.P.  -  10-6. 

C.  Two  pip^i  of  tbe  lame  length  are  'i"  and  -I"  diameter  re«p«ciivcly  :  eompan  tke 
loaaca  of  head  by  ikiu  friction  (1)  when  tbey  ileliver  the  mtM  quantity 
when  the  vfdocity  la  the  uunc.    Ant.  lUtio  -  41^1  and  1*3^ 


ko  oriaMa 

IdirwtitH 

The  htJ^ 

UtMamt 
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T.  Wtt«r  ia  to  be  niacd  to  »  lieiglit  of  20'  by  a  pipe  W  long  6"  diameter :  wbKt  b 
tba  pofttMt  adtntMiblp  velocity  or  tho  water  if  not  morti  than  10  per  oeiit.  additional 
l>«wer  IB  to  be  re«juited  in  conicquciicc  of  the  friatioa  of  the  pipe  ?    Am.  84'  por  itec. 

8.  Twu  resorvuin  oio  cooncctod  by  a  pipe  6"  diameter  and  tbrcc-fourtha  of  a  oiUe 
loa^.  For  tbo  first  quarter  mile  the  pipe  alupca  s%t  I  in  ^.  for  thu  second  at  I  in  lOO^ 
while  io  tfa«  (hinl  it  is  tovcL  The  head  of  water  over  the  inlet  ib  20  foet  and  that  over 
th«  outlet  9  feet.  Neigleoting  all  loss  except  that  due  to  aurface  frlotiou,  Qud  the  dis- 
ebai^e  in  giUlona  per  min.,  aasumiiig /- '0087.  Am.  ti-3'43'  per  ko.  Diaoharge  - 253 
Salloui  pot  mill. 

0.  Ari7i:r  i«  lOOCf  wide  at  the  surface  of  the  water,  tbe  lides  alope  at  45*,  aud  the 
depth  b  20' ;  find  the  discharge  in  cubio  feet  per  ecc.  with  a  fall  of  2*  to  the  mile,  assum- 
iBc/--0075.     Ant.  1M,00(>. 

10.  A  tank  of  2ii0  gullune  ca|ncity  is  T0  nimve  tli«  titrvct.  Il  is  coiineuted  with  the 
iCrret  main,  the  head  in  which  ii  ns*  by  a  mtticc  pip«  100'  long :  find  the  diameter  of 
the  pipe  that  Ifae  tonk  may  bo  filled  iu  *J0  niin.  What  raust  tho  heait  in  the  main  be  to 
fill  the  tank  in  H  luin.  with  thin  sorrioe  pi|ic  7     Ant.  d  -  }  '(>".     Head  in  main  -  8^. 

11.  Wat«r  i«  difohivrger]  fmm  a  veuel  by  h  long  j^i'**'  *  "how  that  the  diiioharge  is  the 
same  fur  all  pii>ea  of  the  Mnie  length  with  tlie  discharging  extremity  in  the  ftftinc  bori- 
sontal  tine.     Draw  tho  hjFdranlic  gradient  and  examine  tbe  case  of  a  syphcMi. 

13.  Id  (luestion  2  nippooc  the  pipe  iuslcad  of  being  Abort  to  be  25"  long,  find  the  dis- 
oharge,  aaauiuiog  for  surfuoc  friction/-  "Ol.     Anf.  ■)3, 

13.  A  borixontal  pipe  is  reduced  in  diameter  from  3"  to  }"  in  tbe  middle,  the  reduction 
being  very  groduaL  Tbe  prcviurc  head  in  tho  pipe  is  40*,  what  would  be  the  greatest 
raliKaty  with  which  water  oouM  flow  through  it,  aU  loiuax  of  head  being  neglected  7  Ait». 
1  •■§*  per  sec. 

14.  A  pipo  2*  diamotvr  is  suddenlr  uulargcd  tu  3".  If  it  discbargu  100  gallons  per  min., 
th*  Wat«r  flowing  frum  the  small  pipe  into  the  large  ohp,  fmd  the  luss  of  totiU  liend  and 
Ibe  itain  of  preetore  head  at  the  sadden  enlnrgemeDt.  State  the  two  values  of  the  co- 
effideat  of  rcdataaee. 

Ang.   Losnofbead  -8^".     /*•  IftS  or  SI. 

Gain  of  preBaora  '  V  2". 

15.  In  tho  but  question  suppum  ibe  water  to  mow  in  the  roTotw  •lircotion.  Find  tbo 
Umm  of  hea<l  and  the  change  of  prowure  oonseciuent  on  the  audden  contraction,  aaaoming 
the  eo-«flicient  of  contraction  to  be  '^. 

Ahm.  Lost  of  bead  -Ti", 

Diminution  of  presaure  -^  ?  f^j". 

10,  A  horizontal  pipe  30"  long  is  suddGnly  enlarged  from  2"  to  3"  and  than  fuddraly 
rttunis  to  its  original  diametnr.  Length  of  cnch  sectiou-10'.  Draw  the  bydravllo 
glftdient  when  the  pipe  is  diaehnrging  100  gallons  |)er  min.  into  the  atmospbcro,  asaum- 
iBf  as  eo-*11icirnt  of  anrfnce  friction  4/-  '03.  Find  the  total  loss  of  head.  Am.  Total 
loM  af  bead    10  2^'. 

17-  A  pipe  eontaius  a  dtaplua^^tn  with  an  ortBee  in  it  tbe  area  of  wfaieh  is  one-fifth  tbe 
•eetioDal  am  of  the  y^po.  Find  the  co-i'tHcicnt  of  nsaistance  of  the  diaphragni,  aasum* 
iog  tbe  contraction  oa  paaaing  through  tbe  ori^ce  the  Mtme  as  that  on  efflux  from  a 
vessel  through  a  aioall  orifiee  in  a  thin  pUte.    An*.     P    -IC, 

\^.  Find  the  loss  of  head  iu  inchvn  duu  to  a  bend  through  4.V  of  radius  fi"  in  a  l>ipe  2" 
diameter,  the  velocity  of  the  water  being  12'  per  see.     Am.  3". 

19.  A  plane  ar«a  mores  pcrpeiulicuhtrly  through  water  in  wbich  it  is  deeply  immerseil 
find  the  renstaaoo  per  aq.  foot  at  n  spued  of  10  miles  per  buur.     Doduoc  the  presaar*  of 
a  wind    of  SO  miles  per  hour  nfiing  the  same  co-cfllcient.     Ant.  Rcsiatanec  ~ IMfF  lbs. 
Wind  preaeure  -  I  "312  Ibi. 
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W.  ComiNire  the  mliUnee  of  an  vu  mortng  flatwUe  thraogh  the  wua  with  In 
rmistttDCC  iiio%ing  ndgowiie  lo  fur  u  doe  to  lurfue  friction,  the  eo^fficiciit  far  whieb  ti 
-OM.     ^iK.  lUUo    313. 

21.  In  quGstion  1  Hupi>o»c  the  ttliip  moviofi  at  10  kuDti  auil  tbe  orifice  of  catn  m 
ftrr&Dgrd  a*  to  oniiM  no  additiotul  rMulatua  :  find  the  rvlomtjr  of  dclivvrjr.  ^hjl  A4di- 
tional  bcul  "('42';  velocity  -  25' por  MC 

22.  Water  ii  supplied  by  it  Booop  to  a  locoinotirc  tender  at  a  beiglit  of  T  abort  I 
troiigli.     AMuming  half  the  bead  lout  by  frictionKl  renatanceai,  what  will  be  tha  i 
of  delivery  when  the  train  Is  ruaDing  at  iO  miles  per  hour,  and  what  will  be  tlM  lowirt^ 
speed  of  train  at  whkh  the  operation  is  posRibloT    Ant,  36'  par  s«c.  ;  14J  mila  iMrhow 

23.  A  Htream  of  wat«r  deliTering  ."iOO  gallonti  |>er  min.  at  a  velocity  of  t.*ifcet  per  mt. 
ktrikea  an  indefinite  pisne  (1)  direct,  [")  at  an  angle  of  :tO'  :  find  tbe  pressure  on  tW 
plane. 

34.  Employ  the  principle  of  momentBR]  to  prove  tbe  formula  on  page  41&  for  tt< 
rcsnltaat  ocntrifaga)  forge  of  one-half  a  rotating  ring  of  flntd. 


BKFERENCES. 

For  further  Infortnation  on  aabjecta  connected  with  tJie  present  cbaptei,  tbe  naAtt  I 
rpfeired  w  a  treatiie  on  Uydnmlics  by  rrofeawr  "NV,  C,  Unwin,  M.I.C.E.,  formiai  i 
of  the  article  Hydro-Mcehanlos  in  the  oditjon  of  tbe  "  Enoyelopcedia  Britanoica"  >•* 
(1883)  in  oourse  of  pablication. 


CHAPTER  XX. 

HYDRAUUC  MACHINES. 

253-  Uydranlie  Motors  in  General — Hitherto  the  energy  exerted  by 
'meanH  of  a  head  of  ^niter  hns  been  suiiposftd  to  be  wholly  employed 
iu  overcoming  frictioiud  resisUnces,  and  in  generating  the  vehvcily  with 
which  the  water  is  delivered  at  somo  given  point.  We  now  proceed  to 
consider  the  cases  in  which  only  a  fraction  of  the  head  is  required  for 
these  purposes ;  the  remainder  then  hecomea  a  source  of  energy  at  the 
point  of  delivery  by  means  of  which  useful  work  may  be  done.  A 
machine  for  uliliziug  suvh  a  source  Is  called  an  Hydraidic  Motor. 

Hydraulic  energy  may  exist  in  ihrco  forms,  according  as  it  is  due  to 
motion,  elevation,  or  presfiiue.  In  the  first  two  cases  it  is  inherent  in 
the  water  itself,  being  a  consefjuence  of  ita  motion  or  its  position  as  in 
the  cuse  of  any  other  heavy  body.  In  the  third  it  is  due  to  the  action 
of  gravity  or  some  other  reversible  force,  sometimes  ou  the  water  iteelf, 
but  oilener  on  other  bo(h'es,  as,  for  example,  the  load  on  an  accumulator 
ram.  The  wator  is  then  only  a  transmitter  of  energy  and  not  directly 
the  BOurcG  of  it.  As,  however,  the  energj'  ti-aiismittud  is  proportional 
to  the  weight  of  water  delivered,  just  as  iu  the  two  other  cases,  the 
w»ter  is  as  before  described  as  possessing  energy.  The  energy  per  unit 
of  weight  is  called  "head,"  as  sufiicieully  explained  in  the  preceding 
chapter,  and  the  "  toti»l  head  "  is  the  sum  of  the  *'  velocity  head,"  the 
"actual  head," and  the  ''pressure  head." 

Hydraulic  motors  are  classed  according  to  the  mode  in  which  the 
water  ofjerates  upon  them,  which  may  be  either  by  weight,  or  by 
IH'essure,  or  by  impuEso,  including  in  the  last  teira  also  **  reaction." 


P  264.  ff'eiifkt  Maciiint*. — To  utilize  a  head  of  water,  consisting  of  an 
actual  elevation  {h)  above  a  datum  level  at  which  the  water  can  be 
delivered  and  disposcrl  of,  a  machine  may  be  employed  in  which  the 
direct  action  of  the  weight  of  the  water,  while  falling  through  the  height 
A,  18  the  princi|)al  motive  force. 
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The  common  overshot  water-wheel  (Fig.  2,  plate  III.,  p.  137)  may  be 
taken  afl  a  type.    Here  the  driving  [Hiir  is  a  simple  turning  pair,  and  th 
driving  link  ia  the  force  of  gravity  upon  the  falling  water,  which  ucttj 
directly  on  buckets  open  to  the  atmosphere.     U  G  he  the  delivery  in 
gallons  per  minute,  the  energy  exerted  in  foot-pounds  per  minute  is 

E  =  iOOh. 

The  head  A  is  hci-e  measured  from  the  level  of  rtiU  wntor  in  a  reaonroir 
which  anpplicfl  the  wheel.  Iff  be  the  velocity  of  delivery  to  the  wheel, 
the  i)oii-ion  i--l2g  it  converted  into  energy  of  motion  before  reaching  the 
buckets  and  operates  by  impulse.  In  a  tvheel  of  this  clnss,  therefore, 
the  water  does  not  operate  wholly  Hy  weight.  The  B|jeed  of  the  wheel 
is  limited  to  about  5  foot  per  second  by  the  centrifugal  force  on  the 
water,  which,  if  too  great,  causes  it  to  spill  from  the  buckets.  It  will 
be  seen  hereafter  that  the  velocity  of  the  water  should  be  about  double 
this,  80  that  v  is  about  10  feet  per  second,  and  the  part  of  the  &1I 
operating  by  impulse  is  therefore  about  1*6  feet  The  remainder 
operates  by  gravitation,  but  a  certain  fraction  is  wasted  by  spilling  ftwn 
the  buckets,  and  emptying  them  before  reaching  the  bottom  of  the  blL 
More  than  one  half  the  head  operating  by  impulse  is  always  wasted 
(Art  2C0),  and  tbia  class  of  wheels  is  therefore  only  suitable  for  bill 
exceeding  10  feet,  The  gre^it  diameter  of  wheel  required  for  very  high 
&11b  ifl  inconvenient,  but  examples  may  be  found  of  wheels  GO  feet 
diameter  and  more.  The  efficiency  of  these  wheels  under  favounbte 
circumstances  is  "75,  and  is  gcncnilly  about  -65. 

In  *'  breast  wheels  "  the  buckets  are  re|ilaced  by  vanca  which  move 
a  ohaonol  of  masonrj'  j»artially  siuroimding  the  wheel.  The  water 
admitted  by  a  moveable  sluice  through  a  grating  of  lixcd  blades  in  tbfl 
upper  i)art  of  the  channel.  The  channel  is  thus  filled  with  wuler,  the 
weight  of  which  rests  on  the  vane«  and  furnishes  the  motive  foi-ce  on 
the  wheel.  There  is  u  certuin  amount  of  leakage  between  the  vanes  and 
the  sides  of  the  cbunnol,  but  this  loss  is  not  so  great  as  that  by  8|»lli! 
fVom  the  buckets  of  the  overshot  wheel.  The  efficiency  is  found 
experience  to  be  as  much  as  Tfi.  As  the  dUmeter  of  the  wheel  is  greater 
than  the  fall  a  breast  wheel  can  only  be  employed  for  modomte  falls. 

lu  both  these  machines  the  water  vlrtuiUIy  forms  part  of  the  piece  on , 
which  it  acts.  This  link  of  the  kinematic  chain  forms  one  element 
the  driving  |Kiir,  while  that  attached  to  the  Byrth  forms  the  other.  In, 
the  overshot  wheel  the  water  is  contained  in  open  buckets,  in  the  breast 
wheel  it  is  contained  in  a  closed  chamber  or  channeL  A  third  class  of 
weight  machines  is  referred  to  farther  on  under  the  head  of  piunpe. 

255-  U^trauiic  Frasxvrt  Machines  m  Steatiy  Motion. — A  water  whoill 
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of  groat  diameter  ia  a,  slow-moving  ciunbrous  machine,  and  for  heads  of 

100  feet  and  upwaitls  it  is  therefore  neccBsary  to  employ  a  presBuro  or 

impulse  machine.     Such  machines  are  also  often  more  convenient  for 

BW  falls. 

In  pressure  machines  the  dri^Hng  link  is  compressed  water,  which  is 

ed  between  the  elements  of  the  driving  |>air  by  some  source  of 

which  supplies  the  accessary  head.     The  head  is  sometimes  an 

actual   elevation    either  natimil  or  artificial :    in  the  docks  at  Clreat 

^—iirimtiby  the  hydraulic  machinery  i^  operated  from  a  tank  ]>laccd  on  a 

^Hbower  200  tVet  high.     It  is  however  diSicult  to  get  a  confiiderablc  pree- 

!      siirc  in  this  \v9.y,  and  an  apparatus  called  an  Hydraulic  Accnmnlutor  ia 

therefore  generally  resorted  to.    Two  forms  occur,  of  which  one  is  shown 

^  in  PI.  IX.  k  In  the  6rRt  a  plunger  or  ram  is  forced  into  a  cylinder  by 

heavy  weights  placed  in  a  plate-iron  cage  suspended  from  it  and  stayed 

^^y  ii'ou  rods.     The  accumulator  is  supplied  by  pum|>a  generally  worked 

^■|]r  Bteam,  vhich  is  the  ultimate  source  of  the  energy,  the  acciunuhitor 

^^merely  ser\'ing  the  purpose  of  a  store  of  energy  which  can  be  drawn  on 

^^at  pleasiu'e.     Kor  oi-dinary  hydraulic  niachinerj*  the  pressure  is  limitod 

^Hd  750  ll>s.  per  square  inch  from  the  difficulty  of  obtaining  fripes  of 

^sufficient  strength  and  of  working  slide  valves  under  heavy  ]>resiture6. 

In  machines  for  rivfttting  and  other  special  purjmses,  however,  pressures 

[      of  1,500  lbs.  per  square  inch  and  upwards  are  erapIoyc<l.     The  accnmu- 

L^ator  then  consists  of  a  cylinder  B  (Fig.  I,  PI.  IX.,  ]i.  453),  loaded 

^^rith  ring  weights  EE,  sliding  on  a  fixed  spindle  /',  divided  into  two 

lengths,  of  which  the  upper  portion  ia  of  smaller  diameter  than  the  lower. 

In  cither  form  the  accumulator  jirovides  a  store  of  compresaed  water 

which  can  be  supplied  by  suitiiblo 

pipes  to  any  number  of  machines,  l  Ftr-is*. 

placed  often  at  considerable  dis- 
tances. A  head  of  1,700  feet  is 
thus  I'cadily  ohtaineil,  and  i'or 
:cial  purposes  much  moi-e:  differ- 
ces  of  level  may  therefore  bo 
disregar<lc<l  as  of  small  importance,  and  the  water  considered  as  operating 
holly  by  pi"e*fiuro. 

The  driving  pair  of  the  machine  forms  a  chamber  of  \'ariable  size 
which  is  alternately  enlarged  by  the  pressure  of  the  water,  and  con- 
tracted to  exi>el  it.  In  most  cases  it  is  a  simple  cylinder  C  and  piston 
li  (Fig.  184) :  the  water  is  admitted  by  a  port  from  a  pipe  L,  trans- 
mitting it  from  the  accumulator  at  pressure  p.  Let  the  piston  move 
through  a  space  a-,  let  yl  be  its  area,  then 

Energy  exerted  =pAx^p .  X, 


di" 


« X   " 
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where  X  ia  the  vnlume  swept  through  by  the  piston.     If  u  be  u  ustu 
the  woight  of  a  cubic  foot,  w .  X  is  the  weight  of  water  which  enters 
cylinder  as  the  piston  mores  through  the  distance  x,  and  therefore 

Energy  exerted  per  lb.  of  water  ="  =  pressure  head  in  cyliodcr. 

w 

This  might  have  been  anticipated  from  what  was  said  in  the  hutt 
chapter  us  to  the  meaning  of  the  term  "  head,"  and  in  fiict  it  is  equally 
true  if  the  driving  pnir  bo  not  a  simple  piston  and  cylinder,  l)ut  of  any 
other  kind. 

The  bead  in  the  cylinder  is  letia  than  thut  in  the  ;tccumuUtor,  on 
account  of  the  friction  in  the  supply  pii>e  uiid  other  fncUonal  resist- 
ances, and  it  is  on  the  action  of  these  re^JsUinccs  that  tlie  working  of 
the  machine  depends.  Let  F  bo  the  velocity  of  the  piston  in  its  cylinder. 
/)q  pressure  in  accumulator,  F  the  co  efficient  of  hydraulic  ronstAiice 
referred  to  the  ceiocitt/  vfthtpUion  (Art.  248),  then,  uegletiting  differences 
of  level,  also  the  boight«  due  to  velocities  of  working  and  acciunuUtor 
pistons, 

If  the  machine  ho  moving  steadily  the  pressure  p  will  txt  c<{ua]  to 
useful  resistance  which  the  piaton  is  overcoming,  increased  by 
friction  of  the  piston  in  its  cylinder.  Thus  p  and  p^  will  be  known 
quantities,  a  certain  definite  velocity  V^  wnll  then  be  detemn'ned,  which 
may  be  described  as  the  *'  speed  of  steady  motion  "  :  it  is  given  by  the 
equation 

Sinte  the  hydraulic  resistances  may  be  iticreaswl  to  any  extent 
pleasure  by  the  turning  of  a  cock,  it  follows,  that  the  ^peed  of  anj 
hydraulic  prefistu-o  machine  can  be  regulated  at  pleasura  Further,  if 
the  i-esistance  to  the  movement  of  the  piston  be  diminished,  the  speedj 
will  increase  only  by  a  limited  amount,  and  can,  under  no  eircumcta 
be  greater  than  is  given  by 


^3 


which  mn  bo  regulated  as  before.     The  surplus  energy  is  here  ubeorti 
by  the  frictional  i-esistancee,  and  an  hydi-aulic  pressure  miif^hinc  the 
/        fore  iKJSsesses  the   very   im(K)rtant,  and,  for  many  piuiK>8c»,  valuaMfl 
characteristic  that  i^  CirHtaim  within  ii  brains  uhich  vork  ai^omttiicaUjf. 

266.  Ifydraulic  Pressure  MachinatR  Unsteady Mothn. — Although  the 
speed  of  n  pressure  engine  cannot  exceed  a  certain  limit,  which  ia  easily 


I 
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lund,  yet  il  does  not  follow  thul  that  limit  will  over  he  reached.  When 
[C  engine  starte,  ihe  piston  and  the  water  in  the  pipes  have  to  be  sot 
n  motion,  the  force  required  to  do  thi»  is  so  much  ftiibti-actcd  fi-om  that 
available  to  overcome  rcsistancca.  A  considerable  time  therefore  clapscx 
before  a  condition  approaching  steady  motion  can  be  obtained. 

In  Fig.  170,  p.  419,  water  is  snpposed  f1n>ving  through  a  pipe  with  a 
velocity  u.  Two  pistons  at  a  distance  x  enclose  M'ater  between  them,  oa 
in  Art.  2i'2,  then  the  dilTerence  of  pressure  jJj  -/j.^  in  the  case  of  steady 
motion  is  simply  bal.tnccd  by  the  surface  fi-iction,  but  in  unsteady  motion 
is  partially  employed  in  accelerating  the  Bow  of  the  water.  Neglecting 
friction  the  acceleration  f/  will  be  given  by  the  formula 

A  is  the  aectionat  area  of  the  pipe  and   W  is  the  weight  of  the 
between  the  pistons.   Keplacing  JV  by  Ax .  ir,  as  in  the  preceding 


article, 


IP  ff 


^_iD< 


which  gives  a  simple  formula  for  the  change  of  prcssiu-c  head  due  to 
IDortia.  Now  if  nj  be  the  are;i  of  the  working  pi^iton,  the  velocity  of 
e  water  in  the  pipe  is  n  times  the  velocity  of  the  piston,  and  tlie 
accelerations  iirc  nocesaarily  in  the  samo  ratio;  iind  hence  it  follows  that 
the  difference  of  pressui-c  beiul  between  cylinder  and  accumulator  due  to 
an  acceleration  y'  of  the  piston  is  for  a  length  of  pipe  / 


% 


IT  g 

The  inertia  of  the  piston  itself  refpiireB  a  certain  pressure  to  accelerate 
it  Lot  Vo  ^  ^c  "  pressure  equivalent  to  that  weight "  found,  as  in 
Art  109,  page  212,  then  the  pressure  due  to  inertia  is 

then,  dividing  by  Wt 

ir  tP        \  w/ff  tj 

where  A  is  a  ccrtJiin  length.  This  may  be  described  oa  the  "  length  of 
working  cylinder  ef]uivalent  to  the  inertia  of  the  moving  iwrts/'  and 
m.iyalways  bo  readily  calculated  for  any  given  engine.  (See  Appendix.) 
The  pressure  in  feet  of  water  necessary  to  overcome  inertia  will  then 
always  be  given  by  the  simple  formula 

Pressure  due  to  inertia  e  X^. 

9 
It  will  now  bo  seen  that  the  weight  of  water  in  the  pipes  and  cylinders 
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is  so  much  luMod  to  the  weight  of  the  -piston,  that  in  the  pipes  being 
multiplied  by  the  square  of  the  ratio  of  areas  of  cylinder  and  pipe.  A> 
Wfltor-prcssnre  ongino  in  therefore  a  machine  with  very  heavy  moving 
l«irts,  a  r i re um stance  which  greatly  limits  its  speorl  irrespectively  of 
frictional  resistances.  The  smaller  the  pipes  the  heavier  the  port* 
virtually  are,  and  this  must  be  considered  as  well  as  friction  (p.  420)  in 
fixing  thoir  diameter. 

It  will  be  adviwiblo  to  consider  a  particular  case  more  in  detail. 
Supjioae,  as  is  sometimes  the  case  in  practice,  that  a  water-pnresuro 
engine  is  employed  to  turn  a  crank,  and  let  us  sw]j[>c>ae  that  the  crank 
shaft  rotates  nearly  uniformly  as  in  Oh.  IX.,  then  the  difference  betweeti 
the  pressure  in  the  accumulator  and  that  transmitted  to  the  crank  pin 
may  be  reprc^ontod  graphically  thus  : — 

Let  /"  be  the  velocity  of  the  crank  pin  and  lei  the  stroke  be  2*i  or  A  A 

ill  the  diagram  (Fig.  185).    Set  up 

in 

and  draw  the  sloping  line  COC.  Then,  as  in  Art  109,  atready  cited, 
the  ordtnato  of  that  line  represents  the  pressure  noccBsary  to  overcome 
the  incrtlu  of  the  piston  and  the  water  connected  with  it.  Again^ 
setup 

and  on  the  oblique  base  COC  draw  the  parabola  CZC^  then  (comp. 
Arts.  20,  109}  the  ordinate  of  this  parabola  will  represent  the  proftsiiro 
necessary  to  overcome  the  hydnudic  resistances  at  every  point,    If  then 

the  horizontal  line  Db  be 
o  drawn  at  a  height  repre- 
senting the  |iressure  in  the 
accumuhttor,  the  intercept 
between  that  line  and  thi? 
]xirabola  will  represent  the 
])ressure  trunsmittcd  to  the 
crank  pin  at  each  point  of 
the  stroke.  The  slope  of 
CC  and  the  height  of  the 
parabola  iacrease  rapidly  with  the  »[>eed,  which  must  never  bo  gnnt 
enough  to  cause  the  |>ur;(bulu  lu  touch  DD,  otherwise  a  violent  shock 
will  occur.  The  same  effect  will  bo  produced  by  any  falling  off  in  the 
useful  resistance:  thL^  anguUr  acceleration  of  the  cnuik  shofl  then  raives 
the  central  part  of  the  line  t't'and  with  it  the  line  of  IVictional  rosistanoes. 
Tt  should  be  olwcrved  that  the  curve  of  frictional  reeistnnceB  may  al«o  be  '■ 
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takon  to  represent  the  kinetic  energy  of  the  piston,  both  these  qimntitioa 
being  proportional  to  the  square  of  the  velocity  of  the  piston.  It  is 
therefore  the  giaphioal  integral  of  the  cui-ve  of  iicwjleration  (Ch.  IX.). 

The  ainiplc  exiimple  here  given  will  serve  as  an  illustnitiou  of  the 
great  variations  of  pressure  which  occur  in  wutcr-pressure  engines  and 
iheir  conseqnont  liability  to  shocks.  For  which  reason  escape  valves  or 
nir  chambers  must  be  proWded  to  relieve  the  pressure  when  it  becomes 
excessive.  Unless  the  resistuncc  bo  very  uniform  an  Additional  uccurau- 
•T  is  require<l  as  near  :i£  possible  to  the  machine. 


^^toi 


257.  Ej^amplfA  of  Mydraalk  Pressurr.  j\fiicJiiiies. — Water-presaure  en- 
gines form  a  large  and  interesting  class  of  hydraulic  motors  of  which  a 
few  examples  will  now  be  given. 

(1)  In  direct-acting  lifts  a  weight  is  raised  by  the  direct  action  of 
fluid  pressure  on  a  ram  the  stroke  of  which  is  equal  to  the  height  lifted. 
The  weight  here  rests  on  a  cage  or  plalfomi  fixed  to  the  ui)por  end  of 
the  ram  and  sliding  in  guides.  The  water  is  frequently  supplied  from 
a  tank  at  a  moderate  elevation,  so  that  the  pressure  head  diminishes  as 
the  lift  rises.  This  is  a  very  convenient  arrangement  for  the  pui-i>use, 
M  it  supplies  an  additional  pressure  at  the  bottom  of  the  stroke  where 
it  is  required  to  ovorcomo  inertia  at  starting,  and  a  diminished  pressure 
at  the  tap  where  the  lift  requires  tu  be  btopped.  The  useful  resistance 
is  here  constant  and  the  pressure  head  would  be  repi-eseuted  by  the 
ordinate«  of  a  sloping  line.  A  diagi-am  of  speed  and  acceleration  may 
be  constructed  by  a  process  similar  to  that  given  in  the  last  article. 

(2)  A  direct  acting  lift  necessarily  occupies  a  great  space,  and  the 
stroke  of  the  working  cylinder  is  therefore  often  multiplied  by  the  use 
of  blocks  and  tackle  as  shown  in  Fig.  2,  Plate  IX.  The  cylinder  may 
be  placed  in  any  convenient  position,  and  the  chain  passes  from  the 
blocks  over  fixed  pulleys  to  the  cage  which  is  suspended  from  it 
The  friction  of  the  pulleys  is  here  considerable,  and  there  is  a  liability 
to  breakage;  but  for  cunvouience  the  ari'augement  is  one  which  is  fre* 
qucntly  employed. 

(3)  In  hydraulic  cranes  the  working  cylinder  is  sometimes  placed  bo- 
low  and  sometimes  occupies  the  crane  post  which  is  tubular.  The  stroke 
is  multiplieil  by  tackle  as  in  the  previous  case,  the  chain  passing  through 
the  crane  poat  and  over  fixed  pulleys  to  the  extremity  of  the  jib.  An 
example  is  shown  in  Fig.  2,  Plate  IX.,  p.  453. 

(4)  A  water-pressure  engine  may  be  employed  to  turn  a  crank. 
Three  working  cylinders  inclined  at  120"  are  frequently  used  as  shown 
in  Fig.  1,  Plate  X.,  p.  453.  They  are  single-acting  and  drive  the  same 
crank  as  in  the  small  steam  engines  of  the  same  type  employe<l  where 
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great  speed  is  required.  The  water  is  admitted  to  the  outer 
enda  of  the  cylinders,  so  tliat  the  pistoo  rods  are  always  ia  compres- 
sion. 

(5)  The  hydraulic  mechanism  applied  to  work  heavy  guns  on  board 
ship  cousists  uf  a  cylinder  in  which  works  a  piston  attached  to  a 
tlic  Bcctional  ai-eo  of  which  is  one-Iialf  that  of  the  cylinder,  [f  water 
admitted  at  hoth  ends  of  tho  cylinder  the  piston  moves  outwards,  but  if  to 
the  inner  end  only,  it  moves  inwanls.  The  motive  force  in  either  case 
is  tlie  same,  heing  due  to  the  difference  of  aroaa.  This  apparatus 
serves  alno  as  a  brake  of  the  kind  described  in  tho  next  article. 
For  details  and  illuKtratinnn  the  reader  is  referred  to  the  Gwtnery 
Masiual. 

258-  Hydnxvlif  Bralis.~~\i  has  been  sufficiently  explained  that 
hydraulic  resistances  absorb  an  amount  of  energy  which  varies  as  the 
square  of  the  speed.  A  hydraulic  machine  therefore  may  be  employed 
as  a  brake,  and  it  is  in  this  way  that  large  amounts  of  sur^dus  enoi^y 
are  most  easily  disposed  of,  Moreover,  by  its  use  the  apewl  of  any 
machine  to  which  it  is  applied  is  readily  controlled. 

An  hydraulic  linike  is  constructed  by  intorimsing  a  mass  of  fluid  b^ 
tween  the  elements  of  a  pair  so  that  any  motion  of  the  pair  cauua 
breaking-up  of  the  fluid  with  a  corresponding  resistance. 

A  common  case  is  that  of  a  sliding  pair  consisting  of  a  piston 
cylinder  filled  with  water  or  oil.  which  passes  from  one  side  of  the 
puton  to  the  other  whenever  tbo  piston  moves.     Two  examples  of  this 
pig.180  apparatus  are  shown  in  skele- 

c   "  ^'^^  '»  F'iss   186tf,  186ft.     In 

Q  ^  the  first  (Fig.  I86.1)  the  piston 

rod  />/>  projects  through 
D  both  cylinder  covers,  and 
communication  is  made  be- 
tween the  two  enda  of  the 
cylin<Icr  by  a  pipe  LL  pro- 
vided with  a  cock  C,  which  can  be  closed  at  jileasure.  At  D  the  rod  is 
attached  to  the  piston  rod  of  a  steam  cylinder  employed  to  obtain  the 
very  considerable  force  necessary  to  work  the  starting  and  revereing 
gear  of  large  marine  engines.  The  reeiatancc  nf  this  brake  is  zero  wbeo 
the  piston  1)cgins  to  move,  but  increases  as  tlie  square  of  the  speed,  and 
thus  eflectually  prevents  it  from  moving  too  rapidly.  The  maximum 
speed  is  controlled  by  turning  tho  cock.  For  a  detailed  description  of 
this  gear  the  reader  is  referred  to  a  treatise  on  the  Marine  Ktiffine.,  by 
Mr.  ScnnetU 
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tho  Kccond  (Fig.  1866)  the  water  pas&es  from  one  end  of  the  cylin 
dcr  Uirough  uritiix's  iu 
the  pi-stou  itself.  This 
is  the  comoion  '*  com-  *-^rr  mi>  ■ 
presser  "  or  Service  Buf- 
fer.* The  piston  rod  in 
this  case  ptitsBes  out  at  one  end  only  of  the  working  cylinder,  and  is 
Attached  to  the  gun,  the  recoil  of  w)iich  is  to  be  checked.  The  theory 
of  tills  apparatus  is  of  sofQe  interest,  and  will  now  he  liriefly  con- 
sidered. 

Let  It  be  the  mtio  of  the  area  of  tho  pii^n  to  the  effective  area  of  tho 
orifices,  then  the  loss  of  head  must  be 


^=<''-'>'& 


I 


whore  /' is  the  spceil  of  piston  and  ;;,, p^  are  tho  pressures  on  the  two 

sides  uf  the  piston.     Eeriee  the  pull 

*!/ 
on  tho  piston  rod  is  necessary  to  overcome  the  hydraulic  resistance  at 
this  speed.     Tho  gun  is  gradually  brought  to  rest  by  this  resistance, 
aided  by  the  friction  of  the  slide.  - 

At  tho  instant  of  firing  u  certain  amount  of  kinetic  energy  is  gene- 
rated in  tlie  gun  given  by  the  Ibrniuia 


Energy  of  Hcooil  =^ 


/KK» 


(Art  135.  p.  251) 


irhere  K^  is  the  maximum  velocity  of  recoil.  As  the  gun  recoils  its 
velocity  diminishes,  and  if  /'^  be  the  fnction  of  the  slide  the  retarding 
force  will  be 


k 


6f  +  /*,  =  «'y/(«-l)«P+yV 


The  nuLxiuium  value  of  S  >rill  be  foiuid  by  writing  F^  for  F,  and  may 
be  denoted  by  S^ 

To  represent  this  graphically,  in  Fig,  187  draw  a  curve  in  which  tho 
ordinate  A'A  ut  any  point  X  represents  the  retarding  force  after  the 
gun  hiis  recoiled  through  the  space  ON  from  tho  |>oint  0,  at  which  the 
action  of  the  puwdcr  pressure  ceases,  and  the  gun  has  its  maximum 
velocity  F^     This  curve  will  start  from  a  |Joint  A  such  that 


OA- 


■^o+^V 


'  Afanuni  t^Ounurry/or  Htr  Ma^ut^'a  Flat,  p.  tt8. 
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and  vill  reach  the  horizontal  DE  at  a  height  P^^  above  the  hoM  line 

at  a  point  A',  siich  that  OL  is  the 
complete  recoil.  The  area  GAEL  of 
ibis  cxirve  represent*  the  energy  of 
recoil  which  ha«  all  been  absorbed  l>y 
the  fnctional  resistance  of  the  slide 
and  the  hydraulic  resiatanoe  of  the 
compresftor.  Further,  the  Area  KSXK 
between  two  ordinatcs  will  represent 
the  diminution  of  energy  as  tba  gan 
recoils  through  the  spaice  jVA''  between 
them,  a  circumstance  which  euoblea  us 

to  construct  the  curve,  for  if  W  be  the  velocities  of  the  recoiling  gon 

at  IfN'  roBpoctirely, 

Area^A'^A"  =  52£I=^. 
But  if  5^  be  the  corresponding  values  of  ^, 

*9 
and  if  the  ordinates  be  taken  near  together  the  area  in  question  will  be 
nearly  KN .  NX'.     We  have  therefore,  by  division, 

m-^^ kJT-  1 

That  is,  if  a  number  of  equidistant  ordinate^  be  drawn  near  together 
the  ratio  of  consecutive  onlinatos  is  constAnt.  Tho  cun*e  mny  be 
roughly  traced  from  this  property;  it  is  identical  with  the  curr»_ 
already  drawn  in  Art  123,  p.  236,  except  that  it  is  a  linear  instead 
a  polar  curve. 

The  moan  resiatanco  to  recoil  is  given  by  the  oquation 

(5  +  P^Y  =  Energy  of  Kecoil, 
where  /  is  the  distance  traversed.  It  would,  of  course,  be  advimt 
to  have  a  uniform  resistance  to  recoil,  because  the  maximum  preasurei 
the  compressor  would  be  diminished  and  leas  strain  thrown  on  the] 
gear.  This  is  the  object  of  the  varioiia  modified  forms  of  the  eoro-l 
pressor,  in  which  the  oriHce«  are  not  of  constant  area,  but  bocaiDt| 
smaller  as  the  recoil  proceeds.  In  order  that  the  resistance  may  b«] 
constant  we  must  have 


S=icA{n-\) 


so  that  (n  -  1 )  ^  is  constant.    Further,  since  the  retardation  is  unifom 
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rbere  z  is  the  distance  from  the  end  of  the  recoil.  It  appears  tbereforo 
that  the  orifices  should  varj-  in  such  a  way  that  (»-I)*z  should  be 
constant  Doscriplioiis  of  two  foriiiB  of  comjiressor,  with  varying 
oriHcos,  will  be  found  in  tlie  Gunnt^ri/  Mamntl, 

Instead  of  a  sliding  iMiir  we  may  employ  a  turning  pair.  This  in  the 
common  "  fan  "  or  "tly  "  brake  used  to  control  the  speed  am!  absorb 
be  8ui*[}lua  energy  of  the  striking  movement  of  a  clock,  or  in  other 
limilar  cases.  A  fnction  dynamometer  (p.  261)  was  designed  by  the 
Plate  Mr,  Froude  for  the  piiriKwe  of  measuring  the  power  of  largo  marine 
engines,  in  which  the  onlinary  block  or  strap  surrounding  a  shaft  or 
drtun  is  replaced  by  a  casing  in  which  a  wheel  workR.  Vanes  attached 
to  the  wheel  and  the  fixed  casing  thoroughly  break  up  a  stream  of 
water  paasing  through  the  casing.  Any  amount  of  energy  may  thus  be 
absorbed  without  occusioning  any  considerable  rise  of  temperature. 
Siemeim'  combined  brake  and  regtdator  ha^  been  mentioned  already 
(m  page  359, 

269.  7'raiusmission  of  En^r^y  by  HydraxUir  Pramre. — Energy  may  be 
distriliuted  from  a  central  source,  and  transmitted  to  considerable 
distances  with  economy  by  hydraulic  pressure.  The  delivery  in  gallons 
per  minute  of  a  pi[>e  d"  diameter  is 


Q  =  27  J  J.  tfi  (Art.  243). 


Assume  now  that  the  pipe  stippHea  an  hydratdic  machine  at  a  distance 
of  /  feet  from  an  accumulator  in  which  A  is  the  head.  Further,  auj)(M)8e 
that  «  per  cent,  is  lost  by  friction  of  the  pipe,  then  the  power  trana* 
mitteil  in  foot-lbs.  per  minute  is 


10ffA  =  270  A 


/   nh 


d^. 


and  the  distance  to  which  A*"  horse  iK>wer  can  bo  transmitted  with  a  loss 
;  H  per  cent,  is  in  feet 


l^. 


A8rf»n 


(nearly). 


l,500,OO0iV5 
fith  the  usual  pressure  in  accumulators  of  76il  lbs.  per  square  inch,  or 
1,700  feet  of  water,  this  gives  the  simple  approximate  formula 

(  =  3300^. 

Thoa  for  example,  100  horse  |)Ower  may  be  transmitted  by  a  0"  pipe  to 
a  distance  of  4  miles,  or  10  harso  jwwflr  by  a  I"  pipe  to  a  distance  of 
220  yards,  with  a  lo«s  by   friction  not  exceeding  20  per  cent     The 
diameter  of  pipe  is  limited  by  considerations  of  strength  and  cost. 
The  power  of  a  motor  supplied  by  a  given  pi|)e  does  not  increase 
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indefinitely  as  ita  speed  increaaes,  bnt  is  greatest  when  one-third  of  tbe 
head  is  loBt  by  friction.*  The  maximom  poeeible  power  i»  tberofore 
given  by  the  formula 

II.P.  =  220  J  J  (approxiniatoly). 

This  IB  of  course  two-thirds  the  value  of  A^  in  the  preceding  fomiula. 


I 


260.  /'wm/w.— If  the  direction  of  motion  of  an  hydraulic  motor  he 
reversed  by  the  action  of  sufficient  external  force  applied  to  drivu  it, 
while,  at  tho  same  time,  the  direction  of  the  issuing  water  ia  reversed 
DO  as  to  supply  tho  machine  at  the  point  from  which  it  origiitally  pn>jH 
cee<leil,  we  obtain  a  aiachine  which  raises  water  instead  of  utilizing  V^ 
head  of  water.     Every  hydraulic  machine  therefore  may  be  employed 
to  raise  water  as  welt  as  to  do  work,  and  most  of  them  actually  occur  i 
this  form ;  they  are  then  called  Pumps,  though  in  some  cases  this  n; 
would  not  be  used  in  practice.     Much  of  what  has  been  said  al 
motors  applies  equally  well  to  pumps  :  the  principal  difference  lies  in 
fact  that  the  useful  reRiBt.ince  which  tlie  pump  overcomes  is  alwa; 
reversible,  whereas  in  the  motor  this  is  not  necessarily  the  case.     Tbc 
principles  of  action  and  tho  classiti cation  of  hydraulic  machines  are»  i 
the  main,  the  same  in  )x>th  eases.     Some  points  omitted  while  consid 
iog  motors  as  being  of  most  ini|K)rtancc  in  pumps,  and  certain  differeui 
of  action  between  the  two  will  now  he  briefly  noticed.    Certain 
occurring  principally  as  pumps  will  lie  mentioned. 

(1)  If  the  tlirection  of  motion  of  an  overshot  wheel  be  rev 
machine  is  obtained  which  is  known  as  a  '*  Chinese  WhoeL"     It 
up  water  in  its  buckets  and  ruiscs  it  to  a  height  somewhat  leas  than  thi 
diameter  of  the  wheel     This  machine  is  little  used,  but  a  reverseil  bi 
wheel  is  frequently  employed  in  dniinage  operations,  under  the  n. 
of  a  "scoop,"  or  '*  flash  "  wheel.     The  working  pair  is  here  a 
pair,  but  in  the  chain  pump  we  find  an  example  in  which  one  of  it»^ 
elements  is  u  chain  jjassing  over  pulleys.     The  chain  is  endless  and  is 
proviiled  with  Hat  plutos  fitting  into  a  vertical  pipe,  tho  lower  end 
which  is  below  the  Hurface  of  the  water,  and  through  which  the  wai 
is  raised.    In  the  common  dredging  machine  the  closed  channel  (p.  440] 
is  replaced  by  buckets.     In  a  thii^  class  of  weight  machines  the  Ma 
occupies  a  moveable  chamber  and  forms  with  it  a  kinematic  pair  wiUi  onl; 
one  solid  element,  while  it  forms,  with  the  link  attached  to  the  eortiit 
working  pair  which  has  aUo  hut  one  solid  clement.     Tho  Archimi 
screw,  and  certain  varieties  of  *'  scoop  "  wheel,  in  which  the  water  enttn' 

*  Thb  rvaull  wm  poUitod  out  to  the  writer  by  Mr.  HMmn.    U  appean  to  bs 

little  kuown. 
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scoop  at  th«  circiunforenco  of  the  wheel  and  is  delivered  at  the 
centre,  aru  examples  of  this  kind. 

(2)  The  moat  common  forms  of  pura]ts  are  tlie  "lift"  or  "force"  pximpa, 
which  consist  nf  a  oliamhur  whicrh  nxpiinds  to  admit  the  water  to  bo  lift«d 
and  coiitnicts  in  the  act  of  lifting ;  they  are  therefore  jjressure  machines 
like  those  conaidoi-ed  in  Aitv  255-6,  but  reversed.  The  name  "pump" 
originally  ajiplied  to  the^e  mnchine$i  alone. 

Fig.  188  shows  a  common  lift  pnmp.  A  is  a  cylinder  at  a  certain 
height  Aj  above  the  water  to  he  raised,  C  is  a  piston  working  in  the 
cylinder  by  the  action  of  which  the  water  is  lifted.  The  piston  haa 
orifices  in  it  which  permit  the  water  to  pass  through.  Fieiu 

The  orifices  are  closed  by  a  valve,  as  is  also  the  opening 
at  the  bottom  of  the  cylinder.  These  valves  are  simple 
"flaps"  which  open  on  hinges*  to  ]>ormit  the  water  to  pass 
upwards,  but  close  the  [xissajjie  to  motion  in  the  opposite 
direction,  thus  acting  as  a  ratchet  (i>.  153).  Assuming 
the  piston  at  the  bottom  of  its  stroke,  at  rest  close  to  the 
bottom  of  the  cylinder,  let  it  be  sup(>OBed  to  rise  ;  the  '- 
valve  b  will  rise  and  allow  air  to  pass  if  any.  After  several 
strokes  the  air  will  be  nearly  exhatisted,  and  if  h^  be  not 
loo  great  the  empty  space  will  be  filled  with  water  raise<l 
from  the  tunk  by  atmospheric  pressure.  Thus  the  water 
wit]  pass  into  the  cylinder  closely  following  the  piston. 
At  the  top  of  the  stroke  the  piston  commences  to  descend, 
b  closes  and  a  opens,  allowing  the  water  to  [mss  above  the 
piston.  Tliis  water  is  now  raised  by  the  piston  to  any 
required  height.    In  force  pumps  the  prucess  is  the  sjimc, 

but  the  water  p:i.«!8es  out  through  an  orifice  in  the  bottom        ^ ^ 

of  the  cylinder  instead  of  through  the  piston ;  the  raising  of  the  water 
above  the  level  of  the  cylinder  is  done  in  the  down  stroke  instead  of 
the  up. 

The  differeric*!  IwLueen  this  lu-tion  and  that  of  a  pressure  motor  lies 
mainly  in  the  valves,  which  here  open  and  close  automatically  by  the 
action  of  the  water,  instead  of  by  external  agency.  Further,  the  pum]) 
wholly  or  jrartly  works  by  sttdivn^  a  method  by  no  means  peculiar  to 
pnmiw,  for  it  also  occurs  in  motors,  but  not  so  frequently.  The  height 
of  the  water  l>ai*ometer  is  H4  fi'ct,  but  the  heipht  to  which  a  pump  will 
work  by  suction  is  not  so  great.  When  the  piston  is  at  the  bottom  of 
it«  stroke  there  must,  for  safety,  always  be  a  certain  clearance  space 
below.  This  sjjare  always  contains  air,  the  pressure  of  which  diminishes 
as  the  piston  rises,  but  cannot  be  reduced  to  Koro.  Further,  a  certain 
pressure  is  reipiired  to  overcome  the  weight  and  fHction  of  the  valve 
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before  it  opens.  At  least  3  feet  of  the  lif^  is  abftorbed  in  tfaii  way,  and 
generally  considerably  more.  To  obtain  a  lii^li  vacuum  for  scientii 
purposes,  air  pumps  are  specially  designed  to  meet  these  difiicalti< 
Also,  leakage  must  he  allowed  for  and  the  dimiuution  on  account 
friction  and  inertia,  which  will  be  considerable  if  the  speed  bo  too 
or  the  pipes  too  small,  as  will  be  understood  on  reference  to  Arte.  aSS-ftj" 
all  of  wliich  applies  to  pumps  as  much  as  to  motors.  It  is  hardly  neces- 
sary to  observe  that  jiower  is  neither  gained  nor  lost  by  the  use  of  suction : 
it  simply  enables  the  working  cylinder  to  be  placed  above  the  water  lo 
be  tiflecl,  an  arrangement  which  is  in  moat  cases  convenient.  Tlie  limit 
in  pnieticc  is  about  25  fecL 

Pumps  are  commonly,  but  not  always*  single-acting;  they  are  work 
by  the  direct  action  of  a  reciprocating  piece,  or  by  means  of  a  rotating 
crank.  In  the  first  case,  when  indei)endcnt,  a  }iii»ton  acted  on  by  steum 
or  water  pressure  is  attached  to  a  prolongation  of  the  piunj)  plunger ;  a 
crank  and  fly  wheel  is  often  added,  as  in  Fig.  i,  Plato  IL,  p.  109,  to  eon* 
trol  the  motion  and  define  the  stroke.  When  driven  by  the  crank  three 
working  cyi;ndei-8,  placed  side  by  side  with  a  three  throw  crank,  are 
commonly  used,  in  order  to  equalize  the  delivery,  and  so  to  avoid  the 
shocks  due  to  changes  of  velocity.  An  air  chamlwr,  forming  a  sjtrcies  of 
accumulator,  may  also  bo  used  with  the  same  object.  An  arrangf-mont 
of  pumpfi,  as  applied  by  Messre.  Donkin  &  Co.  to  raise  water  from  a  well 
200  feet  deep  and  force  it  to  a  height  of  1 43  feet  above  tin*  engine  bousr, 
may  bo  mentioned  as  an  example.  A  set  of  lift  pumps  at  the  bottom  of 
the  well  worked  by  "spear"  rods  from  the  surface,  are  combined  with 
a  set  of  force  pum])s  in  th<^  engine  house  iteelf.  The  speed  of  thc«e 
piimps  is  about  80  feet  per  minute,  and  they  deliver  about  600  gallons 
per  minute.  Pumps  almost  always  have  a  certain  "slip,"  that  is,  they 
deliver  less  water  than  corresponds  to  the  piston  displacement  and 
number  of  strokes:  iti  this  example  the  slip  was  12  per  cent.  The 
efficiency  of  the  jnimps  and  mechanism  of  the  engine  was  found  to  bo  66 
jrer  cent,  by  careful  experiments.* 

In  raising  water  from  great  depths  in  mines,  force  pumps  nt  the  bottfin 
of  the  mine  are  used,  worked  by  heavy  "spear"  rods  from  a  beam  engine 
at  the  surface.  The  weight  of  the  rod  supplies  the  motive  force  during 
the  downwani  stroke  of  the  pump ;  while  the  engine,  which  is  singl*- 
acting,  raises  the  rods  again  during  the  downward  stroke  of  the  stAUB 
pistoiL 

DEaCKIPTION  OP  PLATES  XX.  AND  X. 

In  anlvr  further  to  tUuBtratc  l!io  AOtioo  of  wfttcr-prMBim  Risebiow  Pl«t«t  IX.  • 
have  b««n  drawn. 

'  AfimutrM  of  Pvocf^Hinga  t^fth*  InMUvtion  t^  CivU  Xkffinttr*,  vol.  01. 
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Flf.  1,  I'Uta  IX.,  siiow*  the  iliff«r«iitu]  accumuUtor  ilonoribod  on  {w^u  -t-tl. 

In  Fig.  2  it  rei>reM;nt«<I  an  hyilmulio  onine,  deaigiied  by  Sir.  W.  ArwiHtrong,  (or  Hfttng 
veiffhU  of  2  to  ;i  totiH.  In  ft  the  bydreulic  [rower  U  •p|ilicit  to  rotate  the  ornnv  M  well 
u  to  lift  the  weight. 

In  oriler  to  elfoct  the  Uft  the  bigli-preMure  water  from  tbc  ftooamulator  ii  admittMl  to 
Uucyliodtirvl,  KDiI  forces  out  the  pluDgcr  £.  There  Kro  two  puUcys  at  n  »di1  two  At  &. 
On«  end  of  the  ch»tn  i»  )iccur«d  to  tht  cylimlrr  .-I,  it  i«  led  round  ^,  then  round  (i,  Hgain 
Toond  b,  then  under  the  uoond  pulley  Kt  (i  it|>  throagh  the  hollow  cr^ne  po«t  on  to  the 
w«ight  M  Hhown.  The  tflcat  of  this  arrangement  is  that  nny  mov«moat  of  the  plunger 
A  u  at  the  hook  multiplied  four  tinitrH. 

If  /t  is  limply  4  plunger  working  in  a  HuffiRg  box,  then  the  exiKinditure  of  energy  is 
wlwayii  the  mini'  wbatevrr  weight  is  bein[}. lifted,  and  the  atiiouat  iiiiut  be  equal  to  that 
which  corrMponda  to  lifting  the  maximum  poMiible  weight. 

This  IB  an  ohjvotioa  which  ia  oomnioa  to  all  such  oiachinea.  The  surplus  energy  is  ei- 
pvodod  in  ovArcoming  friotional  reslstarccB  (p.  442).  To  mitigato  this  evil,  in  oraucs  of 
high  power  tbe  plunger  hns  a  piston  cbd,  whkh  ftta  ft  bored  cylinder,  and  in  proWded 
with  A  oup  leather,  as  ahown  iu  Fig.  :f.  The  aeotioual  area  o(  the  pluiiger  i*  nbuut  ODO- 
hoJf  that  of  the  cylinder.  If  a  light  weight  in  to  he  lifted,  water  !•  admitted  to  both  sides 
of  the  piston,  anil  the  itiHeresce  of  the  preMures,  eipial  Ut  what  would  be  exerted  on  a 
aimplc  plunger,  in  available  for  cfFectiog  the  lifL  ^VbeIll  it  ia  risjuircd  tu  lift  a  heavy 
weight  watrr  is  admitted  to  the  xide  t '  only  of  the  piirton,  thi.'  annular  sjuce  D  being  put 
in  oommnnication  with  tbe  atmosphere.  1'tiua  tbe  fntl  preaanra  due  to  tho  area  of  thr 
piston  ia  exerted  wttb  tbe  oorrcapouding  oxpcnditore  of  wa(cr. 

For  tbe  purpose  of  rotating  tbe  cnuie  a  pair  of  cylinders.  A',  are  provided,  of  which  oiia 
only  is  shown  in  the  figure.  The  thrimting  out  of  the  plunger  Fot  one  of  tbc^m  by  the 
pr«sauro  of  the  water  cauics  the  othir  to  bo  drawn  in  by  means  of  a  ehajo  wbieh  paww 
around  a  reccaaed  pulley  aecured  to  the  crane  poit. 

Ia  rint«  X.,  Figa.  1  and  2  show  the  ooustruatioa  of  Downtoa'A  I'umiK  ao  mucb  u»ed  on 
hoard  ship.  In  tbe  barrel  work  threu  huckeU  with  flup  valves,  na  ibown  ia  Fig.  2.  The 
rods  to  which  the  upper  and  second  buckets  are  attached  are  necessarily  out  of  oentre. 
The  roils  to  the  lower  buckets  [tasA  through  dcep*tufling  boxes  in  the  buokots  above,  and 
thuB  the  busketa  are  tuaintained  from  canting  letiously.  Tbc  movement  of  the  buckets 
ia  effected  by  a  tliree- throw  crank,  the  crank  pins,  whicdt  are  not  round,  being  set  at  130^ 
afiart.  These  pins  flt  and  work  in  a  curved  slot  In  the  bucket  rod  heads.  Aasuming  the 
admiasioo  of  no  air  bat  water  only  from  below,  the  discharge  of  tbc  pump  will  at  each 
inatent  equal  tbe  displacement  of  tbe  faateat  upward  moving  bucket.  Accordingly  tho 
nt«  of  disobnrge  may  be  roprcaentcd  by  a  curve,  as  in  Fig.  X  If  the  alotio  the  rvd  bead 
were  atraight  and  tbe  piu  round,  (bvii,  tho  crank  moving  uniformly,  In  direction  shown, 
th«  vtlootty  of  discharge  would  be  represented  by  the  radii  from  O  to  tbe  dotted  curve 
BABAHA,  whioli  is  made  up  of  imrts  of  three  eirclea,  the  position  of  the  radius  being 
CImC  of  cither  of  the  three  crauka.  Tbo  effect  of  the  curved  slut  m  to  diininiah  tho 
maxitniim  and  inorejue  the  minimum  discharge,  aa  Hhowu  by  the  full  curve  IfA'B'A'H'A'. 

FIga.  4  and  '*>  of  tbia  Plate  are  sections  of  the  hydraulio  engine  referrad  to  on  page 
446^  employed  to  rotate  a  capstan.  It  need  only  be  further  added  that  a  single  rotating 
valve  V  infficfM  for  admiaaioii  and  exbauat  of  all  three  cylinders.  The  faigfa-preaaare 
water  ia  supplied  by  tbo  pipe  P  to  the  paaaage  S  surrounding  tbe  valve  and  exhausted 
from  the  cylindun  through  thw  cvutcai  paaaag*. 


EXAMPLEH. 

I.  In  catimatiog  the  power  of  a  fall  of  water  it  is  souiettniee  aaaumed  that  VZ  cubic 
feet  jicr  second  will  give  1  H.P.  for  each  foot  of  fall :  what  efficiency  doea  this  suppose 
in  tb«  motor  *    An».   "72. 

3.  An  aooumulatui-  ram  ia  U  inehea  dbueter,  and  21  feet  atroko:  And  tbeatoreof 


id4 


HYDRAULICS. 


[rAKT  T. 


ifoot-IU.  when  the  ram  ukt  thehitiof  Ha  itrake.  lUid  b  loaded  till  the 
hTSOlbs.  per  B^ukrc  inch?    Ant.  1,000,000  foot-lbi. 

3.  I»  ft  (iiflfcrcotuil  HDcumiiUior  the  dUmeten  o<  the  ■ptiull«  ue  7  iooho*  •ad  » iftdtM 
th«  Btroko  is  10  fe«t :  tlnd  thr  store  of  travrgy  when  full,  und  loiidcd  to  1,00(1  lbs.  p«r' 
s<)uare  fneh.    j4Hi.  377,001}  foot  Ibi. 

4.  A  direot-Mting  lift  hut  it  r«ui  9  iucht.>ii  di&tnet«r,  aiid  wotki  tuidcr  »  aniMattl  bitdaf 
73  feet,  of  which  13  per  «eDt.  Is  rc^iuircd  by  mn  fricdoo  and  friction  of  nx^iaiUtn. 
Tlic  Bupplj  pi|M]  U  100  feci  loug  und  4  iacheii  diamet«r.  Find  the  apecd  of  ttodj*  motnt 
whoD  nuiing  a  loa<)  of  ],:i50  Iba.,  »mL  uUo  the  load  it  would  nite  at  doubia  that  4aadt 

Atff.  Speed  •  2  feet  per  Koond. 
Lmd  - 130  Ibi. 
A.   In  the  liut  F[iieiiHRn,  if  a  vr1tr  in  the  unt^Iy  pipe  u  partially doaed  la  a«  toil 
the  oo-efficicQt  of  rciiNtancc  by  5^,  what  would  the  »pc«d  be?    Aiu.  1*6  f.a. 

6.  Eight  owt.  of  are  la  to  be  raised  from  a  nitut  at  the  rate  of  900  fttit  per  mimita  hf  • 
water- preMQTCcnipno,  which  has  four  Mngk-octing  cylindcrx,  ti  inobe«  diameter.  Idiaclua 
stroke,  tuaking  CO  revolutiooi  pci  minutci.     Find  tbo  diameter  of  a  topply  i>ipe  £tO  f< 
long,    for  a  head  £(0  feet,    not  iucludiug  frictjoa  of  meehanUm.     Ahm.  Dianatcr- 
iaohea, 

7.  Water  la  tlowing  through  a  pipe  20  feet  long  with  a  velocity  of  10  feet  per  M0oo4t 
If  tho  flow  be  stopped  in  one-tonth  of  a  nvcond,  And  the  intenaity  of  the  preasut*  pro- 
daccd,  natunuDg  the  retardation  during  itoppflfie  unifonD.     Aas.  4*2  feet  of  water. 

8.  If  X  b«  the  length  equivalent  to  tlie  iuerlia  of  a  water-preMiire  eegine,  Ftlw  e»- 
ofnciotsit  of  hydraulic  rcnutauce,  both  reduced  to  the  nun,  Tq  the  apaed  of  ataady  moliOBt 
find  Uio  velocity  of  ram,  after  moving  from  rest  through  ft  spaoc  «  agunat  a  oooatant 
useful  rfiaistaiioe.     Also  Ond  the  time  oocupiod. 
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9.  An  hydraolio  motor  la  driven  from  an  acoumtJator,  the  prcMnire  in  whi^  ia 
11m.  )>er  KEiiuru  inch,  by  rneau*  of  a  Hupply  pi|w  900  feet  Ions,  4  inches  diameter  ;  «! 
would  be  the  m&iimuni  power  theorvtically  attainable,  and  what  would  be  the  velo^ty 
in  the  pipe  at  that  poworT  Find  approximately  the  elflcieney  of  traosmiwioD  at  half 
power.     A»».  H.P.  -  240 ;  r  -  22 ;  effioieuoy  -  96  nearly. 

10.  A  ^uti  recoils  with  a  maxiiutiiii  velocity  of  10  fMt  )>er  second.  The  ana  of  Um 
oridccft  in  the  coinprcuor,  after  allowing  for  eontraetion,  may  be  taken  aa  ouc-tw«nlklti 
the  ana  of  the  piston  :  find  the  maximoo)  pressure  in  the  eompreaaor  in  feet  of  ItiuSd. 
Am,  MOtofiM. 

11.  In  the  laat  qucation  aMuiuv  weight  of  gun  13  tons;  friotiou  uf  slide!)  tons  ;  diatnater 
of  comtireMior  0  inches;  fluid  in  comprriwor  water;  And  the  recoil.  Art*.  4  feetl) 
tnohett 

12.  lu  tbo  laat  question  &aA  the  mcau  resistanoe  to  recoil  Compare  tbo  maxiiniun 
and  moan  reststanoca  each  exelusiTa  of  frietioo  of  slide.  Am.  Total  moan  rvatataDoe- 
4-4  tons.     Batlo-3-a. 

261.  ImffuUc  and  lieadion  MatJtinai  in  General. — The  Bourc«*  <A 
energy  may  be  a  current  of  water  or  tlie  head  may  bo  too  small  to 
obtain  any  considerable  pressurp,  and  it  la  then  ner^-RRary  to  have  fonM 
means  of  utilizing  the  energy  of  water  in  its  kinetic  form.  A  machine 
for  this  purpose  operates  by  changing  the  motion  of  the  water  and 
utilizing  the  force  to  which  the  change  gives  rise.  If  the  water  strikes 
a  moving  piece  and  is  rtducod  to  rc«t  relatively  to  it,  the  machine 
works  by  *■  impulse,"  and  if  it  be  dischaiyed  from  a  moving  piece,  hy 
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ctioo."    There  ia  no  difference  in  jiriitciple  between  tbese  nindeK  nf 
king,  and  both  may  occur  in  the  s&ino  macbine.     In  either  case,  tho 
Motive  force  arises  from  the  mutual  action  between  the  water  and  the 
piece  which  changes  their  relative  motion.     Machines  of  this  class  are 
also  employed  for  high  fulls  when  the  low  speed  of  pressure  machines 
renders  their  usa  iiiconvuiiieiit   or   impossible.      The   water   is   then 
allowoil  to  attain  a  velocity  etiuivulont  to  a  considerablp  portion  of  the 
head  immediately  bcfoi'e  entering  the  machine,  so  that  its  energy  ia,  in 
be  first  instance,  wholly  or  jmrtially  ronverbed  into  the  kinetic  form. 
The  simplest  machine  of  this  kind  ia  the  common   underahot  wheel, 
consisting  of  a  wheel  (Fig.   \f^9)  pro- 
vided with  vanes   againat   which    the 
water    impinges    directly.       Let    tho 
^velocity  of  periphery  of  the  wheel  be 
^^^  then  the  water  after  striking  the 
^0MH  ia  carried  along  with  them  at 
this  velocity.      If,    then,   the  original 
velocity  of  the  water  be  r.  tho  diminu- 
tion of  velocity  due  to  the  action  of 
the  vanps  will  be  r  -  V.     I^ot  IV  Iw  the 
weight  of  water  acted  on  per  second,  then  the  im]ml.se  on  the  wheel 
must  be 

it  if  ^  be  the  sectional  area  of  the  stream, 

tfi  being  tho  weight  of  water  per  second  which  coraes  in  contact  with 
all  the  vanes  taken  together. 


9 


^^rhe  power  of  the  wheel  is  VV  foot-lbs.  per  second,  and  the  energy  of 
^■be  stream  is  fFc'l^ff,  therefore 


Efficiency « 


I  This  is  greatest  when  V=  |v  and  itfl  value  is  then  'A,  showing  that  the 
Irhecl  works  to  liest  advantage  when  the  speed  of  ])eriphory  is  one- 
half  that  of  tho  stream,  but  that  tho  otliciency  is  low,  never  exceeding  *S. 
I  Such  wheels  may  he  seen  working  a  mill  floating  in  a  large  river,  or 
in  other  similar  circumstances,  but  they  are  cumbrous  and,  allowing  for 
various  losses,  not  included  in  the  preceding  investigation ;  their 
efficiency  is  not  more  than  30  per  cent^     In  the  early  days  of  hydraulic 
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machint^,  they  were  often  iised  for  the  sake  of  simplicity  or,  as  in  the 
example  shown  tu  the  figure,  from  a  want  of  comprehension  of  tbeiej 
pnTicipl©.*  In  mountain  coiintriea,  where  unlimited  power  is  availahle, 
they  are  still  found.  The  water  is  then  i;ontluct«d  by  an  artificial 
channel  to  the  whoeL,  which  sometimes  revolves  in  a  horizontAl  pUni 
Wlien  of  small  diamet«r  their  oHiciency  is  fttill  further  dirainishod. 

In  overshot  wheels  and  other  machines  operating  chieHy  hy  weight 
the  head  corresponding  to  the  velocity  of  delivery  is  jKirtly  utilized 
impidse,  and  the  speed  of  the  wheel  is  determined  by  this  coasidcnttioi 
In  all  cuses  of  direct  impulse,  if  h  is  thut  pait  of  the  head  operali: 
by  impulse,  the  speed  of  maximum  efficiency  is 

r-i   ^2^  =  4  Jh, 

or  in  practice  somewhat  less,  and  at  that  8i>eed  at  least  half  that  head  i 
wasted.  The  ;;rcat  waste  of  energy  in  this  process  is  due  {Mirtly  to  tlw 
velocity  F  with  which  the  water  moves  onward  with  the  wheel,  and 
jMirtly  to  breuking-np  during  Impulse.  It  is  in  fiict  easy  to  see  ttutt 
one-fourth  the  head  is  waatcil  by  eiich  of  these  causes.  To  avoid  il^the 
water  must  ho  received  by  the  moving  piece  against  which  it  impingiM; 
without  any  sudden  chnnge  of  direction,  and  nnist  be  discharged  at  the 
lowest  iwssible  velocity,  effectB  which  may  bo  produced  by  a  siutably 
shitped  vane  curved  so  as  to  deflect  the  water  gradtially  and  guide  it  illi 
A  proper  direction.  The  principle  on  which  such  a  vane  is  dcsignt'd!] 
may  be  explained  by  the  annexed  diagram.  In  Fig.  190, .///  i.«t  »  ^-»no,J 
moving  vith  velocity  K  in  a  given  direction,  against  which  a  jet  strikeCi 
r>rawing  a  diagram  of  velocities,  let  Oa  represent  f,  the  velocity  of  the 

jet,  and  let  OCy  represejil  /'.  Th«i 
AS  Iwfore  (p.  434)  O'a  represents  t 
velocity  of  the  jet  relatively  to  thi 
vane,  and,  in  order  that  the  wui 
may  impinge  without  shock,  the 
tangent  to  the  vane  at  J  must 
partdlcl  to  (/a.  The  \*Bne  is  no 
cnrvcd  so  as  gridnally  to  d 
fleet  the  water,  in  doing  which  there  is  a  mutual  action  between 
jet  and  the  vane  which  produces  the  motive  force  which  drives  tbi 
wheel.  Tf  the  water  leave  the  vane  at  //,  its  velocity  relatively  to 
vane  is  represented  by  O'h  dntwn  parallel  to  the  vane  at  /f,  and 
what  loss  than  (/a  In  magnitude,  to  allow  for  friction,  unless  tho  wni 
be  enciosod  in  a  passage,  when  it  will  Iwar  some  given  pro]K>rtioa  to 

•  S«t  Fftirhftim's  Mil/awk  and  MacktHcry.  irom  which  thU  6gnrB  u  Ukeu,  »«Lj 
I.,  p.  149. 


M 


Fig.iea. 
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The  absolute  velocity  with  which  the  water  moves  at  IS  h  now  repir* 
sented  by  Ob,  and  this  may  be  arranged  to  deliver  the  water  in  a. 
convenient  direction  with  a  velocity  just  stifficient  to  clear  the  wheel 
and  no  more.  The  efficiency  may  then  theoretically  bo  unity,  and, 
practically,  after  allowing  for  losscit,  may  be  increased  to  'G5  or  '7. 
Vanes  of  this  kind  were  applied  to  water  wheels  by  Poncelet.  The 
wheel,  in  this  case,  revolves  tn  a  vertical  plane,  and  the  water,  on 
impinging  at  A,  ascends  to  f :  it  then  descends  under  the  action  of 
gravity,  and  is  discharged  at  the  Rsme  point  A  at  which  it  entered,  so 
that  O'b  is  upproxunately  eqtuil  and  opposite  to  Ou. 
I  In  all  impulse  and  i-eaction  machines  there  is  a  speed  of  maximum 
efficiency  which,  as  in  the  simple  case  first  considered,  is  given  by  the 
formula 

here  I-  is  a  Iraction  depending  on  the  type  of  machine. 


262-  ^4niftiiar  Impylse  and  Momentum. — The  most  important  of  these 
machines  are  those  in  which  the  change  of  motion  protjticed  in  the  water 
__^ia  a  motion  of  rotation,  and  it  is  needful  to  consider  that  foim  of  the 
Iftprinciple  of  momentiun  which  ie  applicable  to  such  cases. 

In  Fig.  191,  H'  is  a  weight  describing  a  circle 


riff.  191. 


— »v 


round  0  with  velocity  V  \  then  the  product  of  its         ~  ^^X^- 
momentum  by  the  radius  ria  called  the  "moment       /^      \       'X 
of  momentum"  of  the  weight  al>out  0.    If^Jropre-    /        ■•"T"^-'' 
sent  an  axis  to  which  W  is  attached  rigidly,  we   ■  i  V 

^■nay  imagine  it  turning  under  the  action  of  a  force  \  °  / 

/*  at  a  radius />'.    The  moment  of  P  multiplied  by     \  / 

the  time  during  which  it  acts  is  called  the  "  moment  ^•' 

of  impulse."  """" '" 

Thiring  the  action  of  /*  the  weight  will  move  quicker  and  quicker,  and 
the  motion  is  governed  by  the  principle  cxprcRscii  by  the  equation 

■■  Moment  of  Impulse  =  ( 'haiigc  of  Moment  of  Momentum. 

'      If  L  be  the  moment  of  i*,  then,  taking  the  time  as  one  second, 

^H  ^  =  Change  of  Moment  of  Momentum  per  second. 

^y  This  equation  is  true,  not  only  for  a  single  weight  and  a  single  force, 
but  also  for  any  number  of  weights  ami  any  number  of  forces.  As  in 
other  forms  of  the  principle  of  momentum  it  is  also  true,  notwithstanding 
any  mutual  actions  or  any  relative  movements  of  the  weights  or  [larticles 
considered.  Further,  any  radiiil  motions  which  the  particles  [Ktssess 
may  be  loft  out  of  account,  for  thoy  do  not  influence  the  moment  of 
momentiun.     A  jKirticular  case  is  when  L  =  C\  then  the  moment  of 
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momenttuu  romainB  corutant,  n  principle  known  as  the  CorwervatioD  of 
Moment  of  Momentum.  The  terms  "  moment  of  momentum "  ud 
"moment  of  impulse'*  are  oflon  replaced  by  "nngiilar  momentuni/ 
"ftngulrtr  impiilac." 

A  Teight  rotating  about  an  uxia  is  capable  of  exerting  energy  in 
ways.     First,  it  may  move  away  from  the  axis  of  rotation,  orercomii 
by  its  centiifugiil  force  a  radial  resistance  which  it  just  ovorhala, 
Secondly,  it  may  overcome  a  resistance  to  rotation  in  the  shaft  to  wbii 
it  is  attached.     In  either  case  the  work  tlonc  will  be  reprenentol  hy 
diminution  in  the  kinetic  energy  of  the  weight. 

If  the  shaft  bo  free,  the  diminution  of  kinetic  energy  must  be  eqii 
to  the  work  done  by  the  contiifiigal  force,  ami  tt  ntAy  be  proved  in 
way,  that  if  Fbe  the  velocity  of  rotation  of  the  weighty  r  the  radius, 

Fr  =  constant, 
an  equation  equivalent  to  the  conservation  of  the  moment  of  moment 

Cotivei-sely,  energy  may  be  applied  to  a  rotating  weight  either 
moving  it  inwards  against  its  centrifiigal  force,  or  by  a  cou])lc  appli 
to  the  axis  of  rotation. 

In  turbines  I>oth  modes  of  action  occur  together  aa  we  shall  sec 
presently  ;  and  the  principle  of  momentum  is  the  most  convenient 
of  dealing  with  the  question. 

263-  lieadioH  Wheels. — Fig.  192  shows  a  reaction  wheel  in  its  sim 
form.     CAC  is  a  horizontal  tube  communicating  with  a  vertical  tui 

rtg.vn.  axis  to  which  it  is  fixed,  and  with  which  it 

rotates.  Water  descends  through  the  vertical 
tube,  and  issues  through  oritices  at  the  ex- 
tremities of  the  horizontal  tube  so  placed  that 
the  direction  of  motion  of  the  water  is  tangential 
to  the  circle  described  by  the  oiifices.  Tlw 
effiux  is  in  opposite  directions  from  the  two 
orifices,  und  a  reaction  Is  prodiiceil  in  each  arm 
which  fiimiflhes  a  niotive  force.  There  are  two 
methods  of  investigating  the  action  of  this  machine  which  iire  both  in- 
structive.    Frictional  resistances  are,  in  the  first  instance,  neglected. 

(1)  Let  the  orifices  l>e  closed,  and  let  the  machine  rovolvo  so  that  the 
speed  of  the  orifices  in  their  circuLir  path  of  i-udius  r  iff  F.  Centrifiig&l 
action  produces  u  pressure  in  excess  of  the  head  "h  existing  when  the 
arms  are  at  rest,  the  magnitude  of  which  is  f^i2ffy  and  this  pressure  is 
so  much  addition  to  the  head,  which  now  becomes 
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This  quiuitity  H  may  also  be  considered  as  the  head  "roktivc  to  the 
moWng  orifices  "  estimated  us  in  Art.  239. 

\\Tien  the  orifices  are  opened,  the  water  issues  with  velocity  r  given 

tlius  th«  water  issues  with  a  velocity  greater  thnn  f,  and  after  leaving 
the  machinn  has  the  velocity  r-  V  relatively  to  the  earth.  The  energy 
exei'ted  per  lb.  of  water  is  A,  and  this  is  partly  employed  in  generating 
the  kinetic  energy  corresponding  to  this  velocity.  The  remainder  does 
useful  work  by  turning  the  wheel  against  some  usoful  rej^istance,  so  that 
we  have  per  lb.  of  water 

Useful  Work  =  A  -  ^IJlH  =  ^<1_-  iD. 

and,  dividing  liv  h, 

_  V{f  -  V)      ar 


Efficiency  = 


(2)  A  second  method  is  to  employ  tlie  priiiciple  of  the  equality  of 

angular  impulse  and  angular  momentum  already  given  in  Art.   262. 

Originally  the  water  descends  the  vortical  tube  without  possessing  any 

rotatory  motion,  but  aftei*  leaving  the  machine  it  has  the  velocity  t-  -  /''; 

^i^uigular  momentum  is  therefore  for  each  lb.  of  water 

|PWow  a 


Angular  Momentum  =  - 


ow  according  to  the  principle  the  angular  momentum  generated  per 
second  is  also  the  angular  reaction  on  the  wlieel  which,  when  multiplied 
I  by  Vjr,  the  angular  velocity  of  the  wheel,  gives  ua  the  usoful  work  done 
I  per  second.  Performing  this  operation,  and  dividing  by  the  weight  of 
'      water  used  per  second,  we  get  per  lb.  of  water 

^k  Useful  Work  =  K^—\ 

^^EhiB  is  tlie  i^esult  already  obtained,  and  the  solution  may  now  be  com- 

■^pleted  by  adding  the  kinetic  energj*  on  exit. 

1  Prom  the  result  it  appears  that  the  proportion  which  the  waste  w-ork 

bears  to  the  useful  work  is  v-  F:2F',  which  diminishes  indefinitely 

J  as  tf  approaches  V  -.  but  in  this  case  the  velocities  become  very  great, 
since  1*2  -  V'  is  always  equal  to  2gh.  The  frictioiial  resistances  then  be- 
come very  great,  so  that  in  thf  actual  machine  there  is  always  a  speed 
of  maximum  efficiency  which  may  be  invrstigatcd  as  follows:— 

Let  F  bo  the  co-efficient  of  hydraulic  resiutauces  referred  to  the  orifices, 
Uien 
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Tho  useful  work  remains  u  before,  and  therefore 
Efficiency^     ar(r-r) 

a  fraction  which  can  readily  be  Bhovn  to  be  a  maximuni  when 

which  value  of  r,  when  substituted  in  the  preceding  equation,  will 
the  value  of  F  in  terms  of  A  for  maximum  efficiency.  Tho  enstfiDce 
of  a  speed  of  nuvximuni  efficioncy  is  well  known  by  experienoo  with 
thcHa  maf-liines.  I  ti  general  it  is  found  to  be  about  that  due  to  the  head, 
BO  thtit 

a  value  which  corresponds  to  F=  125,  and  gives  an  efficioncy  of 
This  is  about  the  actual  efficiency  of  these  machines  under  favoura 
circumstances ;  of  the  whole  waste  of  onei^'  two-thirds,  that  is  two- 
ninthd  of  the  whole  bead,  is  spent  in  overcoming  frictional  resii 
and  the  remaining  one-third,  or  one-ninth  the  whole  head,  in  the 
energy  of  delivery. 

Tlie  reaction  wlieel  in  its  irudest  form  is  a  very  old  machine  k: 
as  "  Barker's  Mill."     It  tias  been  employed  to  some  extent  in  practice 
iin  hydraulic  motor,  tEio  wat-er  being  admitted  below  and  the  anu»  cui 
in  the  form  of  a  spiral.     Those  modifications  do  not  in  any  way 
the  principle  of  the  machine,  but  the  frictional  reaistancea  may  probal 
be  diminished. 


am, 
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264.  Tnrbirif  Afotors. — A  reaction  wheel  is  defective  in  principle,  1 
cause  the  water  after  delivery  has  a  rotatory  velocity  in  consequence  of 
which  we  have  seen  a  large  part  iif  the  head  is  wasted.  To  avoid  tbt^ 
it  is  necessary  to  employ  a  machine  in  which  some  rotatory  velocity  ii 
given  to  the  water  before  entrance  in  order  that  it  may  be  possible  to 
discharge  it  with  no  velocity  except  that  which  is  absolutely  required  to 
pass  ib  through  the  machine.  Such  a  machine  ia  called  in  general  i 
TURRINK,  and  it  is  described  as  "outward  flow,"  '*  inwani  flow,"  or 
'•  parallel  flow,"  according  as  the  water  during  its  passage  tlirough  the 
macliine  diverges  from^  converges  to,  or  moves  parallel  to,  the  axis  of 
rotation. 

Fig.  193ti  shows  in  plan  and  section  part  of  an  annular  casing  fortniag 
a  wheel  revolving  about  an  axis  A'.V  through  wliioh  water  is  Sowing, 
entering  at  the  centre  and  spreading  outwards.     Tho  wat«r  leaves  the 

wheel  at  the  outer  circumference.     Fig.  1936  is  similar,  but  tH«  flowk 

inward  iostaad  of  outwi^rd. 
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If  we  consider  ft  section  an  made  by  a  concentric  cylinder  of  length  y 
nd  radius  r,  the  How  will  be 


F1V.1M.S 
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where  u  is  the  ratlial  velocity  or,  aa  we  may  call  it,  thi*  "velocity  of 

I  low."     The  area  of  the  section  {'2Trry)  may  conveniently  be  called  the 
'area  of  flow."    The  value  of  Q  is  everywhere  the  same,  and  therefore 
trtf  must  be  constant.     It  is  generally  desirable  to  make  u  constant  or 
searly  so,  and  then  the  form  of  the  casing  18  such  that  ry  is  constant 
Whether  this  be  so  or  not,  the  value  uf  u  can  nlways  be  calculated  at 
I       any  radius  for  a  given  wheel  with  a  given  delivery. 
j^^    The  water  which  at  any  given  instant  is  at  a  given  distance  r  fiom 
^Hhe  oxia  may  be  considered  iis  forming  a  ring  Bli,  which  rotates  while 
^^al  the  same  time  it  exifcinds  or  contracts  according  as  the  flow  is  out- 
ward or  inward.     The  velocity  of  the  periphery  of  this  ring  nmy  be 
I       described    as   the    "  velocity   of  whirl,"  and    if  it   be   called    r,    the 
moment  of  momentum  of  a  ring,  tte  weight  of  which  is  W,  is 


k 


M- 


vr. 


If  the  wheel  has  no  action  on  the  water,  this  quantity  cannot  be  altered, 

I and  we  must  then  have 

^K  rr  =  Constant. 

^^frhe  water  then  forms  what  we  have  already  called  a  "  free  vortex " 
^■(Art.  239),  with  the  addition  of  a  certain  radical  velocity  u,  in  conse- 
^^quence  of  which  the  rings  change  their  diameter.     The  paths  of  the 

particles  of  water  are  then  spirals,  the  inclination  of  which  depends  on 
'       the  proportion  between  u  and  r. 

The  caao   now  to  be  considered  ie  that  in  which  the  moment  of 

momentum  of  the  rotating  rings  is  gradually  reduced  during   their 

passage  through  the  wheel  by  the  action  of  suitable  vanes  attached  to 
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it     An  impiiiHe  ta  tbus  exerted  on  tlie   wbeel  whieb  fiirniahefl  the 
motive  force.     Tbe  moment  of  this  impulse  is  ^ven  hy  the  ecjiution, 


fj 


(p,ri-farj), 


whore  wQ  is  the  weight  of  all  thu  rings  passing  through  the  machiDc  ill 
a  second,  ant!  the  HiifTixcH  1.  2  refer  to  Piitraiu-e  and  exit  i-ospectively, 
indiciited  in  tho  figures  for  the  two  cases  of  outward  How  and  inwn; 
flow.      The   turbine   works   to    best  advantage   irhen   the    water 
discharged  without  any   whirl,  that  is  when  r.^  -  0,  and  putting 
friction  the  only  loss  then  is  that  due  to  tho  velocity  of  flow  li,  whi 
may  be  mode  small  by  making  tho  wheel  of  sufHciont  breadth  at  the! 
circumference  where  the  water  is  discharged. 

In  practice  there  are  of  course  always  frictional  resistancea,  but.  ft 
given  velocities,  the  impulse  on  the  wheel  is  not  altered  by  them, 
that  the  moment  of  impulse  is  always  given  by  the  u!>ovo  et|UaUOtt.' 
Suppose,  now,  h  tho  efrdii-e  head  found  from  the  actual  head  by  de<lu< 
ing  (1)  tho  height  due  to  the  velocity  of  delivery,  (2)  the  friction  of  tl 
supply  pipe  and  (Mwsages  in  the  wheel,  (3)  the  loss  (if  any)  by  shock 
entering  the  wheel ;  then 

^Vo^k  done  per  second  =wCA. 
But,  if  Ti  be  the  spew!  of  periphery  of  the  wheel  at  the  nulim  r,' 
where  the  water  enters,  l\/r^  is  the  angular  velocity  of  the  whwJ, 
and  L  .  K|/ri  is  the  work  done  per  second.  We  have  then  for  the  can 
where  there  is  no  whirl  at  exit 

The  effective  head /x  in  this  formub  includes  (1)  a  |mrt  a^uivalent 
the  useful  work,  and  (2)  a  jwrt  equivalent  to  the  frictional  resistances  W 
the  rotation  of  the  wheel,  such  as  friction  of  bearings  and  friction  of  the 
water  suiTOunding  the  wheel  fif  any)  on  its  external  surface.  This  but 
item  is  often  described  as  "disc  friction." 

The  whirl  Iwfore  entrance  is  communicated  by  fixed  bladee  BB, 
curved^  as  shown  in  the  figttres,  so  as  to  guide  tho  water  in  a  proper 
direction  on  entrance  to  the  whool.  It  is  tho  use  of  these  guide  bhultf 
which  characterizes  the  turbine  as  distinguished  from  the  rcactioo 
wheel. 

The  whirl  at  diflerent  points,  either  in  the  wheel  or  outsidft 
depends  on  the  angle  of  ineli  nation  of  the  vanes  or  guide  blades  10 
the  ]>eriphcry.  These  blades  are  so  numerous  that  tho  u*atcr  moves 
between  them  nearly  an  it  would  do  in  a  pipe  of  the  same  form.  If 
&  he  the  angle  such  a  pipe  (Fig.  194)  makes  with  the  periphery  si 
any  fioint  nt  which  tho  water  is  flowing  through  it  with  velocity  [/,  the 
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radial  and  tAngeutial  componenta  oF  that  veloeity  will  bo  {/.  sin  0  and 
r/.  C08  0,  The  first  of  those  is  always  the  velocity  of  flow  i»,  whether 
the  pipe  bo  fixed  or  whether  it  be  attached 
to  the  revolving  wheel.  In  the  fixed  pipe 
the  second  is  the  velocity  of  whirl  which  we 
may  call  r',  and  we  have  for  motion  before 

entrance  — ^^=.^ '  (f.  «•  • 

r'  =  M  .  cot  &. 

In  the  raoWng  pipe^  however,  it  ia  the  veloc- 
ity of  whirl  relatively  to  the  revolving;  wheel, 
and  this  is  K  -  r,  therefore 

F-I'ott.COt  ft 

Suppose  ihe  vanes  of  the  wheel  are  radial  at  the  circumference  where 
the  water  enter*.     In  order  tliat  the  water  may  have  no  velofi**'/  of 
whirl  relatively  to  the  wheel  ou  entnuice,  and  that  the  w«  AMjr  may  enter 
without  shock,  we  must  then  have  ^  =  Fj,  that  i«^  Ine  value  of  0  for  the 
fixed  guidu  Made  at  entrance  8houl'l.'ue  given  by 

Fiuther,  the  water  fihould  he  discharged  without  whirl,  that  is,  r  should 
be  rero  at  the  circumference  where  the  water  leaves  the  wheel,  hence 

tan  e,=  « . 

'  s 

The  luclinatioii  of  the  fixed  blades  at  entrance,  and  of  the  vaues  at 
entrance  and  exit  is  thus  ilctorminod.  At  intermediate  |»inta  it  would 
be  desirable  that  it  should  so  vary  that  rr  should  diminish  uniformly 
from  etitnince  tu  exit  in  order  that  the  action  of  all  }MirtB  of  the  vtine 
upon  the  water  may  l>e  the  same.  This  condition  would  completely 
determine  the  form  of  the  vane,  but,  in  practice,  any  "fair"  form 
would  be  a  aulhcient  approximation. 

Suppofliug  the  vanes  thus  designed  it,  » I',,  and  the  speed  of 
periphery  of  the  wlicel  at  the  circumference  where  the  water  enters  is 
then  given  by  the  simple  formula 

a  value  which  applies  to  the  outer  peripher}'  of  an  inward-flow  and 
the  inner  periphery  of  an  outwaitl-flow  turbine  (see  Appendix). 

The  formula  shows  that  the  turbine  works  to  l)csl  advantage  when 
the  8|>cod  of  periphery  at  entrance  is  that  due  to  half  the  cff'tciire  head  : 
and  it  never  can  bo  advantageoiia  to  run  it  quicker.  But,  if  the  wheel 
be  wholly  immersed  in  water,  the  frictional  resistance  to  rotation  will 
be  considerable,  and  as  that  reiustanrc  varies  as  the  square  of  the  speed 
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deliver}',  the  frictiou  of  the  ascending  main,  the  rHction  of  the  suction 
ipc  and  {xissage»  through  the  wheel  into  the  main,  and  the  losses  by 
shock  at  entrance  and  exit. 

A  pumj),  however,  works  under  different  conditions  from  a  motor, 
and  correajwuding  differences  are  necessary  iu  its  design.  The  energy 
a  fall  can  by  proper  arrangemontB  be  readily  converttnl,  wholly  or 
rUally,  intii  the  kinetic  form  without  any  aerious  loss  by  frictional 
listances,  and  the  water  can,  therefore,  be  delivered  to  the  wheel  with 
great  velocity  of  whirl  to  be  aflerwanls  reduced  by  the  action  of  the 
heel  to  zera  When  such  a  motor  is  reversed,  the  water  enters 
without  any  velocity  of  whirl,  and  leaves  with  a  velocity,  the  moment 
of  momentum  corxesimnding  to  which  represents  the  couple  by  wbJ^a  ■ 
the  wheel  is  driven.  To  carrj*  ot»t  the  reversal  exactly  this  velocity 
ought  to  be  reduced  to  as  small  an  amount.  j*»j.o88iblo  in  the  act  of 
lifting.  Now  the  reduction  oOi '^■^^}'  without  loss  of  head  is  by  no 
means  easy  to  accomplish,  and  (see  Appendix)  always  requires  some 
special  urrangenient. 

Ill   Thomson's   inwanl-tlow    turbine,    when    reversed,    the   water   is 
iharged   with  a  velocity  of  whirl  which  is  equal  to  the  speed  of 
periphery  f,  and  given  by  the  formula 


spec 
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^inain  ft 
^■jpreads 


he  corresponding  kinetic  energy  represents  at  least  half  the  power 

equired  to  drive  the  pump,  and  if  it  be  wasted,  as  was  the  case  in  some 

the  earlier  centrifugal  pumps  constructed  with  radial   vaneSf  the 

Efficiency  is  necessarily  less  than  5,  and  in  practice  will  be  at  most  3. 

Co  avoid  this  loss,  the  wheel  must  revolve  in  ii  large  "  vortex  chamber," 

<  least  double  the  diameter  of  the  wheel  from  the  outer  circumference 

^f  which  the  ascending  main  proceeds.     The  water  before  t- ntering  tlie 

jnain  foi-ms  a  free  voitex,  and  its  velocity  is  reduced  oiiehalf  as  it 

la  radially  from  the  wheel ;  three-fourths  the  kinetic  energy  is 

thus  convertetl   into  the  pressure  form.     The  speed  of  periphery  in 

pumps  of  this  class  is  that  due  to  lutlf  the  ffross  lift.     Assuming  their 

efficiency  as  -65,  the  gross  lift  is  found  by  an  addition  of  SO  per  cent,  to 

the  actual  lift. 

Many  examples  of  vortex-chamber  pumps  exist,  but  they  are  com- 

[laratively  rare,  probably  because  the  machine  is  more  cumbrous  ;  in 

ctice  a  different  method  of  reducing  the  velocity  of  discharge  is 

enerally  employed.     Instead  of  the  vanes  l>eing  radial  at  the  outer 

periphery,  they  are  ciurved  I>ack  so  as  to  cut  it  at  an  angle  ^,  given  by 

^^e  formuk  (p.  463) 

H       20 
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velocity  of  whirl  at  exit,  the  loss  of  head  is  («*  +  p*)/2j,  aiirl  the  groM 
lift  is 


/.«A«+: 
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Substituting  this  value  of  h  in  the  formula  for  V,  and  replacing  m 
value  {  V  -r)tAn^,  wo  obtain 

Vr  ^  ffh  =  (fh^  + i — ^ 

Adding  liV'^  to  each  aide,  and  rcarmnging  the  lei-ms, 
a  formula  from  which  w«  find 


'^^ 


h  2  r  r 

=  «ec=^(l-j(^+^8in3fl)y 


This  rcBuIt  shows  that  Ltio  otticiency  h  greatest  when 

u=  r.Binfilj 
and  on  substitution  we  find 

Maximum  efficiency  =  sec-6l(l  -8inl9)  =  ^: :—-^ 

1  +  smff 

The  Bpced  of  maximum  efficiency  is  found  from  the  equation 

i^«"-A+i^o^aoc^^.(l-«i»«?)^ 
which  gives 

The  proper  velocity  of  flow  is 

Mp-rtt.tan6t(]-8intf), 
and  the  area  of  flow  through  the  peri[)hery  of  the  wheel  should  he  made 
to  give  this  velocity  with  the  intended  deliveiy. 

At  any  other  8£Kicd  /'  the  velocity  of  flow  will  be  given  by 

and  the  efficiency  may  be  fbund  by  the  preceding  formula. 

In  the  best  exampies  of  centrifugal  pumps  working  at  a  suitable  lift, 
it  is  probable  that  enough  of  the  energy  of  motion  on  exit  fi-om  the 
wheel  is  utilized  to  jirovide  for  the  various  Irictional  resistances 
neglected  in  this  investigation.  But  in  ordinary  cases  this  will  tiot  be 
true,  and  the  efficiency  is  much  reduced.  The  theory,  taking  into 
account  all  the  rftsistancns,  is  too  intricate  to  enter  on  here. 

When  a  centrifugal  ]>uni])  is  started  the  fan  is  filled  with  water  which, 
in  the  first  instance,  rotates  as  a  sulid  mass  with  the  faru  If  the  radius 
of  the  inner  i>eripher)'  be  in  times  that  of  the  outer  where  m  is  a  fraction. 
it  will  not  commonco  to  deliver  water  till  the  s(ioed  reaches  the  value 
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Bat  when  once  started,  the  speed  may  be  redncod  below  this  vkIuo 
without  stopping  the  delivery,  provided  that  some  of  the  cnoi^'  ctf 
motion  on  exit  fi-oui  the  wheel  ia  utilized.  This  hua  been  obsorred  to 
occur  in  practice,  and  it  will  serve  m  a  teat  of  efficiency. 

236.  Limitatv>n  of  rHameler  of  f{''fweL — For  a  given  fiUl  in  a  motor  or 
lift  in  a  pump  the  diameter  uf  wheel  in  u  turbine  is  limited,  because  the 
frictionnl  iTsistancea  incre»ae  nipiilly  vnlh  the  diameter. 

Let  K  be  the  velocity  of  flow,  </  the  iliAmcter,  b  the  inside  breadth  of 
wheel  at  exit ;  then  the  delivery  in  cubic  feet  per  second  is 

Q  ~  uhwd. 

Now",  if  the  breadth  &  be  too  small  as  compared  with  the  diameter, 
the  aurfacc  fricuC."  of  the  passages  through  the  wheel  will  be  too  grewt 
as  in  the  case  of  a  pipe  Jh"  diameter  of  which  is  too  small  for  the 
intended  delivery.  Thus  b  ia  proportiwn*;  to  rf:  also,  wo  hare  seen 
that  H  is  proportional  to  T,.  that  ia  to  ^/A,  and  it  follows  therefore  by 
substitution  for  A  and  u,  that 

where  Cis  a  co-efficient.  _ 

If  the  wheel  bo  wholly  immersed  in  the  water  the  sur^ce  friction 
(Kx.  8,  p.  473)  is  relatively  inci-cascd  by  increasing  the  diameter.  On 
investigating  how  great  the  diameter  may  be  without  too  great  a  low* 
we  arrive  at  the  same  formula. 

Where  it  is  of  imirortance  to  have  as  large  a  diameter  as  |)oasible  to 
reduce  the  number  of  revolutions  per  minute,  the  diameter  of  wheel  io 
a  pump  or  a  turbine  is  therefore  found  by  the  formula 


I 


^  =  4vTh 


Jh 

If  G'  bo  the  delivery  in  gallons  per  minute,  k  the  actual  fall  in  feet,  J 1 
external  diameter  also  in  feet,  the  value  of  r  for  an  outward-flow  turbine 
is  about  200.  lu  a  centrifugal  pump  the  value  is  probably  uot  very 
different,  h  being  now  the  actual  lift,  but  it  varies  in  different  types  of 
pump. 

Centrifugal  pumps  cannot  generally  be  employed  for  high  lifts,  partly 
because  it  becomes  increasingly  difficult  to  utilize  the  energy  of  motion 
on  exit  from  the  wheel,  anfl  partly  on  accoimt  of  disc  friction.  The  fan 
rotates  more  than  Imce  as  fast  as  the  wheel  of  a  turbine,  and  the  disc 
friction  is  consequently  more  than  four  times  as  great 

267.  Impulse  fFhaJs.—The  formula 


I 

I 
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vhicb  gives  the  8[>ee(I  of  a  turbine  wheel  iu  t«rms  ai'  the  effective  head, 
alfio  gives  the  velocity  of  whirl  at  entrance,  and  therefort;  shows  that,  of 
the  whole  liead  employed  in  driving  the  wheel  and  producing  the 
velocity  of  flow,  ono-half  operates  by  impulse.  The  rcuiuiuder  opiTaiee 
hy  pressure,  and  tbis  class  of  turbines  is  therefore  not  simple  impulse, 
but  impulse-preHeure  machiuee.  It  is  uecessary  therefore  that  the  wheel 
sliuuld  revolve  in  a  casing,  and  that  the  passages  should  bu  always  com- 
pletely filled  with  water.  The  diameter  of  wheel  is  then  limited  as 
explained  in  the  last  article,  and  for  a  small  supply  of  water  and  a  I*'-* 
fall  the  number  of  revolutioHR  per  minute  becomes  abnormally  great. 
This  consideration  aud  the  utceseity  of  adaptAtion  to  a  variable  su{iply 
of  water  render  it  often  advisid)]c  to  resort  to  a  machiuc  in  which  the 
passages  arc  actually  or  virtually  open  to  tlio  atmosphere.  The  wliole 
of  the  oDorgy  of  the  fall  is  then  converted  into  the  kinetic  form  before 
reaching  the  wheel,  and  consequently  operates  wholly  by  impulse. 

A  wheel  of  this  kind  approachos  closely  in  principle  to  the  Poncelet 
water  wheel  mentioned  in  Art.  261,  but  is  often  still  tlescribed  as  a 
"  turbine,"  because  the  water  is  guided  by  fixed  blades  before  reaching 
the  wheel,  A  common  example  is  the  Girard  turbine.  The  How  of  the 
water  is  here  parallel  to  the  axis  of  the  wheel,  spiral  guide  blades  are 
ranged  round  the  circumference  of  a  cylinder  like  the  threads  of  a  screw 
in  order  to  give  the  necessary  whirl  to  the  water  before  entrance.  The 
wheel  is  provided  with  a  similar  sot  of  spiral  vanes  curved  in  the  oppti- 
site  direction,  which  reduce  it  to  rest  as  it  ^lasses  through.  In  the 
French  roue  dk  poire  the  wheel  is  conical,  the  water  enters  at  the  circum- 
ference, andr  guided  by  spiral  vanes,  descends  to  the  apex  where  it  is 
discharged. 

268-  Propdiers. — The  subject  of  propellers  is  outside  the  limit*  of 
simple  hydraulics  for  reasons  ali*eady  indicated  when  considering  the 
resistance  of  ships  (Art.  249).  Nerertheleaa  they  may  be  regarded  as 
hydraulic  machines,  and  their  connection  with  the  machines  already  re- 
ferred to  forms  a  proper  subject  fur  consideration. 

Every  propeller  operates  by  moans  of  the  mutual  action  between  it 
and  the  water  on  which  it  acts  conBerjuent  on  a  change  of  velocity  which 
it  produces  in  the  water  of  the  sea  ;  it  is  therefore  an  impulse  and  re- 
action machine  applied  so  as  to  produce  a  propelling  force  which  drives 
tlie  vessel  through  the  water.  Since  the  resistance  of  the  vessel  is 
dinx^tly  astern,  the  change  of  motion  produced  is  sternward  so  far  as  it 
is  of  any  utility  for  the  purpose.  Some  forms  of  propeller,  as,  for  ex- 
ample, the  screw,  give  lateral  motions  to  the  water,  but  the  energy*  tlius 
employed  is  wasted. 
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jot  propeller  eaiiiiot  comjKto  with  other  fbmie  of  propeller  so  far  as 
efficiency  is  concerneti  If  it  Is  over  introduced,  it  will  he  for  the  sake 
of  facility  in  manuriivririf;  or  some  other  similar  reason. 

(2)  If  the  action  of  paddles  he  observed,  two  r^treams  of  water  arc 
Seen  proceeding  from  the  HoaU  which  pUy  the  part  of  the  jets  in  u  jet 
propeller.  The  most  eflicieni  kind  jirc  those  in  which  the  floats  turn 
about  axes  on  which  they  are  mounted  in  such  a  way  jis  to  enter  and 
leave  the  water  without  any  shock.  Tlie  streams  are  then  simple  jets 
of  area  not  very  different  from  that  of  the  HoiiU,  and  are  driven  back 
with  a  velocity  which  is  aI>out  the  same  as  that  of  the  floaU  themselves. 
If,  then,  V  be  the  siMjed  of  the  paddles  as  calculated  from  their  diameter 
ami  revolutions,  K  the  speed  of  the  ship,  the  pro]jolling  reaction  is  given 
by  the  same  formula  as  for  jote,  namely, 

the  velocities  being  in  feet  per  second,  and  Q  the  quantity  acted  on  in 
|x;ublc  feet  jjer  second.    The  energy  exerted  per  second  is,  however,  now 
aiKl  therefore 

Ktliciency  =*  — 

For  given  values  of  v  and  ^ '  the  dfticiency  is  less  than  that  of  tho  simple 
jet  when  the  fnctionul  rvsistancefi  are  left  out  of  account.  The  reason 
of  this  is  tbut  the  value  just  found  irictudes  tbo  loss  due  to  breaking  up 
M  the  (Kuldles  stiike  tin*  water  ami  drive  it  upwards  in  a  mass  of  foam 
before  it  settles  down  to  the  nearly  undisturbed  motion  of  the  streams. 
In  smooth  water,  when  the  paddles  are  not  too  deeply  immersed,  the 
efticieticy  however  of  |>addles  is  far  greater  than  that  of  the  jet,  because 
Ithe  ai^eji  of  orifice  Mhich  (.^n  piactically  be  uniployotl  is  so  limited  in  the 
jet  ami  the  frictional  losses  in  tlie  pump  and  {^tissages  so  great. 
I  (3)  In  rough  water  the  otKciuncy  of  itaddles  is  much  reducod,  and  this 
Is  also  the  case  when  the  immersion  varies  iti  consequence  of  alterations 
ill  the  displacement  of  the  vessel  duo  to  consumption  of  fuel  on  a  voyage 
or  other  causes,  lu  sea  going  vessels,  therefore,  the  paddles  are  replaced 
by  a  screw  propeller. 

Id  this  case  the  action  of  the  propeller  is  much  more  complex :  the 
irater  has  a  rotatory  velocity  communicated  to  it  as  well  as  a  sleniwurd 
rclocity,  and  these  velocities  are  different,  for  each  portion  of  the  screw 
t\iu\e.  Further,  the  water  in  which  the  sci-ew  works  has  very  complex 
uotions  due  to  the  action  of  the  sides  of  the  ship  u))on  il,  a  circumstance 
irhich  affects  the  resistjmco  of  the  ship  as  well  as  the  action  of  the  pro- 
peller. For  these  reasons  the  screw  is  nut  so  efficient,  other  thin^  'i 
leiiig  the  siune,  as  well  constnicted  luiddlos.     On  the  other  hand  the 
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quantity  of  water  acted  ou  is  large,  and  the  action  is  not  grootlj  i 
fluenccfl  by  the  circumstances  juat  mentionetl  as  reducing  the  efficiency 
of  paddlos. 

On  comparing  a  screw  propollcr  with  the  machines  already  consid 
it  will  be  iKjrteived  that  it  is  a  [)arallel-flow  impulse  wheel  rove; 
with  two  important  moditioLtions.     First,  the  fixed  guide  bladoi 
omitted.     It  is  true  that  it  has  been  pro)>o«c1  to  employ  snch  blades  in 
order  to  avoid  the  loss  occasioned  by  the  transverse  velocity  giv 
to  the  water  which  is  useless  for  pro(>elling  pur|>oses,  but  the  gain 
efficiency,  if  any,  is  very  small.     Secondly,  the  mimber  of  blades  in  t 
wheel  is  hirge  ;  whereas  in  a  screw  pro]>ellcr  there  arc  often  only  two, 
and  in  all  cases  they  occupy  much  less  than  half  the  whole  circi 
ferencc. 

Both  these  modifications  are  duo  to  the  same  cauaOt  and  arise 
the  fact  that  in  the  propeller  the  changes  of  Telocity  produced  by 
action  of  the  blades  are  small  compared  with  the  whole  velocity  of 
water  through  the  pi-oiwllor,  whereas  in   the  wheel  they   are  hi 
Hence  the  frictional  resjatances  in  the  propeller  are  digpro[>ortionat< 
great  and  render  it  necessary  to  reduce  the  surface  exposed  to  the 
as  much  as  i>ossiljle. 

This  reasoning  also  shows  that  the  frictional  losses  id  the  centrifugal 
[mmp  and  jiiwsageR  of  a  jet  propeller  must  be  great.  Siich  a  piirop 
should  receive  the  water  at  the  velocity  of  the  ship,  and  gradually 
increase  its  velocity  to  that  attained  on  efilux  from  the  orifices.  The 
frictional  resiatances  will  depend  on  the  whole  velocity,  but  the 
ing  reaction  on  the  diffurenco  of  VL'locities.  Or  if  the  alternative 
adopted  of  checking  the  motion  of  the  wat<r  on  enlrj-,  and  afte 
giving  it  the  whole  velocity  of  cffiux,  the  I'oduction  of  velocity  will  be 
difficult  to  accomplish  without  considerable  loss,  and  the  propelling 
reaction  will  not  be  greater  than  before.  All  unnecessary  chango^  of 
velocity  are  a  cause  of  loss. 
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1.  In  n  rtactioD  whoel  tho  ■}i«vd  uf  m&ximatii  efficiunoj  is  ttut  due  to  the  ii(**L 
wli»t  ntio  miut  the  reaiiUnoc  be  diminuhed  to  work  »t  fonr-third*  this  apoed  mad  i 
wilt  then  be  th«  eificionojr?    ObUb  idiaikr  reiulU  when  tbe  ipeed  b  dimia 
ttrce-fourlbi  it*  oriflRftl  ftmoant. 

Am.  Kfflciency  - -03  or    iH. 
Katio-  Mor  114. 

2.  ^Votcr  ia  dellwred  to  an  otitwnnVtlow  tarbine,  mt  a  rtilltm  of  2  fnet.  with  m  y 
of  whirl  or  20  feet  ]ter  wooDit,  uad  imuvm  frum  it  in  tho  revonw  dircotioD  &k  m  ndioi  i 
4  fMt,  with  m  velodty  of  10  foet  per  aecond.     The  ipetd  of  peHiiherjr  »t  eotraiioe  it  S 
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fe«i  |ior  WQODd,  find  Clia  httul  Dquival«nt  to  tb*  work  dont  in  ilriving  tba  wbocl.     Aii$. 
M.i!t  r«et. 

'S.  Ill  a  Fourneyrou  turbine  tb«  ititoniJ  diameter  of  the  wbevl  ii  9^  iodiM,  ud  tlio 
outatd«  diftmctcr  14  inch«c.  Tb«  effective  head  (p.  162)  b  (»tim«t«d  At  370  foot :  find 
tbo  number  of  reToliitioun  per  mtuute.     Ana,  2,200. 

Note.— l^BM  data  arc  about  the  name  as  tboae  of  a  turbine  ereeted  at  St.  Blanen  in 
Uio  Bkck  ForcaU 

4.  An  inverted  Duker'a  HQl  (p.  404)  ianwd  an  a  oentrifngnt  pump.  If  tbcco-efflcient 
of  bydrauliu  reawtancea  referred  to  tbe  oriflcvs  be  *L2S,  abow  tbat  Uie  a^ionl  of  maiitnum 
efficiency  ia  that  due  to  twice  the  lift,  and  fiod  the  tnaximnm  cfficienej.  Ant.  Unxi* 
milB  offiolMM^  -  76. 

fi.  A,  MBtrifdgAl  immp  delivirra  l.SOO  {[allonM  jier  iniiintu.   Fan  16  incliea  diamoter.   Lift 
B  feet.    Inelination  of  vane*  at  outer  peripburjr  to  tbc  tangent  30*.     Find  the  breadth 
hi  the  ootor  periphery  that  tbe  velocity  of  whirl  may  bo  reduced  ooc-balf,  aod  abo  the 
rowlutiona  iwr  minuU>,  aMuming  tli«  ffrott  lift  1^  timra  tbe  actual  lift.     Am.  Breftdtb 
I  inob.     Kevolutioiia  -  TOO. 

0.  In  the  last  question  And  tbe  propvr  BOctlooal  area  of  tbe  chamber  surrouudins  tb« 
titn  (p.  466)  for  the  pra[Hwed  delivoryand  lift.  AImo  cxamiiio  the  working  of  tho  pamp 
at  a  lift  of  15  feet.     Am.  24  sq.  inohea. 

7.  A  Jet  of  w«cer  mo%ing  with  a  given  velocity,  iitrikca  a  plane  perpendicularly.  Find 
how  much  of  tho  energy  of  tbu  }vi  u  uliltzcil  in  dririog  tho  plant;  with  given  ipeed. 
Determine  tlie  R[>eed  of  the  plane  for  maximum  olEcicncy,  and  the  value  of  'tku  mau- 
mum  fifflcieuoy.     An*.  Speed  of  nutKimum  etTlcieaoy  -  one-third  tbat  of  juU     Munimum 
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8.  AasuminB  tbe  ordinary  laws  of  friction  between  a  fluid  and  i  sarfaee,  nod  toppoaing 
tltatany  motion  of  the  fluid  dn«  to  friction  doei  not  alfeot  tbei|u»tion  ;  find  the  moment 
of  friction  {L\,  snd  tbe  loM  of  work  per  aooaod  ( COt  when  a  diac  of  nidiua  u  rotates  with 
apeod  of  periphar;  V. 


Ah$.  L'f.'^J.a>y' 
o 


B 


i 

^^p  9.  If  the  rotating  db«  In  quHtion  S  be  Burrounded  by  a  tree  vortex  of  double  Ha 
■  illamaicr,  abow  tbat  tho  Iota  by  friction  uf  tbu  vortex  on  the  flat  aide*  of  the  vorteK 
I        ohamhor  ia  3^  times  the  loss  by  friction  of  tho  diac. 

10.  The  rcaiBtanoe  of  the  n'attrmtrh  at  8  lniot«  ia  rt.ttOO  Ibtt.,  tho  orlftecH  of  bcr  jet 
i        propeller  arc  each  18  tncbea  by  24  inches,  what  must  be  tlic  delivery  of  bcr  centrifugal 

pamp  in  gallons  per  minute  to  prajtel  her  at  thi*  speed,  and  what  will  be  the  efficiency, 
neglaeting  frictional  resiatanoea. 

I  Ant.  Velocity  of  oftlux  -  29"3  per  seooad. 

^^^^^H  Delivery  ^  66^000  gaUoni  per  minute. 

^^^^P  BOIelBDoy  > '6S. 

11.  In  the  last  iiucstiuu  Und  tbe  H.P.  required  for  propolaion.  aaanming  tbe  efHeieney 
of  the  pump  and  eoginuti  '4.     Xnx.  5*20. 

13.  If  the  jet  propeller  of  tbe  H'atrttcilc/t  be  replaced  by  feathering  iMuIdles,  what  will 
lie  tbe  am  of  tbe  sttvam  driven  back  foi  a  slip  of  35  per  cent.  Find  the  effioitincy  and 
the  mtcr  acted  un  in  gallons  per  minute. 

Am.  Joint  area  of  •treama  -  34  aqnate  feet. 
Kffioieney  -  7G. 
Delivery  -  33li,0QO  gallons  per  minute. 
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The  subject  of  hydraulic  maohines  u  very  eztentive,  aud  it  ii  impooible  withio  the 
limitB  of  a  single  chapter  to  do  more  than  give  a  geoeral  idea  of  their  working.    For 
deacriptive  detail*  and  illuBtraUona  the  reader  is  referred,  amoDgnt  other  works,  to 
Glynn.     Potvtr  of  Water.    Wealea'  Series. 
Fairuairn.     MiUwork  and  Machinery,     Longman. 
CoLYKR.     WaUr-Prature  Machinery.    Spon. 

Uarbow.    Hydraulic  Manual.    Printed  by  authority  of  the  Lords  Commii- 
sioners  of  the  Admiralty. 
Tlie  theory  of  hydraulic  maohineB  is  further  developed  in  Professor  Uowin's  work  on 
Hyilraulics,  already  citetl  on  page  438,  and  the  virions  special  treatises  therein  mentioued, 
alHo  in  Kankine'a  treatise  on  the  Steam  Enffint  and  other  Prime  Morcr$, 
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269.  heiimimtrff  Herimriis.^ An  oliistic  Ihiid  under  pi-esaiiro  ifi  ft 
suurcti  of  energy  which,  liko  a  head  of  water  in  hydraulics  (p.  439), 
may  be  employed  in  doing  work  of  various  kinds  liy  a  machine,  or 
simply  in  transferring  the  fluid  from  one  place  to  another.  In 
hydraiUica  we  commence  with  the  case  of  aimplo  transfer,  but  the 
density  of  guees  is  so  low  that,  unless  the  diflerencea  of  preMiirc  eoii- 
aidcrod  arc  vor^'  ftmatl,  the  inertia  and  frtctional  resistances  of  the  fluid 
omployctl  iu  a  ptieumutic  machine  liuve  little  influence  :  it  is  the  elastic 
force,  which  is  the  principal  thing  to  l»e  consideretl.  In  studying 
pneuraatii:s,  therefore,  wo  commence  with  miichines  working  under  van- 
sidcmbic  ditrcrences  of  pressiue  and  then  \ims  on  to  consider  the  flow 
of  gases  through  pipes  and  orifices  together  with  those  machines  in 
which  the  inertia  and  frictional  resistances  of  the  fluid  cannot  be 
neglected. 

270.  Ej^jtaimre  Encfijfi. — The  special  ehanicteristic  of  an  elastic  fluid 
is  its  power  of  indefinite  e.Y|}ansiun  as  the  external  pressure  is 
dimiiiishetl.  While  expanding,  it  exerts  energy  of  which  the  fluid 
it'Kclf  is,  in  the  first  instaiK-e,  the  source,  whereaa  the  energy  exerted  by 
an  incompressible  fluid  is  transmitted  from  soaui  other  source.  Ex{Kin- 
sire  energy  is  utilised  by  enclosing  the  fluid  in  n  chamber  which 
alternately  expands  and  contra<;ts ;  the  common  cA»f.  being  that  of  a 
cylinder  and  piston. 

Fig.  195  represents  in  skeleton  a  cylinder  and  piston  enclosing  a  nniss 
of  expanding  fluid.  Taking  a  base  line  aa'  to  represent  the  stroke,  sot 
up  ordinatcs  to  represent  the  total  pressure  S  on  the  piston  in  each 
{josiiiun  ;  a  ciu've  \Q'l  drawn  through  the  extremities  of  these  ordinates 
Ik  the  Kxpansion  Curve,  licasoning  as  in  Art.  90,  p.  178,  the  area  of 
this  curve  represents  the  energy  exerted  as  the  piston  moves  from  the 
position  1,  where  the  exjMusion  commences,  to  the  jK>aition  2,  where  it 
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termitiates.  Onu  common  case  was  consiHored  in  tho  articlo  citc^ 
lu&mely,  that  In  which  the  ex])an8ion  cun'e  is  a  common  byperboU. 
This  is  iuclmlod  in  tho  more  general  supiiOBition, 


Flir.196. 


or 


J 


where  y  is  the  distancG  of  the  piston  from  tho  end  a  of  it6  stroke,  «ntl  i 
IH  an  index  which^  for  the  [xirticuhir  case  of  the  hy|>crbohi,  18  nnilj 
MoHt  caacs  common  in  pructico  muy  be  duadt  with  hy  aHcrihin^  a  jiru[K 
value  to  n;  for  air  ib  rd,ngcii  between  1  and  1*4,  and  for  ateam  iti 
roughly  niiproxiraatelj'  unity.  The  suflixes  indicate  tho  |>oints  at  whic 
tho  oxpanmon  commences  and  terminates. 

If,  now,  E  be  the  energy  exerted  during  cx|Muis{on, 

A--£'&jy=5,v.'fr-»-s^.-^'"il^''"' 

This  formula  may  be  written  in  the  simpler  form 

n-l     ' 

ill  applying  which,  the  terminal  pressure  S^  is  supposed  to  bare 
proviouuly  foiuid  from  the  aquation 

It  is,  for  brevity,  convenient  to  write 

where  r  is  a  number  known  aa  the  "  ratio  of  expansion,'*  and  x  is  i 
fraction  derived  from  r  by  the  formula 
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he  fonn^ila  for  A'  then  takes  the  Kimple  form 
E 


S^.•'f'^-P^F,^-^ 


EThc 
r  1;.!-  -_^       -I-  ,-   ^_,- 

If  n  =  1  tho  formula  fails  anr)  h  replaced  by 
p  £  =  5,^1  log,r  =  i',K,  log/. 

The  vulue  of  E  is  here,  in  t!tc  first  instance,  oxpre8sc<l  in  terms  of 
the  total  pres.«uro  on  the  piston,  but  a&  in  Art  255,  p.  441,  we  may 
replace  S  by  P^,  and  ^y  by  F,  so  that  ^iV,  is  replaced  by  I\f'i.  In 
,  "  rotatory  "  engines  and  ptimps  the  expanding  chamber  is  not  ii  simple 
cylinder  and  piston,  but  is  formed  from  a,  tuniing  f»air.  Or,  more 
generally,  tho  chamber  [)air  may  be  formed  from  any  two  links  of  a 
kinematic  chain  which  it  may  be  eonveuieut  to  select  for  the  puqioec. 
In  it-8  lust  form  the  fornnda  is  a[)pticablo  in  every  case.  If  tho  expan- 
sion curve  bo  not  given  in  the  form  Hnp^Kiscd,  the  value  of  E  is 
dolvmiinod  grai»hically  by  roeasming  the  area  of  the  ciure,  in  doing 
which,  when  the  chamber  is  not  a  simple  cylinder,  tho  base  of  the 
diagram  must  represent  the  volume  swept  out  by  the  chamber  pair,  and 
the  ordiiiatcs  the  prcssui-cs  i>cr  unit  of  area. 

271-  Tmnmiiltal  Etiertjy. — The  energy  exertod  by  an  elastic  fluid 

consists  not  merely  of  that  derived  from  the  expaiiPivo  power  uf  the 

fluid  pressing  against  the  piston,  but  also  oi  that  which  is  transmitted 

in  tho  same  way  us  wotiUt  be  tho  case  if  it  were  incompressible.    The 

fluid  is  supplied  from  a  reservoir,  which  may  either  l>c  an  accumulator 

in  which  it  is  stored  by  tho  action  uf  pumps,  or  a  vessel  in  which,  by 

tho  action  of  heat,  it  is  generated  or  its  elasticity  increased.     In  any 

case,   so   long  as   the   cylinder  remains   in   communication  with  tho 

(      reservoir  the  fluid  enters  at  nearly  constant  pressure,  and  energy  is 

'      exerted  on  the  piston  just  as  in  the  water  pressure  engine.     During 

I      this  period  of  admission  the  energy  exerted  is 

the  notation  being  as  in  the  last  article.    It  is  usually  convenient  to 
eniress  volumes  in  cubic  feet  and  pressure  in  Ibe.  per  square  inch.    We 

^inust  thus  replace  P  by  1 44/>. 

^H    The  whole  energy  exerted  on  the  piston  is  now 


(/=^L+£''L. 


n  -  rar 


P. 


n-V 
which  for  the  case  of  the  hyperbola  becomes 

ir^  L{1  +  log,r.) 
The  moan  pressure  ou  the  piston  is  conveniently  denoted  by /f^,  and  is 
represented  in  tho  figuro  by  tho  ordinate  of  the  line  mtn  so  drawn  thaX 
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the  area  of  tho  rectangle  ina  is  equal  to  the  area  of  the  diajemn. 
value  is  given  by  the  foTmalR! 

t  •*•  log.*- 


n  -  rz  ^ 


;i'«  =  i'i 


ji 


A  reservoir  lillod  with  an  elastic  fluid  at  high  pressure  is  an  accumu- 
lator, the  absolute  amount  of  energy  stored  in  irbicb  is  the  exjKnsiv 
energy'  or  the  total  energy  according  a«  the  prciuiurc  is  uot,  or  is,  main 
tained  by  the  addition  of  fi'esh  fluid  in  place  of  that  discharged, ' 
expansioD  being  supposed  indefinite  in  either  case.  With  the  law  < 
expansion  already  BUp|>os(Ml,  when  n  is  greater  than  luiity,  nr  N-uiicha 
when  the  expansion  curve  is  prolonged  indefinitoly.  The  total  abeolub 
cnci^  is  then 

£7,  =  I\F, . 


n  '  V 

where  F^  is  the  whole  vobinio  of  fluid  considered. 

When  n  is  not  greater  than  unity,  i',  is  infinite.     In  pracxice,  I 
ever,  tbere  is  always  a  "  back  "  pressure  T^  on  the  working  piston,  i 
more  genemlly,  on  the  sides  uf  the  chunilxfr  in  which  the  fluid  is  enclc 
In  overcoming  this,  the  work  J\rJ\  is  done,  and  nothing  is  gained  It] 
prolonging  the  cxijansion  beyond  the  point  0  at  which  the  l^nnina 
pressure  f\  has  fallen  to  /'„.    The  c<KTespondinK  ratio  r^  is  given 
tho  formula 


loK^-o 


^o 


The  available  energy  ifl  found  by  writing  f^r^  x—Xf,  in  the  valuA  of  i 
and  subtracting  f*(,rf,l\  =  /'iKir^fl.     The  result  is 

being  the  difference  of  tho  values  of  (/  when  the  expansion  commeno 
at  1  and  at  0.  It  is  always  finite,  and  is  graphically  represented  by  th 
area  lAOitb. 

In  the  transmission  and  storage  of  energy  by  clastic  fluids  tbii 
quantity  plays  the  same  part  as  the  '*  pressure-head  '*  in  bydraulica,  td 
which  indeed  it  reduces  if  n  bo  supposed  very  great,  r„  unity,  and  f\  ibd 
volume  of  a  lb,  of  water.  It  is  the  energy  of  a  given  quantity  of  fluid 
due  to  a  given  difl'erence  of  pressure.  Tho  term  "  head  "  may  Ikj  tised^ 
for  this  when  the  quantity  considered  is  a  moss  of  I  lb.     When  «* 

When  the  reservoir  is  not  kept  full  the  only  available  energy  is  tbe 
exfiansivc  energy,  less  the  work  done  in  overcoming  P^  through  the 
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volume  ^-K,.     This  is  graphically  repreaoiitod   by  tho  curvilinear 
tmngle  jVOl,  and  is  most  conveniently  given  by  the  formiila 

^rt^.  Ctfde  of  MecJianicaf  Operations  in  a  Pneumatic  Motor — Mechanical 
Ejficiency. — Motors  ojwraling  by  the  preasuro  of  an  elastic  fluid  may  be 
descritted  generally  :w  Pneumatic  Motors.  They  are  either  aupplieil 
from  an  accuniulator  us  in  hydraulic  uiolora  of  the  siime  class,  or  ihey 
nmy  be  heat-engines  serving  as  tho  means  by  which  heat  energy  is 
utilized.  In  either  case  tho  niochanism  of  tho  motor  is  tho  same,  and 
consists  of  a  chamber  which  exjHindB  to  admit  the  fluid  and  contracts  to 
discharge  it,  with  a  proper  kinematic  chain  for  utilizing  tho  motion  of 
the  chamber  pair. 

In  water-pressure  engines  the  contraction  to  expel  the  water  from  the 
chamber  i»  not  considered,  )>ecause  all  i)ressures  are  reckoned  alwvo  the 
osphere,  and  the  pressure  in  the  accumulator  is  so  gieat  that  small 
ifferonces  of  pressims  may  bo  disregarded.    With  elastic  fluids  it  is  com- 
monly different:  the  "exhaust"  of  the  chamber  must  be  taken  into 
account 

Keturning  to  Fig.  195,  suppose  that  the  piston  has  reached  the  eml 
of  it«  stroke,  the  cylinder  is  then  filled  with  fluid  of  a  certjiin  pressiuH; 
p,j  which  may  be  supposed  known.     I^fc  now  a  valve  be  oi>eue<l  allowing 
the  cylinder  to  communicate  with  the  atmosphere,  or  with  a  reservoir 
containing  fluid  at  a  lower  pressure  Pf,.     The  fluid  in  tho  cylinder  then 
rushes  out  into  the  reservoir,  and  the  pressure  in  the  cylinder  si)ee>dily 
bsidea  to  Pf^;  tho  fluid  expands  in   this  process,  but  it£  ex|miisive 
lergy  is  wasted  in  producing  useless  motions  in  the  air  which  after- 
stibside  by  friction.       After  aulwidence   let  the  [listnn  be  moved 
by  an  external  force  applied  to  it  which  supplies  the  energy 
necessary  to  overcome  tho  "  back "  pressure  ;v      The  fluid  is  dis- 
rged  from  the  chamber,  and  so  long  as  the  communication  with 
exhaust  reservoir   is  oj»en   the   pressui*e   remains   consliiutly  p^ 
e  represent  this  on  the  diagram  by  drawing  a  horiKontil  line  U>, 
ordinate  of  which   is  p^^.      Tho  work  done  in  overcoming  back 
ire  is  li■^]/^,V„  and  is  represented  on  the  diagram  by  the  rec- 
tangle ba ;  this  is  su  much  subtracted  from  the  energ}-  exerted  by  the 
motor. 
I         Thus  tho  volume  of  the  chamber  goes  through  a  cycle  of  changes 
^Bdtemately  expanding  and  contracting.     During  expansion  energy  is 
^^kxeited,  the  corresponding  mean  pressure  p^  is  the  "  mean  forward 
^^preseiire."     During  contraction  work  is  done,  and  the  corresponding 
mean  pressure  is  the  "moan  back  pressure."      Tho  difference  between 
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'  which  measures  the  ustful 


the  two  Is  the  "  mean  effective  pressure ' 
work  done,  a*  shown  hy  the  equation 

Useful  work=  (p«  -p„)\ii  l\, 
and  IB  gi-aphica1Iy  representetl  hy  the  ai-ea  of  the  closed  figure  LI  3 

In  most  ca«es  tbo  moveable  element  of  the  chamher  pair  divider  the 
chamlwr  into  two  parts,  one  of  whioh  expanrlg  while  the  other  contract*, 
and  conversely  :  the  motor  is  then  described  as  "  double  acting."    Th« 
force  acting  on  the  moving  piece  is  then  the  difference  between  th 
forward  pressure  in  one  chamber  and  the  back  pressure  in  the  otil<^ 
and  when  the  stri^ss  on  the  part«  of  the  machine  is  to  be  considered  i 
is  the  effective  pressure  upon  which  the  streRs  depends  (p.  216).      Ko 
all  other  pur|>08es,  however,  the  back  pressure  is  to  be  taken  as  jn 
explained. 

If  the  pressures  p,.  p,,  in  the  supply  and  exhaust  reservoirs  l)e  girei^l 
and  also  the  form  of  the  cxjMinsion  curve,  tho  only  waste  of  energy  ill 
this  process  arises  from  incomplete  exiNinsion.     Imagine  tho  expansion 
curve  pi-olotiged  to  the  point  o  where  it  meets  the  back  pressure  lina 
and  supjiofte  the  stroke  lengthened  so  as  to  reach  this  point,  the 
additional  work  would  be  done  by  the  fluid  which  would  be  reprewnt 
graphically  by  the  area  of  the  curvilinear  triangle  2ob.     This  area  i 
senta   energy    lust   by   unljalanced    expansion.    an<l    to  avoid    it 
exjiansion  must  be  **  com])lctc,"  that  is,  the  fluid  must  be  allowed  to 
cxiMknd   till  its  pressure  has  fallen  to  /!(,.  the  pressure  in  tho  csdunist 
reservoir,  a  condition  seldom  fulfilled  in  practice,  because  the  Io«  hj 
friction  and  other  causes  heeomos  disproportionately  great.    Leaving  thi^| 
out  of  account,  a  pneumatic  motflt  is  capable  of  exerting  only  a  certaiB^^ 
maximum  amount  of  energy,  quite  irrespectively  of  the  natiire  of  iu 
mechanism,  hut  dependent  only  on  tho  pressures  between  which 
works  and  the  niiture  »nd  treatment  of  the  Huid.     A  motor  whic 
reaches  this  raaxinuun  power  may  be  dcscribod  as  mechnnicnUy  pcrfo 
and  the  ratio  of  tho  actual  useful  work  done  to  tho  theoretieU  maximn 
may  Iw  described  as  the  Mkchanical  Kffk'IENCV  of  the  motor. 

In  practice  the  mechanical  efficiency  is  diminished  not  only  by  incom- 
plete expansion,  hut  also  by  a  ix>rtiun  of  the  fluid  being  retained  in 
"  cloamnce  "  space  of  the  cbamlwr  after  the  extiaust  is  complete, 
however,  is  a  detail  which  cannot  he  considered  here.      The  theoretic 
maximum  is  clearly  the  samo  as  the  store  of  energy  in  the  fluid 
alrcaily  found  in  the  last  Article,  and  denoted  by  f/,  -  U^      Tlie 
sumption  of  fluid  (neglecting  clearance)  is  one  cylinder  full,  ul 
terminid  pressure,  In  each  stroke. 


273.  Pnewni^e  Pumps. — A  pneumatic  like  an  hydraulic  mottMr  I 
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ho  reversed  by  applying  ]K>wer  to  drive  it  in  tho  revei'se  direction,  und 
the  machine  thus  obtained  is  a  Pump  which  takes  fluid  at  n  low  preBeitre 
and  compresses  it  into  a  rosen'oir  at  high  pressure. 

The  cycle  in  the  pump  is  the  same  as  the  cycle  in  a  motor,  but  the 
operations  take  place  in  reverse  order.  As  the  chamber  expands  fluid 
is  dniwn  in  from  the  low-pressure  reservoir  and  energy  is  eierted  on 
the  jHston  hy  the  original  "  buck  "  pressure  :  as  the  chamber  contracta 
tlie  fluid  is  compressed  till  it  resiches  the  pressure  j?,  when  a  valve  opens 
and  admits  it  to  the  high-pressure  reservoir.  There  is,  however,  this 
important  difference,  namely,  that  the  process  of  unbalanced  expansion 
in  the  motor  cannot  l>e  reversed  ;  and  therefore,  if  the  pump  is  to 
operate  on  the  same  weight  of  fluid,  the  volume  of  tho  working  cylinder 
must  be  enlai-gcd  so  that  the  expansion  curve  may  start  Irom  o.  If  this 
bo  supposed,  the  compression  cun*e  will,  for  the  same  fluid  treated  in 
the  same  way,  he  identical  with  the  expansion  curve  of  the  motor.  If 
there  were  no  unbalanced  expansion  tho  motor  would  be  exactly  rever- 
sible, and  the  condition  of  a  motor  being  mechanically  jieifect  may 
therefore  he  described  by  saying  that  it  roust  bo  mechanically  reversible. 
Tho  difference  of  working  of  the  valves  in  pumps  and  motors  has 
already  been  referred  to  in  Art.  260. 

Air  pumps  are  employed  either  to  compress  atmospheric  air  to  a  high 
presauru  or  to  exhaust  a  chamber.  In  the  second  case  the  atmosphere 
is  the  high  pressure  resenr-oir  into  which  the  exhaust  air  is  compressed. 
In  the  old  "  atmospheric ''  engine  tho  steam  waa  employed  merely  to 
produce  a  vacuum,  the  motive  force  being  the  pressure  of  the  atmos- 
phere :  this  machine  is  therefore  a  reversed  air  pump. 

lu  all  pneumiitic  motors  a  pump  is  required  to  replace  the  fluid  in  the 
supply  reservoir.  Unless  the  motor  be  a  heat  engine  this  pump  must 
be  driven  by  external  agency,  and  tho  whole  prticcss  is  one  of  distribu- 
tion, tntnsmi&sion,  and  storage  of  energy,  as  in  water-pressure  engines^ 
In  Whitehead  torpedoes  indeed,  and  in  some  other  similar  cases,  the 
reservoir  is  not  kept  full :  but  the  motor  then  works  with  constantly 
diminishing  power  till  the  store  of  energy  is  exhausted.  In  condensing 
steam  engines  an  air  pump  is  employed  to  exhaust  the  condenser. 

The  work  done  in  pumping  is  Ibiuid  by  the  formulte  of  the  last 
article.     Examples  will  be  found  at  the  end  of  this  chapter. 


274.  Indicator  IHiifframs. — The  pressure  existing  iu  the  chamber  of  a 
pneumatic  machine  may  be  graphically  exhibited  by  means  of  an  instru- 
ment called  an  Indicator.  In  steam  engines  especially  its  use  is  indis- 
pensable to  enable  the  engineer  to  study  the  action  of  the  ateam. 

Figs.  1  and  2,  Plate  XI.,  show  an  indicator  in  elevation  and  9««^^aTl. 

2h 


482 


KLASTIC  FLUIDS. 


[rXKf  T. 


S  iaa  dnim  revolving  on  a  vertical  xxis,  A  is  a  cylinder  communicAtag 
vrith  the  st«am  cylinder,  the  pressure  in  wliicli  is  to  be  measured.  Pa 
a  pencil  connected  by  linkwurk  with  a  small  piston  //  so  astAiooTt^H 
with  it  up  or  down  in  a  vertical  line.  The  piston  is  pressed  down  hy  t^^ 
spring  which  measures  the  pressure,  while  the  dnim,  by  means  of  a  cord 
passing  over  pulleys  and  connectetl  with  the  stfam  piston,  revolvw 
through  arcs  exactly  proportional  to  the  spaces  traversed  by  »t,  A  card 
is  folded  round  the  drum,  and  as  the  engine  moves  a  curve  ia  traced 
the  pencil  upon  it  which  shows  the  pressure  at  each  point  of  the  stroki 
In  practice  many  prfcautions  are  necessary  to  secure  accuracy  in  tbt 
diagram;  the  more  so  the  higher  the  speed,  because  the  friction  ami 
inertia  of  the  parts  of  the  indicator,  together  with  unequal  strelcliiog  of 
the  curd  and  inaccuracy  in  the  reducing  motion  connecting  the  dnna 
with  the  steam  piston,  may  give  rise  to  serious  errors.  To  diminish  iKf 
effect  of  inertia  the  stroke  of  the  indicator  piston  is  made  abort  aai 
multiplied  by  linkwork. 

In  the  example  shown  {Crosby's  patent)  the  spring  applied  lo 
drum  lo  keep  the  cord  tight  has  a  tension  which  increases  as  t^e 
rotates  from  rest.     This  increase  compensates  for  the  inertia  of  the  d 
and  is  said  to  give  a  more  nearly  uniform  tension  of  the  cord. 

Fig.  1(^6  shows  an  indicator  diagram  taken  in  this  way  from  the  higli- 
proasure  cylinder  of  a  compound  engine. 

BB  is  the  atmospheric  line  drawn  on  the  cord  by  the  indicator 
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when  the  cylinder  communicates  with  tlie  atmosphere.  AA  is  t 
vacuum  line  laid  down  on  the  diagram  at  a  distance  below  BB»  whi 
represents  the  pressure  of  the  atmosphere,  as  found  by  the  baromet 
reckoned  on  the  scale  of  pressures.  Then  on  the  same  scale  any  p: 
sure  shown  by  the  indicator  is  the  absolute  pressure  when  mcasii 
from  A  A. 

The  figure  drawn  is  a  closed  curve  hearing  a  general  resemblance 
the  diagram  (Fig.  195),  which  was  drawn  to  represent  the  cycle  of  o 
ations  of  a  rautor.     The  principal  difference  is  that  the  corners  of 
theoretical  diagram  are  rounded  of}'  in  the  actual  diagram,  on  ff 
priucipally  due  to  the  valves  closing  gradually  instead  of  instantaneoualyJ 
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Also  at  the  end  of  the  return  Rtrokc  a  certeiii  amount  of  steam  ia  retained , 
in  the  cylinder  and  comprej^sed  behind  the  piston,  causing  the  very  coa-| 
^derable  rounding  ofl'  observable  at  the  left-hand  corner 

In  every  case  the  mean  efTectivo  pressure  may  bo  determined  graphi- 
cally by  measuring  the  area  of  the  diagram  and  dividing  by  the  length 
of  the  stroke.  This,  with  the  number  of  revolutions  per  I'  determines 
the  horse-power  for  an  engine  of  given  dimensions,  and  the  consumptton 
of  steam  in  cubic  feet  jwr  1'  for  each  horse-power  thus  *'  indicated  "  can 
be  fannd.  The  u-eujhi  of  steam  used,  however,  cannot  be  found  without 
measurement  of  the  feed  water  used,  because  the  steam  always  contains 
an  unknown  amount  of  water  mixed  with  it 


I 
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275.  Cycle  of  Thermal  Oprmtuym  m  a  Henf  Engine. — So  far  all  that 
has  boon  said  applies  equally  well  to  all  pneumatic  motors,  though  ita 
moat  important  application  may  be  to  tho  case  whore  the  fluid  serves 
as  the  means  whereby  mechanical  energy  ia  obtained  through  the 
agency  of  Heat,  We  now  go  on  to  consider  very  briefly  the  principles 
which  apply  especially  to  heat  engines. 

In  heat  engines  the  pump  necessary  to  replace  the  fluid  in  the  supply 
reservoir,  or  discharge  it  from  the  oxhauat  reservoir,  is  worked  by 
energy  derived  from  the  working  cylinder,  so  that  the  engine  is  self- 
acting.  Now,  if  the  condition  of  the  fluid  were  the  same  in  the  pump 
as  it  is  in  the  working  cylinder,  as  much  energy  would  be  required  to 
drive  the  pump  us  is  supplied  by  the  motor,  or,  in  practice,  more;  a 
necessary  condition  therefore  that  any  useful  work  should  be  done  is  that, 
by  the  agency  of  heat,  the  condition  of  the  fluid  should  be  changed  so 
that  its  mean  density,  while  being  forced  into  the  supply  reservoir,  shall 
be  greater  than  when  doing  its  work  in  the  working  cylinder.  Hence 
the  fluid  must  bo  hoatcd  in  the  supply  reservoir,  and  cooled  in  the 
exhaust  rc-^crvoir,  and  therefore,  in  every  heat  engine,  in  addition  to 
the  cycle  of  mechanical  operations  there  is  a  cycle  of  thermal  opera- 
tions consisting  of  an  alternate  addition  and  subtraction  of  heat ;  the 
heat  in  question  l>eing  supplied  by  a  body  of  high  temperature  and 
abstracted  by  a  body  of  low  temperature. 

In  non-condensing  steam  engines  the  pump  ia  the  feed  pump  which 
supplies  the  boiler  with  the  fluid  in  the  stale  of  water ;  in  the  boiler 
heat  is  supplied  which  converts  it  into  steam  of  density  many  hundred 
times  less  than  that  of  water.  The  pump  is,  in  this  case,  very  minute, 
and  requires  a  trifling  amount  of  energy  to  work  it.  In  condensing 
engines  we  have,  in  addition,  the  air  puiup. 

In  air  engines  the  compressing  pump  is  gcnenUly  a  conspicuous  part 
of  the  apparatus  and  requires  a  large  fraction  of  the  \)Ower  of  t>H«. 
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motor  to  Hriro  it ;  because  the  changes  of  denaity  due  to  the  allerMj* 
heating  and  cooling  are  comparatively  small. 
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276.  Mechanical  Eqmralejit  of  Jfeat. — Hoat  and  mechanical 
are  mutually  convertible ;  a  unit  of  heat  corresponding  to  a  certjon 
definite  amount  of  mechanical  energy  which  is  called  the  "  uiiCUAyKi3t_ 
KQUn'ALENT"  of  hcjit.     lu  British  uniU  the  thermal  unit  »  equi 
to  772ft.-lb9. 

The  statement  here  made  is  the  First  Law  of  the  Science  of  Thenoo- 
dynamics,  and  it  shows  thai  quantities  of  beat  nuiy  be  expressed  in 
units  of  work,  and,  conversely,  qiuintitios  of  work  in  units  of  heat. 
dealing  with  questions  relating  to  heat  and  work,  a  common  unit 
measurement  muBt  be  selected.      In   most  cases  the  thermal  unit 
adopted,  and  qimntities  of  work   reduced  to  such  uoita  by  division 
by  772. 

Ill  heat  engines  the  cycle  of  thermal  operations  consists  of  an  altoiuSa 
addition  of  heat  {Q),  and  subtraction  of  heat  {li)^  so  that,  if  irC/  be  the 
usehil  work, 

that  is,  the  work  is  done  at  the  expense  of  an  equivalent  ami 
beat  which  disappears  during  the  action  of  the  engine.  In 
engines  this  has  been  tested  experinienlally  by  measuring  the  heat 
supplied  in  the  boiler  and  the  heat  discharged  from  the  comjeiuer. 
The  difference  should  be,  and  in  fuct  is  found  to  be,  the  thermal 
equivalent  of  the  work  done  by  the  engine.  The  ratio  kU/Q  is  called 
the  "  absolute,"  or  eometimca,  for  reasons  we  shall  see  presently, 
"  apparent  '  efhcioncy  of  the  engine,  It  is  always  a  small  fraction : 
the  boRt  steam  engines,  for  example,  it  does  not  exceed  -15  losses 
nected  with  the  furnace  and  boiler  not  being  included.  (Oomp.  Alt' 
278.)  The  quantity  Uh  here  the  theoretical  maximum  {p.  478)  for  a 
pneumatic  motor  working  1>ctwoen  the  given  limits  of  pressure,  and  k 
is  the  "  mechanical  "  efficiency. 
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277.  Mcchankal  VeUuf  of  Beat.     Thermal  Efficiene'j, — In  statir 
first  law  of  thermoflynamics  nothing  is  said  about  the  teuiperati^<1 
which  the  heat  is  used.     In  other  words,  the  mechanical  oquivalflnt  at 
heat  is  just  the  same  whether  the  temi>eniture  be  low  or  high.      V( 
common  experience  tells  us  that  the  value  of  heat  for  mechanical  pill 
poees  depends  very  much  on  this  circumstance.    The  heat  discha 
iVom  the  condenser  of  a  conden.sing  steam  engine,  or  with  tho 
■team  of  a  non-condensing  engine,  is  of  little  value  for  tho  purpOMi 
the  engine.     So  obvious  is  this  &ct  that  the  first  attempts  ut  conue 
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ing  tho  work  done  by  a  heat  ongine  ^rith  the  heat  siipplicd  to  it  may  be 
partly  described  aa  attempts  to  show  that  tempcratHrc,  not  quantity, 
vms  equivalent  to  energy,  heat  being  Bupposed  an  indestructible  as 
matter. 

Il  ifl  now  known,  however,  that  difference  of  temperature  is  not  in 
iteelf  energy,  but  merely  an  indispensable  condition  that  heat  may  be 
eapable  of  being  converted  into  work.  The  power  of  n  heat  engine 
depends  on  difference  of  temperature,  being  greater,  the  greater  that 
difference  is ;  but  in  all  cases  only  a  fraction  of  the  heat  supplied  U 
converted  into  mechanical  energy. 

In  the  converse  operation  of  converting  mechanical  energy  into  heat 
it  is  {fossiblc,  by  employing  it  in  overcoming  frictional  reaiatances,  to 
obtain  nn  amount  of  heat  equal  to  tho  energy  employed,  but  such  pro- 
cesBos  ore  always  irreversible.  The  only  way  of  converting  heat  into 
work  is  by  means  of  a  beat  engine  in  which  the  rejection  of  heat 
at  low  temperature  is  aa  esuential  as  the  supply  of  heat  at  high 
temperature. 

I>ifrei*ence  of  tomperature  is  wasted  if  heat  be  allowed  to  pass  from 
a  hot  body  to  a  cold  one  without  the  agency  of  steam,  air,  nr  some 
other  body,  the  density  of  which  is  changed  by  its  action.  When  once 
wa«l«d  it  cjinnol  hv  i-ecovered,  a  fact  of  common  experience  which  is 
expressed  by  stating  tho  Second  Law  of  Thermodynamics. 

Heat  cannot  pass  from  a  cold  Iwly  to  a  hot  one  by  a  purely  self- 
acting  process. 

By  a  "  selfacting  "  process  in  this  statement  is  meant  any  process  of 
tho  nature  of  a  perpetuiil  motion  which  is  independent  of  any  external 
agency.  By  the  employment  of  mechanical  energy  drawn  from 
external  bodies,  heat  may  be  made  to  pass  from  a  coUl  bwly  to  a  hot 
one»  the  amount  of  energy  required  being  greater  the  greater  the 
difference  of  temperature.  And  the  method  recently  introduced  of 
r&ising  steam,  without  tho  nse  of  a  furnace,  by  means  of  heat  derived 
from  tho  exhaust  steam  condensed  in  a  solution  of  caustic  soda,  shows 
that  energy  derived  from  chemical  iillinity  may  serve  tho  purpose.  But, 
if  no  enei^y  is  employed,  no  hoat  will  pass. 

Difference  of  temperature  must  therefore  he  carefully  utilised,  and 
since  the  smallest  ditference  of  temperature  is  sufficient  to  cause  heat  to 
pass  from  a  source  into  the  air  or  steam  which  exerts  energ)-,  it  at  once 
follows  that  the  process  of  conversion  of  heat  into  work  will  be  most 
efficient  if  a,Il  the  heat  be  supplied  while  the  fluid  has  the  temperature 
of  tho  source  of  heat,  and  all  the  heat  rejected  while  it  ha^  the  tcmjrera- 
tarc  of  tho  body  which  subtracts  heat.  These  are  the  conditions  of 
maximum  efficiency,  and  if  they  are  satisfied  it  is  possible  to  show  that 


Am 


ELASTIC  rLLU  DB. 


[PIBTV 


a  mechanically  perfect  motor  (p.  4H0)  supplied  with  heat  Q  will 
the  euergy. 

^,  /,  ^6Uig  tihe  temperattires  Fahrenheit  of  adtlilion  and  siibtrocUon 
heat     This  is  tnie  whatever  bo  the  natuie  of  the  heat  engine  emplo 
for  the  piirijoso,  and  no  more  heat  can  be  converted  into  work  und 
any  circumstances.     A  boat  engine  which  satisties  these  conditioiu  mfi}* 
be  described  !vs  "  thermally  perfect." 

If  two  bodies  be  at  the  same  tempeniture  heat  may  be  made  to  How 
in  either  direction  from  one  to  another,  the   actual   direction    being 
determined  by  a  dilferouce  which  may  bo  made  as  small  as  wo  pleaaa;^^ 
that  is,  the  process  is  revtrsibie.     Hence  the  conditions  of  maximua^J 
thermal  efficiency  may  also  be  described  by  saying  that  the  cycle  of^ 
thermal  oiicrationa  must  be  "  thermally  reversible."    And  the  canditioti 
that  an  engine  may  be  both  mechanically  and  thermally  perfect  may  bo 
completely  described  by  stating  that  the  engine  is  reversihle. 

Whichever  way  we  adopt  of  stating  the  result  it  follows  at  once  i 
a  unit  of  heat  has  n  certain  definite  Mkciunk^al  Value  given  by  ' 
equation 

where  i^,  t^  are  the  t«mperatures  between  which  it  can  be  used 

278<  Thermal  Efficiency. — If  an  engine  be  mechanically  perfect 
work  done  per  unit  of  heat  will  be  simply  the  mechanical  valttc,  if ) 
conditions  of  maximum  efficiency  are  satislieil.     In  general^  howevor;! 
some  of  the  heat  will  be  supplied  at  u  lower  temperature  than  the  sourcv 
of  hcat^  and  some  will  be  abstracted  at  a  higher  tcmpernturc  than  thai 
of  the  refrigerator.     When  this  is  the  case  dilfcreuce  of  temperature  '\t> 
wasted  and  there  is  a  corresponding  loss  of  thermal  efliciency.     If  tb 
temperature  is  known  at  which  the  air  or  atc;ira  is,  while  it  is  lieric 
supplied  nnth  a  certain  quantity  of  heat,  or  while  a  certain  (juantity  < 
heat  is  being  abstracted,  the  mechanical  value  of  that  heat  can  be  foun 
corresponding  to  that  temperature.     This  quantity  represente  the  wor 
actually  done  since  the  engine  is  supposed  mechanicnlly  perfect,  and  the 
same  calculation  l>eing  made  for  all  the  heat  supplie*!  or  ubstruclud,  lb 
total  actual  work  will  be  known.     THviding  this  by  the  total  ijuantitd 
of  heat  the  actual  work  ( U)  per  unit  of  heat  will  bo  known.     The  mil 

may  bo  de*cril>«l  aa  the  "TnKRMAL  KFKlcrKNCT  "  of  the  engine. 


OB.  XXI.  ABT.  279.] 


THKUMOUYNAMIC^S. 


4h7 


III  practice  the  engine  will  not  be  either  nteuhaiiically  or  themmlly 
perfect :  ite  efficiency  will  then  be  the  product  {ek)  of  the  mechanical 
efficiency  and  the  thermal  efficiency.  The  efficiency  thiw  calculated  is 
estimated  i-elatively  tc  an  engine  which  is  mechanically  and  thpnnally 
perfect,  and  may  bo  described  as  the  *'  relative  "  or  "  true  "  efficiency, 
as  distinguished  from  the  "  absolute  "  or  "  apparent "  efficiency  defined 
in  a  former  article. 

To  estimate  the  efficiency  of  a  heat  engine  without  any  reference  to 
the  tempcraturea  between  which  the  heat  can  be  used  is  very  misleading. 
The  tnio  efficiency  of  the  beat  condensing  ste^im  engines  is  about  55  per 
eent.,  instead  of  16  per  cent,  as  it  ai>|)eara  to  be  merely  from  the 
quantity  of  heat  used.  In  com|mnng  engines  of  different  kinds, 
however,  the  same  limits  of  tcmpeiuture  should  be  employed.  (See 
Appendix.) 


279.  (Jompomd  Enyiuei. — The  working  fluid  may  be  discharged  from 
one  contracting  chamber  into  a  second  which  simultaneously  expands. 
In  many  cases  an  intermediate  reservoir  is  employed,  which  receiver  the 
Auid  from  the  Hrst  chamber  and  supplies  it  to  tlie  second ;  the  two 
chambers  arc  then  virtually  sepanitc,  an<i  form  two  distinct  motors,  the 
power  of  which  can  bo  separately  calculated.  The  sum  of  the  two  is 
the  power  of  the  comjjound  motor ;  it  is  necessarily  the  same  as  if  the 
fluid  had  been  used  with  the  same  exjmtiBiou  curve  between  the  s:ime 
extreme  pressures  in  a  single  chamber;  except  that  the  iiittional 
resistance  of  the  pajtsagcs  between  the  chambers  and  the  intermediate 
reservoir  repreiwriLs  a  certain  loss  of  energy  in  the  com|K>und  motor 
which  does  not  occur  in  the  simple  one.  When  there  is  no  intermediate 
reservoir  there  is  no  distinct  period  of  admission  or  expansion  in  the 
low-pressure  chamber,  but  the  power  may  still  be  determined  graphically 
Jbr  each  chamber,  and  the  results  added. 

In  every  cose  the  energy  of  the  fluid  is  the  sajuc,  and  cannot  be 
ITected  by  the  mechanism  employed  to  utilize  it,  unless  its  density  or 
elasticity  l>e  altered  by  contact  with  the  sides  of  the  chamber  in  which 
it  is  enclosed.  In  steam  engines,  however,  the  action  of  the  sides  of 
the  cylinder  has  great  influence  by  condensing  stei^m  aa  it  entera  the 
cylinder.     The  liijuelied  steum  is  reevapomtcd  towards  the  end  of  the 

oke  as  the  temperature  of  the  steam  fall.i,  but  the  process  is  ncver- 
n  very  wasteful  one.  The  action  is  greater  the  greater  tho 
ree  of  expansion  employed,  because  the  range  of  tempemture  is 
greater,  and  the  gain  by  oxfmnsion  is  thn.«!  in  great  measure  neutralized 
or  even  converted  into  a  loss.  By  employing  two  cylinders  instead  of 
one  the  ex[iaiision  is  divided  into  two  parts  euoh  of  modemte  amount, 
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and  liquefaction  may  be  in  great  measure  avoided.     Compouud  ea^Mt^ 
»re  therefore  being  used  more  and  more  wherever  economy  of  fuel  u 
consideration,  and  in  marine  practice  have  almost  superseded  the  sinif; 
engine. 

The  princijial  losses  iu  steam  engines  are  (1)  a  mechanical  lou  doe  to 
incomplete  expansion,  and  (2)  a  thei*mal  loss  due  to  liquefaction.    Ond] 
of  these  c-annot  be  diminished  without  increasing  the  other :  but  con 
sidorable  ocoiiomy  may  bo  effected  by  the  use  of  a  ** steam  jacket,"  by] 
the  employment  of  superheated  steam,  and  by  compounding. 

280.  Infrrmtl  Enngy.  Inlermil  Work. — The  di&tinction  between  in- 
ternal work  and  extomal  work  was  pointed  out  in  Art.  92,  p.  181, 
the  corresponding  distinction  between  internal  and  external  en< 
of  motion  in  Art.  134,  p.  250.  These  distinrtions  are  principally  im-' 
portant  in  fluids,  because  the  extreme  mobility  of  their  jMirts  rendei 
intornal  motions,  of  great  magnitude,  of  common  occnrrezice.  "We  ha' 
already  seen  in  Chap.  XIX.  how  energy  is  dissipated  by  the  internal 
action  of  lifjuids ;  in  gaaes  the  same  di»sipHliuu  occurs,  and  is  even  mora 
important. 

In  liquids  the  absorption  of  energy  is  almost  completely  irrevcreible, 
but  in  ga^es  it  is  not  so.  We  may  have  internal  energy  as  well  as 
internal  work :  the  greater  part  of  the  expansive  enet^  of  a  gas  being 
due  to  internal  actions. 

The  state  of  an  elastic  fluid  ia  completely  known  when  it«  preflsni 
and  volume  are  known,  but  these  (|uaubities  iire  capable  of  any  variation 
we  ])lea86  within  wide  limits,  provided  only  that  we  have  unlimited 
power  of  adding  or  subtracting  heat.  If,  however,  a  third  quantity, 
the  temperature,  ho  considered,  it  will  he  found  that  the  three  are 
always  connected  together  by  a  certain  pquation  depending  on 
nature  of  the  fluid,  so  that  when  any  two  are  given  the  third  is  know: 
For  example,  iu  the  so-called  "  permanent"  gases  such  aa  dry  air,  the 
equation  ia  very  approximately 

where  T  is  the  tempcruturf  reckone<l  from  the  "  absolute  "  jtcnj,  a  point 
461'  F.  below  the  ordinary  zero  of  Fahrenheit's  scale,  and  c  ia  a  constant 
which  for  pressures  (7^  in  lbs.  per  square  foot  and  volumes  ( K)  id  cu 
feet  per  lb.  has,  for  rlry  air,  the  valuf  53-2.     The  "  state  "  of  the  ttuii 
is  completely  known  if  any  two  of  these  three  quantities  are  known,  tiai 
not  otherwise. 

To  produce  a  given  change  of  state  a  certain  deBuite  amount  of  work 
must  be  done  in  overcoming  molecular  resistances ;  this  is  the  internal 
work,  and  is  the  same  under  all  circumstjtnces.     Hnt  in  gaseoas  fluida. 
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the  molecular  forces  being  revereible,  may  tfind  to  give  rise  to  the  change 
of  state,  and  then  wo  liave  internal  energy  instead  of  internal  work. 
Taking  the  first  case  ;  if  the  chaugo  be  at  constant  volume  this  internal 
work  will  be  the  total  work  done ;  but  in  general  the  volume  changes, 
id  in  consctjuence  external  work  is  douo,  the  amniintof  wtiich  depends 
lot  merely  ou  the  change  of  state,  hut  also  on  the  way  in  whii-h  that 
change  is  curried  out.  The  total  amount  of  work  ia  the  sum  of  the 
int<'rnal  and  external  work :  it  ib  done  by  the  agenry  of  heat  energy 
«Dpplie<l  from  without,  eo  that  we  write 

Heat  Expended  =  Interna!  Work  +  Bxtemal  Work, 

the  three  quantitit^s  boing  expn'ssed  in  common  units, 
^p    For  the  application  of  this  equation  to  questions  relating  to  the  for- 
r^mation  of  steam  the  render  is  referred  to  a  treatise  on  the  Steam  Engine 
[      by  the  present  writer.     We  have  now  to  consider  the  flow  of  gaacs 

through  pipes  and  orifices,  for  which  purpose  the  equation  is  written 

m^  Expansive  Energy  =  Internal  Energy  +  Heat  Supply, 

r  or,  in  other  words,  of  the  whole  expansive  euergj-  of  the  fluid,  a  part  is 
derived  from  internal  molecular  forces,  and  a  part  irom  heat  supplied 
from  without. 

If  no  heat  Is  supplied  from  without  tEie  expansive  energy  is  equal  to  the 
internal  energy  ;  this  case,  is  called  "  adiabatic"  expansion,  obtaioed  by 
writing  n»=  1'4  in  the  formultc  of  Art.  270.  More  generally,  it  is  shown 
in  treatises  on  thermodynamics  that  the  internal  work  done  in  changing 
the  temperature  of  a  lb.  of  air  from  7",  to  T^  is  /j  -  /j,  where 

K,  being  the  specific  heat  at  c^instant  volume,  which  is  2 '5  c.  Hence 
when  the  temperature  falls  from  J,  to  J,  the  internal  ener^  supplied 
by  the  fluid  is  K,  {Ti  -  T^)  and  the  equation  becomes  for  a  heat 
•apply  Q 

This  is  the  fundamental  equation  from  which  all  cases  may  be 
derived. 

If  heat  be  supplied  to  a  permanent  goa  at  a  uniform  rate  as  the  tem- 
perature fails,  it  may  bo  shown  that  the  law  of  expansion  is  /'^■"  =  con- 
stant, as  supposed  in  Art.  2V0,  and  this  ia  generally  permiRsible  with 
sufficient  approximation.  The  oxpan.sion  index  n  then  depends  upon 
the  proportion  which  Q  bears  to  £.*    If  ^  =  £  the  expansion  is  hy|x-r- 

lic,  and  the  whole  of  the  expansive  energy  is  derived  from  heat 


*  For  further  cxpUnation  of  the  staterocnfai  licrc  iitnitu  the  reader  ii  i-eforred  to 
iteritl'*  Htr^m  Kii;fn>^,  chapter  IV. 
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The  manner  in  which  the  exp»n«vo  energy  (^ 
depcnris  on  the  heat  supply  (Q)  is  well  wen 
by  the  annexes!  diagram  (Fig.  107).  Let, 
as  before,  the  ordiuatcs  of  the  point  1  re- 
present the  preseure  and  volume  befora 
expansion  and  those  of  Uic  point  2  after 
expansion,  1,  2  being  the  expansion  curve. 
Sot  downwards  jY,^,»  N.^Z.,  each  tfqu&l  to 
2J  the  corresponding  prcKsitre  ordiu&tea, 
and  complete  the  rectangles  OiT,.  OZ^ 
Tlien  complete  the  rectangle  ^,2^,  and 
draw  the  diagonal  SL  to  meet  the  vertical 
through  0.  Finally  through  the  intersec- 
tion draw  //  horixontally :  then  the  rect- 
angle IN,  will  be  found  to  l>e  the  dilFei-encd 
of  the  rectangles  OZ^,  0Z„  and  therefore  represents  the  internal  ene: 
exerted  during  expansion.  Thus  the  area  12//  (shaded  in  the  figure] 
represents  the  Jieat  supply  :  which  will  depend  not  only  on  the  jwintt 
1,  3,  that  is,  on  the  change  of  state  of  the  air,  but  also  on  the  form  of  the 
ex]>att3iuu  curve,  that  is,  on  the  way  in  which  the  change  takes  place. 

When  the  pressure  of  air  is  changc<I  the  changes  of  tcnijieniture  are 
generally  so  great  that,  unless  the  [troceaa  bo  very  rapid,  they  ore  accom- 
panied by  a  flow  of  heiit  to  or  from  external  bodies.  The  amount  of 
heat  thus  abstnictoil  from,  or  supplied  to  the  air,  is  unknown,  and  the 
index  «  cannot,  therefore,  be  found  accurately.  An  approximate  vtl 
is  assumed  according  to  circumstances  in  each  special  case. 

When  air  is  i:omi)re8«ed  into  u  reservoir  for  the  purpose  of  stori 
energy,  its  tenijterature  cannot  I'emain  permaneDlly  alwvo  that  of  su 
rounding  Ijodics,  and  the  process  will  be  most  economical  when  the  leia- 
perature  is  kept  as  low  as  possible  by  surrounding  the  pump  with  cold 
water.  We  then  ussumo  »  =  !,  but  the  result  of  the  calculation  will 
generally  bo  t<jo  small.  The  he:tt  to  be  abstracted  is  the  thermal  equi- 
valent of  the  absolute  amount  of  work  done  in  compression  alone. 
energy  exerted  in  pumping  is  grmirr  than  this  by  the  amount  of  ene: 
transmitted  by  the  air  (if  any)  which  leaves  the  reservoir,  and  /«? 
the  energ}'  exerted  by  the  back  jtressuro  which  here  serves  as  a 
of  energy.     (Scmj  Art  271,  p.  478.) 

When  air  eK]]ands  from  u  ro8tir%'oir  in  which  it  is  stored  at  a  modem 
pressure  it  receives  heat  from  without,  but  the  amount  is  uncertiUn 
cannot  bo  relied  on.    Wo  therefore  assume  h=  ri,  tliough  the  result 
the  calculation  u*ill  bo  too  small.     The  ratio  of  rcsulU  for  n^  1-4  ai 
n  =  \  will  be  a  measure,  though  h  crude  and  imperfect  one,  of  tl 
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efficiency  of  the  process  of  storage  and  transmission  of  energy  by  coro- 
{HTCssed  air.  The  etficioncy  is  kss  the  higher  the  pressure.  If,  as  in  the 
Whitehead  toqxMlo,  the  pressure  employed  is  very  high,  it  will  1m  neceft* 
■ary  to  reduce  it  by  wire-drawing.  As  Mill  be  seen  farther  on,  the 
mechanical  enei^  dissijMted  by  internal  resistances  then  re-appears  as 
heat  which  maintains  the  tcmpcratm*e.  The  effect  of  this  is  so  grejit 
that  the  process  may  even  (practically)  be  economical. 

The  various  points  here  mentioned  are  illustrated  by  Ex.  1-4,  p.  fi02. 
It  must  bo  understood,  however,  that  the  air  is  supposed  dry,  a  condition 
aehlom  sAtisficd  in  practice.  Indeed,  in  many  machines  of  this  class 
water  is  injected  into  the  working  cylinder.  Some  remarks  on  this  jwint 
'will  be  found  in  the  Appendix. 


281.  A'Mk/j/  Flow  through  a  Pipe.,  t'onserpaticn  of  Ettfrfjif. — Referring 
to  Fig.  167,  p.  413,  snpposc  that  the  rcsen*oir  is  closed,  and  that  it  con- 
tains an  clastic  fluid  at  high  pi-cssure  which  is  blowing  through  the  pipe 
Unless  the  change  of  pressure  l>o  very  small,  dittererjce  of  level  may  be 
disregarded  as  relatively  iitiim[)ortjint  (p.  475),  and  we  have  only  \» 
consiflcr  differences  of  pressure,  while,  on  the  other  hand,  we  must  now 
remember  that,  when  the  pressure  changes,  energy  is  exerted  by  expan- 
sion as  well  us  by  transmission.  The  energy  transmitted  from  the 
reservoir  to  any  point  where  the  pressure  is  /*  and  volume  Fis  /•'o^'i,, 
where  the  sntfix  indicates  the  slate  of  the  fluid  in  the  reservoir.  Of  this 
the  amount  PF  is  transmitted  through  the  point,  and  the  diffcrenco 
^o^tt  -  P^  together  with  the  expansive  enei-gy  E  is  employed  in  generat- 
ing the  kinetic  energy  which  the  gas  possesses  in  consequence  of  the 
velocity  u  with  which  it  in  ni.<thing  through  the  pipe  at  the  point  con- 
sidered.    Thus,  if  the  motion  be  steady, 

where  Q  is  the  heat  (if  any)  supplied  during  the  passage  from  the  reser- 
voir to  the  point     If  no  heat  he  supplied, 

I-' -t- 3-6 /M'= Constant, 

.  equation  which  may  also  be  written 

g- +  If,.  r  =  Constant, 

whora  K^  is  the  Bi>ecific  heat  at  constant  pressure.  If  wo  have  to  do 
with  any  elastic  fluid  other  than  n  permanent  gas,  35  PV  must  be  re- 
phieod  hy  I  +  PI',  where  /  is  the  internal  energy,  and  if  the  question  be 
such  that  the  elevation  of  the  point  considered  has  any  sensible  influence. 
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the  t«rin  z  must  bo  added  m  in  th«  corresponding  caee  of  an  incom- 
pressible fluid. 

The  equation  for  a  oomprefisible  fluid,  however,  is  mnch  more  gonem) 
than  that  for  an  incompressible  fluid,  because  the  intenml  energy  i« 
taken  into  account,  and  consequently  any  enei^  exerted  ill  overcoming  . 
frictionul  refiistAuccs  is  replaced  by  an  equivalent  amount  of  heat 
generated.  It  follows  that  the  equation  is  true  whether  there  be  frio 
tional  resistances  or  whether  there  be  none,  provided  that  the  internal 
motions  have  time  to  subside  and  be  converted  into  heat  by  jriction. 
and  provided  that  none  of  the  heat  thus  generated  is  transmitted  to 
external  bodies. 

It  sometimes  hap]>ons  that  we  have  to  consider  cases  where  a  quantity 
of  heat  Q  is  supplied  to  a  permanent  gas  during  its  iMSsage  irom  a  poiiit 
1  to  a  point  2,  we  shall  then  have  the  equation 


Q 
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an  equation  which  is  true,  however  great  the  variations  of  proHure  or 
temperature  are,  and  whether  or  not  there  are  frictional  rosistancea. 


282.  yrlocitij  of  fijfiux  of  a  Ooxfrom  an  Orijice, — The  most  important 
apjilitiations  of  the  equation  far  the  steady  flow  of  a  gas  are  to  the  dis- 
charge of  air  or  steam  from  an  orifice  and  to  the  flow  of  air  tbroagb 
long  pipes. 

In  the  first  case  the  frtctional  resistances  are  small  and  are  consequently 
noglecte<l.  It  will  be  desirable  to  give  a  method  of  treating  the  question 
which  in  independent  of  the  general  equation. 

■f 


In  fig.  19Sa  o\2i:  represents  the  cx[>an8ion  curve  for  a  small  portion 
of  the  gas  as  it  nuhes  out  of  the  reservoir  .i  (Fig,  19Kb)  in  which  it  i«  j 
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confined  through  a  small  orifice  into  the  atmoephcrc.  The  jet  contrncts 
at  issue  to  a  contracted  section  kk,  nearly  as  in  the  ca^e  where  the  fluid 
is  incompressible,  and  then,  in  general,  expands  again  in  some  such  way 
as  ia  shown  in  the  figure.  The  velocity  through  tho  contracted  acction 
may  bo  denoted  by  h,  and  the  pressure  there  by  P.  The  area  of  the 
contracted  section  is  connected  xnth  the  area  of  the  orifice  by  the 
muadon 

"m  on  page  409,  k  being  a  no-efficient. 

Each  small  portion  of  the  fluid  cx{)ands  from  the  state  represented 
by  the  point  o  on  the  diagram  to  that  rcpreBented  by  A' :  tn  some 
intermediate  state  it  will  be  represented  by  a  point  1  on  the  cx[iansion 
cnn*e,  and  immediately  after  by  2,  a  point  near  to  1.  Let  «„  u*  be  the 
corresponding  volocitios,  then 


H„     Uj 


P.   -P. 
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iriiere  w  is  the  mean  density  and  Ftbe  mean  specific  volume  represented 
graphically  by  the  mean  of -1,  ?'3.  Hence  V.&P  ia  represented  by  the 
area  of  the  strip  cut  olTby  these  ordinates.  Dividing  the  whole  area 
into  strips,  the  area  of  each  atrip  represents  the  corresptinding  change 
in  u2;2(/,  so  that  the  total  area  represents  the  final  value  of  this  quantity. 
\Vc  have  then 

f  =  Area  NokM  =  f^'  VdP  =  h 

The  quantity  A  thus  found  and  graphically  represented  is  the  "  bead  " 
duo  to  difierence  of  prcssiu'e,  as  fully  explained  in  Ait.  271. 
Assuming  the  expansion  curve  /*  ^  =  Constant,  as  before, 

^ow,  if  the  expansion  be  adiabatic  fl  =  l-4,  and  nc/{n  -  1)  is  equal  to 
K,,  80  that  the  result  might  have  Iteon  written  down  at  once  from  the 
general  equation  of  the  preceding  article. 

Employing  the  notation  of  Art.  270,  but  replacing  the  suffix  1  by  the 
sufiix  0,  the  velocity  of  elHiix  is  given  by  the  formula 


fr^-'^^^^*^-"^- 


2g 

283.  Discharge  from  an  Onjke.^The  weight  of  gas  discharged  per 
second  from  an  orifice  of  contracted  area  A  is  tiow  found  from  the 
I     formula 
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where    V  is  the  specific  volume  of  the  gaa  at  the  instant  of  puaiing 
through  the  contracted  Bection,  and  therefore  aupjiosirig  A  unity  1 
weight  per  unit  af  area  is  given  by 


/f3=2tf. 


n-\ 


.^{l-rx). 


For  F  we  now  write  rK„  and  finally  obtain 


n-1     Ko 

lu  applying  thia  formula  x  must  be  supiwsed  known  and  r  calcalatdl 
from  it  by  the  equation  on  p.  47G. 

It  will  be  found  on  oxamirmtion  that  as  x  diminishea  from  unity 
increases  to  a  maximum  value  und  then  diminishes  again  to  zera  That 
is,  if  the  pressure  in  the  throat  of  the  jet  at  the  contracted  section  be 
diminished  the  discharge  docs  not  increase  indefinitely,  but  reaches  k 
maximum  and  then  decreases.  On  substitution  for  r  in  terms  of  d 
will  be  seen  thut  lor  a  given  pressure  (Z't,)  in  the  reservoir  /T  is  greatest  j 

when  ip*  -  j:  "   is  greatest 
This  will  bo  found  to  be  the  case  when 

2 


-C4i)- 


The  expansion  is  adiabatic,  and  the  values  of  n  with  the  resulting 
values  of  x  for  maximum  discharge  are  shown  in  the  annexed  table. 


llAtvki  or  O&i. 


Dry  Air» 

SnperfaMted  Ht«a»i. 
Dry  Satomted  Steam, 
MoUt  St«am. 


Valom  uv  n. 


Vut«  on 


The  discharge  is  therefore  a  maximum  when  the  external  pressure  is 
from  5  to  '6  the  pre-ssurc  in  the  rosen-oir.     For  dry  air  it  will  be  found  , 
oil  Bul^titution  that  the  maximum  discharge  |>er  second  [kv  unit  of  con* 
tnu:ted  area  is 


fr=il/. 


&nd  for  dry  steam 


jt;v,     rBTTTi' 


fK  - 


3-6  /•„ 


The  pressure  /^„  was  originally  supposed  expressed  in  lbs,  poT 
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foot,  but  it  niay  now  Ym  taken  as  IIir.  per  square  inch  in  the  numorator 
of  these  fractions,  in  which  case  /r„  will  be  the  discharge  per  square 
inch. 

The  diminution  of  the  discharge  on  diminution  of  the  external 
pressure  below  the  limit  just  now  given,  is  an  anomaly  which  had 
always  Iwcn  considered  as  rc(|uiring  explnnntion,  and  M.  St.  Venant 
bud  already  suggested  that  it  could  not  actually  occur.  In  1866  Mr. 
R.  D.  Napier  showed  by  expcrimout  that  Iho  weight  of  steam  of  given 
pressure  discharged  from  an  orifice  is  really  inde[)endent  of  the  pressure 
of  the  medium  into  which  the  efflux  takes  place;  and  in  1872  Mr. 
Wilson  confirmed  this  result  by  experiments  on  the  reaction  of  Btcam 
issuing  from  an  orificR.* 

The  explanation  lies  in  the  fact  that  the  pressure  in  the  centre  of  the 
contracted  jet  is  not  the  same  as  that  of  the  surrounding  medium. 
The  jet  after  passing  the  contracted  section  suddenly  exjuind^,  and  the 
sudden  change  of  direction  of  the  Ruid  particles  gives  rise  to  centri- 
fugal forces  which  cause  the  pressure  to  increase  on  passing  from  the 
surface  of  the  jet  to  the  interior  on  the  principle  explained  on  page415. 
This  will  be  better  undei-stood  by  reference  to  the  annexed  figure 
(Fig.  199)  which  shows  a  longitudinal  sec-  Fiif.i9e. 

tion  of  the  jet  at  the  point  whore  the 
contraction  of  transverse  section  is  greatest 
The  particles  describe  curves  the  iikIius  of 
cun*ature  of  which  increases  from  a  small 
minimum  value  at  the  surface  k  to  on  in- 
finite value  at  the  centre.  The  pressure 
p  increases  from  that  of  the  medium  (n-)  at  it  to  a  m&ximum  p  at  the 
centre,  the  increase  being  very  rapid  at  first  and  afterwards  more 
gradual.  The  ])roblera  is  therefore  far  more  fiomjilicated  than  we  have 
snppofted,  eaph  small  portion  of  the  jet  having  its  own  pressure  and 
(consequently)  its  own  velocity  and  density. 

The  results  of  exiicriment  however  suggest  that  an  approximate 
solution  may  be  obtained  by  the  assumption  of  a  mean  pressure  in  the 
throat  of  the  jet,  with  a  corresponding  mean  velocity;  thiu  mean 
pressure  being  that  which  gives  maximum  discharge  in  every  case  in 
which  th.^t  quantity  is  greater  than  rr.  At  lower  pressures  it  is  to  be 
assumed  equal  to  jr. 

Adopting  this  hypothesis  we  see  that  whenever  steam  is  dischargee! 
into  the  atmusphL-re  from  a  boiler  the  pressure  in  which  is  greater  than, 
about,  25  lbs.  per  square  inch  absolute,  or  10  Ibe.  above  the  atmosphere, 

*  Diiehat^  o/ Fl»i(l/i,  by  R.  D.  Naplor.  .Spon,  1860,  Anriiml  of  thf  Roytt/ 
School  o/  yacal  Arehitfrturf  for  1874. 


490 


ELASTIC  FLUir>S. 


[TAMJ  V. 


the  formula  ^ren  above  for  maximnm  dischai^  is  to  be  ttsed.  If  ve 
assume  the  moan  value  252  for  jF^^  this  gives  p-^f*^  for  the  weight 
discliarged  from  an  orifice  |>cr  Rqiiare  inrh  of  effective  area  per  second, 
the  pressure  ^1  being  the  ubsoliite  pressure  in  the  boiler  expressed  in 
lb«.  per  square  inch.  Contraction  and  friction  must  bo  allowed  for 
use  of  a  co-ofticieiit  of  discharge,  the  value  of  which  however  is 
variablo  than  that  of  the  corresponding  coefficient  for  an  incoin[jn»' 
sible  fltiid.     Little  is  eertainly  known  on  this  point. 


;ed  in 
■or  bj  fl 


283a.  Flow  af  Gases  tkivuffh  Pipes. — Ketuniing  to  the  genml 
eqnatioin,  we  have  now  to  examine  the  case  where  air  or  st«am  flows 
through  a  pipe  of  considerable  length.  As  in  the  case  of  water,  the 
fricttonal  resistances  are  then  ao  great  that  most  of  the  head  is  ukcD 
up  in  overcoming  thcin.  The  velocities  of  the  fluid  are  therefore  not 
excessivCy  and  the  value  of  n^j^ff  vurios  comporativoly  little. 

Now  in  the  equation 


^g 


+  ^,.reCon8t*nl 


Fte--»c. 


the  numerical  value  of  K^  is  about  184,  and  therefore  a  variation  of 
temperature  of  a  single  degree  will  correspond  to  a  great  change  in 

n*/2j7 ;  it  may  therefore  be 
assumed  that  the  temperature 
remains  very  approximately  con- 
stant provided  only  that  the 
difference  of  pressure  at  the  two 
ends  of  the  pipe  is  not  too  great  compared  with  its  length. 

In  Fig.  200  suppose  1,  2  to  be  two  sections  of  the  pipe  at  a  distance 
Ar  so  snmll  that,  in  estimating  the  friction,  the  velocity  may  be  taken 
at  its  mean  value  u ;  then  the  force  required  to  overcome  friction  is  , 

where  s  is  the  perimeter  and  /  the  co-efficient  of  friction,  detiiied  u 
page  4 1 9.     iieplaciug  this  by  a  now  co-efBcient  /'  as  in  the  passage  cit 

in  which  equation  w  means  the  weight  of  unit-volume  of  the  ^i. 
Now,  it  was  pointed  out  on  page  431  that  sur&ce  firiction  was  &  kind  of 
eddy  resistance,  and  that  in  the  case  of  water  it  was  proportional  to  the 
density.  This  leads  us  to  suppose  that  in  fluids  of  varying  density,  not  \ 
/  but/'  is  a  constant  quantity.  Replacing  tc  by  its  equivalent  1/  y\  wt 
obtain,  suppressing  the  accent  of/, 

„       ^    5-ll     II* 
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We  now  apply  the  principle  of  momentum  which  will  bo  expressed  by 
the  equation 


■ 


{P,~P,)A=fr.A^^Z^  +  H, 


where  iria  the  weight  of  gas  floMring  through  the  pipe  per  umtofariai 
per  second,  and  the  anflixes  refer  to  the  two  sections  in  question,  the 
area  of  which  is  A.  Now,  the  motion  throiigh  the  j>iiK:  being  steady, 
fF  is  the  same  throughout^  bo  that 

-  =  /K=  Constant. 

By  substitution  for  /F  and  writing  H  for  «V^.'/.  J^n  equation  is  obtained 
which  when  written  in  the  differential  fonn  becomes 

vt 
m  being  tbo  hydraulic  mean  depth. 

Next,  if  T  be  the  temperature,  which,  as  remarked  above,  Is  sensibly 
constant, 

Substitute  again  for  /Fand  it,  we  then  find 

On  aubetitution  for  F.  SP  the  value  of  which  has  just  been  given,  the 
differential  equation  becomes  integrablc  by  dividing  by  //,  and  we 
obtain  on  performing  the  integration 

'  rll-ii  = 
2     i/r„  //■/ 

where  /  is  the  length  of  the  pipe,  and  VT,j,  H  the  values  of  «V2^  at 
entrance  and  eiit  respectively.  In  application  of  this  equation  the 
term  containing  the  logarithm  is  small  as  compared  with  the  rest,  and 
may  genemlly  bo  omitted  :  also 

s;  ^' 

a  ratio  which  is  known  if  the  pi-cssurcs  arc  the  data  of  tbo  question. 
Tho  value  of  tbe  co-efticient  is  found  by  experience  to  be  uearly  the 
e  ns  for  water,  that  is,  about  007.     In  the  ciso  of  steam  cT  is  to  be 
replaced  by  the  nearly  constant  product  TK,  which  is  to  be  taken  from 
a  table  for  this  quantity  so  as  to  obtain  a  menu  value  according  to  the 
pressure  considered. 
The  equation  just  found  must  not  )>e  applied  to  cases  in  which  the 
I  _  .difference  of  pressure  is  too  great  compared  with  the  length  of  the  pipe. 
■■Hie  firictiou  is  then  not  great  enough  to  prevent  the  velocity  from 

I- 


'log*  5^+/'-. 


I        iwriln 
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becoming  excessive;  tlie  temperature  then  sensibly  falla,  instend 
remuiuiiig  conetant  as  supposed  in  the  calculation.     An  equation  am  be 
foiirul  whicli  lakas  account  of  the  fall  of  temporaturo  when  necessary, 
but  ill  such  cases  as  commonly  occur  in  practice,  the  supposition  of 
constant  temperature  is  sufficiently  upproximato.     When  the  diir€n'iic«| 
of  pressure  is   email   the   ctpmtioii  will   be   found  to  reduce  to  Lhftj 
hydraulic  formula  for  How  in  a  pipe.    This  case  will  be  consideradj 
presently. 
The  head  is  given  by  the  formula 

A  =  /'f'Mog/'>-Pnog,»*, 
P 
and   the   power   expended    in  forcing  the    air    through    is    //"A 
i'v^w.  log.r  ft.  lbs.  per  '29  ft.  of  sectional  area  per  1". 

284.  Flmf  vf  Gmes  vntier  Small  Diffeirttct^  of  Pressure.  ~VC\xen\hi 
difierences  of  pressture  are  small  and  no  heat  is  added  or  subtracted,  a 
gas  6ows  in  the  same  way  as  a.  liquid  uf  the  same  mean  density.  In  thOj 
case  of  air  the  mean  specific  volume  is  found  from  the  equation 

P     40' 
the  uuits  being  feet  and  pounds,  the  mean  pressure  that  of  the  ai 
pbere,  and  the  temperature  measured  on  Fahrenheit's  scale  from 
absolute  zero.     At  h^°  this  gives    V=\Z  cubic  foet,  but  the  acti 
volume  will  vary  slightly  from  vamtions  in  the  mean  pressure. 

The  small  differences  of  preesui*e  with  which  we  have  now  to  do* 
commonly  measured  by  a  syphon  gauge  in  inches  of  water.     One  jndl 
of  wuter  is  equivalent  to  a  pressure  of  &'2  lbs.  per  sq.  ft. 

If  now  A/*  Iw  the  difference  of  pressure  in  lljs.  per  aq.  fL,  i  t 
corrcsi>onding  number  of  incbes  of  water,  the  bcfl<l  due  to  H  will  be»  ai* 
in  Art.  2H3, 

h^v.a^p-I-  i. 

The  velocity  duo  to  this  head,  or,  what  is  the  same  thing,  the  toI 
discharged   jwr  sq.  ft-,  of  rffedive  area  per  second  in  the  absence 
frictional  resistances,  is  in  cubic  feet 

«-  s/2^  =  2'89  s/2^ 
and  the  weight-discharge  in  [jounds  per  second 

At  R9"  one  inch  of  water  givc«  a  head  of  675  feet  and  a  disci 

65-9  cubic  feet,  or  5  07  llw.  per  second;  but  at  539*  the  head  U  ISO* 

foot  and  the  diBchnvfte  9Va  cubic  feet,  or  3-67  Ibo.,  result*  which  show 
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bat  the  effect  of  a  given  dirtcrcm-e  of  prosaure  is  entirely  difl'erent 
according  to  the  temperature  of  the  flowing  air.  This  is  a  point  which 
must  always  be  borno  in  mind  in  applying  hydraulic  formulae  to  the 
flow  of  gases.  Frictional  resisUinces  arc  taken  into  account  by  the 
emptoyment  of  a  co-cflicient  as  in  hyilRuilics,  and  as  cisowhore  ex- 
plained, there  is  rea-snn  fo  b*'lif!ve  that  the  \-r1uc8  of  these  co-efficiente 
are  the  same,  uxcejit  8c^  fur  its  th(i3'  may  Iw  dependt'iii  directly  or  in- 
directly on  the  co-etticient  of  contraction  (p.  430).  Co-efficienta  of 
contraction  are  more  variable  in  air  thiin  in  water,  but  their  average 
value  does  not  differ  widely  in  the  two  cases,  and  may  provisionnlly  be 
Assumed  the  sanic. 

In  particulai',   it  is  well  established  that  the  formula  for  the  dis- 
charge  of  a  pipe  in  cubic  feet  per  second  (p.  420), 


«=*/*'.</♦. 


I     fet 


VI 

applies  to  air  as  well  as  to  water  with  the  same  value  of  the  coHsfficicut 
i,  that  is  {d  in  feet)  about  40.  The  head  h'  is  calculated,  as  just  ex- 
plained, according  to  the  tempeiaturc  of  the  air,  for  a  given  diflcrencc 
of  pressiu-e. 

It  in  sometimes  nec6es:iry  to  fonsiderthp  flow  of  some  gas  other  than 
atmospheric  air.  In  approximately  permanent  gases  this  is  e^isily  done 
if  we  know  the  deniiiby  of  the  gas.  For  example,  the  density  of  common 
cool  guft  is  about  iS,  uir  being  unity.  The  value  of  r.  in  the  formula 
Pi'-cT  is  then  proportionately  increased,  but  in  other  respects  the 
formula?  are  unoltered,  the  index  of  the  adiabatic  curve  and  the  con- 
stants 2*5,  3  5  which  depend  on  it  remaining  unaltered.  The  fonnula 
for  small  ditferences  of  pressure  muy  also  be  cmjiloyc^l  for  the  non- 
permanent  gases,  such  as  steam,  with  a  corres]H>udiiig  modification. 

Pneumatic  machines  in  which  the  variation  of  pressure  is  small  are 
analogous  to  hydnmlic  machines,  and  must  of  what  was  H-tid  in  the  last 
chapter  is  ajipliciible  to  them.  The  common  fun,  for  example,  is  a  cen- 
trifugal pump,  the  lift  of  which  is  the  diEferoncc  of  pressure  reckoned  in 
feet  of  air,  that  is,  at  uixlinary  leraijeraturee,  about  67  feet  for  each  inch 

water.     'I'he  Bpccd  of  periphery  is   Jtjh  in  feet  per  second,  where  A 

the  lift  increased,  as  explained  in  the  case  of  the  pump,  on  account  of 
frictional  resistances  and  the  curving-back  of  the  vanes. 

Fans  are  employed  to  produce  a  current  of  air  for  the  puii)08e  of 
ventilating  a  mine,  ship^  or  structure  of  any  kind.  In  mines  they  aro 
often  30  feet  diameter  or  more.  The  pressure  required  ia  here  small 
and  the  speed  motlerate.  They  are  also  used  to  produce  a  forced 
draught  in  tor|»edo  lioats,  ur  the  blast  of  a  smithy  fire.  The  pressure  is 
then  5  inches  of  water  and  more,  corresponding  to  a  lift  of  300  feel  and 
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upwards.     The  speed  of  periphery  is  consequently  exoeMive,  and  for 
the  coin|taraiive1y  great  pressares  required  tor  a  foundry  cupola  or  ■  \ 
blast  furnace,  it  is  necessary  to  resort  to  some  other  fortn  of  Mowing 
machine.     The  speed  of  periphery  might  perhaps  be  reduced  hy  the 
use  of  &xcd  guide  blades  to  gire  the  air  a  rotatory  motion  liofore  cnteriog  j 
the  fan. 

285-  Fai-ying  Tmipemhtre.  Chimnty  Draught — If  the  temperatar* 
of  the  flowing  air  is  varied  hy  the  addition  or  subtraction  of  beat,  itii 
density  will  be  altered  during  the  lluw,  and  it  is  then  necessary  M> 
know  the  mean  density,  in  order  that  wo  may  >>c  able  to  calculate 
the  "  he^d  "  due  to  a  given  difference  of  pressure  as  meaaored  by  the 
water  gauge. 

In  Fig.  201  O.Y,  OY  arc  axes  of  reference  jxmtllel  to  which  onJi- 
natcs  arc  drawn  n»  nsual  to  rejjresenl  volumes  and  pressures.     A  given 

diU'eronce  of  pressure  A/*  i« 
represented  by  the  difference  at 
of  a  pair  of  ordinatve.  The 
original  volume  of  the  air  ii 
represented  by  a\,  Suppcwc 
now  that  in  flowing  through  a 
passage  of  any  desrriiition  the 
air  is  heated,  as  for  examjjlct  in 
passing  through  a  furnace,  the 
volume  increases  greatly  while  tho  pressiuv  falls  alightly  ;  this  will  be 
ropreseiited  by  the  cun-o  1.?,  termitiiiting  at  a  point  2.  The  form  of 
the  cuire  will  depend  on  tho  law  of  healing,  :uid  will  lie  very  dtfTprent 
according  to  the  state  of  tho  fire  ;  if  the  bars  of  the  gruto  be  blocked  hy 
clinker  and  the  surface  of  the  fire  be  free  from  sjwcial  obstruction,  mwt 
of  tho  frictional  resistance  and  corresponding  fall  of  presstire  will  occur 
before  the  air  is  hciitcd,  and  the  ciu've  will  slope  rapidly  near  1  and 
slowly  afterwards  ;  while,  conversely,  if  the  fire  be  covered  willi  fr«h 
fuel  and  the  great  bars  dear,  the  reverse  may  be  true.  After  bednK 
hcato<l  lot  the  air  pass  through  a  boiler  tube,  by  which  heat  is  abstracted, 
tilMt  reaches  the  chimney :  tho  volume  then  diminishes  greatly  whil« 
the  |)res8ure  falls  slightly,  as  shown  by  tho  cnr^'o  23,  terminating  at  ■ 
[loint  3,  such  that  &3  i-ejirescnta  tho  volume  of  the  air  in  tho  chimney. 
Tho  form  of  the  curve  33  will  depend  on  the  law  according  to  which  tbc 
tul>e  abstracts  boat.  The  area  of  tho  whole  Hgure  a\2Vf  rapresenta  Cbo 
'*  head  "  due  to  the  whole  difference  of  pressure  A/*,  and  it  will  now  bo 
obvious  that  this  head  will  vary  according  to  circumstances  which  can- 
not Iks  precisely  known.    Thus  the  mean  density  cannot  bo  found  except 
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empirical  formulm  derived  by  direct  experience,  and  consequently 
applicable  only  to  the  8[)ecial  cases  for  which  they  have  been  deter- 
mined. It  has  hitherto  been  most  nstmlly  assumed  iu  the  case  of  a 
fiimace  ami  boiler  that  the  moan  density  was  that  of  the  air  in  the 
chimney,  which  amoiiiit«  to  supposing  that  the  forms  of  the  curves  1 2 
33  are  such  that  the  area  of  the  rectangle  «3  is  equal  to  the  area  of  the 
whole  6giiro.  This  is  the  supposition  employed  by  Rankine,  and  in  many 
cases  it  appears  to  lead  to  correct  resiUts. 

In  every  case  of  the  flow  of  heated  air  it  must  be  carefully  considered 
what  the  mean  density  will  probably  bo.  Its  value  can  often  be  fore- 
seen without  difficulty.  It  is  only  in  the  caso  of  long  passages,  where 
the  air  suiFecs  great  frictional  resistance  whilt?  being  heated  or  cooled, 
that  it  is  uncertain  what  value  to  adopt. 

The  drauglit  which  draws  air  through  a  fire  may  be  produced  artifici- 
ally or  by  the  action  of  a  chimney.  In  the  latter  case  there  is  a  differ- 
ence of  pressure  within  atid  without  the  chimney  at  its  base  duo  to  the 
differenct;  of  weight  of  a  coliuiin  of  air  of  the  height  of  the  chimney  at 
the  temperature  of  the  chimney  and  at  that  of  the  atmosphere.  JBadia- 
taon  causes  the  tem|>eraturo  of  the  air  to  be  less  in  the  upper  part  of  the 
chimnej'  and  so  diminishes  the  dmught,  and  frictional  resistances  have 
the  same  etl'ect.  If  these  be  disregarded  the  draught  in  incbesof  water 
will  be 

^Prfaere  T^  is  the  temperature  of  the  atmosphere,  2'  that  of  the  chimney, 
while  /  is  the  height  of  the  chimney  in  feet.     The  temperatures  are  here 

^rf«ckoned  from  the  absolute  zero. 

^P  If,  for  example,  the  temperature  of  the  chimney  be  539"  F.,  and  that 
of  the  atmosphere  59"  F.,  the  height  of  chimney  required  for  a  draught 
of  1  inch  of  water  will  be  about  141  feet,  or  in  practice  mora  on  account 
of  friction  and  radiation. 

The  eticct  of  this  draught  in  drawing  airthmugha  fumaco  or  through 
passages  of  any  kind  will  vary  nccoiding  to  the  circumstances  which 
have  just  been  explained. 


-"{•   ^|, 


EXAMPLES. 

'  1.  Find  the  atore  of  suergy  in  Uia  naarrur  of  a  ^Vhitcheod  torp«(3v-     Cai«cit]r  0  oabio 
•L     ProHon  70  atmoiphens. 

Ai%$.  Ifti'l       3,4a0,000ft  lb*..  or3,130thQriu«lmiiU. 

II-1-4    1,092.000        „       or  1.411  „ 

Katio  o(  rwults  ^  '45. 

f  2.  In  Ui<  iMt  (lucriion  the  nir  U  Kuppliod  to  tl]«  torpodo  englDe*  by  »  reducing  vklvc 
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[rAiiT  t. 


to  tlut  tb<i  pt«Mttf«  in  the  mpplf  ehunher  mnaias  conslBUtlj  at  13  AtEMMpbem :  find 
Uu)«TaiUble  tamfj. 

Ant.  Ifa-I        1,900,000  fL-lU. 
«     1-4     1,S«,000      „ 
Norc— The  differenoe  between  tlte»e  rMulu  ftnd  tito  prMedisg  U  tbfl  cfleot  of  wt»- 
dnwing  (renstaoM  of  rain).      Tba  eficiaie;  of  tbe  proceu  mAj  be  taken  u  IMG'MS) 
or  'Bfi.     Tbe  rapiily  dumber  is  mppoaed  nnaU. 

3.  Air  U  irtored  in  »  reienrt^r  lite  pcewure  in  which  i»  nuuntalzied  »lwfty»  dcmIj  »t  10 
Atewipberea :  find  the  store  of  eoerg?  per  eubtc  foot  df  tit  lapplied  from  tbe  ttmrrab:. 
Am*.  Ifn-1       «a,700  ft.Uw. 
»-l^l    36,700     ., 
RAtw-TSSL 
-L  A  obuubvT  of  100  cabio  fe«t  eapedij  U  eihniute*!  to  oue-Untli  of  eu  fttowpbeit: 
Bnd  the  work  dane.  ueaming  n  ~  1. 

Here  if  tho  charabpr  he  itiufined  to  eontrmct,  oomprMalDg  tbe  air  itill  r«inafailiis  hi  H»' 
the  energy  eierteil  will  be  duo  to  tb«  prMiurt  uf  the  ata)oej>hcr«,  and  the  dtffereaM 
between  tbu  and  the  work  done  in  coiuprnawoo  will  be  aTmilabla  for  other  porpaoe.  In 
exbAtutiog  thU  U  rFvenw^.     An*.  142,000  ft. -Ibi. 

5.  Find  tbe  mechanteal  eAcieney  of  an  engine  to  far  aa  due  to  inoomplela  axfaaridft 
(ntio  r) :  anaioiog  tbe  cxpanciofi  hyperbolic 

A  »■).  If  A  be  tb«  ratio  of  oompleto  erpaukm. 


I 


Effieieney  -  _ 


1  *  log*  r  - 


e,  Uking  Iht^ 
Oct  prcMUiH 


log.£ 

ft.  In  tbe  laat  '[ucetion  obtain  nnmeriaU  remlta  for  a  eondeiwuig  engine,  taking  Ihtq 
[  prowure  at  3  lb«,  and  boiler  jireeeure  60  tbe. 

^JU.  Ratio  of  expanuan,  1  3  S  10^ 

Kffldenej,        -        -  -284  *8  75  -87. 

7.  Kind  the  coreparatire  nechauical  efficieocJee  in  a  ooudeiMiag  and  a  noe-i 
engine.     Back  ]>reuarc  in  condensing  engine  2,  in  non-eo«idMuring  16k      Boiler  ] 
00  and  100.     Ratio  of  ex)ian«ion  5  in  both  caaee. 

The  engine*  miut  here  be  auppoeed  to  have  the  Mine  lower  limit  of  preaitm  of  S  Iha, ; 
and  tbe  result  for  the  non-eondenMng  engine  tnclodea  the  loiabj  lb*  actual  baekprMnte 
being  10  lbs.     Ant.   -72.    «. 

&  Find  the  Ima  by  wire-drawing  between  two  eylinder*  from  one  Bonetaat  pmnuv  of 
60  Iba.  to  another  coniitant  preiaurv  of  40  IbtL     Kspaaiion  byperbolio.     AnM.  "40^  PV^ 

9.  One  Teasel  eontaina  A  Iba.  of  duid  at  a  given  |iiciiiii  Pj ,  and  a  second  B  lbs.  of 
the  same  Quid  at  a  lower  preamre  Fm.  A  commanication  is  opened  between  the  reseda, 
and  fluid  nuhes  from  ^  to  A :  find  the  loss  of  energy. 

Tbe  loss  here  is  tbe  difference  between  the  energy  exerted  hj  A  lbs.  expanding  tram 
^A  to  r,  and  the  work  done  in  compressing  B  Iba.  from  !'#  to  K:  where  Tj.  F«  are 
the  specifio  volamee  of  tbe  fluid  in  A  and  £,  and  V  that  of  tbe  flnid  after  c^vtlibrivm 
haa  been  attained,  found  from  the  formula 

.  aVa  ♦  Br* 


r-: 


Honoe  the  loss  is  very  approximately 


A^B 


Loas- 


AB 


\VB'yA){PA-PB\ 

A*B  8 

10,  In  a  compound  engine  tbe  receiver  is  batf  the  roluBfl  of  the  bIgb-prMflntl_ 
and  at  release  the  preasore  in  the  cylinder  is  25  Ibe.  per  square  inch,  wlul*  that  in  tbe 
receiver  is  1  j  lbs.  per  aqnsre  inch  :  find   tbe  toes  of  work  per  lb.  of  eteam.      ObtaU  tlw 
ruu1t«  also  when  the  receiver  is  double  instead  of  one  half  the  eyltador. 
Afu,  Caael.,    1638  fL-lba. 
Caaell..    atSTS      „ 
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U.  In  ■  ooDdaniliig  engbie  flotl  th*  DMwn  eff«oUv*  proMare  and  the  ooDitinijttioa  of 
vtCMQ  in  oobk  fMt  per  l.H.P.  jwr  nainnta  &l  tho  boilor  iireuure:  being  given,  b««k 
praamrt  3,  boQer  pr?ware  60  Ifafl.  per  tqaM*  inoh  Ubaolute),  rittio  of  cxpuuion  !i, 
Am.  Uew)  ofTective  prcMnre  -  2t4*33  11m.  per  aquare  inoh. 
CoamniptioD  of  ittE-ani  -    l'Ci2  cubic  feet  par  miuuia. 

12.  If  the  Tolnme  of  1  lb.  of  ilry  Htekm  «t  tlie  boiler  prenare  be  taken  in  the  preoeding 
qaMtioD  ai  7  cubic  fc«t  had  the  ItiiuefAction  in  it<1miuion  30  \>cr  oeat. :  flaH  the  weight 
•ff  aieun  coaiamed  in  Ibt.  i>er  I.H.P.  |>er  hour.     ^iijr.  I7'5. 

13.  Find  the  oiech«nical  value  ui  a  luiit  of  beat,  the  Umite  of  teaipentore  being  000* 
and  60' ;  300'  and  100' ;  400'  atiJ  212'. 

An:  393,        203,        leOft-lbc 

14.  The  llmite  of  t«mi>er&ture  in  a  heat  engine  are  350'  and  GO* ;  find  the  thermal 
■flSeiency  when  two-tbinli  of  the  wbulo  heat  supplied  ia  used  Ijvtwceu  300'  vnd  100',  one- 
•ixtb  bHweeo  300*  and  100',  and  one-xixlh  between  'i50'  Hnd  10*/.     Anji.  "705. 

Ifi.  In  qaaatioa  6,  on  aooount  of  a  Rniitnal  Increase  in  the  liquefaction  the  thermal 
efficiency  at  the  ecrpnl  ratios  of  cxpaonon  mvntiooed  ie  aMomed  aa  %  'HH,  "7,  *5 :  find 
the  true  efKcieucr.     Am.    'iVi,  -408,   WM,   ^iV 

16.  In  a  compoutid  engine  the  pretaure  of  admiMioQ  U  100  Ib«.  |>er  wiuarc  inch,  the 
■baam  u  ent  oS  at  one-third  in  the  high-preunrv  rylindpr,  the  ratio  of  c^IindCTa  ia  3^  : 
the  back  prewure  i»  3  Ibe.  per  B<iUAre  inch,  the  large  aylinder  40  tnebes  diameter,  and  the 
■peed  of  (itston  400  feet  iter  aeoond.  Kind  tlio  U.I'.,  neglecting  wlrenlrawtug  and  aiidden 
expansion.     An*.  A67. 

17-  In  the  laat  i|HeaUon  soppoM  that  the  engine  has  a  very  large  iDtermedlale  reaerrotr, 
and  that  tlic  out-otf  in  tlic  tow-pressure  cylinder  ia  *5 ;  find  the  |tres«ure  in  thr  rceerToir, 
noglccling  wire-drawing,  also  the  loss  per  cent,  hyendden  expansion  at  exhaust  from  the 
high-prounro  cylinder,  and  t^u  ]>erGeutage  of  puwer  dcvelope<l  >b  the  two  rylindcra. 

Qbtftin  the  resutta  alio  for  aoutoff  of  one-third  iu  the  tow-preuurc  nylinder. 

If*** 
Preamre  in  reservoir,  -  .... 

Lom  by  tiiiilden  expanMoii  jwr  oent.,    • 
Purcentage  of  power  in  high-pre«s«re  cylinder,    - 
,,  „  low-proBaure  ,, 

If),  Compate  the  effidenoies  of  the  eimpte  and  compound  engine,  asnimiitg  the  Uqno- 
faction  the  aante  at  tho  best  ratio  of  expansion,  which  is  5  In  the  simple  engine  and  7  in 
the  eompound  engine,  while  in  the  latter  £  per  cent,  of  the  work  ia  lost  by  wire-drawing 
between  the  cylinders.  Baok  pteatun  and  boUer  preHore  in  botli  caaes  3  Iba.  and  84  Ibe. 
raipcotlTely. 
Ata.  Gain  bj  compounding  2^  per  cent. 

lil.  In  question  Id,  iustead  of  inppoaing  the  whnto  expanainn  represented  by  a  ringle 
hyperbolic  curve,  asanme  tliat  at  the  end  of  the  Htroko  in  the  bigh-preasure  cylinder  the 
ateam  ia  dry,  while  at  the  end  of  the  stroke  in  the  low-preuure  cylinder  the  steam  con* 
taina  10  per  cent,  water.  Obtain  the  required reBult  for  the  cot-off  '5  and  find  the  weight 
of  steam  used  (exoluHiTe  of  jaeket  steam)  iu  Vcm.  |ier  LH.P.  per  hoar.  AJao  obtain  the 
results  when  the  ateam  at  the  end  of  the  atroks  in  the  high-preHure  cylinder  eontaiiu  30 
per  cent,  waier,  all  other  data  remaining  the  aaue, 

AHM. 

(Prewure  in  reaoiroir, 
1  Percentage  of  power  in  high  pressure  cylinder, 
'  „  „  low-preuaure  „ 
Lba.  of  Hteam  per  I.U.P.  per  hour, 
Jilorm. — The  reaulta  of  this  question  may  be  rendily  obtained  by  use  of  bibtea  of  the 
Opartica  of  steam.  They  show  clearly  the  great  inUnence  on  the  working  of  a  compound 
igine  of  the  relative  liquefaction  in  the  cylindem.  If  liquefaction  be  permitted  in  the 
high-prearore  cylinder  the  com|wuud  engine  lonoa  its  admiugr. 


Oiit-«rt  |. 
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30.  Air  At  R  prennro  of  1,000  lbs.  per  aq.  inch  and  a  temporatnre  cf  539*  Bspaadt  ts  I 
tlmei  [ti  Tolume  without  gain  or  loss  of  beat ;  Snit  the  preanire  anil  teinpenttDrB  at  tkt 

eotl  of  tbo  expajiaioti.     Ant.  p-S\,  I  -27". 

21.  In  tbe  L-ut  qiiMtion  iiippoKr  the  air  at  the  end  of  the  expatunon  to  have  a  prumrt 
equal  to  1^  timet  that  given  by  the  udiabatic  law,  autl  hcitt  to  be  supplied  aim  snifarni 
ratio  as  the  temperature  falls  ;  find  the  index  of  thu  aipaniiiun  cttrve  and  the  wntfc  doai 
during  expaosion.  Compare  tho  heat  npplied  with  Che  work  doDc  and  Knd  the  qteeifle 
h»t. 

Am.    nll74.    Speciflo  h«t- "228^ 

Woik  done  -  82,000  ft.  -lb«.     Batio  -  "fiTR. 

22.  Air  i»  ountaincd  in  n  vcnm:!  nt  m  prrwurti  uf  20  Iba.  jwr  mi.  inch  and  tWDpanuire 
70^.  ^MiKt  wilt  bit  tlie  velucitf  with  which  the  air  luues  into  the  atmoapliere  (piiMiiiii 
lb  lbs.  per  s<|.  inch]  t    Also  find  the  discharge  and  the  head. 

Am.     h  -  13,420  :  u  -  930  ft  per  Mooad. 

W  -  31*20  lbs.  per  sq.  inch  of  orifioo  per  minut«. 

23.  In  the  last  questioo  find  the  initial  pressure  corre«pond[ng  to  maximum  diMharge 
for  all  external  ptvssures  less  than  that  of  the  (itraospherc.    Find  this  dls^^rga. 

Atu.     ProMurc  -  2H.'i  llw.  per  «q.  inch. 

Dlsebftrffa-30^  Ibt.  par  ^q.  inob  per  miuuta. 

24.  "What  weight  of  steam  will  be  diwbarged  per  minute  from  an  oriftee  2  incfaet 
diameter,  the  abMolute  boiler  preosure  being  120  Ibe.  jftr  eq.  Inoh.  C»-effictent  ol  dis< 
charge  7.     ^n*.  227  lbs. 

25.  Air  flowk  through  a  pipe  0  inches  diameter  and  4,000  feet  long  ;  tbe  initial  pna- 
iar«  is  20  and  the  final  pressure  15  Iba.  per  square  incli ;  temperatore  70' ;  fiod  tlM  vek^  , 
i^s  and  tbe  dtscbargc.     if-  '03. 

A  Nil.     Velocity  at  entnuioo  -  89  feet  per  aeoond. 
,,         exit         -SSfoet       „ 

Discharge  ~    4  lbs.  per  sq.  ft.  -  "TS. 

26.  In  the  last  question  find  the  loss  nf  head  and  the  Il.r.  required  to  Iem^  Up  i 
bow.     ^.1*.  A'-P.124foet.     Rl'. -11^. 

27.  Steam  at  50  lbs.  rusliea  ihrougli  a  pip«  3  iDchea  diameter  and  100  feet  long  witk 
velocityat  entranoe  of  100  feet  per  second  ;  And  tbe  low  of  pressure.    4/-'09.    An$.  11 
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AFFENDIX. 


A.   NOTES  AND  ADDENDA. 
I.— STATICS   OF  STRUCTUKES. 

KKiiri'8  trMttte  on  Appfitd  Jiitchanicti  appeared  in  1$5B. 
quoted  in  the  FoUoM*ing  notes  by  the  letten  A.M. 


The  luth  edition  ii 


Paob  2.  "The  word  aTBEss  ham  been  adopted  u  a  geneml  t«rni  Ut  comprehond 
vanoQB  forces  which  are  exerted  1>etween  oontignous  bodies  or  parts  of  bodies,  iind 
which  are distrilxitcd  over  the  surface  of  contact"  (A.M.,  p.  6R).  It  npppnrs  from 
thin  that  RA}<rKi>'K'n  use  of  the  word  is  contined  to  internal  forues,  bat  by  some 
writers  it  is  employe*!  for  all  forces  whether  oxtcraal  or  tntomal.  Tica  iinil  Htruts 
are,  however,  defined  as  tu  the  text  (A.M.,  p.  ].')2). 

Pack  3.  The  total  load  on  tlieplittfonn  of  a  timber bridgecftnrying  an  ordinary 
rocKlway  may  be  assumed  as  2^10  lint,  per  stj.  ft. ,  of  which  120  represent*  the  weight 
of  a  closvly  paokod  crowd,  and  the  rcm&iuder  is  the  weight  oT  thn  roadway  and 
platform.  The  weight  of  a  timber  roof  (alate  or  tile)  is  from  1*2  to  24  lbs.  per 
■q.  ft.  The  travelling  load  on  railway  bridges  is  commonly  estimated  at  I  ton  per 
foot -run. 

Pa^'E  U.  The  diagram  of  foroee  for  a  fauicular  polygon  nnder  a  vertical  load 
waa  (probably)  tirst  given  by  RoDtsoy  in  his  trcutiM  on  Jlechanirat  PhUosophy, 
Vol  1.  L>r.  Uobison  died  in  1805,  and  this  work  is  a  collection  of  his  papm  pnb. 
lished  in  1U22. 


Pabe  20.  In  the  Haltosh  bridge  the  compression  member  of  each  girder  Is  a  tnbo 
of  elliptical  seotiou  15  fcut  iu  breulth,  8  feet  id  depth.  A  pair  of  chaliu,  one  on 
e«cb  aide,  carry  the  platform. 

Paoe  20.  A.  Of  the  various  methods  of  constructing  a  parabola  the  most  con- 
[iVenient  is  that  in  which  a  curve  is  drawn  through  the  Interaeotions  of  a  set  of  linea 
radiating  from  a  point,  witli  a  set  of  criuidistant  lines  drawn  parallel  to  a  fixed  line: 
the  radiating  linee  being  drawn  eo  as  to  cut  off  equal  intercepts  on  another  fixed  lino. 
It  can  easily  be  proved  that  thin  cune  is  the  funicular  polygou  proper  to  a  uniform 
load  without  introducing  any  properties  of  the  parabola. 
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Paqb  21.     T^t  P  he.  the  vertical  teosion  of  th«  ehAin  at  the  point  /*,  then, 
sincB  <ljfldz=P{H,  where  H  is  coDBtant, 

rfz*     //  •  rfr     IT 

Tbifl  ecjaation  is  equally  true  if  u*  vary  according  to  auy  law,  and  u  therefore  IMI 
general  difTereiitul  equation  of  a  cord  or  linear  arch  under  any  vertical  loai 
Piirtiualar  caaea  are  : — 

(1)  Tht  Common  Caieaary.     Here  if  m  be  the  weight  of  a  onit  of  length  of  tfc* 
cord,  d«  ftQ  element  of  arc, 

the  equation  then  Iwcomee.  if  //  =  m  .  c, 

w 


^. 


Dfrlde  by  the  right-hand  member,  innltiplv  by  dyjdx^  &nd  int^rate,  then 


■'M2;)'i" 


an  (Kjuation  which,  by  integrution  and  a  proper  detennuiation  of  the  cooatanU, 
givisR  for  the  form  of  the  curve 

(2)  The  Cattiiarjf  of  Uniform  Strtttgth.    Hero,  if  7"  be  the  tonaion  of  the  ( 
.t/». 

CM 

wber6  X  ifl  the  length  equivalent  to  the  atress  (p.  80), 

"  its'    in'  dx~\'  \dx)' 
Integrating  by  the  aaune  process  as  liefore  we  tiod 

y  =  \  log(  sec— 

A 

aa  the  equation  to  the  carve. 

In  ordinary  cjuieit  there  ii  very  tittle  difTervnco  between  the  catenary  and 
parabola,  and  theev  curvos  theroforo  are  not  of  mncli  interMt. 

If  the  form  of  an  arch  be  not  such  oh  corresponds  to  tho  distribution  of  the  1 
on  it,  a  horizontal  force  will  be  noceuArj'  for  equilibrium,  and  the  invoatigatiou  ^ 
the  magnitude  of  this  force  is  a  problem  of  wider  application.    Let  p  be  the  inti 
sity  of  this  force  per  unit  of  length  of  a  vertical  ordinate,  then  ^  is  no  longer  ( 
atant^  but  is  given  by 

^  =  /,,.l«,^=.and^.t 

three  equations  from  which  p  can  be  found  for  any  dlstKbiitlou  of  load  and  fom 
of  arch.  This  is  the  general  praUIi^u]  of  the  linear  arch.  For  exomplea  nee  A^SL, 
p.  109.  If />  =  uou8t.»  tr  =  const.,  wti  ublaiu  tho  etlipae  as  the  proper  fum  I 
to  sustain  the  prepare  of  a  great  depth  of  earth. 

I'aoe  30.     On  reciprooal  diagrams  of  forces  iu  general  tbe  reader  ii  referred  i 
amemoirbyCLEaK  HAXwsLbiu  the  transactions  of  the  Uoyat  Society  of  fidlnbu 

for  mo. 
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Tlie  notation  used  iu  the  text  was  suggcstoul  by  Hknhici  in  the  couno  of  &  tlis- 
■cuMiaii  on  a  paper  by  Ckofton  reo-l  befoi-c  Iho  MathcniOLtii»tl  Society  in  1871.  The 
Hgnre  ia  the  text  was  <lrawu  at  the  tiiiic  by  the  writrr  to  ilhiHtrjito  the  method. 
Th«  ootAtion  waa  afterwards  given  by  Bow  in  the  treatise  referred  to. 

Pack  33.  It  in  convenient  to  have  a  j^cncral  temi  for  the  tendency  to  separate 
into  parts  due  to  the  action  of  external  forces  on  a  stmcture  or  part  of  a  structure. 
The  term  *'  straining  action  "  veeA  in  the  text  is  taken  from  Cli.  II.,  Part  lU.,  of 
m  treatise  on  ShipbttUdiag  (London,  1S£B),  oditctl  and  in  great  part  written  by 
Bankisk.  By  some  writeiv  this  tendency  to  separate  vonhl  be  called  "stress," 
and  for  a  simple  thi-ust  or  pull  there  in  uo  objection  to  doing  so  (A.M.,  p.  132). 
In  more  complex  uosea  a  aeparato  word  in  preferable,  oa  the  conception  is  very 
diOtinutt.     (t'omp.  p.  *271.) 

Pack  44.  In  some  of  bis  engine*,  before  the  introduotion  of  cart  iron,  W'xn 
employed  a  timbtfr  Wam  truhacd  with  iron  rods,  forming  a  Warren  girder  in  two 
diviflionA  with  diagonals  inclinL-d  at  altout  W  tu  the  horizontal.  Hiis  ia  perhaps 
the  curliest  exiunjile  of  such  u  couslruction.     (Kobl<h>n,  Vol  II.,  p.  14.) 

Paob  62.    See  Plate  VIIE.,  p.  3<>g. 

Pa(ib  56.  The  method  hero  detailed  is  given  by  Hankl^'k  iu  bb  work  on  Civil 
Eujfineoring  (p.  242),  who  aacribeii  it  to  L.vthaai.  If  J/  bo  the  bending  moment, 
>*tbe  ahearing  force,  n*  the  bad  per  fi>ot-nin,  we  have  the  equations 

ftx^  ~  Jx  ""' 
which  ore  the  aymboUeal  expreuion  of  the  method.  They  may  be  osed  to  And  by 
integration  tint  bnnding  moniftnt  aii<I  Rhcaring  force  at  any  section  line  to  a  given 
load,  the  voniituntii  of  integration  being  found  by  consiilering  that  the  bending 
moment  in  xuro  at  two  points,  which  must  1«  Itnown  if  the  pndilcm  is  detenuinate. 
(Sec  Art.  38,  p.  76, ) 

Paui:  &4.     See  Ch.  II.,  Part  HE.  of  the  work  on  liMi>f>uii<lin'j,  cited  above. 

Faqk  7U.  The  properticB  of  funicular  polygons  were  Brat  thoroughly  investi- 
gated by  CuLMANN,  who  booed  upon  tlicm  a  complete  system  of  gmphical  cnlcnla- 
tton.  In  the  semi-graphical  motheds  employed  iu  this  treatise  the  integral  calculus, 
trigonometry,  and  even,  to  a  great  extent,  algebra,  are  replaced  by  geometrital 
conatructions,  but  arithmcttc  is  still  used,  and  certain  stejNi  of  the  various  procenes 
Me  conducted  by  numerical  calculations.  For  example,  in  Ch.  II.,  the  supporting 
foroes  of  a  loadi-d  btam  are  found  liy  the  ordinary  process  of  taking  momenta.  In 
Ihe  modem  purely  graphical  mcthmU  ever}'  step  in  taken  graphically,  whatever 
the  ealfulation  be.  Kor  example,  the  tlisplaceinciit  of  a  veiwei  at  a  given  draaght. 
or  her  stability  at  a  given  angle  at  heel,  would  be  found  without  the  nae  of 

!itbmetic 

The  pressare  of  other  matter,  and  the  amount  of  lUuktratiou  required,  have  pre- 
veote«l  the  writer  from  giving  njiy  account  of  these  methods  in  this  treatise.  At 
present  they  con  hardly  be  eotisidered  nuttable  for  an  elementary  work,  though, 
if  graphicAl  calculationfi  were  introduced  into  our  schcxtbi,  the  case  might  be  differ' 
cnt  A  fall  account  of  them  wilt  bu  found  iu  CiiAL^iiviut'tJ  treatise  referred  to  in 
the  text  (p.  73).  Readers  of  (Jerman  or  Italian  will  find  the  principles  of  "  graphi- 
cal arithmetic  "  clearly  explained  in  a  unoll  compa&a  in  a  treatise  the  Uennan 
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NOTES  AND  ADDENDA. 


translation  of  which  10  aotitled  Slmente  de$  GraphUehen  CaleuU.  no  Dr.  L 
Crcmoka.     I^ipzig.     1S75. 

Pack  61.    Tlte  property  of  the  faiiicuhir  polygaa  exprsMed  by  ttia  «}UlidB 
Hy~  Sf  foUowg  immstUately  by  coniparing  the  eijuationa 


=Wi 


of  wbioh  one  gives  the  form  of  the  polygon  for  a  given  lo«(l.  and  tlM«tt»1bv 
bending  moment  tUo  to  the  s&me  load. 

Another  fiiudfimeutid  property  is  that  any  two  sides  of  the  polygon  nuut  bmI 
on  the  line  of  .-ictinn  of  the  load  oo  that  part  of  the  polygon  which  lie*  between  ibt 
two  sides.  When  the  load  is  vertical  and  repreaented  by  a  curve,  as  in  Vif.  96st 
p.  61,  this  is  equivalent  to  saying,  that  any  two  tangents  to  the  curve  of  niaoMah 
mnst  intersect  on  tho  vertiual  through  the  centre  of  gravity  of  the  am  of  t!be 
eorve  of  loads  between  the  correaiMnding  ordinalcs.     (See  p.  .103.) 

The  funicular  polygon,  conaidored  ns  a  Una  of  transraiseiou  of  strean,  will 
again  referred  to  in  the  notes  to  Ch.  XVII. 


Paob  7S      a  full  account  of  the  Forth  Bridge  will  be  found  in  a  paper  by 
publiihed  in  tho  Koport  of  the  British  Afwociation  for  1863. 


,  wiUt^H 


Paob  7B.  The  theory  of  tintw  arches  la  merely  an  introilnctian  to  the  thear; 
of  arohcs  in  jteneral.  Arches  arc  of  two  kinds — { I )  the  stone  or  brick  arch  (3)  the 
metallic  aroh.  In  either  cose  the  tlieoreui  of  the  text  is  of  eigual  importance.  Is 
a  blockwurk  nrofa  tho  linear  arch  correspomliug  to  the  loail  shovH  the  directioD 
and  poaition  of  tliu  rotultuut  of  the  mutual  aotton  Hetwseu  the  blotjks.  and  notl 
therefore  (p.  310)  fall  within  the  middle  third  of  the  arch  rin^  {AM^  f- 
358.) 

Paok  si.     See  Clerk  Maxwbix's  memoir  referred  to  above  (p.  OOH). 

Paqk  8fi.     For  the  effects  of  changes  of  temperatnre,  see  p.  514. 

pAQK  87.  One  of  the  most  remarkable  susponaioo  bridges  which  b**r«  been 
constmcted  ia  the  Kaat  Riwr  Bridge  at  New  York,  upeiied  In  May,  IBSSL  Tbe 
principal  npeninj;  of  this  bridge  is  1,000  fret  spsn.  the  platform  H5  feet  wide,  ud 
135  feet  above  the  water.  Cables,  four  in  number,  each  of  14S  square  inches  mi 
area,  constiucteft  of  19  steel  wire  ropoM,  each  containing  278  wires.  Kstimated 
strength  of  wire,  1*0,000  Ibe.  per  square  inch. 


II.— KINEMATICS  OF  MACHINK8. 

Paok93.  Referring  to  Pigs.  I,  %  Plate  II.,  pi  lU,  it  aaema  clear  thai  ih* 
sector  pair  CD,  Fig.  I ,  dilTers  kinematically  much  nwre  from  the  tnndog  pair  BA 
than  it  does  from  the  sUtUng  pair  CO  of  Fig.  2.  Tito  writer,  therefore,  wonlil 
have  been  disposed  to  classify  the  three  lower  pairs  as  the  "  oscillating  pair,"  tbt 
"turning  pair,"  and  the  "ncrew  pair."  This,  however,  would  have  probabty 
iovuWod  more  oonaidenible  alt<>rations  in  Itcri.KArx'x  nomeocUtore  thaa  VmU 
hftre  been  jnstilied  in  a  gonsral  elementary  treatise. 
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Paum  85.  The  three  iacomplcte  lower  pairs  are  coDttdered  by  Rculkacx  m 
higher  paira.  The  writer  here  (oHowb  Gsakhop  {Theoretische  Maschineu-Lebre, 
Baml  tl.) 

PaOX  100.  DiHgranis  of  velocity  are  oontiil«red  generally  hy  Cuekk  Maxwku. 
{Matter  and  ifotion,  p.  28),  The  afiplicatioa  to  mechaniam  la,  so  far  aa  the  writer 
ia  aware,  new. 

Paox  100.  The  oon«truction  of  citrvea  of  position  ani]  velocity  of  a  piiton  haa, 
for  iHBDy  years  past,  formerl  a  regular  part  of  the  conrae  of  inatniotion  at  Gre«n- 
wich,  and  formerly  at  South  Keusington. 

Paok  104.  Id  Owen's  air  compressor  two  such  mechaoisma  (Fig.  50)  are  placed 
face  to  face  with  the  guide  A  and  block  D  common,  a  ateam  piatou  ia  connected 
with  d  and  the  air-pump  piston  with  the  conxsponiHng  point  H  of  the  other 
mechaniam.     The  result  is  that  a  uniform  prt-eauro  of  steam  couipresscs  the  air. 

Paob  106.  Staunob's  pump  hoa  been  introduced  since  the  publication  of 
RxrLEADX'swork.  I1ic  example  there  given  is  a  mechanism  used  in  the  polishing 
nf  specula. 

Paob  111.  The  douhle-slidor  mochanism,  with  sliding  [>a!ra  sod  turning  pairs 
alternating,  is  couimun  in  collections  of  mcchauiims,  but  ia  not  often  found  in 
praulice.  It  isoniitted  in  REULKAnx'!)  enumeration.  The exarn^ile  given  (Kapson's 
slide)  and  Stannah's  pump,  were  pointed  out  to  the  writer  by  Mr.  Hearaon. 

Paob  157.  The  propositions  relating  to  centrodea  have  lung  been  knuwn  and 
are,  perhaps,  stated  as  clearly  by  Hklanoxr  in  his  excellent  treatise  on  kinematics 
iTrailf  lie  Kin^matiqut,  Paris,  1801)  as  by  Kkuleafx  himself.  In  the  anthor'a 
opinion  it  Is  the  conception  of  a  kiaematic  chain  which  constitntcH  RKui.EArx'8 
great  coutriltutiou  to  the  theory  of  mechaubiin.  It  is  virtually  a  complete  rccon- 
stniutiou  of  the  whole  theory  of  machines,  while  the  centrudes  are  only  a  method 
of  stating  results  which  was  already  known.  The  kinematic  formula*  employed 
hy  Rkoleadx  to  indicate  the  componeiit  elements  of  a  mechantRni,  in  the  same 
utanuer  as  a  chemical  foTmula  shows  thu  couipoaition  uf  a  suhstance,  may  be 
r«g»rded  on  iudisfiensable,  if  it  bo  attempted  to  proceed  with  the  study  of  descrip- 
tive mechaniau). 

Paob  166.  The  author  has  ventured  on  the  introduotion  of  the  terms  "driving 
pair,"  "working  i>air."  Tliey  arc  simply  the  natural  adaptation  of  the  well- 
known  phrases  "driving  point"  and  "working  point"  to  Redlbacx's  theory. 

'aqb  160.    The  term  "multiple  ohaias  "  haa  also  been  introduced  by  th«anttaor. 


^Paoe  1 
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The  impossibility  of  a  perpetual  motion  and  the  practical  application  of  the 
principle  of  work  were  well  underatiKMl  by  <Sukat(.»  and  others  of  onr  great 
engineers  of  the  last  century.  .Smcaton's  papers,  read  before  the  Royal  Society  in 
17aO-82,  wore  long  regarded  aa  an  eiigioecnng  text-book  by  his  succcssora.  The 
laognage  in  which  their  ideas  arc  exprtssetl,  however,  are  not  regarded   aa  oon. 


JlSV 


.flTAti 


iMlfanir 


*r«fc« 


rnlfajr« 


P^ui;%.    TUi 


FmuIMl    T^  — ^  "iirtial'  ifcimij,  " 
••  TCMdi  WOT  i^iiiiiil  ^  Xmbut  ino. 

Uifi^liiiil 

PjbO  ISl.     "  F«Rc  M  •&  ftctios  Wiwtm  two  bodiBs  Mifcii  caw^ 

hitmM  ^atmrml  wavk  aori  cztenal  toHe  ia da«  to rniani  | jrA*.  h 


Mt^ikBH. 


eUL 


OB   tW 


b6CA     MWBRaf    flStKUM    If 


■■l^lfB  B    ■■KB 

tar  of  frirtkail 
Bbocaitx  in  the  atftea  to  Ut  work 
ftmnfalMW,  pk  MS).  Thtmikarhfim 
— ifwl  ecBBue,  lor  tkediSc^tyol 
vUeh  M  dbjeefcaoci  en  b*  mad*  ia  alneat  JBaapiinMa.  iU,  htmwcr.  CUm 
UAXwrti.  renftriu  la  icfaranca  to  ■  iliiaiHrt  qociliaa,  tfca  laafB^e  ia  vUdi  « 
trntli  m»y  bt  cxprcaaed  k  ItM  ivpwtMl  tkaa  the  tralk  itaalL  FHeCtee  Onvi 
eaoaca  «n«r^  to  diappcar,  aad  ia  anar  a  aooroa  of  maBhaafaal  eawigy  csmfl 
faidirectlj  thnni^  the  agaa^  at  tiwraMl  caoxy.  Ia  na^Aaaka  tftda  la  a  dMtM- 
Uoa  of  fnndainental  imporUaea  aad  jaatifiea,  in  the  aaikor^  apinifwi,  tha  mk  oC. 
neb  pbniaMaa  "Iom  of  eovrgj." 
Tha  axianaioa  of  tba  tem  "  rercnibU  "  from  «  mscfaiDe  to  tba  i 


aeaavUeH 


Mf  orarooata  bjr  tb«  macfanie  hM  b«ea  ventured  on,  though  iritfa  toiae  lMritetfai^| 
Tha  old  term  "actire"  can  banily  be  considered  aoitable. 


Pagr  1S3.     "  KnTtaag<^  was  oe  point  de  nw.  lo  principe  da  U  tnuiaauBMl  di 
tiavBU  oomprend  iniplicitenient  tootet  lea  tola  de  I'Mtioa  nidproqaa  daa  Korean 
M>u  uu  6oonc4S  qui  eu  facilite  iofinitesDeot  lea  appticattooi  k   la    M<oaoi(|0> 
loduNtrielUi,  qii'ou  poumiit  nominer  la  Seif.nei  da  travaii  Atm  totem.    Ota  In 
premier  paa  dca  jettaea  il^rca  dana  I'^ade,  oet  ^aoocc,  en  cflet,  aa  pr4aaaft«  ft  aoi 
oonuno  nue  ■orto  d'axiome  Arlilent  par  lai-ntaw,  et  done  la  domonatratina  Icat 
Minble  auperflao  aoaaitAt  qa'Ui  oot  bien  laiai  ce  qo'oD  entead  p«r  Irntiul  mhytnijvt,^ 
et  qil'll  Ibot  oat  claircment  tUmimtrc  que  cc  trarail,  redait  en  unit^*  d'lijie  oeruin 
eaptoo  aat  dani  ka  atta,  I'cxpcaaaioa  rraio  dc  I'Activitit  dea  foroa"  (Jf^.  Iwd-A 
p.  ft),    TbU  paaaage  from  Poncelkt  ia  quoted  to  iibow  how  dearly  it  waa  t 
aran  bafora  the  diicorery  of  the  eonaarratioo  of  energy  io  tu  ooinplet*  form,  thasl 
the  priaoiple  of  work  ought  to  be  regarded  aa  fancUmflnta.1,  and  not  aacr^y  aa  al 
dedactloa  from  certain  eqiiationa. 
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Paoi  IM.  The  modiJlaktionfl  nude  here  in  the  old  Btatcment  of  the  priaeiple 
oi  work,  u  applie<l  to  machiiwi,  •m  necesBary  eonseqntrncea  of  RKCLEArx'a 
ooDception  of  a  kinematic  chain. 

Pack  188.  The  ralae  :t3,000  ft.-lbs.  per  intnute  was  derived  by  Bodltox  and 
Watt  from  Rxperimeota  on  the  work  done  1>y  the  powerful  dray  hor«ee  employed 
in  I<ondon  hruwcriee. 

Paob  IDO.  To  avoid  miaappreheotioD,  it  may  bo  here  stated  that  tn  this,  as 
much  as  in  the  preceding  seutiuu,  tlie  object  ie  to  cxpUiti  luid  tu  verify,  frutii 
multe  given  tu  olenietitary  troatia«a  ou  dynuinik»,  the  principle  of  work  :  not  in 
ftny  eense  to  draiouetrate  it. 

Pagb  192.  Kxccpt  in  the  u«e  of  the  word  "  kinetic"  Inntwid  of  "actual,"  the 
Itatenient  hero  is  in  thi-  fonu  giveu  by  R.inkixe  (A.  M.,  p,  500).  The  author  is 
entirely  of  (the  Ute)  Mr.  W.  R.  Browue'a  opiiiioti  that  tliiA  ia  ttie  best  furui,  and 
bM  always  uacd  !t  himself.  The  idea  of  energy  U-iug  stored  iu  a  body  in  motion 
perbapa  first  appoani  clearly  in  Moau.nr'a  treatiie. 

Paok  202.  ThcctinHtruu'tianliy  ineana  of  which  curves  nf  crank  ctTortare  drawn 
Waa  given  by  Poncelet,  but  it  duw  uot  appear  that  any  such  curv««  were  actually 
drawn  until  they  were  given  by  Arhuhoai'D  iu  liis  treatise  on  the  8teaui  Eiii^ino. 
In  Fig.  97.  to  save  room,  the  curves  are  placed  half  above  and  half  below  the  base, 
butotherwiae  the  figure  is  that  of  Armenoaud  ;  it  Is  far  the  most  cuuvenifiut  form 


t. 


applications. 


Pacb  209.  The  stress  due  to  oentrifugal  uctlou  on  the  rirn  of  a  uheel  is  gi%'en 
by  a  formula  (p.  364)  which  may  be  written  iti  the  simple  fonit  r-  =  {/\.  where  \  is 
the  length  due  to  the  streas  (p.  SO).  A  velocity  of  80  ft  per  second  gives  n  length 
of  only  200  feet,  or  about  one-fifth  of  the  stress  cast  iron  would  safely  bear  in 
tension.  The  inequality  of  distribution  produced  by  inextcnsible  arms  tying 
t4>gothor  oppoaite  points  on  the  rim  of  the  wheel  probably  iiici'eust;b  the  maximum 
ttrea*  about  60  per  cent.  ;  but  the  principal  reusou  fur  the  hiw  limit  required  for 
safety  is  the  alternate  bending  backwards  and  forwards  uf  the  arms  as  energy  is 
alternately  stored  and  restored  by  the  wheel.  Theapec<l  is  occa*ionully  increased 
to  100  feet  per  second.  The  author  ia  Indebted  to  I'rof.  Unwin  for  the  infor- 
mation that  when  the  wheel  is  in  seguit-uts  the  speed  should  be  limited  to  40  feet 
per  Aocond. 

Paob  211.  The  method  here  given  occurred  to  the  author  many  years  back : 
trot  it  haa  (wc  believe)  been  publislicd  in  Bnijinttrini}. 

PaOB  212.  On  the  effect  of  inertia  of  reciprotuttin^  parts  in  high  speed  cnginee 
the  reader  is  referred  to  Utbtr  Damp/numrhiBrn  mif  AoAcr  Kothtwjt-KhmndigixU 
Ton  J.  F.  Kadisoer.     Wien,  1872. 

Paub  220.  In  the  original  Hrotherhood  engine  (  ri«wia  Exhibition,  1S73)  the 
steam  was  admitted  to  the  central  chamber  and  exhausted  at  the  outer  ends  of  the 
cytindera  :  but  iu  recent  examples  the  central  chamber  communlcutes  with  the 
exhaust. 

Paob*224.  The  Friction  Circls  was  deHned  and  its  use  ejiplained  by  Rankikx 
m  his  treatise  on  Milht^rk  and  Maehin^rry,  p,  428. 

2K 
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Paok  S33.  Sin<x  the  text  wu  wrttt«D,  n  Jtfporl  of  tht  Committw  on  AidM 
of  tUc  Instjtutioii  of  Mcchiuiical  EngtDeeni  bna  been  published.  (See  Bngi^tiena^, 
Nov.  L6th,  13S3.)  From  these  ex)icnnicnts  it  appears  that  the  mode  of  lubricitiOB 
baa  a  great  ioflucace  on  the  roaults,  and  that  when  the  labricattoo  u  perfoot  tki 
momuitt  uf  f  ricUoD  iB  uuarty  constaut  whatever  the  proasure,  aa  bi  the  nHiM 
friction  of  a  Uuid.  The  friction  here,  no  doubt,  U  chiefly  dae  to  the  viscotHyof 
the  lobric&nt.     The  co-cfficicnt  was  soinetlmea  as  low  ai  lylOOOtb. 

In  the  diBcassioD  of  this  report  {Enijinttnttg,  Feb.  1st,  1884)  the  npon«r(Mr. 
Tower)  iitut«d  that  in  locomotivo  axlea  300  Iba.  per  w).  inch  was  the  linuttng  pna- 
sure,  whereas  in  the  crank  pins  the  Limit  wan  as  high  as  1,000  lbs.  per  M|.  iiicb.tlw 
difference  being  that  the  load  on  the  pill*  Is  alternating  whereas  that  on  the  atk 
ii  (.Hinfitftnt. 

Paos  2i>0.  The  distinction  lietwcon  internal  and  external  kinetic  energy  U 
pointed  out  by  Rankine  (A.M.,  p.  508), 

Paok  250.  On  Uovemora  in  general  the  reader  is  referred  to  a  paper  by  CUSK 
Maxwkll  in  the  Prccctdingt  of  the  Hoyai  Socirty,  No.  100,  1968.  A  full  aeeoaot 
of  the  principles  of  construction  of  centrifugal  regulators  will  be  fooad  ia 
Tfuorttitcht  Maschijicnktin,  Baud  III.     Leipzig.     1879,  von  Dr.  F,  GKASBor 

Paok  2C3.  The  ntility  of  balance  wcighti,  sutlicicntly  heavy  to  neatralin 
completely  the  horizontal  forces,  is  by  no  means  universally  admitted.  Hn 
vertical  forces  introdaced  are  very  great  (Ex.  17,  p.  267),  and.  should  theyj 
^^chronize  (p.  ^48)  with  the  period  of  rertical  oscillation  of  the  engine  un  ttl 
springe,  most  dangerous  results  might  follow. 

Pauk  264.  The  streas  duo  t«  rotation  is  best  expressed  by  the  fcnoaU 
F*  =  g\ — given  above. 
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IV.— STIFFNESS  AND  STRENGTH. 
Paoe  37?.     If  the  temperature  of  a  bnr  be  raised  r",  the  corresponding  change  of 
linear  dimensions  (strain)  is  given  by  the  formula 

where  K  is  roughly  approxtmately  constant  for  the  same  material. 

If  a  chango  of  length  be  forcibly  prevented  during  the  ohaoge  of  temperatnr^ 
the  stress  1 

will  be  produced.  The  change  of  temperature  corresponding  to  1  ton  per  sqam 
inch  is  K/IC.  This  quiuitity  in  degrees  Fahrenheit  and  the  value  of  £  arc  given 
for  various  materials  in  the  annexed  table : — 


HoiuiaL 

Value  at  K. 

Value  of  jyjL 

Wrought  Iron, 
Cast  Iron,   •     - 
Copper,  -    •     ■ 
Brass,      .     ■     - 

147,600 
183,000 
104,500 
95,400 

IB" 
25* 

Paok  307.  If  BS  elastic  tolul  or,  more  genoraUy,  n  Bot  of  connoctett  pieces  of 
petfeotly  elutio  materul,  lie  tiiifler  the  Bctton  of  any  num)>er  of  fotxca  P„  Pj,  ..., 
And  any  namber  of  couples  i1/„  Af^  .-.,  in  eqinlihritim,  the  v&la«  of  CT  mast  bo 

(7-^fiZPx+^ZMi, 

where  x,>  x„  ...,  are  thu  diDplacometita  of  the  pouife  of  applicntioii  of  the  forces 
Uld  I'l,  i^  ....  the  augiilar  flisplnceincnts  of  the  arms  of  the  couples.  For  If  the 
forces  grftdoally  iucreuse  from  zero,  alwiiyft  rcniainiuKtiiBtributeil  in  thoss.iiic  way, 
each  part  of  the  load  {/*)  will  exert  the  energy  J/*x,  aince  the  space  moved  through 
{x\  mast  cle<arly  bo  proportioual  to  P.  The  samu  argument  api>lie8  muialig  mitttuidii 
to  couples.  llcDce  tlie  whole  ener^'  cxcrteU  must  be  glvi'U  by  the  above  formula^ 
uid  this  is  nlwaya  represented  by  the  energy  itorod  up  in  the  system  when  the 
puis  are  perfectly  elastic 

Now,  imngino  the  solid  tmmovciably  fixed  at  three  or  more  poiuts,  aud  let  one  of 
the  forces  /*,  l>e  iucreaied  by  a  imatl  quuntity  2/*,,  all  the  other  forces  retaiuing 
their  orijpoal  magnitndeit.  The  effect  of  this  is  that  the  polats  of  applicatioo  of 
oU  the  forces  move  through  cvrtuiu  small  spaces  {Sx),  and  the  arms  of  all  the 
couples  through  certain  small  angles  (jii).  The  total  additinnal  work  ilono 
wiUbe 

tU^ZPix  +  ZMH. 

But,  on  differentiating  the  value  nf  U  on  the  snppotition  that  /*,  alone  varies,  we 
And 

2.  »tr=r/'«x  +  £Jfai+ar, .  a/»„ 

and  therefore  by  substitution 

A  similar  equation  is  derived  by  supposing  ooe  of  the  couples  to  var^*,  and  we 
in  the  general  equations 

dU 
HP~ 


A  a 

^ybta; 


that  ia,  the  displacements  are  the  partial  diflereutial  co-efKoients  of  U  with  respect 
to  the  forces. 

The  forces  to  lie  considered  arc  partly  wnightn  or  other  Itrndn  of  kiii>wn  nmgni- 
tnde,  and  partly  arise  from  the  stress  between  tU'C  boundiug  Burfauuti  (real  or  ideal} 
of  the  solid  and  exterual  bodies,  llie  iKiundary  foreus  must  bu  tunaistunt  with 
statical  equilibrium,  but  sulijcct  to  this  conditiDU  sre  determineil  by  Miuattons 
found  by  di0'cruotiatiug  the  function  L^.  In  particular,  when  the  bounding  surface 
is  fixed,  the  partial  dilTercntial  co-efficients  of  U  with  respect  to  the  corresponding 
forces  moat  be  zero.  Tlie  value  of  U  is  then  in  most  cases  (perhaps  always)  a 
minimum,  as  stated  in  the  text. 

It  appears  then  that  whenever  the  elastic  potential  can  be  found  and  expremed 
in  terms  of  t^e  oxtvmat  and  boundary  forces  acting  on  the  system,  the  necessary 
eqnationa  for  determining  the  boundary  forces  and  the  deQection  pi-oduced  by  the 
external  forces  can  all  be  fouod  by  differentiation  of  U  aiid  hy  the  conditions  of 
statical  equilibrium.  As  aa  example,  take  the  case  of  a  besm  loaded  in  any  nay 
and  fixed  at  (he  cuds.  Lee  the  beam  be  AJi  (Fig.  28},  and  let  the  notation  be  as 
on  imi«  *0,  -II,  tlK-n  (p.  306) 


IT 
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Hubstitnto  for  a  by  the  formula  on  page  41,  and  integrate  between  tlte  Umiti  I  nA 
0,  we  Rud 

2EI.  £r=i(Jlf^«+JV>Jf,+JI/,»>/+ A»^+^  .   f'm{l-x)is 


,  2Jr 


mxdx. 


The  iotcgraU  are  moat  conveniently  txprcMcd  in  Uitiib  of,  S  the  area  ol  the  cartel 
of  DiomcDtB  (ni),  £  the  distance  of  its  centre  of  graWty  from  A,  and,  j/  the  diiUnet] 
of  ita  centre  uf  gravity  from  AB.    The  formula  then  becomes,  diridtog  by  3, 

The  potential  is  thns  expressed  iu  itmia  of  the  load  on  the  beam  and  the  1 
momuits  at  ita  ends.     Ilm  Intter  may  liave  aiiy  \-uluea  we  pleaM  consi*tently  vitb^ 
statical  c<]uilibriuni,  and  the  partial  differcDtial  ct^efficieuta  of  L*  with  rcipcri  to 
Ma-Ho   will   ho  the  sJupca  at  the   ends.      In  particular,  if  the  tnda  arc  &xcd, 

hfiriiontolly. 

ZMA  +  Mg  +  tf^.S^O, 

2iV«+  3f^+6^.AV0, 

ecjuatloua   which   dotcrininu  MjMm,  nud  exprcw  that  the  function   C  U  i 
minimum.     Tn  the  [larticul&r  case  of  a  Bymuiutrtcal  load 

A' 


M^  -  Afg=  - 


r 


The  value  given  on  page  301  for  the  particular  ease  of  a  nnifonn  load  will  be  foiud 
to  agree  with  this  result. 

llie  potential  for  n  continuous  bt-ani  may  be  immcdintety  dednced.  by  oddttita 
of  the  poti-Qliftl8  for  enrh  span  taken  separately,  in  teitii^  of  tlie  beoilin^  mr>meDto 
at  tbe  points  of  support.  The  theorem  of  three  mcmients  (p.  300)  fur  the  oaaa  ol 
sujiports  on  the  same  level,  then  follows  at  once  by  differentiating  with  reqwctto 
tlie  moment  at  the  middle  point  of  support. 

In  all  cases,  dilfcretitiation  of  ('  with  ro«pcct  to  any  portion  of  the  external  lead 
will  j{ive  the  deScction  nt  the  point  wheie  that  load  la  applied. 

In  applying  this  mtthnd  care  mitst  he  talten  thRt  the  supporting  forces,  la  tanu 
of  which  the  poteutial   is  expressed,  arc  independent:  if  they  are  not,  then 
ctjUatiODs  of  ■tativnl  e^iuilihrium  will  be  comlitions  subject  to  which  V  will  b« 
uiininium.      To  talic  a  simple  example,  suppose  a  perfectly  rigid  four-legged  taUi 
sundiug  on  four  similar  elastic  supports  and  loaded  in  any  way,  then 

where  Pi,  P^  Pj,  P^,  am  the  part  of  the  whole  load  resting  on  each  let,  and  n 
some  multiplier.     Here  tlie  forces  P  are  partly  determined  by  three  statical  eqi 
tions  for  ctiuilibriam  of  the  table,  and  only  one  additloaal  equation  is  fonod  If 
making'  U  a  niininium. 

Thia  method  was  explained  snd  applied  to  a  number  of  examples  in  »omc  papen 
by  the  author  wbii-h  appeared  in  the  Philctophkat  ilaffazinr  for  1K05  ;  the  deraoD' 
strations  there  given,  however,  were  insufficient.  The  author  at  that  tima  sop- 
poeed   it  to  W  new,    but  it  hail  already  been  given  in  a  memoir  by  M.   E.  P. 
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pAdK  .^13.  The  lateral  dUturlmnee  ia  hero  supptMetl  BDiall.  Witli  a  larger  dis- 
turbjuicfl  the  pillar  wouKl  return  evtn  if  tlic  value  of  d'  were  ecjual  to  2£7/P,  aud 
with  a  greater  value  would  bend  over  into  n  paHition  ni  oijiulibriuiii  ({tvcti  by  the 
fonnula 

Vbere  6  in  tbe  ooglc  (ubteoded  by  the  circulNr  arc  mto  which  the  pillar  i«  bent. 

Pa«b  3N.     BefBiring  to  Pin.  133,  p.  3E0,  let  O  be  tlio  origin  of  rectangular  oo- 
ordinateflt  O.V  axis  of  x,  and  y  the  horizontal  ordinate  of  any  point  io  the  eai*ve 
Then  the  bending  momeDt  at  that  point  ri),  very  approximately, 

Ttie  difleteutial  etjaatiou  of  bending  is  therefore  (p.  208) 

tPy     M'  (a  +  i-y) 
dx'  Tf         ' 

Vm  brevity  it  U  oonvenient  to  write 

where  m  fur  a  uniform  traniivoneiectioD  U  constant.     The  etjuatioti  then  becomes 

The  integral  of  this  equation  is  well  known  to  ba 

jf:=a-t-S  +  A  .  cos  jtu-¥ li.  sin  mx, 
where  A  and  B  are  the  couatonts  of  int^ation.     For  tbe  case  shown  in  the  figure 
g=i>t  djfldr=C,  when  x^O  and  tbe  equation  becomes 
y  =  {a  +  Si  (I  -  COB  mx). 
If  we  now  put  z»/ wc  have  if  =  5,  and  therefore 


I 


a+ia 


ir=—    — 


equation  which  dctenuiuM  a  dettnite  value  of  5,  the  lattral  devialion  of  the 
immit  of  the  piUor,  unless  a=0,  when  we  must  have  cos  ml=0,  that  Is 

4  '    P' 

This  is  the  eiinatian  given  in  the  t«xt ;  and  for  the  pillar  flat  or  rounded  at  both 
ends  it  applies  with  the  uiwtiticntion  there  explained. 

If,  however,  the  pillar  be  fixed  at  ouc  cud  wliUe  tbe  other  ts  cnnstrsincd  to  tie 
in  the  saine  vertical,  ait  will  be  tbe  case  when  one  end  is  flat,  and  the  othpr  rounded, 
the  equation  rc(]uircH  moditi cation.  VVe  must  now  suppoeo  a  horizontal  force  Pat 
the  top  of  tbu  pillar  to  prevent  lateral  deviation,  and  the  bending  munieut  is  then, 
0=0.  «=0, 

Making  the  same  substttation  as  before,  we  tiiid 
be  integral  of  which  equation  Is 


g=:^{i-x)  +  A  .am  mx  +  H  .sin  mx. 
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To  drtennino  the  oonsUoto  we  have  v=0  whenx^O  Jaid  wbenx*/  f  »lioiiy^=« 
when  x=0,  therefore 


A=  ' 


P,   „p_  P. 


A  coa  mi*S.tia  mZ-O. 


from  which  we  fiod  thftt  P  is  sero  DDle«a 

tan  m/3  -i-ml, 
ft  tnnscendental  ojuatioa  which,  being  Holved  by  trial,  giva  ml^4'493,  thtf  I 

It  U  enffidmUy  approximate  to  replace  2*017  by  2,  ai  ts  done  in  the  t«xt,  and  tfcJt 
valaeia  madi  more  approximate  than  the  value  16/9  eaiployed  hj  RAi>KnK(r<»- 
/ul  Ryics  tutd  Tabtes,  p.  220),  which  was  obtained  by  supposing  th«  snmaiit  U  tb* 
pillar  to  deviate  laterally  until  it  is  iu  the  same  vertical  as  the  point  of  coatiai; 

flexure. 

Paqsa  315  and  .116.  Whea  tbu  pillar  is  abaolately  straight  and  bomogneou 
and  of  uDiform  transverse  section,  the  lateral  deSectiou  due  to  an  actoal  davistta 
(1  is  given  by  the  formula 


a-f  8* 


''^s/^r; 


oot  mf 
aud  the  formula  on  p.  316  for  the  effect  of  devistion  becomes 

lu  any  autuai  example,  however,  this  formula  would  not  be  exact  any  mora  Uun 
that  given  in  the  text.  Each  particular  example  wUI  have  ita  own  foraala.  The 
remit  of  all  such  forniulaa,  however,  nmst  \m  nearly  the  same  for  asmall  deviatkA. 
Further,  a  great  proportional  changu  in  the  deviation,  always  supposing  it  nnaU. 
pnMluo«a  little  change  in  the  crusliing  li^ad,  and  this  probably  explaina  why 
oxperimeDt  gives  tolerably  detinite  values  of  the  crushing  lood  although  its  prcciiB 
amount  mnift  depend  on  accidental  cirmrastances, 

Paos  318.     It  b  worth  noticing   that  Gordon's  formula  with   the  tlwoteilcal 
values  of  the  constants  may  be  written 

>      1.1 


On  substituting  this  value  of  //  in  the  deviation  formula  wo  get 

y*-  / 

nA  'j'^pi 
Page  SliS.     7  he  formulv  given  in  different  books  for  the  moment  r>t 
of  a  shaft  of  rcctjuigalar  section  exhibit  cnniiiderablo  discrepanciea.     ConoifBt  t» 
whom  tlio  formula  for  a  circular  section  ia  doo,  supposed  that  in  every « 


where  /  is  the  polar  moment  of  inertia  and  r,  is  the  outside  radius. 
lar  section  of  aides  a  and  b  this  gives 

which  for  a  squuro  wectjon  of  side  h  beeouee 

7*  - -2357 /.v. 
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If  thcM  reiulu  were  correct  it  would  appear  tltat  u  nhutl  uf  gnren  sectioniU  ar«a 
wia  itronger  the  more  unequal  the  Bidca  were,  a  result  quite  coutrmry  to  experience. 
In  a  roomoir  ou  toreiou  pubUslicd  in  the  Mtnwirt*  de  VJ-Hntitut  for  1856,  Babr£  bE 
Saint  VrXAKT  iaTestigatcd  the  que«tJoD  thorongbly,  and  showed  that  the  exact 
formula  for  a  iqoare  aection  U 


T^  l-6653/.(M"a'20ai/»». 


giving  about  83  per  cent,  of  the  preceding  result.  Co  oouipariug  this  with  the 
moment  of  refliatonce  of  a  circuUr  Kction  of  equal  area  wc  tiu<l  the  ratio  in  l>e  '738, 
as  stated  in  the  text.  The  general  reault  for  a  rectangular  section  with  sidea  in 
Any  proportion  cao  be  expreseed  only  as  an  infioite  aeries  invniving  a  aeparate 
calculatiou  for  each  case.  The  calcul&tioti,  tiowcver,  tnay  be  replaced  approximately 
by  an  empirical  formula:  that  given  in  tlie  text  is  not  t-xacUy  tlie  wime  as  that 
used  by  .Saint  Vxnant,  but  leads  to  nearly  the  same  rcnulL  The  result  given  in 
the  text  fur  an  elliptic  seutioii  la  exact.     (See  also  Aiitlifionol  Xotrx,  pigt-  S31.) 

Rankis'e  (A.m.,  p.  .158)  gives  -281  /A'  as  the  result  of  8.\i.nt  Vksast's  ealcola- 
tloQB  without  further  explanation.  This  value  is  greater  than  that  given  by 
Couldub's  hypothesis,  and  is  certainly  too  large. 

^H  Paok  3Jj6.  a  line  of  stroH  may  be  regarded  as  ibe  geometrical  axis  of  a  ourved 
^^vd  which  is  in  tension  or  compreesiou,  as  the  case  may  bo,  under  thu  action  of  a 
Inad  perpendicular  to  itaelf.  The  whole  Bolld,  therefore,  may  be  coiicti^  vi]  as  inade 
up  of  a  set  of  rods,  each  oi  which  is  a  rope  or  linear  aroh  in  eciuilibrium  under  a 
transverse  load.  Kacb  rod  transmits  stress  in  the  direction  of  its  length.  If  thtre 
be  no  lateral  stress  the  rutis  arc  straight,  but  otherwise  tbt^y  are  curved.  In  a 
framework  structure  loaded  at  the  joints,  the  bars  of  the  frame  may  be  regarded 
ss  lines  nf  stresB  except  at  the  joints  where  those  Itnm  assume  complex  forms.  The 
tendency  uf  modem  euieucv  is  to  regard  sll  force  as  beiug  due  to  the  tnuuniuwioD 
i>f  stress  through  a  meiiium  of  ct>oiu  kind,  even  lu  such  cases  as  that  of  gravity, 
where  nr>  medium  perceptible  to  our  senses  exists.  All  forces  on  this  conception 
are  represented  by  a  syntem  of  liues  of  strcsa. 

^H  Paok  3G*2.  The  theory  of  elastic  solids  has  been  much  more  fully  treated  with 
^^■Bference  to  practical  application  by  Gkasuof,  Saiht  VioiAliT,  and  other  con. 
^Ilbienta]  writers  than  in  any  Kogtish  treatise.  The  author  is  chiefly  iadcbted  to 
Qtumnor's  work,  Vie  ff^iyktits  L^hn  (Berlin,  1806),  a  new  edition  of  which  hss 
(wo  believe)  recently  sppcsred.  An  attempt  has  been  mjvdc  to  distinguish  clearly 
between  those  parts  of  the  subject  which  are  nccesssrily  true  either  exactly  or  toa 
degree  of  approximation  which  is  ra[>able  of  being  exactly  calculated,  and  these 
parts  which  depend  on  hypotheses  more  or  Use  probable.  The  first  are  placed  in 
the  imsent  chapter ;  the  second  in  the  chapter  which  follows. 

Page  363.  Attempts  have  been  made  to  prove  by  theoretical  rcaroning  that,  in 
a  perfectly  clastic  isotropic  msterlal,  the  value  of  tn  is  necessarily  4,  and  the 
demeostration  is  still  oonsidere<t  vslid  by  some  authorities.  It  is,  however,  more 
probable  that  snch  reasoning  simply  tihows  that  matter  is  not  constituted  in  the 
way  aoppoaed  in  the  demonstration.  It  is  diSicult  to  obtain  material  which  is 
really  perfectly  isotropic,  but  all  the  experimental  cvidenoa  at  present  goes  to  show 
that  m  may  hare  variotis  values  from  2  to  infinity. 
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Pack  3M.     Some  other  pobitB  in  the  th«ory  of  beading  in&y  her*  be  noktoBdt 

(1)  The  effect  of  curvature  la  that  a  lateral  attvM  //  mast  eiut  oo  the  ImI|^  ' 
tadinal  layer*  gireii  by  the  utuo  eqoation  aa  »  used  for  thick  hollow  eyliDdm 
under  internal  0tud  preasure  (p.  368),  vix.. 

Replacing  r  hy  li  +  i/,  and  ji  by  the  riUae  given  lo  tbe  text,  we  find 


^;'>'=f. 


and  therefore,  by  iotegratioo. 


P>  =  ^  +  coo»tant 
Sioee  j/  is  xero  at  the  outei*  mrfaoe  where  y  is  ±\K 

where  />,  is  the  sto'caB  due  to  the  bending  at  the  out4.-r  Burfiiotj,  and  r  is  replaced  Vy 
Its  mean  \-alue  R.     At  the  neutral  aarface  p^  is  greatest,  but  even  tbeie  has  only  ^ 
th«  rery  small  value 

lliti  lateral  streaa  ta  thcrcfure  never  great   enoo^   to   have   any  parecplibfal 
influence  on  the  elasticity  of  tbe  layura. 

(2)  It  liaa  been  atatwl  ou  page  ^9  for  the  uuo  of  tension,  page  396  for  tbe  caM 
of  bending,  and  page  326  for  the  case  of  Un-sion,  that  the  streaa  on  toy  (xvorrem 
setitiou  is  the  same,  however  the  straining  farces  are  applied  to  a  bu-,  prorided 
only  that  their  resultant  be  given  in  magnitude  and  posltiou.  This  nay  bt 
regarded  as  a  general  principle  applicable  in  all  casen.  Any  nther  distnbnboB  of 
stress  pNxhiced  on  a  transvetae  section  by  friction  or  other  extiimal  foroee  ff***^ 
directly  to  it  wilt  change  with  great  rapidity  on  paaaing  to  tnuisvenw  stictious  >mC^| 
directly  exposed  to  such  forces.  It  is,  bowsA'er,  generally  neccaaary  to  pnvvidt^ 
additional  stren^fth  at  these  etcepttonal  sections. 

(3)  If  the  beam  be  tixed  at  oub  end  and  loaded  at  the  other,  there  will  be  ibaw- 
iug  as  well  as  bending  on  at)  sections.  Transverse  sections  are  then  no  teagar 
plane,  bnt  are  distorted  by  the  action  of  the  shearing  force  and  tbe  distribotiM 
of  stress  is  not  given  exootly  Ly  tbe  foi*n)ul,T  on  page*  28i>,  33.t.  Further,  tha 
maximum  streae  on  the  parts  of  the  beam  does  not  depend  on  the  bending'  ali«« 
but  also  oo  the  shearing,  as  sbowii  on  page  357-  It  is,  howerer,  curtain  that 
approximation  is  very  close,  even  in  short  pieces,  where  the  shearing  la  reUtiv 
great.  The  unty  uxouption  is  iu  bcanu  of  I  section,  in  which  tbe  web  ia  very  I 
OS  exp1aine«l  in  the  passage  cited.  In  practice,  however,  additional  streog;lli  k 
always  reijuirvd  in  the  web  on  account  of  the  necessary  stiffening  {p.  288). 

I'he  variona  approximatiuoit  here  referred  to  have  been  all  examined  vwy 
thoroughly,  es^icvially  by  .Saint  Vsnant,  and  there  u  no  donbi  that  the  foniralH 
are  aubslantlally  exact  within  tlie  limit  of  elasticity. 

pAUB  360.  The  linea  of  stress  for  a  thick  hollow  cylinder  under  intenuU  flnU 
presBurr,  and  also  under  the  action  of  tangential  stress  applied  as  in  Ex.  fi,  p,  35St 
will  be  found  to  be  0(iuiangular  spirals,  the  angle  of  tlic  spiral  defModing  im  iht 
}torlion  between  tbe  fluid  stress  and  the  tangential  stress. 
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The  veritica.tton  given  in  the  text  ie  accessary  because,  otberwlBe,  we  could  not 
!•«  snre  that  the  assainptiODB  on  page  367  vei«  coiuiiteiit  with  nne  tinothtir. 
This  Is  very  well  showu  by  aupposiuK  the  cyiiuJer  to  rotate  aud  obtaining  a  sola- 
tioo  of  the  problem  when  thus  iiiodifiod,  lusaming  the  cylinder  to  remain 
cylindrical  and  employing  the  equation  of  vcri£catioo.  It  will  bo  foond  that  the 
solution  thas  obtained  can  only  be  true  if  the  stress  on  the  traus\'erse  section 
varies  according  to  a  certain  law.  If  tbs  oylind«r  is  long  it  appMrs  that  this 
most  really  he  the  uaao  «xoept  very  near  the  ends.  The  problem  of  a  swiftly 
rotating  circular  saw  appears  not  as  yet  ti?  have  been  attempt^  ;  it  is  found  by 
experience  that  a  suw  to  nm  at  high  speed  must  be  hammered  so  as  to  be  "tight" 
at  the  periphery.  The  same  difficulty  occars  if  the  material  of  the  cylinder  be  not 
isotropic. 

Pane  369.  Article  210  belongs  more  properly  to  the  next  chapter  and  is 
referred  to  below. 

It  may  be  useful  to  add  the  geneiat  formula  for  the  elastic  putentiat  in  the  case 
of  stress  in  two  dimensions.  Lot  a  c-uW  (side  unity)  he  subject  to  the  nonual 
stresses  p,  q,  o,  on  its  faces,  then,  if  the  strains  be  ^,.  f,, 

tjabstitntiag  from  the  formula  on  page  362 

this  ^ves  tlio  clastic  potential  per  unit  of  volume.  When  //  ami  q  vary  aa  in  the 
cylinder  under  internal  pressure  the  volume  of  each  element  must  he  mnltiplied 
by  this  expression  and  an  integration  performed.  This  calculation  i»  ainiplv  in  tlie 
case  of  tlio  cylinilcr. 

pAnE^J73.  Triuca's  experiments  are  deacnbetl  in  riebiil,  with  u  great  variety 
of  interesting  illustrations  in  a  series  of  memoirs  which  have  been  separately  pu1>> 
lilhed  (iVAttoirri  lur  r SeotUtmf.nf  dfx  Corps  Soltdt*).  The  example  in  the  text  is 
fedten  from  the  second  memoir  (Pitriii,  IJU]D|.  It  \a  to  be  remarked  that  the 
influence  of  time  was  not  taken  into  auuuunt.  It  is,  however,  believed  tJiat  In  the 
softer  metals  a  nmch  greater  amount  of  M-ork  miiKt  be  done  va  producing  a 
permanent  deformation,  when  that  deformation  taki-a  pUce  quickly,  than  when 
the  slow  action  of  hydraulic  pressure  is  employei].  Huuti  IxKlien  probably  behave 
like  fluids  of  very  great  viscosity. 

I' AUK  :i74.  The  more  refined  methods  employed  in  the  mechanical  laboratories 
recently  fitted  up  show  that,  when  a  bar  is  stretched  a  second  time,  the  elasticity 
is  sensibly  perfect  up  to  a  cert<iitt  limit,  and  then  beoomcs  sensibly  imperfect  up 
to  a  second  limit,  where  drawing  out  commences.  Further,  if  tho  testing  machine 
be  constructed  in  such  a  way  as  to  jicrmit  the  stretching  force  to  diminish 
after  a  maximum  value  bos  been  rtuudioil,  druwing  out  will  coutinne  much  longer 
before  i-upturc  tnkeit  pUoc,  as  in  the  ease  of  a  stick  of  hot  sealing  wax.  (See 
AddilioHOi  ^I'olee,  page  033.) 

Paob  379.  The  modulus  of  elasticity  in  oompreesion  is  found  to  be  lem  than 
that  in  tension  in  ciuit  irrui  as  well  as  wrought  iron  in  about  the  same  ratio.  This 
d.rcumatance,  together  with  the  ei-iuality  of  the  motluli  for  bending  and  tension, 
leads  us  to  conjecture  that  the  effect  Is  due  to  lateral  bending  which  cannot  Ijo 
wholly  prevented  by  the  trough,  hy  some  experimentalists  do  sucli  diH'ercnoe 
has  been  found. 
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Pack  360.     The  argiiinent  of  Art.  217  •.ppUn  equally  to  any  case  wlirre 
u  uot  nnifonnlf  diRtributetl.     In  the  hydranlic  preu  cylinder  the  litrcss  is  ne 
rsVBTseil,  and  the  increase  of  atrengtii  is  probably  reliable. 

FA<ie386.     To  tost  expeiiinvn tally  the  tnitli  of  the  vnnoas  theories  of  a>in-| 
ponnd  strength  tbo  tf-nnile  Btrongth  of  a  bar  shoald  be  [letcrniined,  the  ends  of 
which  project  from  a  cj  Under  under  bydmilio  prestnire  of  a  given  amount. 

Pao  k  3S9.  It  is  much  t«  be  regretted  that  tbo  rnisbiuitfc  of  cast  Iroa  to  alteniAte 
btmding  baa  not  been  determined.  Sacb  an  oipcriincut  would  settle  a  point  of  the 
greatest  importance  io  strength  of  materials,  namely,  wbetbor  the  tenacity  of  a 
material  can  bo  increased  by  latoiat  connection.  In  wrought  iron  aud  ateel,  it 
wonlrl  appear  that  it  is  not,  the  increase  of  apparent  strength  being  accounted  for 
by  the  raising  of  the  clastic  limit  (p.  377). 

Pack  391.  Ko  formnla  of  this  kind  is  anything  more  than  a  formula  of  inter* 
polfttion  supplying  the  place  of  misaing  vxpvrimGiits.  The  author  ia  led  tu  mnkc 
this  remark  by  the  elaborate  inaiiiier  in  which  such  fonuuln.*  are  discussed  by 
some  writ«.Ts.  The  study  of  Wuuler's  original  memoir  cannot  be  too  strongly 
recommended  to  those  interested  in  the  subject. 
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V.-HyDRAUUG8  AND  PNEUMATICS. 

Park  4(k>.  The  viiliie  nf  ii^  for  pure  wattir  in  grpat«6t  at  S9',  and  is 
62*425,  while  at  100°  it  diminishes  to  6'J.  At  temperatures  above  75'.  62  is  more 
approximate  than  62^,  but  on  the  other  hand  water  is  seldom  entirely  free  from 
solid  matter,  which  increases  ita  density. 

Paoi  40U.  The  standard  t^xpenmerts  on  the  cccffidents  of  velocity  and  cou- 
traction  in  Uie  ca»c  of  oritiuvB  arc  those  made  by  Weisracb,  and  described  by  him 
in  his  trcAtiao  Die  Kx}>tnmeiitai  ilydi-avlik  (Freiberg,  IBM),  to  which  the  rcoder 
is  referred  fur  details.  A  short  pipe  projectiDg  inwai-ds  is  known  aa  Borda's 
mouthpiece.  The  theoretical  minimum  value  of  the  co-eflicient  of  ci^ntr&ction  |'5, 
MB  p.  433)  is  ctoeely  approschod  when  the  pipe  is  very  thin  and  sharp-edge*)  ; 
otbonrise  the  value  is  sumcwtiat  larger,  say  about  '5S.  The  only  cofia  in  which  a 
co-efficient  of  contr&ction  has  been  found  theoretically  is  tbitt  of  a  long  narrow  slit. 
for  which  RAVLElonhos  obtained  the  value  *01l.    [S'^  Additional  Sctts^  pag«63Q.) 

Pack  413.  The  une  of  the  term  "  head  "  for  th«  energy  per  unit  of  weight  of  a 
flaid  IS  not  free  inmi  incouvenience— Uie  two  things  not  being  idmtical  uuleas  (he 
datum  level  bo  at  the  surioce  of  the  fluid. 

Fags  415.  In  the  flr)w  of  rivers  it  la  well  known  that  it  is  the  outer  aide  of  a 
bend,  not  the  inner,  which  suffen  erosion,  bo  that  the  windings  of  the  river  have 
■  conntant  tendency  tu  incnwae  in  extijut.  7'he  reason  of  this  hsa  been  explained 
by  TuouttoN  to  bu  tlict  the  layers  of  water  in  contact  with  the  bottom  are  greatly 
retarded,  ard  hence  have  less  centrifugal  force  thsn  the  upper  luytrs.  The  txccsa 
pressure  at  the  nut«r  nidn  of  (he  bend  is  therefore  partially  utilialonc-fd  below,  and 
an  inward  flow  taki**  plucr,  carr^'ing  uintcrial  with  it  from  the  outer  side  to  the 
inner.     This  was  verified  by  experiment.     {B.A,  lirjiorl  for  lt<76.  p.  31.) 
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Page  415.  The  velocity  of  tha  watar  in  may  one  of  tlie  iilcai  pipe*  U  iDversely 
~proportiooftl  to  tlic  aectJoniU  arcH  of  tho  pipe.  Nuw  the  form  of  the  pipes  depends 
solely  on  the  form  of  the  boiUKling  surface*,  aiiJ  it  (oUowa,  therefore,  that  the 
velocitiea  of  all  ptiriA  nf  the  fttream  Wai-  n  fixed  proiMilion  to  each  other,  depend- 
iog  only  ou  the  nature  of  the  bounding  surfaces.  In  the  Iiuiguage  of  the  theory 
of  mechanism,  Uie  fluid  furms  a  closed  kinematic  chain.  The  chain  in  closed  by  the 
pressare  of  the  Itouiiding  surfaceii,  and  wheu  tlie  velocity  exceeds  a  certain  limit 
the  chain  npenn.  Energy  can  then  no  longer  1>e  transuiittcd  unifonnly  to  all  part* 
of  the  fluid,  and  is  no  longer  unifonnly  distributed.  When  energy  is  unequally 
distributed,  eddies  are  foi-med. 

^H.  Pace  417.  That  hydranlic  resistances  of  nil  hinds  are  independent  of  the  pres- 
sure is  one  of  the  best  established  laws  of  ea]H:riinenlsl  mechanii-s,  but  tiow  far 
this  may  be  true  ut  very  high  pressures  is,  of  course,  uuL^ertnin.  In  »oine  books  it 
is  stated  as  cnnfitlently  as  if  it  were  an  ohfierved  fact  tlist  the  friction  of  the  skin 
of  a  vessel  near  the  keel  is  jjreater  thnn  that  ntsr  the  surface  on  account  of 
.  increased  prtssuro,  but  there  is  no  foundiiticyn  for  this  assertion. 

To  the  three  normal  laws  giveu  in  the  text  may,  in  all  probability,  be  added  a 
fourth  : — 

(i)  Friction  is  proportional  to  the  density  of  tbo  fluid. 

The  grounds  for  this  statement  trill  bo  seen  on  reference  to  pages  430,  490.  It 
amonnts  to  saying  that  friction  is  a  kind  of  eddy  resistance.  If  we  assume  this, 
the  laws  of  friction  are  expressed  by  an  eqtiation  similar  to  that  employed  for 
eddy  resistance, 

The  co-efficient  of  frictii>n,y',  is  then  tUsticgiiisbcd  from  the  friction  per  sq.  ft., 
given  in  the  table  nn  p.  418,  nnd  is  the  Eitine  ux  the  cu-cflicicnt  for  pipl-s. 

The  explaustton  in  the  text  of  the  diminution  of  friction  in  long  surfaces  is  that 
given  by  Fhoi  i>k  In  his  reports  ou  surface  rriction,  and  also  by  Boitroou  iu  hia 
^H  treatise  referred  to  farther  on. 

^B  I'juiE  43.').  The  foi-mntion  of  eddies  by  the  meeting  of  different  streuuH  and  the 
^l^uasge  of  water  i>ast  solid  bodies  in  fauiiUar  to  all  observers  of  Uic  motions  of 
fluids,  and  is  described  in  the  earliest  treatises  on  hydraulics.  The  way  in  whiofa 
Ihey  absorb  energy  ha«  long  been  understood  :  thns  roNCici.CT  uays,  "  £n  gin4nl.  la 
prodoction  des  touTbillons  est  I'un  des  moyena  dont  la  nature  M  sert  pour  £tcindn> 
oa,  piutAt  di'ij'imtUer,iB  force  vivo  daDfi  les  cliaiigementAbmsqaesdeinouvenientdes 
floidea  "  (J/^.  Ind.,  p.  671).  The  italics  arc  the  author's.  The  passage  is  loo  long 
to  quote  at  length,  but  is  vortli  ^^todying  Ihrougbout.  The  extent  to  wUicb  eddy 
motion  may  prevail  throaghout  tho  mass  of  a  fluid,  often  without  any  clear  indioa- 

klion  at  the  surface,  was  not  understood  till  long  afterwards. 
[    The  theory  of  simple  systems  of  eddies  has  of  late  attracted  inncb  attention,  but 
the  extreme  intricacy  of  the  internal  motions  of  fluids  will  probably  long  de^  cal- 
culation in  such  oases  as  commonly  occur  in  practice. 

The  particular  case  mentioned  in  the  text  (Fig.  173)  is  one  observed  by  the  author, 
Ij      ^in  which  conitpicuoui}  eddies  were  formed,  one  or  two  at  a  time,  with  great  regalarity. 

^H  PaOB  4*28.     If  the  motion  of  water  in  a   pipe  or  channel  be  supposed  of  the 
^Bndisturbed  kind  (p.  414)  and  viscoaity  be  taken  into  ueoiml  (p.  416).  it  is  possible 
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Ut  flod  Ifae  dinehanjc  doe  to  a  idven  head.  In  the  OMe  of  tubea  ol  trrj  uakR 
dfamtfcr  it  vw  &bovm  b;  PotazriLLE  that  tbe  flow  actTuUly  does  laka  plae*  aoeofdiog 
to  this  taw,  and  tbe  co-cfficieot  of  viscosit;  wiu  found.  Tbe  loss  of  b««d  b  tb«a 
proponiojul  not  lo  tbe  <vel.)^  bat  to  the  simple  nloeitj. 

Id  pipes  ol  ordinvjr  diuneten  throogb  irlueh  nttf  if  flowing  witb  ordinary 
veloeitiea,  tbe  lorn  of  bead  a,  howerer,  certainly,  approsimatdy  ■>  the  (T«L)^  and, 
moreoter,  Boceaacxno  baa  abown  that  it  is  enormoiulv  greater  than  it  woold  ht 
aecording  to  the  law  for  ondisturbed  flow  with  the  oo-eflbnent  dedoced  bj- 
PoisKtrzLLB.  The  ioevitable  coDcltuioD  is.  that  the  loss  is  nuunl^  da»  to  tbe 
formation  of  eddies,  lo  tbe  case  of  large  rivet«  it  is  found  bjr  expemueut  that  thr 
velocity  diminiiibea  ai  the  bottom  is  approached  aooordinR  to  a  law  rvprcaetrted  by 
tbe  ordinate^  of  a  parabola,  a  rasoU  which  is  coosittenl  with  tbe  law  o(  andiatarfaed 
flow.  Nerertbeleea,  in  thii  case  also,  tbe  facta  cannot  be  explained  excc{it  by 
aapposing  that  the  retiatanoe  is  due  to  eddies.  With  fluids,  the  Tiacoaity  of  which 
is  so  smaUt  as  is  the  case  in  water,  undisturbed  flow  onl^r  occurs  at  ray  low 
cities  in  very  sniall  channels. 

Although  these  facta  wore  tolerably  well  established,  it  is  onlj  very  reeently 
any  attempt  has  been  made  to  discovor  tbe  connection  which  masi  exist  bet' 
the  viaooaity  of  the  fluid,  its  velocity,  and  the  dimensions  of  th«  channel  in  which 
it  flows,  in  order  that  the  flow  may  or  may  not  be  andistutbed.  This  has  at  lengtb 
been  done  by  IIetxolm.  who  has  succeeded  in  eonneating  by  a  common  law 
PotHBCU'Lc's  experiment  ou  capillary  tubes  and  Djjicv's  oxperimentft  on  full -sized 
|HpaB.  For  particulars  the  reader  is  referred  to  his  papet  published  iu  the 
Pkiio90j>hieaJ  Traataciions  (1H8S,  Part  III.).  U  need  only  here  be  mentioned  that 
it  is  shown  that  tbe  lose  of  head  in  a  pipe  may  be  expiesaed  by  a  formula  wluch, 
when  staled  in  a  simplified  form  sufficient  for  oar  present  purpose.  ViMTfffnftt 
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where  n  is  an  index  depending  ou  the  nature  and  condition  ol  the  surlace. 
the  iorface  is  rough  h  =  3,  and  we  get  Ibo  formula  already  given  on  ps^  4S0 ; 
is  the  ease  for  sn  incmstcd  pipe,  but  for  a  clean  caitt-iron  pipe  it  falls  off  to  1*9,  and 
in  a  lead  pipe  is  1-72S.  This  falling  off  in  the  index  in  smooth  surfaoos  is  quite 
analogous  to  that  already  found  by  FnorDi  in  his  direct  cxperimeots  on  sotfkoe 
friction  (p.  419).     (See  Additionai  Solei,  p.  53G.) 

Paob  43U.    The  foi-mula  for  edily  reststonoe  is  given  in  this  fonn  by  PoxcBLnt. 
and  the  reasoning  in  the  text  ix  essentiaUy  that    employed  by  him    {Mr<,  In 
p.  C9fi].    It  is  well  suited  to  ohow  the  real  nature  of  the  law  of  hydraulic  reauitano 
(p.  40&).  Allthst  iitsupiHwedinthis  law  is.  that  the  velocities  of  the  particles  of  fla 
bear  a  fixed  proportion  to  each  other  depending  solely  on  the  form  of  the  bound 
Hurfaoes,  as  is  actually  tbe  cose  in  undislnrlKKl  motion.   U  the  boaoiling  surfaoea  i 
of  invariable  f  onu  the  law  shoald  be  accunit(>ly  verified  for  a  Hold  absolutely  devmd  < 
viscosity.    The  causes  of  irregularity  are  explained  on  page  427.    A  variation  of  1 
per  cent,  in  the  oonrse  of  the  same  experiment  was  actually  observed  by  Piio(ii>i. 

Paoc  4S\  .  Until  the  cstablisluncnt  of  the  Institution  of  Naval  Aroliitevts  and  the 
labours  of  Fbocob  had  given  so  great  an  impulse  to  naval  science,  the  rwistanoc  of 
ahipa,  like  other  brsncheR  of  the  subject,  had  been  much  mure  thoroughly  studied 
in  Franco  than  in  England.  The  only  trrstiHe  specially  devoted  to  it,  even  now,  it 
fJiml  entitled  Mfinoin  sur  la  ItMUtaitfc  Ht  I'  Hom.  v>ar  H.  Boraoots.  Paris  | 
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The  Aulier  expcrimeots  by  BuuroT  and  others  are  all  very  thorDughly  disoassed  io 
Uiia  work,  unci  llie  reader  is  referred  to  U  for  the  values  of  k  in  the  formula  for  eddy 
reKiBtanoe.  These  crporimcnta  were  chiefly  on  bodies  of  antair  form,  and  this  is  the 
princi]>al  reason  why  bo  tittle  proKTesB  was  niade  for  a  long  period  in  discovering  the 
true  principles  of  the  resistance  of  shipe.  Experiments  on  the  resistance  of  a  foil- 
dzed  ship  made  in  France  are  described  by  Bouboois.  and  it  was  known  that  it  was 
'mocfa  leas  than  would  have  been  supposed  in  the  abBcneoot  such  cxpcriraenta,but  it 
«U  not  till  the  discovery  by  Fbocdb  of  the  true  method  of  comparing  the  reaiat- 
Mice  of  a  ship  with  that  of  her  model  that  any  great  advance  vtm  made  in  the 
subject. 

The  formula  employed  in  the  text  is  given  by  Rvniune,  and.  if  a  single  constant 
only  is  admitted,  this  form  h  perhaps  the  best.  The  value  of  A',  however,  stated 
by  him  {Vh/vI  RvUh  niid  T'tUim,  p.  274)  is  now  known  to  be  SO  per  cent,  too  large, 
being  deduced  not  from  dirvct  experiment  but  from  ihu  power  required  fur  propul- 
loii.  The  limit  of  spotd  to  which  the  formala  applies  is  also  macb  less  than  that 
^•tated  in  the  pas&age  cited. 

If  three  constants  be  admitted  the  formula  employed  by  fiontaois, 

wJU  give  A  much  closer  approximation  and  apply  up  to  a  much  higher  limit  of 
^e«d.  No  formala,  however,  is  tme  at  all  epeeds.  and  the  only  complete  way  of 
representing  the  resistance  of  a  vessel  is  by  means  of  a  cun*e  derived  from  experi- 
ments on  a  model.    This  question  is  far  too  large  to  outer  oo  here. 


I     FjkciB  443.     In  finding  \  in  cranes  and  other  hoisting  machines  the  weight  raised, 
'^multiplied  by  the  velocity  ratio  h*tw«Aii   it  ami  thi-  ram.  mn?l  bp  inelnded  in  the 
weight  of  the  ram. 

Paok  463.  The  %-ane8  of  a  tarhine-wheel  are  often  not  radial  at  tlie  circam- 
fervnoe  where  the  water  enters.  The  simpler  case,  however,  is  sufficient  to 
illosirate  the  principle  on  which  such  machines  are  designed. 

I  Paob  463.  The  undisturbed  motion  of  a  perfect  liquid  within  fixed  botindaries  is 
always  rttxrtiblt,  that  is.  if  every  particle  of  liijuid  were  imagined  to  be  set  In 
motion  with  the  same  velocity  in  the  revere  direction,  the  motion  would  continue 
undisturbed.  But  if  water  bo  set  in  motion  from  rest  this  will  generally  not  be  the 
ease.  If.  for  example,  wo  imagine  a  pipe  conneclcd  with  a  tank  by  a  mouthpiece 
in  the  form  of  the  vtsia  eontntfia,  then,  when  wal^r  flows  ont  of  the  lank,  it  will 
iseae  in  a  continuous  stream  with  small  loss  of  head  ;  but  if  the  motion  be  reversed 
most  ol  the  energy-  of  motion  of  the  water  in  the  pipe  will  be  wasted  in  the  iutemal 
motions  soon  after  entering  the  tank.  Tlie  loss  ia  not  unavoidable  as  will  be  seen 
on  reference  to  the  ease  of  a  trumpet -shaped  pipe  (Ftg.  11)8,  p.  414),  but  may  be 

I  rendered  small  by  enlai^g  the  pipe  very  gradually. 

'  Paob  466.  The  spiral  pactsage  should  not  he  too  large  and  should  bo  connected 
with  tb«  ascending  main  by  a  carefully  formed  gradual  enlargement. 

Paoi  467.    This  calculation  is  partly  the  same  as  that  given  by  Ukwht,  (iftit, 
I i>FW.  In*t.  C.  £.,  vol.  82). 

■  P*ni!  486  A.  The  author  has  for  some  time  past  been  in  the  habit  of  disttn- 
gnishing  Iwtwoen  the  mechanical  equitvieHt  and  the  mechanical    iti/nc  of   heat. 
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NOTES  AND  ADDENDA. 


pAns  486  D.  In  the  AQtfaor's  treatise  od  the  nteam  engine  (ohap.  riii.)  attention 
hu  been  called  to  the  distinction  between  the  niechonioal  losses  and  the  thennol 
Umm9  in  heat  engines,  and  Uie  terms  "mechanical'*  efficiency  and  "thennal" 
efficiency  ore  here  introdaood  to  render  the  distinction  more  clear. 

Paob  490.  The  valne  of  n  in  the  adiabatio  cxiianeion  of  the  permanent  gOMs  ii ' 
probably  toniewhat  greater  than  1*4.  The  difference,  however,  is  not  important, ; 
and  the  simpler  value  is  therefore  adopted  in  the  text. 

Faoe  491.  If  the  fluid  be  tiupposed  at  rest,  and  elo%-ation  be  token  into  oooonnC 
we  Dbt&in 

or,  OS  it  may  also  be  written, 

35  Pl'  +  .-roiist. 

This  gives  the  distribution  of  jiressure  and  temporalare  of  the  atmosphere  for 
"  conveotive  eqailibrium"  (Cjxkk  Maxweix'b  Theory  of  ffeai,  1st  edition,  p.  801}.  . 
Energy  is  then  uniformly  difltribDt/>il. 

Paob  495.    The  explanation  here  given  (Fig.  199)  on  the  whole  seems  the  : 
natural,  but  it  very  probably  may  not  be  complete. 

Faoe  497.  This  formula  for  the  flow  of  air  in  a  long  pipe  is  believed  to  havt 
been  first  given  by  Unvtx  (Min.  Proc.  hibt  C.  K,  vol.  xliii.).  It  is  a  question  of 
con&idL-rablc  practical  interest.  By  comparison  with  e^iperiment  it  has  been  abowo 
that  the  co-eHicicnt  is  given  by  a  (onnula  of  the  same  form  (Dabct's),  as  in  the 
flow  of  water  through  pipes,  on  important  verification  of  theoretical  principles. 
The  etiuntion  for  the  case  where  the  temperature  varies  can  be  obtained  without 
dif&oulty,  but  Ima  not  as  yet  buon  pTucticaUy  applied. 
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APPENDIX. 


ORGANIZATION   OF  THE  CLASSES  IN   ENGINEERING 
AND  NAVAL  AKCHITECTURE   IN   THE 
ROYAL  NAVAL  COLLEGE. 


A  SCHOOL  of  naval  archiUMtaro  was  louuded  in  Portemoalh  dockyard  so  long  ago  aa 
1810,  but,  after  existing  for  more  than  twenty  jrears,  was  abolished  in  1883.  In  1844 
it  was  re-«fiLahlifth«d,  bnl  only  to  be  ane«  more  abolished  in  1853.  In  IfWiO  the 
InstitoUou  of  Nat'al  Arohitecta  was  foandod.  and  by  its  intluenco  a  third  school  was 
commonoed  under  Lho  dlrootioa  of  the  Science  and  Art  Department  at  South  Kun- 
aington.  For  parttoalara  respecting  the  two  earlier  of  thene  Bohooli  the  reader  is 
referred  to  a  paper  by  Scort  nuHSELL  i»  the  Tran.mr.fion)i  /.iV.j^.  for  1863.  The 
third  was  aftonvards  incorporated  with  the  Royal  Naval  CoUe^Ei,  of  which  it  now 
fonns  a  department. 

This  depurtroont  is  divided  into  twoclossoB,  of  which  tho  junior  oervM  as  the  6nml 
stage  in  the  tmining  of  the  engineer  officers  of  the  navy,  all  of  whom  spend  nine 
months  at  Greenwich  inuuediately  on  entering  the  service,  after  several  years  spent 
in  the  dockyard.  The  senior  is  an  advanced  class, eonaisUng  partly  of  a  small  num- 
ber of  voKinecr  officers  solectod  by  competition  from  tho  proceding,  and  partly  of 
students  in  naval  ardiiteotiprc  originally  selootcd  by  competition  from  th^oclcj-ard 
apprentices  to  join  tho  janior  class.  The  full  coarse  in  the  advanced  class  lasta 
throe  yeftrs,  of  which  one  is  spent  in  the  junior,  and  two  in  the  senior  class.  Then 
ar«  also  private  students  who  generally  go  through  the  full  course.  The  pr<^ramme 
o(  these  olaoes  differs  in  some  important  respects  from  that  of  most  other  technical 
ooUegM,  and  it  may  be  aseful  to  describe  it  briefly  here. 

The  three  principal  branches  of  stody  are  : — 

I.    Pore  ani  Applied  Mathematics ; 
n.     Applied  Mechanios ; 
jYi   J  Naval  Archite«tore, 
(  Marine  Engineering; 
to  eech  of  which  the  time  allotted  is  about  the  same.    In  addition,  there  is  a  eonrae 
in  Physics  and  ChemiHtry.    The  following  remarks  will  be  confined  to  the  aeoond 
and  third  of  the  principal  nubjeots. 
K      In  At ri.tKD  Mechaiocs  the  subjects  are 
H  A.     Elementary  Babjocts. 


Thi 


n  I  Stability  and  Oscillation  of  Shlpa. 

*  I  Theory  of  the  Steam  Engine. 
C.     Wave  motion.     Resistance  and  Propuluon  of  Ships, 
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SabiMU  JL  AT*  pretty  ckwtfy  nfmaanted  b7  the  pcHBOt  tTMliM,  Imi  than  art  ft  fa* 
couMMBSKud  ■onw  additMMMr  tmpttJMUj  in  gnphical  itaticsaail  ■IhmiiIhj  iIiiimj 
of  the  stflun  •ngtae.  Tlw  eomi  Usta  two  yman,  etuh  ■objeet  hmg  eommmeai  m 
th'>  junior  cla«  hhI  ecnnplcted  in  the  flenior. 

BabjedK  B.  are  oommenoed  tn  the  aeoaiiii  jtmx  and  fx)ai|datod  in  iIm  thml  TW 
ftrfi  i»  Rtodiad  hj  ctadenU  in  naTKl  architecture  onljr.  and  the  Iflctnna  on  it  an  ii 
pwnt  giT«n  by  the  Instractor  in  Naval  Architectare.  The  mcooA  m  ildM  k; 
•tadoola  ia  anginwiriag  only. 

Robjaeto  C.  ooeopy  the  greatar  part  of  the  third  jrear. 


In  Niru,  AjursiTBCTvaa  the  cohtm  (oUowmI  is  very  fnllj  eipl&inad  In  ■  pa^  ^ 
Mr.  W.  H.  White  in  the  TrvataaetioM  l.^'.A,  for  1877  (vol  xviii^  p.  361),  tad  it 
naed  not  therefore  be  farther  oonndezed  here. 


In  Mjutm  ExocsKEBiNa  thecotirse  (or the  junior elati  oocopias  niiw  hoonawA 
Each  of  the  prineipAl  puts  of  the  marine  engine,  including  the  boiler  and  propalhi; 
are  taken  in  detail,  the  dimensions  proper  for  that  part  delennined,  and  the  ollur 
practical  qnettioofl  eonstdered  which  are  involved  in  ita  deaign.  An  aianipU  ti  Ml. 
and  the  Mtndent  ia  expected  to  work  out  a  deaign  from  the  data  proposed,  and  te 
produce  working  drawings  About  30  of  these  drawings  ace  prepared  in  the  eesMB. 
the  lubjocta  being : — 

BotU  and  nuts,  Cottera.  Pin-jointe,  Rivetted-joints. 

DetaUt  o/pritKipat  paru  (^f  Kngin* — 
Piston,  PiHton  rod.  Connecting  rod,  Croea-head  and  gtudea,  Propaller  ihal^ 
and  couplingM,  Thnut-block,  Crank-shafl,  Cylinders. 

^i<^  VtUvui- 

Zoancr's  diagram.  Valve  ellipse,  Constntction  and  setting  of  slide  valves,  1 
tiiotton,  Expansion  valves. 

Dimensions  and  Btructural  details.  Fittings. 

VontUwtm  and  Air  Pum/M. 

Indicator  Diagram*-  - 

Kspanding  actual  diagrams  of  compound  eoginefl.    Oonstroetion  of  probahla 
diagratiiH. 

The  foregoing  coarse  is  gone  through  by  all  students  in  engineering.      Those  who. 
are  selected  to  enter  the  advanced  class  devote  six  hours  a  week  to  the  snbjent 
two  following  sessions,  under  tlio  direction  of  an  instructor  appointed  specially 
the  purpose  by  the  Engincor-in-Cbicf  to  the  Admiralty.     lu  the  second  year  detsili 
drawings  an-  made  of  the  parts,  and  three  views  of  the  general  anmngement.  of 
set  of  marine  t-ngincs  of  large  power  suitable  to  propel  agiven  ship  at  a  given 
The  drawingH  of  the  dctaiU  and  propeller  are  completed,  and  the  general  dnviags 
psnoillod.      In  the  third  year  the  boilcra  are  deaigned,  and  drawings  made  showioi 
the  diipoflilion  of  the  pipes  and  auxiliary  engines.      The  general  drawings  are  eon- 
pleted,  the  whole  design  being  represented  by  a  set  of  about  SO  drawings. 
The  pnteticnl  tnun'mR  ol  «ludenU  both  in  naval  arehiteotare  and  in  nnglnwriai 
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t&kfis  place  in  the  dockjurds  before  entering  the  DoUego  and  daring  the  three 
timer  moutha  in  which  the  College  is  closed.   This  is  a  point  of  great  impartaii{}?, 

If,  qoite  irre!)i>eotive]y  ol  tho  absolute  acccsEity  of  such  trahiinK  tor  itfl  own  sake, 
no  theoretical  coorsa  can  be  thoroughly  understood  without  eome  preliminary  know- 
ledge of  a  practical  kind.  A  college  workshop  is  a  very  imperfect  Hubatitatc,  and 
nccnpicfi  time  which  In  better  spent  elsewhere.  The  author,  howerer,  must  not  be 
imderstoDil  ta  depreciate  tbo  ImportaDoc  ol  a  "  mechanical  laboratory,"  provided 
with  testtug  machiiiea.  hydraulic  apparatus,  atcani  engine)^,  and  the  like,  for  the 
parpoae  of  studying  mechanics  experimentally.  Koch  a  laboratory,  when  properly 
orgaoized,  in  raj^alilo  of  rcndertng  great  service,  but.  it  Ut  no  wny  rpjiliif-rji  training 
in  a  large  workshop  carrit-d  on  for  coniniereial  purposes.  Nor  are  thene  remarks 
int«nded  to  apply  to  the  low(>r  grades  of  technical  education,  in  which  the  workshop 
to  u  grHit  extent  playti  tlie  part  of  a  laboratory. 

In  the  autlior'a  opinion,  much  the  same  may  be  said  as  to  the  Qae  of  models  in 
leaching  nii-chonics.  An  engineer  does  not  nve  models ;  he  employe*  drawings  almatl 
exclusively ;  and  so,  in  the  inatraoUon  of  profeasioaul  utudetits,  models  are  not  neoea- 
dary  for  deaoriptive  parpooca.  Nor  should  they  be  used  to  demonstrate  tlie  lawn  of 
motion.  But  in  explaining  a  mechanical  principle,  a  model  is  sometimes  of  service ; 
it  plays  the  aarac  part  as  the  Ggorc  in  a  proposition  of  Euclid  in  aiding  the  conc«p- 
lion  of  the  learner.  And,  as  before,  in  the  lower  grades  of  technical  education, 
modcU  may  properly  be  used  for  demonHtrative  purposes,  while,  in  the  case  of  non- 
profeasional  students,  they  are  often  indispcnHable  for  descriptive  parjiosee.  In 
the  "  steam  "  department  of  tlie  Royal  Naval  College,  organized  for  the  purpose  of 
imparting  to  the  rxocntive  ofliecrs  of  the  navy  a  knowledge  of  the  menhaniiim  and 
working  of  a  marine  engine.  modolH  arc  freely  used  in  this  way.  On  the  subject  of 
teclmical  education  in  naval  architecture  Uie  reader  is  referred  to  two  valuable 
papers  by  Mr.  John  and  (the  late)  Mr.  W.  Denny  in  the  TramnrfU»ixo/thf.  Intiitudon 
(^fNaitU  JrvAiV<-ef«,tbe  first  in  ?ol.  xlx.,  page  ISO;  the  second  invo],  xxii.,page  144. 

■  NoTH. — Somf  ffitittif^»  hatY  rvcc/i/Zi/ (1880)  ft«a  iuh-vdnctd  in  fhiit  cournt,  hut  not 
'heitt^f  ait  yet  pctmauent/i/  enlaftlUheii,  it  Iwi  nol  fxm  thouf/fit   nftfimary  lo  uoliee 
ihera. 
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APPENDIX. 

a— ADDITIONAL  NOTES. 
{AdtM  on  rrprirUittff  tki*  tevrk  in  Dertmber,  lflS9.) 


I.— CRUSHING  BV  BENDING. 
(Ch.  XIV.,  Paoes  S09-3S}.) 

S*tler'a  Formuia  [l*agfi  B14}.— The  simplest  vay  of  proving  these  fonnuln  i«  to 
UBume  the  ourvc  In  which  the  pillar  beuds  to  be  a  mirve  of  nineii,  and  itaeD  to 
Bhov  that  the  ecction&l  area  is  constant,  a  process  which  is  the  oooTene  q(  that 
given  in  the  Appendix  [pa^e  &17).  ft  is  worth  remarking  that  the  coefficient  of 
elasticitj-  of  flexion  employed  in  tlieni  is  not,  strictlyspeaking.  Young's  modalns  {K\ 
but  K-/t  where  p  'm  the  intensity  of  the  stress  on  the  croHs  Motion.  Thiti,  though 
(heoretioall)-  interesting,  is  of  no  importance  in  practice,  becaose  of  the  exti 
sroaUness  of  tht  ratio  p/E  in  nil  practical  esses. 

In  a  paper  pablished  in  tbo  Procvdings  of  the  Camhridye  PhUosophit^  Soci4 
vol.  iv.,  part  ii.,  Oueenhill  has  detorminod  the  greuteiit  height  of  a  vortieaJ 
which  Ih  consistent  with  stabiUlf,  that  iH,  the  greatest  length  of  pole  of 
diameter  which  will  ^tand  opriglit  withont  bending  over  laterally  at  tbe  t 
Let  X  =  ICjto  be  the  l<>ngth  due  to  a  i^trens  JH  for  a  given  material,  E  being  as  i 
Young's  modulus,    'f  hia  method  of  nteasnring  a  stress  is  explained  on  ] 
Then  for  a  pole  of  uniform  transverse  section  of  radius  a  the  greatest  height  is  giv 
by  the  simple  formoJa 

in  which  all  the  (juantitics  are  given  in  the  same  units.  For  a  pole  of  radios  a  at 
the  base  diminishing  in  section  uniformly  to  7cro  at  the  summit  .<>o  that  the 
longitudinal  section  is  triangular  the  same  formula  servos,  but  the  co-efTieient  is 
^T-li:).  or  1-117  instead  of  l  -2r>.  For  a  pole  of  pinevood  (T  diameter  at  the  base  Lbs 
neatest  height  is  about  Wi  (cci  in  the  first  case  and  140  in  the  second.  The  atr—S 
(ir/t]  on  the  tranitverse  aoctiou  at  tbe  base  must,  as  appears  from  what  is  said  in  the 
text,  be  much  less  than  the  crashing  stress  (/)  of  tbe  material,  a  condition  which 
would  generally  be  tiatisBtnl.  Tliese  formubn  are  of  conKiderable  theon 
intcrctt  and  are  applied  in  tho  paper  cited  to  questions  relattug  tu  the  gron 
trees :  it  must  lie  remembered,  however,  tliat  the  effect  of  wind  prvssiira  { 
nefllected.  a  circumst&noo  which  limits  considerably  Ihpir  practical  applioation. 
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I  ChBftpM  qf  FtibU.—ii.  (onnala,  correspoDilinB  to  Euler's  formula  (or  pillara,  tuu 

been  obtaioed  for  the  collapae  of  a  flae  of  aolimitod  length,  by  Lrvt  and  nAt.fiip.N'. 

I  his  (ormtUa  as  qnot«d  by  Oheskiull  in  a  letter  whinh  vil1  be  found  in  th«  fitt'jiitm- 
V  Feb.  IBW  u 
her 


rbere  t  is  the  thiokzieas,  a  the  radiaa,  both  r6cko>ned  in  inches,  while  E  as  usual  is 
Voang's  moduluti,  and  p  the  oollapsiny  pressara.  The  corresponding  form  of 
Oordon'fl  lormnU  dedooed  u  on  pago  318  will  be 
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'  tbouretioa) "  value  of  the  conBtant  e  is 

This  formala  may  be  expected,  with  suitable  valaea  of  the  constants,  to  givt  the 
preuare  of  a  flue,  the  length  of  vhich  iB  bo  great  as  to  have  no  ficnaible 
oo  it«  strength.     In  short  leoKtbs  the  Birongtb  is  greater,  as  dcsoribed  on 
pai;eS*21. 


n.  BSEARING  AND  TORSION. 
Cn.  XT.,  Paokh  &0O-370.    Api-kxihx,  I'amk  u18. 


7'omon  o/Sha/tM,~lt  may  be  worth  while  Co  add  to  the  remarks  made  in  the 
Appendix  that  the  moment  of  resiittancc  of  a  shaft  at  roclonKular  iiCDtlon  was  oft«n 
und,  prior  to  St.  VKKA>rr's  researches,  by  a  formula  due  to  CArniiv  which  haRb«en 
lOted  in  some  of  the  older  standard  treatises  on  strength  of  roatcHuls.      The 
ula  in  question  is 

whore  h  and  d  are  the  sjdss  ot  the  section. 
Aa  determined  by  this  formula  the  ratio  ot  strengths  of  a  reotangnlar  section  and 


a  oiroalar  section  of  the  aamo  area  \s  .635.1 


where  N  is  the  ratio  of  the  sides, 


a  result  which  diffcra  from  the  truth  chiefly  in  the  constant  factor  which,  as  deter- 
mined by  St.  VsMAXT,  is  ''.HH,  the  value  given  on  page  'Ml.  This  formula  therefore 
gires  results  which  are  about  11  per  cent,  too  lante- 

Cejitri/ui/rtl  iVhiHinij  of  Sh^/ti. — On  referring  to  page  299  it  will  be  t»en  tliat  the 
defleetion  produced  by  a  load  A'  placed  at  the  centre  A  [Fig.  128)  of  a  lieam  of 
oniform  section  is 

Bof^ose  now  a  weight  W  fixed  at  the  centre  of  a  rotating  shaft,  tlicrc  will  be 
a  centrifugal  force  due  to  this  weight  whenever  a  detleetion  is  produced  by  it  in  «aeb 
a  way  that  the  weight  rotates  in  a  circle.  This  centrifugal  force  on  referenoe  to 
pages  fiSS,  254  will  be  found  to  be  given  by 


R^W. 


36,2:k; 
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when  It  ui  the  nambet  ol  revolutions  per  minote.    On  sabiiitotioo  we  obuis  i 
eqaatton  for  n,  all  dimtuisiona  being  givon  in  IncbH. 


'VS- 


P        T* 


If  n  be  (TTCftter  than  this  limit  tho  shaft  will  bcinnnnmrtablecomUtton  lilteili 
|iiUar,  beiug  liable  to  "  ccntrifoj^al  whirling."  When  the  woi^ht  H*  i«  distriV 
lik'n  the  weight  of  t)ic  shaft  itself,  instead  of  bciuj^  concentrated  in  the  centntbt 
liniiting  mirnbor  of  roToIutious  ie  Krc-otcr  and  is  foond  b^  the  solution  of  a  differenli*! 
diuatioii.  The  general  theory-  ia  gt%-en  by  Rvnkixe  in  his  MUltcwh  and  JVorAiV'y- 
Centrifugal  whirling  is  one  of  many  things  which  have  to  be  considered  in  maehinM 
ninoing  at  cxoessire  speed.    In  ordinary  coses  the  limiting  speed  is  not  approaebid. 

Thruri  atul  Tomlon. — When  it  is  a  question  of  strength  only  this  case  isdeahviik 
on  the  prineiplfs  cxpUuacd  m  Chapter  XVII.  Ghecnhill  has,  however,  poinlrf 
oot  tliat,  if  the  unsupported  length  of  the  shaft  be  too  great,  it  is  neccasuy  b)  wn- 
sidec  its  Mtability.  Let  /'  be  the  end  tlinist  on  the  shaft  T  the  twisting  mooMid, 
tlieu  tliB  greatoat  unaupporied  length  consistiml  with  slabilitx  is  given  bf  ibe 
formula 

«*. 
f» 

Let  }'^  be  the  greatest  load  which  by  Euler's  tommla  this  length. of  shaft  mmii) 
oarr>  considered  as  ft  pillar,  and  let  7,  bo  the  greatest  twisting  moment  eonsistnit 
with  strength,  /  being  the  co-efilcient  of  resistance  to  twisting,  tlieii  the  formula  m»y 
be  written,  supposing  d  the  diameter 

or  using  p^  p  to  represent  the  stress  per  square  inch  of  section. 

hs/}E  is  neoessarily  a  very  small  finction  and  TjTt  ifl  fmotionai  tbta  thmwl 
there  can  be  ver;  little  di(Tfn>nce  between  p  and  p^  so  that  Doless  theM  < 
themselves  be  Bmall,  that  U  the  unsupported  length  of  the  i>buft  very  , 
In-isting  makes  no  sensible  dilTcrenco  in  the  stability  of  the  shaft.    The  tor 
thoTcfore,  io  ordinary  cases,  though  theoretically  interesting,  is  not  of  pn 
value.     It  will  be  found  with   numerical  appHcntionB  in  a  paper  read  by  ] 
Grcenhill  before  the  /ngtilution  qf  Mechanical  Enifineer$  in  IftSS. 

Maximum  Shearing}  StrtM  on  the  TVommtm  Stdiou  iff  a  Ueam  (Art.  188,  pa^ 
331) — In  the  first  edition  of  this  work  it  was  inadvertently  stated  that  the  shMrnj 
stress  in  thifi  case  is  always  greatest  at  the  neutral  snrfnoc  of  the  beam.  A  won 
general  investigation  is  given  by  Rankivk  (A.  M.,  page  ii40).  and  also  by  Al 
nnd  TnoMrtmN  in  their  treatise  on  Mechanics. 


.V.^. 


in.— STUENOTH  OF  MATEIILVLS. 


(Ca.  XVIU.,  pA<tS8  371-899.    A.i>rBM>»,  Paobh  6Jl-d».) 

BtoMtu-  Strentjtk.^'VXw  following  resnlts  oblaincd  in  the  Laboratory  of  Univcrfiiiy 
College,  by  experitnento  oa  tbo  stretchinK  of  wrought  iron  aud  soft  sIcc!  under  thu 
direction  of  I'rofessor  Keoocdy,  may  probably  be  considered  as  representative,  agree- 
ing, as  they  apiKor  to  do,  with  various  cxpcrimcuts  made  by  others. 

(1)  Irregularities  (pu^  874]  may  be  eliminated  by  a  preliiniuary  load  mooli 

below  the  elastie  gtrength. 

(2)  Increments  of  extannion  are  conittatiC  np  to  abont  'Sfi  x  Stnsfl  at  the  break- 

ing down  point. 

(3)  A  sharply  defined  "  breaking  down  point  '*  exiHts,  at  which  a  conaidcrmble 
BKlension  tokos  place  suddenly  without  incrcoaod  stroas.  The  correspond- 
ing Btress  appears  to  range  from  -5  to  ■?  in  iron,  and  to  average  '6  in  solt 
8teoI(  ot  the  ultimate  tenacity. 

(4)  After  ihe  breaking  down  point  th«t7o>^  incrooseti  to  a  maximum  value  up  to 
which  the  contmction  h  general  throughout  the  bar. 

(5)  After  a  oerlaic  maximum  load  has  been  applied  local  coDtraotion  begins  at 
one  or  mom  points  of  local  weakoess  and  continues  till  rapture  occurs. 


I  These  results  suggest  a  few  remarks  on  elastic  strength  and  on  some  other  points 
of  importance  in  strength  of  materials. 

The  sudden  drawing  out  wlitob  oecurs  at  a  certain  point  is  characteristic  of 
wrought  iron  and  soft  Btcel.  The  point  doscribed  above  as  the  '*  breaking  down 
point "  has  received  various  other  names,  such  as  the  "  yield  point,"  the  *■  limit  of 
stability,"  of  which  we  shall  adopt  the  lo^t.  It  may  be  raised  as  described  in  the 
text  (page  878),  and  Unwun  has  suggested  with  great  probatiiUty  ( TtJiting  of  MtUtriaU, 
page  G6)  that  it  is  a  purely  artillciol  limit  oroated  by  Uio  process  of  manufacture. 
When  n  bar  of  iron  'm  atrctuhcd  to  breaking  in  the  workshop  wltboat  reoourse  tu 
delicate  measuring  apporalos  it  is  the  apparent  limit  ol  elasticity,  being  well  marked 
by  the  falling  off  ut  scale  aud  by  an  obvious  extension  accompanied  by  lateral  con* 
traction.  In  bur  iron  of  good  quality  this  "  luuit  ol  Bt&bility  "  ia  gunorvlly  from  15 
to  17  tons  per  aq.  iueh. 

At  a  stress  of  about  '8i>  per  cent,  of  the  stress  correvponding  to  the  limit  of 
atability,  that  is  in  bar  iron  at  from  12)  to  14^  tons  per  stjoare  inch,  we  reach  a 
point  which  has  boon  described  as  the  "limit  o(  proportionality"  at  which  the 
elongatioQg  cease  to  be  proportional  to  the  load.  This  is  tbo  limit  of  clostioity  as 
determined  by  accurate  moaBurcmout  in  a  bar  which  has  already  been  exposed  to  a 
moderate  load  to  eliminate  irrcguloritioa.  The  Umit  usually  given  by  tlte  older 
experiments,  snch  as  tbo  one  given  in  the  text,  was  much  less,  being  al>out  10  tons 
per  sq.  inch,  a  result  perhaps  due  to  tebting  the  bar  vpjthout  a  preliminary  elimina- 
tion of  irregularitioii,  and  this  circumstance  suggests  what  is  no  doabt  the  fact  that 
Uiis  limit  is  artificial  &a  well  as  the  limit  of  stability  depending  lo  a  great  extent  on 
Uie  treatment  undergone  by  the  bar  during  manolMtaie  and  aftenvards. 

It  is  thus  clear  that  so  long  as  we  confine  DUTBelres  to  simple  stretching,  no 
point  can  bo  detiuud  as  the  true  limit  of  elaslloity  of  the  material,  and  this  diUi- 
colty  of  dcfmition  has  been  encountered  by  all  experimenlalistt.    Prior  to  Wuiujca's 
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exp«riniaDts,  IUxkinb  (A.  M.,  page  274)  dufiiied  Proof  Strength  ma  llur  marimmn 
loftd  which  does  oot  produce  an  iturvauit  set  hy  cvjiealed  applicaliaa.  A  ofttonl 
extonaioo  oi  this  iu  to  aou&idcr  the  TCfilst&nce  to  unlimited  oitertMte  Btrea  w 
fumiahin^  the  true  limit  of  elasticity,  a  view  adopted  in  the  t«xt  (iiagp  SKtt.  Tlui 
view  is  sLrougljr  couiirmed  by  th«  rcmark&ble  ezpeiinients  of  BArKciuHuKft,  ta 
Booount  of  whioh  will  be  found  in  Professor  Cnwin's  work  cit«d  above.  fiAciaaMa 
sbowt  that  a  stress  beyond  the  elastic  limit  in  t«osion  lowers  the  limit  in  eon- 
pression,  and  conversoly.  Alternate  experimente  thits  lower  the  limit  to  a  poiat 
near  that  obtained  by  "W^msa^i  exp«riuitinta.  Hence  experimentu  on  unUlBild 
alternate  streas  may  be  regarded  as  givi[i(j  the  tme  elastic  ntrenRth.  Some  of  Umv 
results  ore  given  in  the  text ;  tbcy  are  here  rcqpeated  with  additiona  takm  bm 
Professor  Unwin'ti  work.  They  are  applicable  to  all  caaea  of  lenrioo.  oompiewM 
and  bending.    For  shearing  and  torsion  aee  p.  890. 

TacE  Elastic  StSBXo'ra. 


lUrKBUL. 

xo9tHrxaaQ.iK. 

UATXMtUt. 

- 
TONS  fSB  ilk.  ac 

Platn  Iron, 
Bar  Iron, 

7 

9 

Solt  Steel. 
Cast  Stool, 
Copper, 

m 

Much  gruutor  values  of  tlie  elastic  strength  nuiy  be  ohtatnetl  as  stated  above  (vc 
also  p.  :t8t),  but  they  arc  otily  relialilu  for  eome  special  mwlu  of  loiuling  or  sone 
special  trcatnuuit  of  the  uiatcrinl.  Unfortunately  experiments  oo  unlimit«(l  alter 
uute  Htreifs  RFC  todinns  to  make  :  WMtii.KR'H  resnlts  have  been  fully  confirmed  by 
others,  but  until  such  experinituits  liiive  been  made  du  a  much  greater  variety  d 
innterialsinmauy  diffuruiitways  many  inipurtaiitquestionson strength  of  matcriak 
will  remain  unsettled. 

Maximum  Loatl, — Retuniing  to  tbe  results  given  at  the  oommenoenient  oF  thU 
nrticle,   it  will   b«  seen  that  tbu  load  increases  to  a  uiaximimi   and  afterwardl 
dioiirisboB,  a   fact  linit  ulutcrvcd  by  ADAMiUiN  in  IBTtJ.      11iis  marks  the  point 
wbiwre  local  cuiitrautiou  bugina.    Us  win  lias  suggested  {TtMiwj  t^/'  Maifrial*,  p.  671 
tliat  this  gives  the  stress  at  which  the  metal  ceaaes  to  acquire  increaaod  hanloes^ 
(page  378)  while  sulTering  ilcfonnatiuu,  and  bchu\c«  nearly  sa  a  perfectly  plasti«^| 
biKly  (page  373).     He  proposes  therefore  to  call  this  point   the  "limit   of  jjas-™ 
ticity."     l>n  this  supposition  the  ilrnwing  out  of  the  bar  under  a  diminishing  load, 
after  passing  this  i^oiot,  lakea  place  under  a  nearly  constant  mean  atreac,  tvptnre 
occurring  from  irregularity  of  distribution,  or  from  some  accidental  ctrcumataaet. 

This  is  tbo  principal  reason  why  the  ratio  of  the  breaking  loail  to  the  contracted 
area  is  not  the  ''  true  tenacity  "  of  the  metaL 

Work  done  i»  Stretrhiuff. — If  r  be  the  ratio  of  the  stress  at  the  "limil 

stability  "  to  the  ultimate  tenacity,  If'  the  total  breaking  load,  x  the  oltiinate  i 
tensioDt  tbo  work  dune  in  sLretcbing  till  rupture  occurs  is  found  to  be  appntxinuUe 

This  foiuiDla  Is  given  by  Kkn MUiY  (/Voc.  /.  C.  £.,  vul.  bdx.,  page  30],  the  Fairlar 
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(r+2J/3  being  dn-ived  by  sappoeing  the  curve  of  itress  and  simia  after  paasing 
the  "  Lniit  of  ntabUity  "  to  bv  parabulic.  Ticking  r=  -6  for  soft  steel,  he  finihi  the 
work  Jooe  in  tnuing  usunder  a  flpecimca  of  kngth  —  10  diameters  to  be  5'5  to  t>'3 
luch  tons  per  cubic  inch.  Od  occottut  of  local  contraction,  the  doformatioa  of  th« 
jDutol  is  of  coarie  very  uDcquaUy  dintributeil  ;  in  oompreMioa  of  the  iliort  block 
ibed  in  tbo  text  (p.  379)  the  trotk  done  in  31  '7  inch  tone  per  cubic  inch.  It 
thii  experiuMot  vrbich  given  the  biiut  at>tfo]ut«  te»t  of  enduranoe  of  a  material. 


Comprtuimu— The  bulging  which  occurs  when  a  nbort  Muck  of  ductile  niaturtal 
oompreasod  u  due  to  the  instubility  of  a  cylindricul  How  of  tlie  metal,  aiid 
would  probably  occur  even  ii  there  were  uo  friction  between  the  block  and  the 
citniprcwing  surfaces.  Fracture  twcurs  by  lateral  l^ariu^  aaunder  along  longi- 
tudinal cracks  when  the  height  ia  snukU.  When  of  greater  height,  the  block 
crushes  by  Intei-al  liending.  In  wrought  iron  the  ratio  of  length  to  diameter  at 
which  lateral  bending  conuncnoeB  ia  about  3  and  the  cM>rreHponding  crashing 
itrcM  ia  36,000  lbs.  persq.  incli,  remaining  indepcudvnt  of  the  Eeugth  until  the 
ratio  reaches  about  one-third  of  the  liuiitlag  values  given  in  the  text  (page  317)i 
after  which  the  length  beginii  to  infiucncu  the  crushtDg  load  m  desoribed  in  the 
chapter  cite^l  (C'b.  XIV.). 

In  rigid  materials  (p.  383)  crushing  takes  place  either  by  oblique  shearing  or 
by  longitudinal  cracks.  Unwi>-  (Tt'ttititj  of  Maicriaiji,  page  419)  tiudti  that  the 
mode  of  cruabing  and  the  rcsistaQCO  to  crushing  are  much  inBncnccd  by  the 
nintoriiil  on  which  the  Bpeoimen  rests.  When  bedded  on  a  soft  niatirrial,  the 
laterml  floor  of  thi»  material  snpplies  by  friction  a  transverse  force  on  the  base  of 
the  Bpecimcu.  in  comtucjucuco  of  wbiob  Lt  crusliea  by  longitudinal  cracks  at  a 
smaller  load  thiui  if  the  l>ed  were  hard,  in  which  case  oblique  sbc;irliig  occurs. 
I  This  is  a  highly  ioteroating  Db9cn>'ation,  but  it  would  be  premature  to  say  that  all 
!      cases  of  cnishtiig  by  lotgitudinal  crucks  cnn  be  explained  in  this  way, 

^^P   Priticijitt  t^f  Sitiiititttdt. — The  idea  that  in  similar  pieces  of    material  under 

P      similar  forces  similarly  appUcd  the  load  necessary  to  prtxluce  similar  duforma- 

il       tions  must  be  proportional  to  the  sectional  area  of  the  jiioccs,  is  one  whtcli  was 

'l       the  foundation  of  moet  of  the  fornmlH-  relating  to  strength  nf  matariAla  orlgi* 

uaily  employed  by  engtnecrH  and  givcu  in  the  uhlcr  staudant  treatises  on  the 

subject.     There  can  be  little  doubt  tbut  this  law  is  uuivvruilly  true,  and  indeed 

it  amounts  to  little  more  than  a  defiuttioii  ul  siinilar  materials.     Oue  case  of  this 

law  is  well  known  oa  having  )>een  approximately  verified  l>y  the  experiments  of 

Uarda  and  others  on  stretching  of  Himilar  specimens  of  difTerent  dimenaiona.     A 

number  uf  other  examples  of  the  application  of  tbo  law  will  he  found  in  a  small 

treatise  by  Professor  Kick  {,Da«  OeM/z  ihr  PrGj/orfioimfea    WifUitUinde^  Leipzig, 

\       1885).     Any  deviations   from    this  law   should   be   due  simply   to   dilTeronoc   in 

quality  of  material  and  mode  of  manufacture  between  small  pieces  and  large  ones. 

In  framing  B6mi  empirical   formula'   for  cases  in  which  exact  fonnuhe  are  inap- 

'        pUcable  this  law  should  be  borne  in  mind.     Thue  in  the  caae  of  pillars  the  formolic 

proposed  by  Hodgktnson  do  not  satisFy  the  law,  and  for  tliis  reason  alunu  tihould 

I       be  rejocted  in  favour  of  the  Gordon  formula,  which  docs  satisfy  it. 

Faclora  of  Saj't^ry.—Aa  remarked  iu  the  text  t[iiigcs  31)2  394)  the  principle  of  a 
voostant  factor  of  safety  is  in  many  cases  open  to  question.  In  a  paper  contained 
iu  the  7^>tsar/ioru  of  lAt  hutiintion  of  Naval  Atvhiteets  (vol.  xxix.)  the  Inte 
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cugine«r-in-chiof  of  the  tuvy  (Mr.  Senuett)  propoaee  to  Allow  a  coustout  mafgm  of  1 
•uffty  iu  the  aue  of  mariiiti  boilers  at  high  pressare  instead  of  a  conatoBt^cfor,  i 
aiid  ]ii8  ricw6  were  cnduriit:*.!,  in  tbts  discUMJon  irlucb  foUow^  the  reading  of  tlm 
paper,  by  Mr.  A.  C-  Kirk  mid  Mr.  Miwittliull.     ThccircumstaocesoQ  which  factors  I 
of  snfaty  depend  Are  explained  in  the  text,  and  it  uecd  ouly  be  repeated  that  ^ 
though  theoretiisil  rtuuuoiug  and  laburutory  cxpuritiiunta   m»y  furiiiHli  valuable 
indication!!  at  the  diroction  iu  which  to  move,  yet  any  Bt(.>pa  iu  the  direction  of 
lower  factors  of  safety  aliould   he  very  gradual,  and  only  taken  by  thuae  who 
possess  the   widest   kuowledge   and    the   greatost   eKi)erience   uf  nearly   similar 
CABM.      It  is  impoBsilde  a  priori  to   foresee  all  the  airoumstancos   which    DJay 
influenoe  the  ueoessary  margin  of  safety. 

ti^creMfjt. — For  further  recent  iuformatfon  on  strength  of  nuteriAls  and  vanooa 

(jucations  in  the  theory  uf  structun-s  the  reader  iti  referred  amougst  other  works  to 

Unwin  :    The  TMtintj  of  MaUriaie  of  CunetrMCtioH.     LoogtAAO.      IttttS. 

FlDLsa:  A  Practical  Treatin  oh  Hi-idgt  Cotiatmetion.     Griffin.     1887. 


lY.— THEOBV    OF    MACIUNES. 
(Ch6.  IV.— XI.) 


it 


Wedgt  Chain, — Among  the  kjneniatiu  chains,  iorolving  lower  pairing  ouly,  should  I 
have  been  iuoludeil  a  thn-o-linlEod  chain  of  three   sliding  jtairs,   which  may  ba] 
described  &u  the  "  wedge  chain.^'     Only  ono  meohouisui  can  be  obtained  from  this  . 
chain.     It  is  souctiines  employed  to  obtain  a  sliding  motion  in  a  given  dfzooCJoo 
from  A  difleroot  sliding  motion  at  8omt>  tUslaut  point. 

CeniT-odt.^ln  the  Brst  edition  of  thiit  work  this  word  was  spelt  "  oentroid,"  but 
this  tetni  is  now  employed  by  various  wi  iters  for  the  centre  of  moss  of  a  body,  and 
the  spelling  "  ccntrodc  "  app««ra  preferable. 

Inertia  f>/ Jtecipromting  Path  (Page  212).— In  considering  the  effect  of  a  coin 
nocting  rod  on  the  inertia  of  the  reciprocating  parts  of  an  engine,  tho  best  method 
to  adopt  seems  to  be  to  divide  the  weight  of  the  rod  into  two  parts,  ono  placed  at 
the  oroM  head  »o  as  to  mo%*o  with  the  piston,  and  tlic  other  placed  at  the  erank 
pin  so  as  to  mo\'c  with  the  crank  *,  the  division  bein^  »o  made  that  the  two  weights 
have  the  same  centre  of  gravity  aa  tho  original  rod,  The  fintl  alone  in  to  be  conHidered 
as  one  of  tho  rociprocaling  parts.  For  it  is  clear  that  the  energy  of  translation  of 
tho  two  weightit  is  the  iMnc  as  that  of  the  original  rod,  and  therefore  requires  the 
same  forces  to  chango  it.  The  energy  of  rotation  is  ij^eatcr,  bocanse  tho  radius  of 
gyration  of  the  two  weights  ia  necoasaTily  greater  tbon  that  of  the  rod,  but  the 
error  due  to  this  must  be  very  small,  and  is  zero  at  the  ends  of  the  stroke  whete 
(he  ooiTootion  doe  to  iuortia  is  most  important. 

PrictioH  <if  iJrarin^f.— The  latest  experiments  on  this  subject  oonclusivelj  show 
that  bearings  may  bo  bo  folly  lubricated  that  their  friotiou  becomes  independent  olJ 
the  pressure.  The  theory  uf  fully  lubricated  bearings  has  been  studied  by  OsbohmsI 
Rbtnolcs  in  n  paper  published  in  tho  Philofophicai  Truruacttout,  and  found  to ' 
agree  well  with  the  eiporimeols.  In  recent  experiments  on  the  friction  of  etwrn^ 
endues  the  friction  baa  been  found  to  he  nearly  independent  of  the  load. 


* 
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Ifgitamomtien. — The  forna  uf  dynamometer  bhown  to  Fig.  4,  t'Uie  VII.,  is  one 
which  has  been  much  umplojcd.  but  it  has  been  recently  shown  that  the  "  com- 
pensating leverg"  uued  may  give  fine  to  MiiouB  ontini,  and  it  is  therefore  probable 
thai  it  will  not  again  he  u»«d  in  accurate  wurk.  It  bus  thernforo  b«cn  thought 
unneoessaTy  to  reprint  the  desctiptioa  given  in  thu  Apiiendix  of  the  first,  edition. 

'    integrating  Appara/iu. — This  subjuet  haa  been  fxhuustivcly  Btudtod  by  Hklc 
Siuw  in  a  valunbld  paper  pabLiahed  in  tbo  Proetedtnys  of  tht  /tuUUvliou  of  Civil 
titffmetrs  (vol.  Ixxxii.). 

R^trau:^ — ^For  fnrther  inforniAtion  on  snbjeoiB  oonneeted  with  the  Tfaory  t^f 
Machines  the  reader  ii  referred  to 

Kmnstxvx  :  Jltehanica  <(/"  Jiachincrjf.    Maemlllan.     1686. 


v.— HYDKAULICS. 
(Ob.  XIX..  PaoB8  406-438.      Ai>pkmdix,  Paobb  632-634.) 

hatyc  from  Or{flcti. — Soem  oarefol  experim<sits  have  been  made  by  Mr. 

If/VwMf/Hiya  of  ihf  /ruaUtUum  nfdvit  Etigin£er9,  vol  Ixxxiv.),  from  which  it 

appears  that  very  ftiigbt  variations  in  sharpness  of  the  edges  of  an  orifioe  will 

prodoeo  considorablo  effects  on  the  co-eOloiont  of  dischorgo :  the  sharper  the  edge 

the  lower  the  cocfiloient,  and  a  coefficient  as  low  as  *COu  was  thuit  obtained.     Thin 

is  probably  dne  to  variations  in  the  co-cOicient  of  contraction.     Change  of  tem> 

peratnre  has  Utile  or  uu  liiBaeiioe  on  the  discharge  from  an  orifioe  in  a  thin  plate. 

In  the  case  of  largo  oriflocs,  tbo  plane  of  which  is  vertical,  the  centre  of  gmvity  of 

the  ii;»imi^'  fluid  was  dceoribed  as  tbo  "  centre  of  flow  "  in  the  first  edition  of  this 

work.     This  term  has  now  been  replaced  by  "centre  of  energy."  which  appears 

preferable.    In  hia  Civii  tCttyiMering  (2nd  edition,  page  r>81),  Rjlmoke  measurei  the 

liL'ad  to  the  puiuL  wbutu  the  mean  velocity  occurs,  which  ia  somewhat  ahmx  the 

^centre  of  the  oriticD,  and  might  properly  bo  described  as  tho  "  centre  of  flow,"  but 

bis  mode  of  measarcincnt  does  not  appear  to  the  author  to  be  aocurale. 

Hvr/aet  Friction.— The  formula  given  in  the  Appendix  (page  524)  tor  the  loss  of 
head  in  a  pipe  has  been  very  thoroughly  compared  with  exporimeut  by  Uywix,  who 
finds  Uiat  tho  index  of  d,  the  diameter  of  tho  pipe,  is  not  cxjiotly  3  -  ii,  but  requires 
to  be  independently  dotennlned.  His  results  are  given  in  detail  in  a  valuable  series 
of  papers  published  in  Indmtries  for  the  year  lU8tl.  In  other  resp«ots  the  formula 
appears  to  be  verified.  For  practical  purposes  it  seems  best  to  retain  the  ordinary 
formula  given  in  the  text,  and  employ  a  ralue  of  4  /  derived  from  a  table  for  any 
particular  case  tor  which  exact  rosnlts  arc  required.  Such  a  toblo  is  given  in  the 
paper  cited ;  the  value  (-03)  of  4/  employed  in  the  text  may  be  considered  as  a  (air 
average,  but  it  is  aubject  to  great  variations.  In  largo  pipes  in  good  condition  It 
I      may  be  much  less. 

^B  It  has  now  been  conclusively  proved  fay  the  experiments  of  M^rB,  Uvwtx.  and 
^Hlihcrs,  that  surface  friction  is  very  considerably  influenced  by  temperature,  the 
^^■Bo-efliotent  being  smaller  by  about  1  per  cenL  for  each  5"  F.  that  Uii;  lemperatmv 
^''riscs.  6omo  partioolars  on  this  point  will  be  found  io  SlUui'b  paper  already 
dCcd.    The  result*  given  in  the  table  (page  418)  mntt  be  token  with  this  ijualilica- 
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tion,  aod  no  oskct  comptriBon  oaa  bo  mode  between  vsriouH  exp«rixaenttf  on  the 
diaofaargo  of  pipes  without  pajring  regard  to  tfaa  temperature  at  which  the  vxjfni' 
menta  were  made. 

AoeordiuK  lo  the  reiuonint;  given  on  page  4S0,  hydraulic  resitttuice  in  a  fluid  com- 
pletely devoid  of  nsco&tty  ebould  vary  aa  the  equaro  of  the  velooity,  and  sbonld 
dopead  on  temperature  only  go  (ar  at;  U>iu]ierature  influences  density.  The  dimina- 
tion  of  Urn  index  in  tbo  case  of  surface  friction  hiw  long  been  known,  nnd  in  doe 
probably  to  the  sanie  caiuc  which  makes  the  friction  of  a  long  snrfaoe  different  frran 
that  of  a  .ihort  one.  The  effect  of  tBrnperatare  in  diminishing  sui-facc  friction  must 
be  com^ected  with  the  indirect  effect  of  viRCoeity  in  extinguishing  tbo  eddioa  pro- 
duced. Now  that  the  lawn  of  surface  friction  are  more  exactly  knonn,  it  may  be 
hoped  tliat  a  complete  theory  may  not  long  be  wanting. 


/ 


VI.— RESISTANCE  AND  PROPULSION. 
(Ghb.  XIX.,  XX.,  Paobh  431,  4m*7'2.    ArrBxpix,  Faok«  594,  535.) 


Tiui  importance  of  this  subject  is  so  great  that,  though  outside  the  intended 
limits  of  this  work.  Eome  additional  information  may  bo  useful.  What  follows,  how- 
ever, must  lie  considered  merely  an  a  few  brief  notea  which  would  requiro  expansKni 
into  two  or  throu  long  chapters  if  anything  like  a  full  statement  were  attempted, 

Frou'U'it  Pnacij>lc  o/:iimi(itudc.—lt  L  be  the  length  of  a  vessel  in  toot,  V  her  epcod 
in  koote.  and  we  write 

then  the  principle  established  by  Fnortiic  may  be  oonvenieutly  exproeoed  by  saying 
that  the  general  character  of  the  resiBtance  to  the  motion  of  a  vessel  through  tha 
water  depends  not  on  her  absolute  speed  but  ou  the  value  of  the  spetxl-CD-B^^CEnl  e. 
In  tho  text  (page  431)  the  symbol  A"  is  used  instead  of  c,  which  is  employed  haee  to 
avoid  confusion  with  the  co-cfllcient  K>  In  an  ordinary  merchant  steamer  c  ranges 
from  '6  to  -7.  This  may  be  described  as  a  moderate  speed,  and  the  resistance  is 
mainly  due  to  surface  friction  as  stated  in  the  text.  In  fast  mail  sieamera  c  ranges 
from  -7  to  1.  and  the  resistance,  speaking  very  roughly,  is  about  one-half  due  to  sor- 
face  friction  and  ouo-haU  due  to  other  causes,  especially  the  formation  of  waves. 
In  torpedo  boats  c  may  reach  2-2  or  even  more ;  this  is  on  euosive  speed,  and  (lie 
roHiotonce  is  here  duo  mainly  to  tlie  formation  of  waves. 

In  the  first  two  cases  the  resistance  may  be  expressed  to  a  fair  degree  of  approxi- 
mation by  taking,  for  values  of  c  »o(  Kcettding  unity 

K=all  +  i»c»), 

which  Is  equiMilent  lo  employing  a  sitnplified  form  of  Bocaoou'  formula  (page  fijttj 
The  value  of  A'  is  thus  exprosscd  in  lornis  of  two  constants  a  and  6.  Tho  Toloe  of 
a  may  be  token  as  *4  and  the  value  of  &  as  unity,  but  it  must  be  understood  thai 
those  values  are  only  roughly  approximate,  that  the  bottom  of  the  vedfiel  must  be 
supposed  clean,  and  that  only  the  resistance  of  the  bare  hull  is  included,  vithoQt 
reference  to  the  cflfcel  of  appendages  to  the  propelling  apparatns  or  other  ouues  ot 
inorcased  resistance.    The  resif<tance  given  by  this  furmuUi  is  also  too  ctnall  (1)  §ar 
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a  v«Mel  of  smaU  aixe  (tiay  less  than  100  fe«t  long),  (2)  for  a  vessel  of  sniall  draught 
of  vater  such  aa  b  employed  for  river  traffic,  because  the  effect  of  surfaoe  friction  is 
then  relatively  greater  than  is  Hupposcd  in  the  formula. 

For  values  of  r  which  approach  unity  or  cxceod  unity  the  roaistance  due  to  the 
formation  of  waves  predDminateii  otit  tberoBt.  It  follows  a  periodic  law  alterautoly 
inereafting  with  extreiiM  rapidity  and  then  for  a  time  nior«  slowly.  This  was  con- 
closivcly  proved  by  Fboui^e,  in  one  of  the  most  celebrated  of  his  papeiH,  to  be  due  to 
the  interference  of  two  independent  acts  of  waves,  one  generated  by  the  bow  of  the 
vessel  the  other  at  the  etem.  Hence  at  cxoesaiTe  speeds  no  formula  of  the  aiinple 
kind  just  given  will  bold  gaud.  Soefa  apaeda  always  reqaire  exeesaive  engine  power, 
and  therefore  can  only  be  employed  for  some  special  purpose.  If  the  vessel  have  a 
long  middle  body  the  effect  of  wave  interference  will  be  relatively  important  al 
oaaller  valuos  of  <-. 

If  the  value  of  c  be  the  same  in  similar  vessels  of  difTerent  dtroenaions.  the  speeds 
of  tha  Teesela  are  said  to  "correspond."  FiiomB'K  principle  of  oomparison  further 
asserts  that  at  oorreqwnding  speeds  the  resistances  of  the  two  vessels  will  be  in  pro- 
portion to  their  diitplaoements.  This  may  he  oonveniently  expressed  by  saying  that 
the  reaistance  in  lbs.  per  ton  of  displacoment  of  a  vessel  depends  not  on  hor 
abBolate  speed,  bnt  on  the  valnc  of  her  speed -oo-cfiiciont  r.  Thus  adopting  the 
formula  given  above,  the  rcei^ancG  of  a  vessel  in  lbs.  per  ton  is  about  S(l  +c*)r'. 

The  principle  docs  not  apply  exactly  to  surface  friction,  the  resistanct-  due  to 
which  is  relatively  greater  for  small  dimensions  of  vessel,  but  in  comparing  the 
resistance  of  a  vessel  with  that  of  a  model,  FuotDE  showed  how  to  introduce  a  our- 
Taction  which  would  allow  for  this,  and  hencn  the  reBistanoe  of  a  vessel  is  now 
determined  by  cxpcrimenU  made  <ju  a  model  of  that  vosael. 

The  registanoe  thus  obtained  or  roughly  estimated  as  above  is  the  nti  resistance 
of  the  vesael,  and  the  corresponding  horse-power  required  al  a  given  speed  is  the 
Effective  Uorsc  Power. 


I    Indicated  Potevr. — In  determining  the  indiealfd  power  we  may  make  use  of  the 
formula 

given  on  page  243,  which  connects  the  actual  mean  effective  pressure  (/*„,)  in  an 
engine  with  the  net  pressure  (/')  available  for  useful  work.  Thoconstaul  /'(.depends 
on  tho  "oonstanl"  engine  friction,  as  explained  in  Ihc  text,  being  generally  as  there 
lUted  about  S  lbs.  per  sq.  inch,  but»  of  courne,  subject  to  variation.  The  constant 
c  may  be  taken  so  as  to  include :  (1)  tho  augmentation  of  resistance  due  to  tho  pro- 
peller; (3)  the  variable  part  of  Uic  friction  of  tho  engines;  (8)  the  friction  of  the 
■crew  in  the  water.  Its  value  on  this  undenilanding  ranges  from  'S  to  1  when  thero 
is  DO  serious  deleot  in  design  or  condition  of  vorsoI  and  propeller.  An  average 
value  of  t  is  -7  for  well  designed  vessels  under  favourable  conditions. 

The  actual  mean  effective  pressure  is  fixed  by  the  t>'pe  of  engines  it  is  intended  to 
adopt,  hcnoe  the  tiet  pressure  is  found,  and  from  this  tho  necessary  dimensions  of 
cylinders  for  a  given  number  of  revolution!!.  The  revolutions  of  the  engines  ara 
found  from  the  pitch  and  slip  of  the  screw,  and  thus  tho  indicated  horse  power  ia 
determined.  Thi*  FEOjoioucy  of  Propulsion  iu  the  ratio  of  ufTective  to  indicated 
power,  which  at  fall  power  rarely  exceeds  '56  in  the  best  oxamples  and  is  often  only 
-4.  When  the  engines  are  not  working  up  to  their  full  power,  the  effect  of  the 
I  *■  constant "  engine  friction  iii  so  great  thai  the  L-lhclency  is  greatly  diminished. 
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ft^oH  n/"  Scrtteti.— It,  vas  poiuted  out  by  Fboodb  that  a  screw-blade  might  be 
regnidod  ai  a  body  movhiR  nearly  odRcwise  throoRh  the  water,  the  amall  an^Ifl  of 
obliquity,  wbioh  we  will  call  ^.  dcpeodinK  as  it  docs  on  the  t>lip,  being  doscribod  at 
the  "  alip-angte."      This  small  angle  does  not  exceed  10"  in  practical  cases. 

If  u  be  the  \'elocity  at  which  a  amall  element  ropreeealtng  a  portion  of  a  screw- 
bladu  muvc'b  thmujfh  the  water,  the  normal  presBuie  on  die  clement  is  known  to  be 
{when  ^  is  small)  a.^.u-  where  a  is  a  oo-efBoient.  The  tangsntlal  re«istanM  dua 
to  friotion  is/,  u*  approximately,  and  tho  ratio 

is  a  Hunall  angle  which,  as  in  tlic  frictiun  of  sarfaces,  may  be  described  as  the 
"  friction -angle  "  (page  332).    Proceeding  now.  as  on  page  327,  tho  elBctenoy  will  ^ 
found  to  be 

EffioieDoy=''°i'^> 

taD(ah^') 

the  oonnection  between  ^  and  0'  being  tsuch  that,  as  shown  aboT«.  ^  ^i  in  constant. 
\Mien  ^=^^1  the  oflioiency  is  greatest,  the  be^t  pitcli  angle  is  then  approximately 
■Uy,  and  the  value  of  the  maximnm  el^ciency  the  eatne  as  on  the  page  cited.  Thos 
the  friction  and  clhciency  of  screw  proi>ellers,  as  determined  by  Fiwude's  calcula- 
tion arc  govornod  by  laws  closely  analogous  to  those  which  refer  to  •&  ordinary 
screw  and  its  nut. 

Rt/err.wtjt. — For  further  information  on  this  subject  tlie  reader  is  rofcrred  to 
varioas  papers  by  Fboudx,  which  will  be  found  in  the  Tmiuaclioiu  o/tke  ItiMifution 
cf  Satal  ArchHtcU.  It  is  to  be  liopeil  llint  tlieae  papers  will  he  pubUsheil  tn  a 
collected  form. 


Vn.— HYDKAULIC  MACHINES. 
(Ch.  XX..  Paobs  4£8-469.) 

SUady  Motion  m  a  Itotaling  C^inij. — If  a  pipe  of  any  form  bo  attached  to  a  wheel 
rotating  at  pi  revolutions  per  second  an  equation  can  be  found  by  a  snilable  modifl- 
cation  of  the  reasoning  on  pages  H3-4A'2,  which  gives  the  steady  motion  of  water 
through  the  pipe.    The  equation  in  queHiun  tn 

"^  ~  "^  +  /?  +  r  =  C-jnstnnt, 

where  r  is  the  velocity  of  the  point  in  the  rotating  pipa  through  whioh  the  water  is 
ttowing,  and  the  rest  of  tho  notation  is  as  In  the  etjuation  on  page  413,  (o  which  il 
reduces  when  v  La  zero.     It  r  he  the  distance  of  tho  point  from  the  axis  of  rotation 

I'  =  Zmr,  

and  the  equation  may  also  be  written 

i!!  +  e  +  =  =  Coi«itant+*!^. 

iff  to  2a 

The  total  bead  in  the  pipe  relatively  to  the  rotating  wh>eel  is  equal  to  a  constant  plus 
(he  quantity  4]rW/'2];.  whioh  is  sometimes  called  tho  "  head  due  to  centrifugal 
force."  a  perfectly  lofptimale  expressioD  when  properly  understood- 
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This  equation  applies  to  any  case  of  steady  motion  within  a  rotating  wheel  or 
casing  on  the  same  manner  as  the  well  known  equation  on  page  413  applies  when 
the  casing  is  at  rest.  It  often  may  be  used  with  great  advants^  in  questions 
relating  to  turbines,  centrifugal  pumps,  or  other  similar  cases. 


VIII.— PNEUMATIC  MACHINES. 
(Ch.  XXI.,  Paoks  475-491.) 

Kzpanttion  and  Comprtsftion  of  Air  (Page  491). — When  air  is  compressed  any 
moisture  which  it  contains  in  the  form  of  vaponr  has  little  influence  on  the  com- 
pression curve.  To  prevent  the  temperature  from  rising  considerably  it  must  be 
passed  through  tubes  exposing  a  large  cold  surface.  When  injected  into  the  com- 
pressing cylinder  water  by  its  evaporation  effectually  keeps  down  the  temperature. 
When  moist  air  expands,  the  fall  of  temperature  speedily  reaches  the  dew  point,  and 
after  this  a  farther  fall  of  temperature  is  checked  by  the  heat  given  out  on 
condensation  of  the  vapour. 


Errata  in  the  Pint  Edition. — The  anbjoiued  list  of  errata  in  the  First  Edition  of 
this  work  is  limited  to  corrections  of  importance  not  given  in  the  original,  or  in  the 
Additional  Notes  of  the  present  edition  :— 

Paob  59,  line  8  from  bottom— /or  one-iizth,  read  one-third. 

4« 

Paob  217,  line  10  from  bottom— /or  Vii*+if ,  read  L*-^- 

Paob  317,  line  2— /or  one-sixth,  read  one-third. 

Page  487,  line  9— for  the  ratio  of  areas,  read  the  square  of  the  raMo  of  arena. 
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the  Royal  Indian  Englnccriiig  CoUvgo,  Ooo|>ct>  HUI.  With  nnmcroaB  KxunplM, 
Crown  Svo,     128. 

A  COLLECTION  OF  ELEMENTARY  TEST-QUESTIONS  IN  PURE 

AHD  MIXED  MATHEMATICS :  with  Aniiwori)  nnd  A]>pcndicca  on  Syntlivtlc 
Dirision.  Jind  on  tbr  Solution  i>f  Niitiioricul  I-^Itiiiatioim  by  Iforner'a  Method.  By 
Jambs  K,  OHKif<Ti>;  K.K.-S,,  lioyal  Military  Academy,  Wo&lwich,  Crown  8vd. 
a«.  5d. 

WEEKLY  PROBLEM  PAPERS.    Works  by  the  Rev.  John.?.  Mri.NE. 

M.A.,  I*ri\-»to  Tutor,  late  Scholar  of  St.  John's  College,  CtimUriip',  etc.,  etc., 
formiirly  Second  Muter  of  Horerahnm  Grammar  Hchool.  With  Mot^a  intended  for 
th«  aae  of  ttadenfai  prepanng  for  Matbcnatioal  Soliolarmhipa,  and  for  the  Junior 
Menban  of  the  Univitiitioi  irlio  are  reading  for  Mathematical  Honours.  Pott  8vo. 
4i.6d. 

BOLVTIONS.     Crown  8vo,     10b.  fid. 

COMPANION  TO  "WEEKLY  PROBLEM  PAPERS."    Crown  8vo.     Kk  6d. 

HYDROSTATICS  FOR  BEGINNERS.     By  F.  \V.  Sanderson,  M.A., 

Into  Fellow  of  tho  t'nivorsity  of  Durham,  and  Scholar  of  Christ'B  College,  Chun- 
bridg'',  .\i'»istBiit  Mooter  in  Dnlwich  ('olk-go.     Globo  Svo.     4»,  6d. 

TREATISE  ON   MARINE  SURVEYING.      Preparotl  for  the  use  of 

TOtuiger  Na^'al  F  Ifflcvni.     With  i,jiioKtionR  for  Exatninationi  and  KxoTciiu^ft  ]>rincipBllj 

from  lie  Pajicrs  of  the  Royal  Naval  College.     With  the  rejiilt*.     By  Rev.  Jmis  l„ 

Robinson,  Ohaplain  and  Instructor  in  the  K«yal  NavaI  College^  Ureeawich.     With 

IIlustratloDa.    Crown  8vo.     7a.  €d. 

Ooimncn.  -Syxabola  uacd  tn  Cbarta  and  Surveytng— Tbe  Constrtictton  and  ute  ot  nntri    Injlng 
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BMa  Unea— TrtaiignUtlon— LerclUBg-  Tldct  and  Tlda]  Obacrratloiu— Bouudlnin— CbnuMmeton 

— XeridUn  DbtaneeA-  -Method  of  Plotting  n  Survay— MUocUaiieoiu  Kxerdaea— iDtles.' 

WOOLWICH    MATHEMATICAL   PAPERS,  for  Aamisaion  into  the 

Koyat  Military  Aca.ii  my.  Woolwich.  1S80— lfvS.S  incIumTe.  Kdited  by  K.  J.  BBOOX- 
HUlTU,  h.X.,  LL.M..  Ht.  Juhn'a  CullLKf.  Caiubnd|{L- ;  Inatructor  in  Alabbematioa  at 
the  Royal  Milit-iry  Aco<lemy,  Woolwich.     C'rown  Kvo.     6«. 

ARMY   PRELIMINARY   EXAMINATIONS,   1882-88,   Sitecimena  of 

i'appra  *ot  lit  tiic-  With  Aniwor^  to  the  Mntbem.itical  (^omtiona.  Subjecta  : 
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ELEMENTS  OF  THE  ART  OP  WAR.     PrepBrea  for  tbo  use  of  Csdou 

of  t)u>  Utiitt^'l  StiLtCiH  Milititrj  Ac»ileiiiy.  Hjr  .IaUBA  MbrcVR,  Prof«Mor  of  Oinl 
Eusiiufring  At  the  Uiiit*.tl  Stat«s  Aciulcmy,  Weit  PoiQt,  New  York.  Secnu) 
K<litii>Q,  RcHdml  »nd  Oorirctctl,  fivo,  17ft. 

Tbii  treati'K'  m-HI,  it  in  l«)p{>.|,  Iw  found  cDuaplete  in  «U  thoM  (lortiotui  which  bMr 

npon  tbpir  pmcticj]  npplirstion-i,  ami  in  tfae  uiMmarian  of  thnir  Ui«or j  ta  f«r  m  H 

cnn  to  amuigc  iLo  tuuttcr  ia  nucli  onlcr  &a  to  lead  uno  fint  ■nimmohing  ilw  rnhjact 

1o  to  Htm]}-  cAtniwigtu  anri  bnttlcji  u  to  try  to  itfioover  tlio  oaiuea  wbkh  hMn 

uBcureil  victory  to  ODO  attd  cotAilod  rlofeAt  upou  anoUier:  and  to  il«t«nniiM  whcthct 

tb«y  ariM  from  Im^in,  Inpidirt,  or  atmU^if.     While  luing  tbi<  fint  mtitiof]  of  tli« 

work  as  a  text-book  iti  tti«  Instruotioo  of  Oadeta  It  ha«  ucetwuily  brt-n  ontiaJljr 

exftm{iie<l  bv  eic]>erionced  tcaehcra.  atw],  in  aocordanoe  with  Ui«ir  •u^catiobt,  giral 

[lalni  have  oo«n  taken  to  iliacuM  {n  a  plaio  and  diroct  manner  the  op«rmtionii  wiik 

which  the  hook  ilealn,  in  ar^lor  that  they  mity  b^  n^adily  aadentooil. 

\\j  Chahiiw  .S»rTn,  >LA, 
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A  TREATISE  ON  ALGEBRA.     By  H.  S.   Hall,  M..\..  and  S.  R. 

KNt.;nc  V,..\.     Crown  Kvo,     Ts-  M-     Key,  lOn.  (*d. 

ELEMENTARY  ALGEBRA  FOR  SCHOOLS.      Rv  tlio  samo      Fifth^ 
ALGEBRAICAL  EXERCISES  AND  EXAMINATION  PAPERS.    To' 

oooompftRy  ELKMBNTAJtY  ALOEBRA.    By  the  nme.     Htt»nA  EdHioa^JUviaed. 
Ololip  .*^vo.     2j.  fid.  / 

HIGHER  ALGEBRA.  A  Scfiup)  to  "ELKMENTAHY  ALGBeRA  FO 

SiIUH>l.S."     Hv  thi>.  kame.    Second  Kilition.     ("town  Svo.     7".  ftl.     K#y,  lOw   &I. 

A  TEXT-BOOK  OF   EUCLID'S  ELEBCENTS,  including  Altoptialivdl 

Proof*.  toRothcr  with  adilitiunal  ThwrPin*  and  ExprcisM,  Cla«sifled  and  Armn^il. 
Ily  H.  ft-  Hall,  M.A..  and  F.  H.  Stivkssi,  M.A.,  AlaHtm  of  the  Military  and  "' 
gineeriiiK  ^ide,  Cllf  toii  OolK'^e.     Olube  8ro. 
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HIGHER  TRIGONOMETRY.     Fifth  Edition.     Globe  8to.     4s.  6d. 


DYNAMICS  FOR   BEGINNERS.      .Se<:oud   Erlition. 

Olobt-  Hvo.     Sa,  (fd. 

ELEMENTARY  STATICS.    Globe  8vo.     <&  fld. 
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KINEMATICS    AND    DYNAMICS.     An   Elementary    Treotiiie.     By 

Jui«  OORDON  M,\cC>RKf:oiu  M.A.,  U.Sc..  Fullow  of  ih«  Royal  fioaietiea  of  Kilia-  ' 
bui^  and  of  Caniula.  Munro  PmcMor  of  Phjitaain  Dalhouiii  CoUagc,  Halif», 
Nova  Sootia.    Wtih  IlluBtratlona.     Crown  8to.     10k.  OcL 

A  TREATISE  ON  DYNAMICS  OP  A  PARTICLE.     With  mimcrwu.'* 

Ejiaropl'iK.  Ity  I'ktkh  <;rTHRiK  T.xit,  M.A.,  Hon.  Fellow  t>f  St.  Poler'a  CoUtfe, 
OMnbridgp,  Frofcaaor  of  Natural  Philoaoplu'  in  thn  LTnivcraity  of  R<liiUMira;i>t  *<» 
the  Ut«  WtLMAii  JoHK  Stkcle,  R.A.,  Fellow  of  SL  Potr'a  Coll«g«.  OainWit^ 
Wtth  K-liliOH.  carefully  wviwl.     Crown  8vo.     I2a. 

THE  DIFFERENTIAL  CALCULUS.    With  AppUcatiouB  and  nnmeroin 

KxHtjini*^.  An  KJomontary  Trt'ntiHD  by  .TosKPH  Ktiwabim,  M,A.,  formerly  Fellow 
of  Hydnpy  SuMci  CoUo^c.  Cmnljridje.     <;rowii  Hvo.     10*.  M. 

A   TREATISE   ON    DIFFERENTIAL  EQUATIONS.      By  Anduct' 

KirHMKC.i.  KOR1V7H.  M.A..  F.R.H.,   Fellow  and  AauxtaDt  Tutor  of  Trlolty  OoUcci, 

C'ambriJk'O.     Hvo.     Hj.  

A  POPULAR  TREATISE  ON  THE  WINDS:  compriainp  theRcnwal 

Mnnons  of  the  AtmoMphent,  Monaoooa,  CyclutiM,  Toruadut-'s,  Wat^-npoitta,  Hail- 
storma,  kc  By  Wtl.  Fkrhrl,  M.A.,  Ph.D..  Ul<?  rrufeaaor  and  Aasiatanl  in  the 
Signal  Sarrioc,  m«tnbcrof  the  American  National  Academy  of  Sctcnoea,  and  of  olhM 
HoiM  and  Fonigii  8rientilic  Socirtica.     Oetny  Svo.     18a. 
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